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FOREWORD 


This  volume  is  a tribute  to  a very  remarkable  man.  It  has 
been  my  great  pleasure  to  have  been  associated  with  him  for  the 
past  six  years  and,  since  I came  late  to  the  business  of  aero- 
nautics, I had  never  had  the  pleasure  of  meeting  Dr.  Robert  T. 
Jones  before.  During  the  period  that  I have  had  the  opportunity 
to  work  with  him  I have  developed  an  enormous  respect  for  his 
technical  abilities  and  also  for  his  character  as  a man.  His 
grasp  of  the  physical  sciences  is  as  broad  as  that  of  anyone  I 
know.  It  ranges  from  practical  aeronautical  engineering  to  the 
most  advanced  and  abstruse  statistical  mechanics.  What  is  more 
remarkable  is  that  R.  T.^s  understanding  is  not  superficial. 

In  an  amazingly  short  time  R.  T.  can  master  a field  to  the  point 
where  he  can  make  original  contributions.  R.  T.  is  also  an 
excellent  teacher.  He  has  a profound  influence  on  those  around 
him.  In  addition,  his  critical  faculties  are  also  exceedingly 
sharp.  The  Ames  Research  Center  is  indeed  fortunate  to  count 
R.  T.  as  one  of  us.  He  is  unique  and  his  work  has  added 
greatly  to  the  Center Vs  scientific  and  technical  reputation. 

It  is  a genuine  pleasure  as  well  as  an  honor  to  have  him  here. 


Hans  Mark 
Director 


Ames  Research  Center 
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INTRODUCTION 


The  publication  of  this  remarkable  collection  commemorates  the  65th 
birthday  of  a very  remarkable  man.  Dr.  Robert  Thomas  Jones,  Aeronautical  Engi- 
neer, who  first  went  to  work  for  NACA  41  years  ago.  During  this  long  Civil 
Service  career,  he  has  become  one  of  the  world's  leading  aerodynamicists,  made 
discoveries  that  have  changed  the  history  of  aeronautics,  and  received  impor- 
tant honors.  What  sort  of  man  is  this,  whose  career  has  been  so  long  and 
whose  contributions  have  been  so  many  and  so  important? 

This  question  is,  of  course,  a loaded  one  - as  many  will  realize  who  know 
him  - for  nothing  about  Bob  Jones  is  commonplace! 

First,  consider  how  he  got  into  aeronautics.  A fascination  with  aviation 
in  the  1920' s was,  to  be  sure,  commonplace  among  us  who  were  schoolboys  then. 

In  Macon,  Missouri,  where  he  lived,  young  Bob  read  Aero  Biggest,  treasured  its 
cover  pictures  of  the  airplanes  of  the  day,  and  pored  over  its  technical  arti- 
cles on  performance  estimation,  stability  and  control,  and  stress  analysis. 
Assembling  these  and  NACA  Reports,  he  began  the  design  and  construction  of  a 
small,  motorcycle-engined  airplane,  upstairs  in  his  house.  An  upusual  high- 
school  mathematics  teacher,  Iva  Z.  Butler,  helped  him  to  understand  stress  and 
strain,  but  high-school  graduation  intervened,  the  airplane  remained  unfin- 
ished, and  Bob  went  off  to  the  University  of  Missouri  in  1927. 

But  the  aviation  bug  had  bitten  him  badly.  He  discovered  Walter  Diehl's 
famous  Engineering  Aerodynamias  and  found  it  more  exciting  than  the  required 
courses  of  his  freshman  year.  He  left  the  university  after  that  first  year 
and  entered  the  aviation  industry  - by  working  for  Charles  Power 's  flying  cir- 
cus, which  flew  Standard  J-1  biplanes;  Bob  carried  gasoline  cans,  patched  wing 
tips,  and  was  paid  in  flying  lessons! 

In  about  1929,  there  was  considerable  activity  in  aviation  in  the  United 
States,  including  the  Middle  West.  There  were  names  like  Alexander-Eaglerock, 
Beech,  Cessna,  Travel-Air,  and  Waco  - some  still  around'  in  1975  and  others 
nearly  forgotten.  A great  demand  for  a "family  flivver  of  the  air"  was 
expected.  In  Marshall,  Missouri,  the  Nicholas-Beazley  Company  began  manufac- 
ture of  the  Barling  NB  3,  a sporty,  three-place,  low-wing,  cantilever  mono- 
plane. Bob,  with  his  highly  practical  (if  brief)  background  in  the  flying 
circus  and  a good  recommendation  from  Charles  Power,  landed  a job  there.  It 
was  not,  at  first,  an  engineering  job,  but  young  Jones  made  it  clear  that  the 
engineering  office  was  where  he  wanted  to  be  - and  when  a vacancy  suddenly 
occurred,  there  he  was!  Together  with  the  company's  chief  engineer,  Thomas 
Kirkup,  Bob  applied  Diehl's  aerodynamics,  carried  out  stress  analyses,  and 
performed  (late  into  the  night)  static  tests  to  failure.  But  Nicholas-Beazley, 
with  many  others,  was  wiped  out  in  1930  by  the  business  collapse. 

The  aviation  industry  recovered  later  in  the  '30's,  and  surely  Bob's 
first  jobs  had  prepared  him  admirably  - even  typically  - to  become  an  aircraft 
manufacturer  or  chief  engineer  - another  Glenn  Martin,  Donald  Douglas,  or 
John  K.  Northrop.  But  whatever  fates  control  the  destinies  of  aeronautical 
engineers,  with  or  without  college  degrees,  had  other  plans  for  Robert  Jones. 
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When  Nicholas-Beazley  folded,  he  returned  home  to  study  Glauert’s  Aevofo'i'l  and 
Airs  or  ew  Theory  and  Munk’s  Fvmdamentats  of  Fluid  Dynamios  for  Aircraft 
Designers.  His  father  was  chairman  of  the  local  Democratic  committee,  and 
this  helped  young  Bob  get  a job  running  an  elevator  in  the  House  Office  Build- 
ing in  Washington,  D.C.  Surely  the  above-mentioned  fates  had  a hand  in  this, 
for  the  building  was  across  the  street  from  the  Library  of  Congress.  Bob  paid 
visits  to  Dr.  Albert  F.  Zahm,  the  Library's  Director  and  once  a member  of  the 
NACA.  They  must  have  talked  about  mathematics,  for  Bob  decided  to  study  that 
field.  He  began  with  Hamilton's  quaternions!  And  when  a Congressman,  Honor- 
able David  J.  Lewis,  went  to  Dr.  Zahm  to  request  instruction  in  mathematics 
and  physics  - the  Congressman  was  65  and  had  finished  with  law  and  government  - 
Dr.  Zahm  sent  him  to  the  bright  elevator  boy  across  the  street.  Bob  taught 
the  Congressman  algebra  and  calculus. 

At  about  this  time,  Bob  made  another  friend  whose  influence  on  his  career 
was  tremendous:  Dr.  Max  M.  Munk,  who  had  left  the  NACA,  set  up  an  office  in 

Washington  as  consultant  and  patent  attorney,  and  was  giving  evening  courses 
at  Catholic  University.  (He  had  also  studied  law,  passed  the  bar  exams,  and 
learned  Russian.)  When  he  discovered  that  the  elevator  boy  had  studied  his 
book,  he  suggested  that  he  take  his  evening  course  - a graduate  course.  When 
Bob  said  that  he  might  not  be  prepared  for  it  (a  suggestion  that'  was  certainly 
not  characteristic  of  young  Bob!),  Dr.  Munk  gave  him  a little  oral  exam  and 
enrolled  him.  Bob  took  Munk's  evening  courses  for  about  three  years  - vector 
analysis,  airfoil  theory,  and  relativity  theory  - and  drew  upon  this  sound 
early  teaching  throughout  his  career.  Thus  Bojj  is  truly  one  of  the  "Prandtl 
grandchildren"  and  an  heir  to  that  great  tradition,  with  its  deep,  intuitive 
appreciation  of  the  power  of  applied  mathematics,  without  attraction  to 
mathematics  or  mathematical  elegance  for  its  own  sake. 

The  election  of  Franklin  D.  Roosevelt  (1932)  brought  the  Public  Works 
Administration,  and  PWA  opened  up  emergency  jobs  at  Langley  Memorial  Aeronau- 
tical Laboratory.  Dr.  Zahm  and  Congressman  Lewis  saw  Dr.  George  W.  Lewis, 

NACA  Head,  and  recommended  Robert  Jones  for  one  of  these  jobs;  Bob  went  to 
Langley,  reporting  to  Carl  J.  Wenzinger,  Charles  Zimmerman,  and  Fred  Weick,  on 
a nine-month  assignment  as  Scientific  Aid.  The  fates  had  their  way:  It 

required  a sequence  of  unlikely  events  and  remarkable  people,  but  Robert  T. 
Jones  was  embarked  on  a career  in  research  in  the  NACA  and  under  the  supervi- 
sion of  some  unusually  capable  bosses. 

Not  surprisingly,  ordinary  linear  differential  equations  was  a subject 
missing  from  Bob's  informal  educational  background  - although  he  did  know  the 
quaternions  and  had  read  Grassmann's  Ausdehnvngslehre  and  similar  classies  in 
the  original  - so  with  Weick's  and  Zimmerman's  guidance,  he  "learned  by  doing" 
differential  equations.  He  published  some  of  the  earliest  results  of  step-by- 
step  solutions  of  the  equations  of  airplane  motion  (obtained  on  desk  calculat- 
ing machines),  such  as  the  transient  motions  following  abrupt,  unit-step 
control  deflections  and  gusts.  He  recalls  that  he  became  a sort  of  local 
authority  on  linearity  after  once  calculating  the  transient  motion  following  a 
two-unit  step  input,  and  comparing  the  results  with  unit-step  results!  He  was 
also  one  of  the  first  to  apply  Heaviside's  operators  to  problems  of  airplane 
d3mamics . 


viii 


But  the  nine-month  temporary  appointment  was  about  to  expire.  Bob's 
bosses,  Fred  Weick,  and  Henry  Reid,  Director  of  the  Langley  Laboratory,  tried 
to  arrange  for  him  to  take  a Civil  Service  exam  so  they  could  hire  him  perma- 
nently, but  the  Civil  Service  rules  specified  a Bachelor's  degree.  Weick  and 
Reid  then  thought  to  issue  a special  Civil  Service  exam  that  would  require 
everything  that  Bob  knew.  In  due  course  a special  Civil  Service  examination 
was  issued  with  questions  on  Hamilton's  quaternions,  operational  calculus,  air- 
craft stability  and  control,  wing  theory,  and  a few  other  subjects.  To  the 
surprise  of  those  at  Langley,  a fellow  showed  up  who  offered  this  exotic  com- 
bination and  a Bachelor's  degree  as  well,  Weick  assigned  him  to  Bob  Jones, 
who  put  him  to  work.  Bob  finally  got  a permanent  appointment  on  a subprofes- 
sional grade.  Some  years  later,  when  he  approached  the  first  professional 
grade  P-1,  he  again  encountered  the  requirement  for  the  Bachelor's  degree. 

This  time  the  NACA  was  more  Ingenious  “ the  stated  requirements  for  grade  P-2 
did  not  mention  any  degree,  so  NACA  promoted  him  directly  to  that  grade I 

By  the  time  World  War  II  began.  Bob  had  published  important  papers, 
including  a most  ingenious  way  to  find  the  transient  lift  on  finite-span  wings 
(page  193).  He  had  become  deservedly  well-known  in  aeronautical  circles, 
expecially  as  an  expert  in  stability  and  control.  At  Northrop  A^-rcraft  we 
were  struggling  with  the  problems  of  the  all-wing  airplanes  - XB  35,  YB  49, 
etc.  - and  every  trip  to  Langley  Field,  for  wind-tunnel  tests  or  other  busi- 
ness, included  a visit  to  Bob  to  discuss  stability  and  control,  and  especially 
the  properties  of  sweptback  wings.  When  the  first  guided  missiles  were  devel- 
oped, Bob  worked  closely  with  the  Army  Special  Weapons  unit.  In  those  days 
the  missiles  were  actually  pilotless  airplanes,  and  one  of  them  was  a Northrop 
all-wing  design  with  turbojet  power  (a  rebuilt  turbo-supercharger).  The  auto- 
pilot was  made  by  the  Hammond  Organ  Company.  Mr,  Laurens  Hammond  startled  us 
by  proposing  one  black  box  in  the  right  wing  with  a pitch  gyro,  and  another  in 
the  left  wing  with  a tilted  gyro  for  lateral  control.  Each  of  these  con- 
trolled only  its  own  "elevon"  (combined  elevator  and  aileron) ; there  was  no 
connection  between  the  two  autopilots  and  no  connection  between  the  two  ele- 
vons.  Even  Bob  Jones  was  horrified  by  the  idea,  but  the  little  aircraft  flew 
with  faultless  stability  and  control;  there  was,  after  all,  aerodynamic  cou- 
pling between  its  left  and  right  sides,  although  the  dynamics  of  the  system 
could  certainly  not  be  divided  into  lateral  and  longitudinal  motions.  Bob  was 
impressed  with  the  unimportance  of  bilateral  symmetry! 

He  first  worked  out  his  famous  theory  of  low-aspect-ratio  wings  in  1944 
(page  369) . He  was  embarrassed  when  it  was  referred  to  under  his  name, 
because  he  thought  it  was  an  obvious  extension  of  Dr.  Hunk's  classical  and 
well-known  work.  The  rest  of  us  have  never  found  that  the  extension,  involv- 
ing as  it  does  the  recognition  and  treatment  of  the  trailing  vortices  that  lie 
behind  all  trailing  edges,  is  at  all  "obvious".  Bob  did  not  even  publish  it 
at  first,  but  later  realized  that  it  applied  to  high-speed  flow,  including 
supersonic,  as  well  as  to  low-speed,  because  the  flow  near  the  axis  of  the 
Mach  cone  is  similar  to  incompressible  flow. 

At  about  the  same  time,  he  remembered  from  an  old  NACA  Technical  Note  of 
Munk's  - T.N.  177  (1924)  - that  you  can  calculate  the  effects  of  sweepback  and 
dihedral  angle  in  a wing  by  an  "independence  principle":  The  two-dimensional 

flow  around  the  wing  due  to  the  stream  component  perpendicular  to  the  wing 
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axis  Is  independent  of  the  flow  due  to  the  stream  component  along  this  axis. 

Bob  realized  that  this  independence  principle  did  not  depend  upon  incompressi- 
bility, and  thus  he  discovered  the  ’’theory  of  simple  sweepback”  (page  377), 
which  is  certainly  one  of  the  most  important  discoveries  in  the  history  of 
aerodynamics.  At  first  he  made  the  mistake  of  putting  the  low-aspect-ratio 
and  the  sweep  theories  in  the  same  paper,  but  the  NACA  editorial  committee, 
which  had  to  approve  the  paper,  believed  the  former  and  not  the  latter.  As 
Bob  says,  ”It  has  to  be  remembered  that  at  that  time  there  was  thought  to  be  a 
very  great  difference  between  subsonic  and  supersonic  flow,”  so  that  it  seemed^ 
to  some  skeptics,  impossible  to  render  a supersonic  flow  essentially  subsonic 
by  such  a simple  device  as  sweepback. 

While  the  argument  with  the  editorial  committee  was  still  in  progress, 
Bob’s  colleague,  Robert  Hess,  read  Adolph  Busemann’s  1935  paper  concerning 
supersonic  flow,  and  they  realized  that  Busemann’s  argument  would  lead  to  the 
same  result  as  Jones’s,  if  the  wing  was  swept  behind  the  Mach  cone.  But 
Busemann  had  not  discussed  this  case  in  his  paper,  so  the  editorial  committee 
remained  unconvinced.  Bob  divided  the  troublesome  paper  in  two  parts,  and  the 
low-aspect-ratio  part  was  published.  NACA  began  experiments  in  an  ef  fort  to 
confirm  the  startling  conclusions  of  the  simple-sweep  theory,  pefore  the 
experiments  were  completed,  V.  E.  Day  occurred.  Allied  engineers  went  into 
Germany,  and  the  news  came  back  that  the  Germans  knew  about  the  effect  of 
sweep  and  were  using  it  on  all  of  their  new  designs. 

For  his  discovery  of  the  sweep  effect  and  other  contributions.  Bob  was 
given  the  Sylvanus  Albert  Reed  Award  by  the  Institute  of  the  Aeronautical 
Sciences  in  1946.  It  was  also  in  1946  that  he  left  the  Langley  Laboratory  and 
moved  to  Ames. 

About  the  time  he  moved  to  the  West  Coast,  Bob  acquired  a new  interest: 
telescopes.  In  characteristic  fashion,  this  led  him  to  a deep  study  of  geo- 
metrical optics.  He  learned  the  art  of  grinding  spherical  mirrors  and  set  up 
an  impressive  optical  shop  in  the  garage  of  his  Palo  Alto  home.  Also  typi- 
cally, he  made  inventions  and  original  discoveries  (which  he  calls  ’’minor”)  in 
this  field.  The  lens  described  starting  on  page  917  had  a speed  of  f/0.66  and 
was  ”a  sort  of  conjugate  of  the  Schmidt  telescope.” 

When  the  Space  Age  began  in  1957,  Bob  and  his  wife  expected  telescopes  to 
be  much  in  demand.  They  formed  the  Vega  Instrument  Company,  and  went  into 
production  on  a six- inch  telescope  of  the  type  described  starting  on  page  895, 
selling  for  about  $800.  They  sold  about  ten  of  these  and  went  on  to  a more 
elegant  instrument:  a six- inch  Newtonlan-Maksutov,  selling  for  $1700.  The 

idea  was  to  make  fewer  telescopes  and  more  money.  Bob’s  son,  Edward,  worked 
for  the  Vega  Instrument  Company,  as  did  a machinist  and  an  optician.  Although 
thirty  of  the  Maksutovs  were  made,  the  company’s  profits  hovered  near  zero. 

Of  course,  Bob’s  interest  and  knowledge  in  astronomy  was  very  timely: 

NACA  became  NASA,  the  ’’space  agency,”  and  Bob  was  one  of  the  few  aeronautical 
engineers  who  knew  his  way  around  the  sky.  He  served  for  several  years  on  the 
Astronomy  Subcommittee.  He  had  been  fascinated  by  relativity  theory  since 
taking  Munk’s  night  courses  in  Washington.  Now  that  space  travel  at  great 
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speeds  was  a real  possibility,  he  followed  up  a number  of  original  ideas  in 
this  field  (pages  927-956) . 

But  he  also  continued  to  make  profound  discoveries  in  aerodynamics.  One 
was  the  "supersonic  area  rule"  which  correctly  carries  into  the  supersonic 
regime  the  concept  of  equivalent  body  of  revolution,  which  had  been  found  so 
useful  in  the  transonic  regime  (page  609).  He  thought  about  the  effects  of 
sweepback  on  boundary- layer  behavior  (page  473)  and  discovered  an  "independ- 
ence principle"  here,  as  well.  (Professor  Prandtl,  V.  V.  Strumlnskll,  and  the 
present  writer  all  came  independently  to  this  result  at  the  same  time! 

Dr.  Munk  was  somewhat  skeptical  but  told  me,  "Bob  Jones  says  the  same  thing, 
so  it  must  be  right.")  Another  discovery  was  the  existence  of  a new  kind  of 
leading-edge  singularity  in  thin-wing  theory  (page  533) . All  of  these  papers 
are  typical  examples  of  Bob's  insight  and  his  direct.  Intuitive  style  of 
writing.  Lesser  aerodynamlcists  often  find  his  arguments  too  concise,  and  the 
literature  of  the  field  Includes  papers  in  which  authors  re-do  Bob's  work, 
providing  longer  proofs,  and  discover  again  Bob's  results. 

In  1956  Bob  and  Doris  Cohen  were  asked  to  write  an  important  section  of 
the  Princeton  Series,  EigU  S'peed  Aerodynamios  and  Jet  Vvopuis-ion.  This  collab- 
oration produced  the  section  entitled  "Aerodynamics  of  Wings  at  High  Speeds." 
One  of  the  features  of  this  section  is  the  analysis  of  the  drag  of  elliptical 
wings,  including  those  that  fly  at  an  angle  of  yaw.  Thus  Bob  returned  to  the 
consideration  of  sweepback  effects  and  asymmetrical  configurations. 

The  analysis  showed  Bob  that  elliptic  wings  are  ideal  and  that,  at  high 
speeds,  they  should  be  yawed.  He  remembered  the  unimportance  of  bilateral  sjrm- 
metry.  In  a series  of  papers  (pages  657-883),  he  has  pointed  out  the  attrac- 
tive properties  - both  aerodynamical  and  structural  - of  yawed  (oblique)  wings 
for  supersonic  aircraft.  The  spars  of  such  wings  carry  the  bending  moment 
right  across;  it  is  not  put  into  the  variable-sweep  mechanism.  Bob  and  his 
NASA  colleagues  are  pursuing  this  idea  vigorously.  The  aeronautical  world 
Still  seems  hesitant  to  accept  configurations  without  symmetry.  Nevertheless, 
I,  for  one,  fully  expect  to  see  future  transport  airplanes  with  "Jones  oblique 
wings . " 

Here  again  are  examples  of  Bob's  insight  into  engineering  problems:  The 

aeroelastic  properties  of  the  oblique  wing  have  frightened  a number  of  engi- 
neers, for  the  upstream  panel  surely  wants  to  deflect  aeroelastically  upward 
and  the  downstream  panel  downward.  To  Bob  it  seems  obvious  that  these  effects 
simply  do  not  occur  in  flight.  A study  of  the  equilibrium  of  rolling  moments 
will  confirm  that  he  is  right.  The  details  are  left  to  the  reader;  it  must  be 
said  that  the  conclusion  is  not  quite  "obvious,"  even  to  most  aeronautical 
engineers ! 

Pages  957-1017  represent  still  another  facet  of  R.  T.  Jones's  career: 
studies  of  the  bio-mechanics  of  blood  flow.  These  were  investigations  carried 
out  at  the  Avco  Everett  Research  Laboratories. 

But  there  is  still  another,  most  important  side  of  Bob  Jones,  and  one 
that  this  all-too-brief  biographical  sketch  has  ignored  to  this  point.  He  is 
the  father  of  six  children  (two  adopted),  of  whom  the  eldest,  Eddy,  is  now  a 


man  of  41  years.  Bob’s  relationship  to  them  has  been  exeeptionally  warm  and 
rewarding.  A typical  example  comes  to  mind:  Daughter  Patty  is  a violinist, 

and  by  about  1956  had  progressed  so  well  that  she  needed  a good  violin.  Her 
remarkable  father  agreed,  and  decided  that  he  would  study  the  acoustics  of 
good  violins  and  make  one  for  Patty!  Here,  in  his  own  words,  is  the  story: 

"Milton  Van  Dyke  gave  me  some  reprints  of  scientific  articles 
on  the  violin  by  his  old  physics  professor,  W.  A.  Saunders  of 
Harvard.  Saunders  had  made  electronic--acoustic  tests  of  many 
violins,  including  some  valuable  old  Italian  ones,  and  had  elicited 
the  help  of  Jascha  Heifetz.  By  following  Saunders’  frequency- 
response  curves,  I should  be  able  to  make  Patty  a super-violin!  So 
I set  up  the  electronic  testing,  bought  the  wood,  and  after  some 
months  of  spare-time  work  turned  out  a very  good-looking  violin. 
Unfortunately  its  tone  seems  to  have  deteriorated  with  time,  or  per- 
haps it  wasn’t  as  good  as  we  thought  at  the  time,  and  so  I had  to 
make  her  a second  one  (see  page  1019).  The  second  one  seems  to  be 
really  good,  and  Patty  plays  it  at  recitals  and  in  the  LaJolla  Civic 
Symphony.  I am  now  (1975)  finishing  number  6,  but  No.  2 has  been 
the  best  until  now.  Am  experimenting  with  1500-Hz  vibration  dampers 
(this  is  the  "nasal"  range)  and  have  made  an  electronic  violin  which 
my  friend  Irwin  Hahn  of  the  Berkeley  Physics  Department,  and  a 
violinist,  thinks  is  very  good." 

In  1971,  Bob  was  awarded  the  degree  of  Doctor  of  Science, 
honoris  oowsa^  by  the  University  of  Colorado,  "in  acknowledgement 
of  his  scientific  eminence  and  his  service  to  society."  In  1973 
he  was  elected  to  the  National  Academy  of  Engineering. 

Aeronautical  engineer,  applied  mathematician,  astronomer,  designer  of 
telescopes,  bio-mechanicist,  maker  of  violins,  inventor,  author,  discoverer  of 
profound  principles,  civil  servant,  devoted  father  - our  friend  Bob  is  all  of 
these.  He  is  also  a man  of  exemplary  character  and  a most  delightful  compan- 
ion on  any  occasion,  whose  intelligence  and  intellectual  honesty  shine  brightly 
from  those  clear,  big,  blue  eyes.  No  one  really  believes  he  has  reached  65 
years,  for  he  is  obviously  ageless!  He  has  no  intention  of  retiring  for  some 
time.  We  can  be  certain  that  airplanes,  fluid  flow,  violins,  the  stars,  and 
perhaps  many  other  things  will  continue  to  fascinate  him  and  lead  him  to  new 
truths  in  the  future! 


William  R.  Sears 
University  of  Arizona 
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WING  ANALYSIS:  POBJOY  RACEPLANE* 

R.  T.  Jones 

The  Pobjoy  Raceplane  is  a light,  low  winged  monoplane  designed  for  high 
speed,  maneuverability,  and  general  high  perfonnance.  The  estimated  charae- 
teristies  are: 

Gross  We i ght , 5 76 # 

Net  Weight,  511# 

Wing  Span,  21.75’ 

Wing  Area,  60’ 

The  wing  designed  for  this  plane  is  of  a new  type  being  patented  by 
Mr.  H.  G.  Landis,  and  possesses  many  novel  and  vinconventional  features.  The 
general  arrangement  of  the  structure  will  be  seen  in  figures  (1)  and  (2) . 

Since  it  is  of  the  multispar  type  and  not  subject  to  a rigorous  analysis 
resort  was  made  to  an  approximate  calculation  supplemented  by  a static  test 
on  a section  of  the  wing  (see  ’’TEST  ON  A METAL  WING") . 

The  approximate  method  was  completely  verified  and  sufficient  data 
obtained  to  design  a wing  for  the  racer.  Several  minor  changes  were  made  as 
follows:  The  shear  bracing  was  changed  from  a Pratt  trussing  with  tension 

strips  to  Warren  truss  of  channel  members,  the  truss  members  were  centered 
on  the  outside  of  the  beam  flanges  instead  of  on  its  neutral  axis  as  before, 
the  gauge  of  the  material  was  increased  and  the  size  of  the  members  decreased. 
These  changes  were  thought  desirable  from  the  results  of  the  test  and  serve 
to  strengthen  the  structure  by  reducing  the  possibility  of  local  failure  and 
increasing  the  allowable  stress  in  the  material. 


^Engineering  Report:  Nicholas-Beasley  Airplane  Co.,  Marshall,  Mo.,  Dec.  1929- 

Jan.  1930. 
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The  wing  is  constructed  of  aluminum  alloy  (25  ST)  having  the  following 
properties:  Yield  Point,  30,000#/”;  Tensile  Strength,  55,000#/”.  The  gauge 

used  is  , 040” . 

Since  the  method  of  analysis  used  does  not  take  into  account  the  travel 
of  the  center  of  pressure,  only  the  high  angle  of  attack  condition  will  be 
investigated.  The  validity  of  this  assumption  was  also  demonstrated  by  the 
test.  The  ultimate  load  sustained  by  the  structure  is  not  appreciably  affected 
by  twisting  since  the  moments  of  inertia  of  the  spars  decrease  progressively 
from  the  centroid  as  shown  in  Fig.  (2) . In  the  analysis  the  moments  carried 
by  the  individual  spars  are  proportional  to  their  moments  of  inertia.  All  of 
the  spars  being  of  the  same  cross  section,  the  end  load  carried  by  each  can 

f 

be  determined  in  terms  of  the  total  moment  across  the  section  of  wing.  (See 
Fig.  1.) 
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Knowing  the  proportional  moment  carried  by  each  spar  it  is  only  necessary 
to  determine  the  total  moment  at  the  section  and,  in  the  bay,  the  end  load 
produced  by  the  pull  of  the  lift  wires.  The  two  stresses  are  then  added  and 
the  margin  of  safety  of  the  critical  spar  determined. 

An  elliptical  lift  distribution  is  assumed  for  the  tip,  which  is  elliptical 
in  plan  view.  (See  Fig.  2.) 


LOADING  PER  INCH  SPAN 
tip  length:  45^^ 

uniform  load  in  bay 
gross  weight  = 576# 


elliptical  tip  load: 


452 


length  of  bay  = 76.5" 


net  weight  *=  511# 


45ttW, 

— ^ + 76.5 


255.5# 


W 


1 


Load  Factor  = 10 


45it 


+ 76.5 


= 2.275#, 


span 


span 
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MOMENT  AT  BRACE  WIRES  (M^) 

457tW^ 

X (centroid  of  tip  load)  = 19.3**,  load  on  tip  = = 803# 

= 803#  X 19.3**  = 15500**# 

In  determining  the  end  loads  in  the  spars  and  brace  wires  the  shears  at 
the  fuselage  and  wire  fittings  will  first  be  found  by  taking  the  moments  of 
the  elliptical  tip  load  and  the  rectangular  load  in  the  bay  separately  and 
equating  to  equilibrium  at  the  two  points.  The  truss  will  then  be  solved  by 
resolutions  and  checked  graphically. 

The  bracing  wires  attach  to  the  landing  gear  and  make  an  angle  of  approxi- 
mately 19  degrees  with  the  wing  spars.  (See  Figs.  2 and  3.) 

e-b  (end  load  in  spars)  = cot  19°  = 1885#  x 2.9042  =*  5450# 

e-a  (end  load  in  wires)  = R^  esc  19°  = 1885#  x -g2S57  ” 

which  agrees  within  the  error  of  the  graphical  construction. 

The  bending  moments  in  the  bay  produced  by  the  combined  side  and  end  load 
will  next  be  found.  The  wing  is  continued  through  the  fuselage,  making  it 
necessary  to  first  determine  the  fixing  moment  at  that  point.  The  Berry 
equations  will  be  used  together  with  a graphical  solution. 

FIXING  MOMENT  (M^)  (See  Fig.  3.) 

Berry  Equation: 

WiLj 

+ MaL2f(a2)  + 2M^[L^(})(aj)  ] + L2(|)(a23  = — 4— 'l'(ai) 

Solve  for  Mg^: 

T W^l3  ^(a^)  - MbL^f (a^) 

'''  2L24>Cct2) 

Mfj  s 15500"# 

= 22.75#/"  span 


= 76.5" 

L2=18" 

E (duralumin)  = 10,000,000 
1 

I = a ^ y2  = 1,571”  x .040"  x 22.6"2  = 1.4"*» 

8 

P = e-b  = 5450# 

“ “ ^[w  ' 2 ’ “l  Fi4,000,6M  38.25"  , ^ 

ttj  = ✓.00039  X 38.25  = .0197  x 38.25  = .755  = 43® 

= .0197  X 9"  , = .1775  = 10® 

6 (2a,  CSC  2a,  - 1) 

£(«  ) = — ' - —=1.344 

i2a^r 

3(1  - 2a j cot  2a j) 

4,(aj)  1.1918 

(2aj)^ 

3(tan  a,  - a.) 

'f'(a^  = — ^ — — = 1.2918 

“l 

f{a^)  = 1.0144 
^(a^)  = 1.0082 
^(/(a^)  = 1.0123 

M = .25  X 22.75  X 76. 5^  x 1.2918  - 15500  x 76.5  x 1.344 
® 18  X 1.0144  + 2 X 76,5  x 1.1918  + 2 x 18  x 1.0082 

log  .25  = 9.39790  - 10 

log  22.75  = 1.35698 

3* log  76.5  = 5.65098 

log  1.2918  = 0.11126 

antilog  (16.51712  - 10)  = 3289000 
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log  15500 
log  76.5 


4.19033 

1.88366 


log  1.344  = 0.12840 

antilog  6.20239  = 1593500 

3289000  - 1593500  = 1695500 

18  X 1.0144  = 18.28 
2 X 76.5  X 1.1918  = 182 
2 X 18  X 1.0082  = 36.30 
18.28  + 182  + 36.30  = 236.58 


, _ 1695500 

a " 236.58 


7170.0”# 


The  restraining  moments  Ma  and  Mb,  and  the  loading,  W1  determine  the 
bending  moments  in  the  bay.  These  will  be  found  by  a simple  graphical  method. 
This  method  has  not  yet  been  published  and  was  discovered  in  England.  The 
present  use  is  due  to  Mr.  T.  A.  Kirkup,  who  is  chief  engineer  for  the  Nicholas 
Beasley  Airplane  Company.  As  shown  in  Fig.  4 this  method  consists  in  laying 

Wi 

off  a segment,  2a,  of  a circle  of  radius  pygj-j  measuring  toward  the  center  a 
distance  Ma  on  one  side  and  Mb  on  the  other.  A circle  passing  through  the 
origin  (center),  Ma,  and  Mb  is  then  drawn.  The  distances  between  the  arc 
2a  and  the  circle  defined  by  the  three  points,  along  normals  in  the  arc, 
determine  the  moment  curve  for  the  beam. 

The  bending  of  the  tip  beyond  the  brace  wire  attachment  is  neglected 
inasmuch  as  the  gauge  material  and  size  of  spars  is  continued  the  whole  length 
and  the  bending  moments  necessarily  decrease  faster  than  the  strength  of  the 
spars . 
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These  reactions  neglect  the  effect  of  the  fixing  moment,  Ma,  at  the 
fuselage.  This  fixing  moment  produces  an  additional  shear  at  the  wire  fittings 
tending  to  reduce  Rl. 

Total  shear  at  a-b-  Rl  - Sf 
Sf  shear  due  to  fixing 

The  Ma  determined  from  the  uncorrected  Rl  is  7170#/”  and  is  applied 
at  a distance  of  76.5*’  from  the  point  a-b.  Its  effect  is  to  reduce  Rl  by 
approximately  94#,  In  reducing  Rl,  the  end  load,  P,  and  the  fixing  moment 
itself  are  also  reduced.  The  effect,  however,  is  obviously  small  and  is  not 
considered  in  the  calculation. 

From  Fig.  4 the  bending  moment  in  the  bay  is  approximately  6000”#,  Ma 
is  7170”#,  and  Mb  15500”#.  Immediately  to  the  left  of  the  wire  attachment 
the  end  load  is  being  added  to  the  end  load  produced  by  Mb.  This  will  then 
be  the  portion  of  the  wing  receiving  the  greatest  stress.  For  this  reason  a 
reinforcement  will  be  added  to  the  spars  at  this  point  extending  in  the  bay 
to  where  the  moment  becomes  of  the  order  of  Ma,  approximately  10  inches. 

This  reinforcement  also  serves  to  strengthen  the  wire  attachment  which  is  a 
tubular  beam  extending  through  the  webs  of  the  spars.  (See  Fig.  5.) 

The  margins  of  safety  of  the  critical  spars  will  be  determined  at  four 
points:  to  the  right  and  left  of  the  wire  attachment,  at  the  maximum  in  the 

bay,  and  at  the  fuselage  attachment.  The  pull  of  the  wires  is  assiomed  to  be 
equally  distributed  among  the  spars,  the  tubular  wire  attachment  being  suffi- 
ciently rigid  to  distribute  the  Ipad. 

From  Fig,  1 it  will  be  seen  that  spar  No.  5 is  critical  for  the  restrain- 
ing moments  while  spar  No.  4 is  so  for  the  maximum  in  the  bay. 
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At  Ma 


Spar  No . 5 


Pg  = .0884  = .0884  x 7170  = 633# 

= 633#  + 5M2i  = 633#  + 681#  = 1314# 


f + f = = 21000#/"2 

° ^ . 0628"^ 


„ ^ 30000 

= 2im  - 1 


Spar  No.  4 


Pu  = .0795  = .0795  x 6000  = 475# 

P^y  = 475#  + 681  = 1156# 


^ = 18400  #/"2 

,,  ^ 30000 

=18400-  1 


To  left  of  Mb 


Spar  No.  5 


Pg  = .0884  = .0884  x 15500"#  = 1370# 

P^5  = 1370#  + 681#  = 2051# 

f^  + fj,  = ^^^2^36~  ~ 1600#/"^  (.0628  sq.  in.  reinforcement) 


30000 

=1^-  ^ 


To  right  of  Mb 
Spar  No.  5 


Pg  = .0884  M^  = 1370#  (end  load  not  added) 

= 16000#/"^  (.0217  sq.  in.  reinforcement) 


„ ^ 30000 

= T^  - ^ 
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The  margins  of  safety  of  the  spar  flanges  may  seem  imnecessarily  high. 
Since  little  time  was  available  for  experimentation  and  the  requirements  of 
the  particular  case  necessitated  the  utmost  caution  as  regards  strength  of 
structure,  it  was  not  thought  desirable  to  go  below  these  figures. 

The  shearing  forces  in  the  wing  will  be  considered  next,  A plan  view 
of  the  shear  webs  together  with  a diagram  showing  the  location  of  the  struts 
with  respect  to  the  vertical  shear  load  is  given  in  Fig.  5.  In  finding  the 
loads  in  these  struts  the  shear  across  a section  is  divided  among  the  webs  of 
the  spars  in  proportion  to  the  bending  moment  carried  by  the  spars,  A maximum 
load  will  occur  in  one  particular  strut,  located  at  the  section  of  maximijim 
shear  and  in  the  web  of  the  deepest  spar.  This  web  connects  spars  No.  4 and  5 
and  makes  an  angle  of  approximately  25  with  the  chord  line.  This  angle, 
together  with  the  angle  (45)  in  the  plane  of  the  web,  serves  to  determine  the 
inclination  of  the  strut  with  respect  to  the  vertical  shear  load  as  shown  in 
Fig.  5.  The  maximum  shear  1 load  occurs  at  the  wire  attachment  and  is  1885# 
(see  Fig.  3). 

TEST  OF  SHEAR  BRACING 

The  purpose  of  this  test  was  to  determine  the  margin  of  safety  of  the 
shear  trusses  in  the  multispar  wing  designed  for  the  Pobjoy  Raceplane.  This 
wing  (see  Wing  Analysis)  consists  of  arc  flanges  or  spars  connected  by 
inclined  Warren  trusses  of  channel  section  members,  the  whole  being  blanked 
and  formed  from  a single  sheet  of  aluminum  alloy.  In  forming  the  channel 
members  it  was  necessary  to  leave  a considerable  area  of  unstiffened  material 
at  the  panel  points.  These  members  are  centered  on  the  outside  of  the  flange 
in  order  to  prevent  local  failure  of  the  free  edges  by  relieving  the  stress 
in  them.  Because  of  this  intentional  eccentricity  and  the  fixity  of 
the  strut  ends  it  was  thought  advisable  to  determine  the  strength  of  the 
channels  by  actual  test. 
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The  test  was  carried  out  in  the  following  manner:  A sample  frame  of  the 

shear  bracing  was  made  up,  using  the  same  material  (.040-25  ST)  and  dies  used 
for  the  actual  wing.  This  frame  was  bolted  to  a steel  angle  at  two  points  and 
the  load  applied  at  the  apex  of  the  frame  as  shown  in  Fig.  6.  This  application 
of  the  load  simulates  the  conditions  existing  in  the  wing,  corresponding  to  the 
transmission  of  end  load  into  the  flanges  and  producing  the  same  effects  at 
the  joints.  The  P/A  stress  in  the  struts  is  relatively  small  (see  Wing 
Analysis)  and  little  doubt  was  felt  as  to  the  ability  of  the  channel  to  take 
the  load,  the  main  purpose  of  the  test  being  to  determine  the  effects  of  the 
secondary  stress. 

The  load  consisted  of  iron  weights  and  was  suspended  from  the  frame  by 
means  of  two  steel  straps  pinned  through  with  a 3/16  bolt.  The  location  of 
the  bolt  and  the  application  of  the  load  are  shown  in  Fig.  6.  Using  all  the 
weights  available,  a load  of  320#  was  applied  to  the  structure  and  produced  no 
visible  deformation.  Since  this  was  in  excess  of  the  requirements  of  the  wing 
and  it  was  not  thought  desirable  to  reduce  the  size  of  the  members  for  struc- 
tural reasons,  the  test  was  not  carried  further.  The  load  carried  by  each 
Strut  was  approximately  227#  and  the  P/A  stress  developed,  9080#/”. 

The  material  was  the  Alxominum  Company  of  America’s  25  ST  alloy  and  has 
the  following  properties:  Min.  Yield  Point,  30,000#/",  Min.  Tensile  Strength, 

55,000#/".  Due  to  lack  of  data  on  open  dural  sections  it  is  difficult  to 
obtain  a comparison  but  it  is  believed  that  with  the  slenderness  ratio  used 
the  results  are  satisfactory. 
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Summary 

The  paper  illustrates  the  application  of  matheniati- 
cai  advances  made  in  electricity  and  other  branches 
to  problems  of  airplane  dynamics.  The  Heaviside- 
Bromwich  methods  of  solution  of  linear  differential 
equations  are  described  and  it  is  shown  how  these 
methods  avoid  the  consideration  of  boundary  conditions 
and  of  particular  or  complementary  integrals.  It  is 
pointed  out  that  if  the  solution  of  the  differential  equa- 
tion is  obtained  for  the  case  of  a unit  disturbance,  the 
effect  of  varying  disturbances  may  be  found  therefrom 
by  Carson’s  Theorem.  A graphical  solution  of  Carson’s 
Integral  for  irregular  disturbances  is  given. 

The  procedure  of  obtaining  unit  solutions  of  the 
equations  is  then  taken  up  and  the  analogy  between 
Heaviside’s  symbolic  series  solution  and  a physical  pro- 
cedure of  approximation  is  shown.  It  is  suggested 
that  a fictitious  impulsive  disturbance  be  used  in  the 
treatment  of  initial  motions.  Bromwich’s  interpretation 
of  the  operational  method  is  briefly  described  and  the 
expression  of  the  irregular  disturbance  functions  by 
definite  integrals  is  shown. 

Definitions 

Vi) — -Equilibrium  flight  velocity, 
tw— Linear  velocity  in  plane  of  symmetry  of  air- 
plane and  normal  to  C/o- 

p — ^Rolling  angular  velocity  of  airplane.  (About 
I/o  as  axis). 


q — Pitching  angular  velocity  of  airplane.  (About 
axis  normal  to  (/o  and  to  the  plane  of  symmetry). 

L — Rolling  moment  per  unit  moment  of  inertia  of 
airplane. 

Z — Force  per  unit  mass  of  airplane.  (Along  w), 

Lp,  Z„,  . . etc.,  = 4^.  ^,  etc. 

dp  dw 

The  use  of  some  mathematical  discipline  in  the  study 
of  disturbed  motions  of  airplanes  seems  essential  if  a 
consistent  advance  in  the  improvement  of  airplane 
flying  and  handling  qualities  is  to  be  made.  The  study 
of  stability  alone  has  thus  'far  not  been  of  very  great 
usefulness  in  this  respect  partly  because  it  has  been 
difficult  to  establish  the  interpretation  of  the  mathe- 
matical definition  of  stability  in  terms  of  control  and 
flying  qualities. 

A Study  of  the  specific  effects  of  disturbances  and 
control  manipulations  is  in  many  respects  more  instruc- 
tive than  the  study  of  stability  alone.  A calculation  of 
the  motion  of  the  airplane  gives  a comprehensible 
result ; in  terms  of  velocities,  accelerations,  etc.,  while 
the  stability  calculation  must  be  considered  incornplete 
as  it  yields  only  an  indication  of  the  character  of  the 
free  motion.  Thus  if  appears  that  the  study  of  airplane 
dynamics  may  be  more  profitable  if  the.  question  of 
stability  is  subordinated  to  specific  questions  involving 
the  effects  of  gusts  and  control  manipulations. 

It  has  been  considered  that  the  representation  of  the 
motions  of  an  airplane  under  the  influence  of  irregular 
disturbances  would  require  a prohibitive  labor  of  cal- 
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culation.  Such  differential  equations  as  occur  in  air- 
plane dynamics  are,  however,  of  the  same  form  as  those 
used  in  certain  problems  of  electricity  and  in  other 
branches  and  many  of  the  advances  made  there  can  be 
adapted  to  aeronautical  problems.  It  will  be  seen  that 
these  advances  result  in  very  practical  simplifications 
of  the  mathematical  procedure. 

The  question  of  the  solution  of  differential  equations 
arises  in  the  study  of  airplane  dynamics  because  it  is 
easier  to  write  expressions  for  the  detailed  component 
accelerations  of  an  airplane  in  motion  tlian  it  is  to  write 
expressions  giving  the  movements  directly.  The  analy- 
sis of  the  problem,  the  expression  of  equations  for  the 
component  accelerations,  consists  simply  in  attributing 
a component  of  reaction  in  each  degree  of  freedom  of 
the  airplane  to  each  component  of  motion  or  displace- 
ment. The  analysis  need  not  be  restricted  to  the  air- 
plane as  a rigid  body,  for  component  deformations  of 
the  machine  may  often  be  treated  as  additional  degrees 
of  freedom. 

According  to  Bryan’s  theory  of  airplane  stability  the 
component  reactions  are  considered  to  be  directly  pro- 
portional to  the  displacements  or  motions.  Originally 
this  assumption  was  used  in  application  to  vanishingly 
small  motions  since  the  consideration  of  such  motions 
was  sufficient  to  etablish  the  stability  of  stead)^  flight. 
The  latter  advance  of  aerodyn^ics  has  shown  that  the 
simple  linear  laws  of  variation  of  aerodynamic  reac-^ 
tions  with  the  motions  should  give  good  approximation 
for  movements  of  the  airplane  such  as  are  encountered 
in  ordinary  maneuvering.  Hence  the  theory  was 
extended  to  the  caluculation  of  unsteady  motions  of  air- 
craft in  general. 

The  assumption  of  linear  laws  of  aerodynamic  reac- 
tion (together  with  other  commonly  used  simplifying 
assumptions)  leads  to  the  representation  of  the  accelera- 
tions of  a disturbed  airplane  by  linear  differential  equa- 
tions. It  is  usually  necessary  to  consider  several  com- 
ponent motions  simultaneously,  since  a movement  of  the 
airplane  in  one  degree  of  freedom  generally  reacts  on 
and  modifies  the  movements  in  other  degrees.  Thus  one 
is  led  to  a set  of  simultaneous  equations.  The  para- 
meters of  these  equations,  expressing  the  proportions 
between  motions  and  air  forces  or  moments,  are  termed 
“stability  derivatives.” 

The  set  of  equations  containing  only  the  reactions 
that  the  airplane  naturally  receives  when  displaced  from 
equilibrium  flight  are  the  so-called  “complementary 
equations”  and  are  those  used  in  the  study  of  stability. 
This  set  of  equations  has  a whole  family  of  possible 
solutions.  The  possible  solutions  of  a set  of  comple- 
mentary equations  do  have  one  unique  characteristic 
however,  and  that  is  the  indication  as  to  whether  or  not 
the  natural  free  oscillations  of  the  airplane  tend  to 
diminish  with  time. 

If  it  is  desired  to  calculate  the  motion  of  an  airplane 
due  to  some  disturbing  influence,  such  as  a gust  or  a 
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Fig.  1.  The  superposition  of  disturbed  motions. 


manipulation  of  the  control,  it  is  necessary  to  include 
terms  in  the  equations  that  express  the  component 
accelerations  attributed  to  the  disturbance.  Thus  in 
the  case  of  a deflected  control  the  known  moment 
exerted  (per  unit  moment  of  inertia  of  the  airplane)  is 
added  to  the  other  terms  in  the  appropriate  equation. 
Such  disturbing  reactions  must  be  given  in  terms  of  the 
time  bef  ore  the  equations  can  be  solved.  The  equation 
expressing  the  acceleration  in  free  pitching  motion  is: 

^ — wMw  “ gMff  — 0 

If,  however,  a disturbing  pitching  moment  due  to  the 
elevator,  say,  is  acting,  the  equation  is  written : 

— = M(i) 

and  it  is  implied  that  the  right  hand  side  is  a function 
of  /. 

Although  the  component  motions  of  the  airplane 
mutually  interfere  and  must  be  calculated  simultaneously 
(that  is,  by  simultaneous  differential  equations),  the 
effects  of  component  disturbances  may  be  calculated 
separately  and  later  added  in  any  desired  proportion. 
Thus  if  a given  impressed  rolling  moment,  acting  alone, 
causes  a 20°  bank  of  the  airplane  in  one  second  and  a 
given  yawing  moment,  also  acting  alone,  produces  5°  of 
bank  in  the  same  time  the  combined  effect  of  both  acting 
simultaneously  will  be  a 25°  bank. 

A somewhat  similar  statement  may  be  made  with 
regard  to  the  effects  of  disturbances  that  are  not  applietl 
simultaneously,  viz. ; that  if  a given  disturbance  which 
arises  at  the  time  t = 0 is  later  augmented  in  some 
amount  the  effect  of  the  increment  of  disturbance  will 
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run  its  course  independently  of  the  effect  of  the  original 
disturbance.  Thus  in  a problem  involving  the  correc- 
tion of  a gust  disturbance  by  a manipulation  of  the  con- 
trol a history  of  the  motion  due  to  the  uncorrected  gust 
may  be  calculated  and  an  entirely  independent  motion, 
flue  to  the  assumed  corrective  control  manipulation, 
added  later  at  any  desired  point.  Fig.  1 illustrates 
this  principle. 

These  important  characteristics  of  the  dynamical  sys- 
tem regarding  the  superposition  of  effects  of  disturb- 
ances lead  to  the  consideration  of  the  effect  of  a simple 
“unit  disturbance.”  The  concept  of  a disturbing  accele- 
ration of  unit  magnitude  applied  instantly  at  the  time 
f = 0 to  a dynamical  system  otherwise  at  rest  is 
attributed  to  Heaviside,  who  employed  it  in  the  develop- 
ment of  his  Operational  Calculus.  Carson^  utilized  this 
concept  to  calculate  the  effect  of  a varying  disturbance 
of  arbitrary  form. 

The  unit  disturbance,  otherwise  known  as  the  “unit 
function,”  is  defined  by: 

1(f)  :=  0 when  t < 0 
1 (f)  = 1 when  i > 0 

(see  Fig.  2). 

In  Elettricity  this  symbol  is  used  to  denote  a unit 
e.m.f.  instantly  applied  at  ^ = 0.  The  corresponding 
use  in  Aeronautics  would  be  to  denote  a unit  impulsive 
linear  or  angular  acceleration. 

As  an  example  of  the  application  of  this  concept  sup- 
pose that  it  is  required  to  find  the  combined  pitching 
motion  {q)  and  the  vertical  translation  {w)  of  an  air- 
plane due  to  the  sharp  edged  vertical  gust  of  (con- 
stant) velocity  m.  The  simultaneous  equations  for 
these  motions  are  : 


— wZv,  — 4-  C/p)  ==  Wf^u>  = Z, 

~ — wM„  — qM^  = WoMij,  = Af« 


(2) 


The  procedure  is  to  perform  the  calculation  with  a 
unit  disturbance  substituted  into  the  first  equation,  thus 


- q{Z,  + C/o)  = 1 (0 


(3) 


If  the  motions  thus  calculated  are 
Wiz  {t)  and  qiz  (0 

and  the  motions  calculated  for  a unit  disturbance  sub- 
stituted into  the  second  equation  are 

WiM  it)  and  qiM  {t)  t 

then  the  motions  due  to  the  gust  m may  be  found  from : 
wit)  = ZoWizit)  + MoWijif  it) 

(4) 

q{t)  = Z^qizit)  + M^qiiaii) 

Carson’s  Theorem^  which  enables  the  calculation  of 
motion  due  to  any  irregular  variation  of  disturbance, 
is  simply  a statement  of  the  generalized  superposition 
theorem  in  terms  of  a definite  integral.  Let  xvx{t)  be 
the  motion  calculated  for  a unit  disturbance  1(f),  and 
suppose  that  it  is  desired  to  find  the  motion  w{t)  due 
to  some  varying  disturbance,  say  .^(^).  According  to 
Carson’s  Theorem 

«,«.)  = Z(ff)  - t)  Z'{t)  dt,  (5) 

where  Wi  (ta-t)  is  the  motion  at  the  time  (to-t)  after 
the  impression  of  the  unit  disturbance.  (See  Fig.  3.) 

In  the  most  general  case  the  impressed  disturbance 
will  be  given  as  a function  of  the  time  simply  by  a 
curve,  as  in  Fig.  4 (curve  B).  If  the  '‘indicial  motion,” 
or  motion  of  the  system  due  to  a unit  disturbance,  is 
also  given  by  a curve  (curve  A)  the  two  may  be  com- 
bined by  a simple  artifice  and  the  general  solution 
obtained  by  a graphical  integration.^  For  this  purpose 


^ J.  R.  Carson,  Electric  Circuit  Theory  and  Operational 
Calculus,  McGraw-Hill  Book  Company,  1926. 


'This  novel  graphical  construction  is  due  to  the  author’s  asso- 
ciate, Mr.  A.  I.  Nerken. 
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Fig.  4.  Diagram  illustrating  calculation  of  motion  by 
Carson's  theorem. 


the  integral  of  Eq.  (5)  is  expressed  in  the  alternative 
form ; 

-fo  — t)  dZ{t) 

The  procedure  of  finding  the  motion  at  several  instants 
consists  in  plotting  curves  of 

=/[Z(0]  (7) 

for  various  values  of  the  parameter  to.  The  area  under 
any  one  of  these  curves  is  obviously  w(to).  (See  Fig. 

4.) 

Points  of  the  curves  of  Eq.  (7)  may  be  readily 
located  if  the  two  diagrams  and  have 

equal  time  scales  and  are  placed  with  these  scales  at 
90®,  as  in  Fig.  4.  Lines  from  the  ordinates  of  the  Z{t) 
Curve  corresponding  to  various  values  of  i are  projected 
upward  f rom  this  diagram  and  similar  lines  correspond- 
ing to  equal  time  intervals  on  the  Wi{t)  curve  are  pro- 
jected across,  intersecting  the  former  lines  at  right 
angles.  Lines  of  both  sets  are*  identified  by  the  time 
instants  to  which  they  correspond.  A series  of  inter- 
sections such  that  the  time  instants  sum  to  U can  then 
be  located  and  they  define  the  curve  'iVx{U  -t)  vs.  Z(t). 
Fig.  4 shows  such  curves  for  to  = and  4. 

It  is  evident  from  the  foregoing  considerations  that 
solutions  of  the  differential  equations  of  airplane  motion 
need  be  obtained  only  for  the  case  of  a unit  disturbance. 
The  motion  caused  by  any  arbitrary  or  irregular  dis- 
turbance then  follows  by  simple  principles. 

For  an  illustration  of  this  solution  of  the  equations 
let  us  take  the  simple  case  of  an  airplane  free  to  move 
only  in  rolling.  The  rolling  motion  p following  the 


application  of  a unit  disturbance  must  satisfy  the  fol- 
lowing differential  equation: 

^ = 1(0  (8) 

where  Lp  is  the  damping  derivative  in  rolling.  Obvi- 
ously the  motion  will  start  with  the  angular  accelera- 
tion 1 and,  as  a definite  rate  of  rolling  is  acquired,  will 
be  decelerated  in  an  amount  proportional  to  the  rate  at 
each  instant.  The  solution  of  this  equation  may  be 
demonstrated  by  a process  of  successive  approximations. 
Suppose  that  for  the  first  approximation  we  calculate 
the  rolling  by  neglecting  the  damping  factor  entirdy ; 
the  value  thus  found  will  be 


P = (9) 

or,  simply,  p ~ t.  As  a second  approximation  we  use 
the  value  of  p thus  found  to  calculate  a damping 
deceleration,  viz:  pLp.  The  integral  of  this  decelera- 
tion gives  a decrement  oi  p which  may  then  be  applied 
to  the  first  approximation.  The  new  approximation 
again  requires  correction  because  the  value  of  /^  assumed 
in  calculating  the  damping  was  too  high.  The  suc- 
cessive steps  may  be  represented  by  the  following  series : 

(10) 

The  result  of  the  integrations  is  obvious  since  Lp  is  a 
constant. 


r=«  + ^+^  + .....+, 


Zl 


etc. 


(11) 


The  similarity  between  this  series  and  the  series  for 
is  recognized.  A factor  Lp  is  needed  and  a term  1, 
hence 


-1 


(12) 


Heaviside’s  power  series  soultion  may  be  considered 
as  a shorthand  method  of  arriving  at  the  foregoing 
result.  In  order  to  apply  this  method  to  more  complex 
equations  it  is  found  convenient  to  introduce  an  abbre- 
viated notation  for  differentiation  and  integration  with 
respect  to  time,  viz: 


dt  ^’dP' 


etc. 


J dt=D-\J f.....de=D^;  Die. 


(13) 


It  is  to  be  noted  that  the  operation  indicated  by  this 
symbol  obeys  the  formal  laws  of  algebra  so  long  as  the 
derivative  of  a square  or  product  is  not  required.  The 
latter  possibility  is  avoided  in  our  equations  since  they 
are  linear. 

With  this  preparation  Eq.  (8)  may  be  written  as 
Dv-L^V=m  (14) 


1(0 
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The  fraction  (Z)-Lp)  ^ is  then  expanded  by  the  binomial 
theorem : 


{D  - ^ + Lj,  D-^  + L/D-^  +,  etc.  (16) 

This  result  is  obviously  the  same  series  of  operations 
that  were  led  to  in  obtaining  successive  approximations 
to  the  solution  (Eq.  (10)).  Either  result  may  be  sum- 
marized by  the  formula 

{D  - 1 (0  = m 

A number  of  other  symbolic  formulas,  each  of  which 
bears  a relation  to  the  solution  of  some  linear  differ- 
ential equation,  may  be  devised  by  similar  algebraic 
procedure. 

The  recovery  of  an  airplane  from  a given  initial 
motion  or  displacement  may  be  treated  very  simply  by 
the  consideration  of  another  special  type  of  disturbance. 
Consider  the  fictitious  disturbance  that  would  result  in 
the  airplane  suddenly  acquiring  a unit  velocity  or  dis- 
placement at  the  time  0 : 

D 1(0  = 0 when  t < 0 
D 1(0  = when  t = 0 (17) 

D ^ (0  = 0 when  t > 0 

This  function  may  be  termed  the  “unit  impulse”  and 
may  be  used  to  represent  a quantity  of  very  large 
magnitude  but  of  such  short  duration  that  its  time 
integral  is  finite.  Obviously  the  time  integral  of  the 
unit  impulse  is  the  unit  function  1(0- 

The  solution  of  Eq.  (8)  for  the  condition  of  a unit 
initial  angular  velocity  in  rolling  may  be  obtained  by 
a method  analogous  to  that  previously  given.  Here 
one  can  write 


Dp  — Lpp  = Dlit) 
D 


(18) 


l(^) 


Algebraic  expansion  of  the  right  hand  side  gives  simply : 


p = i{t)  (19) 

The  solution  of  complex  systems  of  equations  such 
as  are  frequently  met  in  airplane  dynamics  is  based  on 
an  extension  of  the  algebraic  manipulation  of  the 
“oi>erator”  D . . For  simplicity  the  solution  of  Eqs. 
(3)  can  be  illustrated:  the  extension  of  the  procedure 
to  equations  of  greater  complexity  will  be  obvious. 
Rewriting  the  equations  in  the  new  terminology, 


{Z,  -i-  C7o)g  = 1(0 

— MtoW  -f  (D  — M^)q  — Q 


(20) 


The  algebraic  resolution  of  the  equations  for  w is ; 


“ - D'-  (Z„  + M,)D  + Z^M,  - iZ,  + 
which  is  of  the  form 

^ ” F[D) 

The  fraction  ■ may  be  expanded  algebraically 

into  a series  of  simpler  operations  just  as  the  fraction 


^ was.  A simple  procedure  is  to  resolve  it  into 
D — Jjp 

partial  fractions.  According  to  the  partial  fractions 
theorem  (a  theorem  of  algebra) : 


m ^ /(X) 

Fix)  ” ^ F'(X)  {x-\)  (23) 


where  the  X's  are  the  roots  of  the  polynomial  equation 
F(x)  ^0.  The  restrictions  on  this  theorem  are  (1) 
that  the  roots  X be  distinct  and  (2)  that  the  polynomial 
F (.t')  be  of  higher  degree  in  x than  /(a').  Applying 


this  theorem  to  our  fraction  we  obtain: 

^\D) 


F{D) 


^ F'{\) 


(24) 


The  part  1 (0  / (Z?-X)  has  already  been  evaluated 
by  the  binomial  expansion,  Eq.  (16),  and  the  substitu- 
tion of  that  result  gives 


f(D) 

F{D) 


m = m 


(25) 


It  is  only  necessary  to  note  that  the  second  term  on 
the  right  is 

Then 

This  general  formula  is  known  as  the  “Heaviside  Ex- 
pansion Theorem”  and  is  subject  to  the  same  restric- 
tions that  apply  to  the  algebraic  theorem  for  expansion 
into  partial  fractions. 

The  methods  of  solution  thus  demonstrated  avoid  the 
complication  of  adjustment  to  boundary  conditions  as 
well  as  the  consideration  of  particular  and  complemen- 
tary integrals.  They  depend  on  the  consideration  of 
discontinuous  or  irregular  functions  of  the  time.  That 
these  methods  have  a counterpart  expressible  in  con- 
ventional mathematical  language  was  shown  by  Brom- 
wich®, who  gave  a rigorous  fc;rm  for  the  older  Opera- 
tional Calculus  of  Heaviside.  The  principle  of  Brom- 
wich's method  is  the  expression  of  the  solution  of  the 
linear  differential  equation  as  a definite  integral  in  which 
the  independent  variable  (i)  appears  under  the  integral 
sign  as  a parameter. 

For  an  elementary  illustration  of  this  method  sup- 
pose that  it  is  desired  to  find  a solution  w (t)  of  Eqs. 
(2)  with  an  impressed  vertical  acceleration  Z (t).  The 
equations  are  written 

Dv)  — Zyxo  “ {Zq  + C/<j)g  = Z{t)  ^27) 

Dq  — M^V)  — Mgq  = 0 

® T.  A.  rj.  Bromwich,  Normal  Coonlinates  in  Dynamical 
Systems,  Proc.  Lond.  Math.  Soc.  (2)  15.  401-408,  1916. 
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Solving  the  second  equation  for  iv  and  substituting  in 
the  first  equation  results  in : 

- (Z„  + M,)Dw  - [MJZ,  ~ Uo]  w = 

DZ{t)^M^{t)  (28) 

or : 

D^w  + aDw  bw  — <f>{t)  (29) 


ft  happens  to  be  fairly  easy  to  devise  an  expression  for 
w that  will  satisfy  this  equation  if  the  definite  integral 
of  an  auxiliary  variable,  \ — x ^ iy,  is  introduced. 
Such  an  integral,  viz: 

W = dX  (30) 

f ctosed  contour) 

is  seen  to  be  a particular  solution  if 


F(X)  = V + aX  + 6 (See  Eq.  (29))  (31) 

and  if 


f f(\)  e’-'  dX  = 0(0 

{closed  contour) 


(32) 


for  the  successive  differentiations  (see  Eq.  (29))  of 
Eq.  (30)  reproduce  E(X)  in  the  numerator. 

The  essential  step  of  the  method  is  then  the  expres- 
sion of  the  irregular  disturbance  function  ^(^)  — 1(?) 
in  the  form  of  such  a definite  integral.  The  required 
integral  may  be  shown  to  be 


1 

2i:i 


L 


i gX/ 

^dK  = l{t)  , 


(33) 


giving  the  value  zero  for  negative  t and  the  value  1 for 
positive  t Here  the  limit,  or  path,  of  integration 
extends  along  the  imaginary  axis  and  to  the  right  of  the 
singular  point  at  the  origin.  With  the  limit  of  the  inte- 
gral thus  specified  it  is  permissible  to  integrate  in  addi- 
tion along  any  other  path  provided  it  is  shown  that  the 
additional  path  does  not  change  the  value  of  the  integral 
as  defined.  Then  it  is  easy  to  prove  that  a closure  of 
the  path  along  a semicircle  to  the  left  of  the  imaginary 
axis  does  not  contribute  to  the  integral  if  ris  positive. 
The  path  then  encloses  one  singular  point,  0,  and  the 
value  of  the  integral  is,  by  the  residue  theorem'^ 


2«  / (X  — 0)  ~ ‘ (34) 

( closed  contour) 

For  t negative,  however,  the  closure  of  the  path  to  the 
left  avoids  the  definition;  but  it  is  seen  that  the  path  can 
then  be  closed  to  the  right  of  the  imaginary  axis  with- 
out altering  the  value  of  the  integral  as  defined.  (See 
Fig.  5.)  This  contour  now  encloses  no  singular  point, 
and,  the  integrand  being  analytic,  the  integral  is  zero. 

The  integrand  of  the  expression  for  1 (^)  thus  has 
a singular  point  at  X = 0.  By  modifying  the  integrand 
so  that  the  singularity  occurs  at  another  point,  say  n, 
the  expression  for  another  irregular  disturbance  is 
obtained,  namely  : 


1 

(36) 

* E.  R.  Hedrick  and  Otto  Dunkel,  G our  sat' s Mathematical 
Analysts,  Vol.  II,  Part  I,  Ginn  & Co.,  1916. 


Goswc  fikflMIJSABtE  CiOJU/fC 

)Vhen  i >0  i E.O 


= Id) 


Fig.  5.  Evaluation  of  definite  integral  giving  the  unit 
function. 


The  result  is  multiplied  by  1 (/)  to  indicate  that  it  is 
zero  when  t is  negative.  Writing  {in)  for  n gives  a 
disturbance  of  the  form 

l(t)  (cos  ni  -h  f sin  rd) 

The  real  part  of  a solution  is  then  the  solution  for 
1 {t)  cos  nt,  and  the  coefficient  of  the  imaginary  is  the 
solution  for  1 {t)  sin  nt,  (see  Fig.  2). 

It  has  been  pointed  out  in  previous  paragraphs  that 
the  solution  of  the  equations  of  motion  need  only  be 
obtained  for  the  elementary  unit  disturbance.  The 
effect  of  any  other  disturbance,  whether  given  by  a 
mathematical  expression  or  not,  may  then  be  obtained 
by  Carson’s  Theorem.  The  procedure  of  finding  the 
“unit  solution”  by  Bromwich's  method  may  now  be 
made  more  definite.  Suppose  Z (?)  is  replaced  by  1 (?) 
in  Eq.  (28).  The  right  hand  side  of  this  equation 
becomes  {D-Mq)  (1?)  whence  (see  Eq.  (32)  ), 

/I  /•+«  t \ M 

/(X)  e^VdX  i{t)  (36) 

(closrd  contour) 

The  solution  for  w is  simply 

/*+«»  X M 

-■(«=£.  k ^ (37) 

where 

F(X)  = V - (Z«,  + M,)  X - (M„  Zq  - Mq  Z^  -h  (38) 

as  before. 

For  the  evaluation  of  the  integral  of  Eq.  (37)  by 
the  residue  theorem  the  singular  points  of  the  integrand 
are  needed.  These  points  are  values  of  X that  make 
the  denominator  equal  to  zero.  The  denominator  is 
usually  termed  the  “stability  polynomiar',  hence  these 
points  are  simply  the  roots  of  the  stability  equation  (in 
addition  to  the  point  X = 0).  Rewriting  the  polynomial 
in  terms  of  these  roots  X,.X:>,  one  obtains 
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Wiit) 


— 

^in  J-Qcti 


(X  — Mg) 


(X  — Xi)  (X  — Xz)  (X  — 0) 


dK  (39) 


The  value  of  the  integral  is  the  sum  of  the  residues : 


Xi-M, 


Xz  — Ma 


~ (Xi  - Xz)  Xi  ^ (Xz  - xo  Xt^^  + 


0 —Ma 


(40) 


(0  — Xi)(0--X2)‘ 

Since  (Xi  — Xz)  ==F\\i),  and  (Xz  — Xi)  = F'(X2)  etc.,  this 


result  may  he  expressed  somewhat  differently,  viz; 

A» 

which  is  the  Heaviside  Expansion  theorem.  The  resi- 
due theorem  is  not  subject  to  the  restrictions  that  apply 
to  the  partial  fractions  theorem,  however,  and  the  resi- 
dues corresponding  to  multiple  roots  may  be  readily 
found.  Thus  motions  due  to  periodic  disturbances  that 
are  S3mchronous  with  the  natural  oscillations  of  the 
airplane  may  be  calculated. 
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= -9l  “03) 

= Roe^l*^  + 100 


f 


Rl  R3 


1^+1 (02 


-Q^  -03) 


R^e^lt+100 
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f(X) 
F’  (X) 
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f(X) 
XF’ (X) 
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For 
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A SIMPLIFIED  APPLICATION  OF  THE  METHOD  OF  OPERATORS  TO  THE 
CALCULATION  OF  DISTURBED  MOTIONS  OF  AN  AIRPLANE 

By  Robert  T.  Jones 


SUMMARY 

A simplified  treatment  of  the  application  of  Heaviside* s 
operational  methods  to  problems  of  airplane  dyriamics  is 
given.  Certain  graphical  methods  and  logarithmic  for-- 
mvlas  that  lessen  the  amount  of  computation  involved  are 
explained. 

The  problem  of  representing  a gust  disturbance  or 
control  manipulation  is  taken  up  and  it  is  pointed  out 
that  in  certain  cases  arbitrary  control  manipulations  may 
be  dealt  with  as  though  they  imposed  specific  constraints 
on  the  airplane  y thus  avoiding  the  necessity  of  any  inte- 
gration whatever. 

The  application  of  the  calculations  described  in  the  text 
is  illustrated  by  several  examples  chosen  to  show  the  use 
of  the  methods  and  the  practicability  of  the  graphical  and 
logarithmic  computations  described. 

INTRODUCTION 

The  theory  of  airplane  dynamics  in  its  present  form: 
is  due  mainly  to  the  original  researches  of  Lanchester 
and  Bryan  on  the  stability  of  airplanes.  Later  inves- 
tigators, notably  Bairs  tow  and  Wilson  (reference  1), 
applied  and  extended  the  original  conceptions  of  the 
theory.  Bryant  and  Williams  (reference  2)  have  re- 
cently shown  how  the  operational  mathematics  of 
Heaviside  may  be  used  in  applying  the  theory  to  prob- 
lems of  the  disturbed  motions  of  airplanes. 

Although  the  calculation  of  disturbed  motions  of 
aircraft  is  important  in  problems  of  flight  safety,  little 
experience  has  been  gained  in  the  practical  application 
of  the  theory  owing  to  its  mathematical  complexity. 
The  present  paper  gives  the  results  of  researches  in  the 
mathematical  application  of  the  theory.  It  has  been 
found,  as  suggested  by  Bryant  and  Williams,  that  the 
Heaviside  method  affords  the  simplest  and  most  direct 
solution  of  these  problems.  In  order  to  bring  out  the 
advantages  of  this  method,  a treatment  of  its  applica- 
tion is  given  and  certain  formulas  and  graphical  con- 
structions are  explained  that  make  the  calculations 
easier. 

In  their  usual  form,  problems  of  airplane  dynamics 
depend  for  solution  on  the  integration  of  simultaneous 
linear  differential  equations.  Methods  for  the  integra- 


tion of  such  equations  are  given  by  Wilson  and  Routh 
(references  1 and  3)  and  in  mathematical  textbooks. 
The  problems  met  in  airplane  dynamics  are  often  more 
complex  than  the  examples  treated  in  textbooks  and, 
when  an  attempt  is  made  to  apply  the  given  methods 
to  their  solution,  difficulties  of  computation  arise. 

In  view  of  the  importance  of  investigatiog  these 
problems  and  since  their  solutions  involve  lengthy  cal- 
culations, it  is  desirable  that  as  many  mathematical 
simplifications  as  possible  be  employed.  Heaviside^s 
method  gives  such  a simplification,  the  solution  of  the 
differential  equations  being  accomplished  symbolically 
by  a single  “expansion  theorem.^’ 

THE  DIFFERENTIAL  EQUATIONS  FOR  THE  DISTURBED 
MOTIONS 

An  airplane  in  uniform  flight  may  be  thought  of  as  a 
free  r^id  body  in  equilibrium.  Deviations  of  the  ah- 
plane  from  this  equilibrium  condition  may  be  caused 
by  reactions  due  to  control  movement,  gustiness  in  the 
air,  or  by  some  influence  such  as  the  stopping  of  an 
engine.  The  motions  of  the  airplane  following  such  a 
disturbance  may  be  calculated  if  the  momentary 
accelerations  or  forces  are  known.  It  is  obvious  that 
this  computation  may  be  performed  by  taking  small 
intervals  of  the  time  and  caculating  the  velocities  and 
displacements  generated  by  the  known  accelerations 
step  by  step,  assuming  the  accelerations  momentarily 
constant. 

The  component  linear  and  angular  motions  of  the 
airplane  in  its  deviations  from  equilibrium  are  given 
exact  definition  by  constructing  a set  of  axes  rigidly 
fixed  in  the  machine  and  considering  its  motions  as 
being  those  of  the  axes  themselves.  The  motions 
spoken  of  are  then  velocities  and  displacements  of  the 
airplane  axes  relative  to  the  earth  or  the  air.  When 
the  airplane  is  in  steady  flight,  it  maintains  a certain 
equilibrium  attitude  with  respect  to  the  air  and  to 
the  earth.  Thus  for  climbic^  flight  at  a given  engine 
speed  a definite  angle  of  attack  and  a definite  angle  of 
pitch  must  be  preserved.  Deviations  from  equilibrium 
in  either  sense  will  introduce  reactions;  hence  motions 
I of  the  airplane  axes  relative  to  both  air  and  earth 
m ust  be  considered . 
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The  aerodynamic  reactions  to  the  motions  arise 
from  changed  relative  air  velocities. over  the  different 
parts  of  the  airplane.  The  calculation  or  measure- 
ment  of  these  component  aerodynamic  reactions  leads 
to  quantities  known  as  “resistance  derivatives’'  or 
“stability  derivatives,”  which  are  taken  as  constant 
factors  of  proportionality  between  the  reactions  and 
the  velocities  or  displacements  of  the  motions.  For  a 
more  detailed  exposition  of  the  concept  of  stability 
derivatives,  the  reader  is  referred  to  standard  text- 
books on  aeronautics. 

On  account  of  the  bilateral  symmetry  of  the  airplane 
it  is  customary  to  divide  the  motions  into  two  inde 
pendent  groups,  the  lateral  and  the  longitudinal,  each 
consisting  of  three  degrees  of  freedom: 

Rolling. 

(A)  Lateral  motions Yawing. 

Sideslipping. 

Pitching. 

(B)  Longitudinal  motions----  Vertical  translation. 

Forward  translation. 
Presumably  the  reactions  to  small  increments  of 
longitudinal  speed  or  displacement  do  not  sensibly 
mfluence  the  lateral  motions  and  the  two  groups  may 
be  independently  treated.  In  order  to  illustrate  the 
calculation  of  the  history  of  a motion  due  to  a given 
disturbance,  examples  of  lateral  motions  are  chosen 
although  the  methods  used  are  equally  applicable  to 
any  set  of  degrees  of  freedom  of  the  airplane.  The 
quantities  that  arise  in  the  consideration  of  the  lateral 
motions  are  defined  in  the  following  table: 

Velocities  and  displacements  of  airplane  axes: 

C/o,  equilibrium  flight  velocity  along  X axis. 

component  of  flight  velocity  along  Y axis 
(sideslipping). 

p,  component  of  angular  velocity  about  X axis 
(rolling). 

r,  component  of  angular  velocity  about  Z axis 
(yawing). 

ipy  angle  of  bank  (relative  to  gravity). 

Forces  and  moments  resolved  along  airplane  axes: 

F,  component  of  force  along  F axis. 

Z,  component  of  moment  about  X axis  (rolling 
moment). 

component  of  moment  about  Z axis  (yawing 
moment). 

Accelerations  of  airplane: 

Yo^Ylm  (force  per  unit  mass). 

Lo^Llinkx^  (moment  per  unit  moment  of  inertia). 
No^N/mkz^  (moment  per  unit  moment  of  inertia). 

Gust  velocities  resolved  along  airplane  axes: 

component  of  gust  velocity  directed  along  F 
axis. 

ro,  component  of  angular  velocity  of  gust  about  Z 
axis. 

'pot  component  of  angular  velocity  of  gust  about  X 
axis. 


Note. — The  signs  of  the  gust  velocities  are  so 
chosen  that  a positive  gust  produces  the  same  aero- 
dynamic reaction  on  the  airplane  as  a positive  velocity 
of  the  airplane  in  still  air.  The  resolution  of  gust 
velocities  along  the  moving  ax^  is  exact  only  to  the 
first  order  of  the  small  quantities  involved. 

Airplane  characteristics  used  as  parameters: 


With  the  definition  of  the  component  motions  that 
are  to  be  considered,  the  stability  derivatives  will  be 
of  the  form: 

bL  bN  bY  , 

37-1  etc. 

bp  bv  br 

where  Z,  N,  F,  respectively,  are  the  rolling  moment, 
the  yawing  moment,  and  the  sidewise  force,  as  they  are 
customarily  defined. 

It  has  been  found  convenient  to  transform  all 
stabihty  derivatives  and  disturbing  effects  into  terms 
of  accelerations  of  the  airplane  rather  than  retaining 
them  as  moments  and  forces.  This  transformation 
is  accomplished  by  dividing  out  the  appropriate 
moments  of  inertia  and  the  mass  of  the  machine. 


For  example,  may  be  written  simply  as  Z^; 

similarly  jinkz^=N„  and  ^7  m = Fr* 


If  the  flight  path  is  assumed  to  be  horizontal  (or 
nearly  so)  and  the  main  forward  velocity  Uq  to  be 
substantially  constant,  the  equations  of  motion  in  a 


lateral  disturbance  may  be  written: 


(In  sideslipping)  -^^=g<fi~rUo+vY„+rYr-rYQ 

(In  rolling)  ^==vLr,+pLp+rLr+Lo  > (1) 

(In  yawing)  ^=^vNr,+pNp+rNr+N(i 


In  these  equations  the  terms  Fo,  Zq,  and  iV^o  represent 
known  disturbing  or  controlling  accelerations,  assumed 
to  be  given  as  functions  of  the  time  t.  In  the  first 
equation  the  terms  g<p  and  —rUo  are,  respectively,  the 
accelerations  due  to  gravity  and  to  the  rotation  of  the 
moving  axes.  Since  the  axes  chosen  will  ordinarily  lie 
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near  the  axes  of  the  principal  moments  of  inertia  of 
the  airplane,  terms  involving  the  products  of  inertia 
have  been  neglected. 

INTEGRATION  OF  EQUATIONS  FOR  VELOCITIES  AND 
DISPLACEMENTS 

As  previously  mentioned,  equations  (1)  may  be  inte- 
grated by  taking  small  intervals  of  the  time  and  calcu- 
lating the  velocities,  and  finally  the  displacements,  by 

assuming  the  accelerations  etc.,  to  be  momen- 
tarily constant.  Although  this  method  is  sometimes 
useful,  it  naturally  leads  to  extensive  numerical  work. 
The  operational  mathematics  of  Heaviside  appear  to 
offer  the  most  promising  means  of  performing  these 
integrations. 

The  first  step  in  integrating  the  equations  of  motion 
by  the  operational  method  is  to  replace  the  symbol 

~ by  the  so-caUed  “differential  operator”  Z>,  which  is 

to  be  treated  as  though  it  were  an  ordinary  algebraic 
quantity;  the  equations  are  then  rearranged  with  the 
known  disturbance  effects  on  the  right-hand  side: 

{D^Y:)v-g^^{U,-Yr)r^Y, 

— (Z>— Xp)p— =Xo  (2) 

~N,v~-N^'P^{I)-Nr)T=N^ 

Since  D<p=pj  the  first  equation  may  be  operated  on 
throughout  by  Dj  reducing  all  to  the  same  variables 
(2?,  p,  r): 

D(D~~Y,)v~gp+D(U,~Yr)r=DYo 

—L^vY  {D~Lj,)p~-Lrr—LQ  (2a) 

~~N,v~N,pY(D~Nr)r=^No 

With  the  equations  in  this  form,  they  may  be  solved 
for  Vy  Pt  or  r by  ordinary  algebraic  means;  thus. 


Z?F„ 

-9 

DiVo-Yr) 

Lo 

(D-L,) 

-Lr 

No 

-N, 

(D-Nr) 

D{D-Y,) 

-9 

DiUo-Yr) 

-L, 

iP-L,) 

-Lr 

! 

-N, 

-N^ 

(D-Nr) 

In  the  calculation  of  any  of  the  velocity  components 
the  same  denominator  appears;  if  this  determinant  is 
denoted  by  F{D)y  the  forms  of  these  components  are: 

MD)y 

F(D)  FIdY 

(5) 

^^^FTDY^FW)^^ 

etc. 

Thus  far  the  solution  of  the  equations  of  motion  has 
progressed  simply  on  algebraic  grounds,  the  required 
quantities  (v,  p,  etc.)  having  been  found  explicitly  in 
terms  of  the  symbol  D,  The  symbol  D was  defined  as 
the  operation  of  derivation  with  respect  to  the  time  t, 
expressed  by  writing 

The  terms  of  the  solution /(D)/X(Z?)  indicate  that  the 
formal  operations  are  to  be  performed  on  whatever 
functions  follow  them  as  factors.  Since  they  contain 
the  symbol  I?  in  their  denominators,  it  becomes  neces- 
sary to  define  the  operation  indicated  by  1/D  or  D~^, 
As  D is  an  operation  and  not  a number,^  its  reciprocal  is 
defined  as  the  inverse  of  the  operation  of  differentiation, 
rather  than  as  the  derivative  itself  divided  into  1. 
The  inverse  of  differentiation  is  integration:  thus, 

D-^=y . . . 

The  operations  indicated  by  the  ratios  of  polynomials 
in  D that  occur  in  the  terms  of  our  solution  then  consist 
of  a succession  of  differentiations,  [/(D)],  and  a succes- 
sion of  int^rations,  [X(D)]"^  It  is  clear  that  the 
nature  of  the  problems  at  hand  requires  that  the  result- 
ant of  these  operations  be  an  integration,  which  is 
shown  by  the  fact  .that  the  polynomial  F{D)  is  invar- 
iably of  higher  degree  in  D than  any  of  the  polynomials 

THE  EXPANSION  EQUATION 

By  treating  the  disturbances  (such  as  Fo,  No,  Xq)  as 
discontinuous  functions  of  the  time,  Heaviside  obtained 
solutions  of  equations  similar  to  the  foregoing  by  a 
simple  theorem.  The  substitution  of  Fo  into  Heavi- 
side’s theorem  results  in 


cFo=Fo 


^\F'{Kf 


The  expansion  of  the  determinant  of  the  numerator 
in  terms  of  minors  results  in: 


where  the  X’s  are  the  roots  of  the  polynomial  equation 
F(D)“0.  This  polynomial,  F(D)  = 0,  is  used  in  the 
study  of  the  stability  of  motion,  being  called  the 
“stability  equation.”  Its  roots,  Xi  X^  . . . X„,  give  an 


(D-L,) 

-Lr  1 

1 D(Uo-Yr) 

-g 

1 

i 

\DYo+ 

-N, 

(D-Nr)  1 

1 {D-m 

-N, 

(D-L,)  -Lr 
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indication  of  the  natural  tendencies  of  an  airplane’s 
motion  and  are  used  in  the  definition  of  stability. 

In  order  to  apply  the  foregoing  theorem  to  the 
integration  of  equations  of  airplane  motion  it  is  neces- 
sary to  assume  that  the  disturbance  terms  (Fo,  Not 
etc.)  due  to  the  control  or  gust  in  question  are  instantly 
applied  at  the  assumed  origin  of  the  time  scale  (/— G) 
and  remain  constant  thereafter.  In  the  general  case 
the  disturbance  terms  in  the  equations  of  motion  cannot 
be  thus  represented  as  remaining  constant  although  in 
practical  problems  they  may  almost  invariably  be 
represented  by  means  of  functions  of  the  form  Fo 
The  interpretation  of  Heaviside’s  theorem  equation  (6) 
when  this  form  of  function  is  used  is  (see  reference  2): 


J(D) 

F(D) 


Foe" 


F(nf  +V(X-7i)r(X) 


(7) 


When  dealing  with  variable  disturbance  terms,  it  is 
important  to  note  that  a discontinuity  of  the  function 
representing  the  disturbance  at  #==0  is  implied  as  in 
equation  (6). 

By  the  substitution  of  (in)  for  n in  equation  (7), 
expressions  that  can  be  used  when  the  disturbances 


These  latter  forms  are  particularly  useful  because 
almost  any  arbitrary  variation  of  gust  or  control  may 
by  expressed  as  a sum  of  sine  or  cosine  terms.  Thus  if 

Yq—Ki  sin  sin  7^2#  “h  . . . + etc. 

(10) 

Each  of  these  terms  may  be  evaluated  by  equation  (8). 

SOLUTION  OF  OPERATIONAL  EQUATIONS 

FINDING  THE  ROOTS  OF  THE  EQUATION  F(D)=0 

The  expansion  equations  given  for  the  forms 
i{U)IF{D)  require  the  roots  of  the  complementary 
equations  F(Z?)”0  for  their  solution.  In  cases  of 
airplane  motions  this  equation  is  normally  of  the  fourth 
degree  in  Z);  hence  it  is  not  practicable  to  find  the  roots 
directly.  Although  a number  of  methods  for  approxi- 
mating the  roots  of  such  equations  have  been  devised, 
the  most  direct  way  is  to  draw  a curve  of  the  function 
F{D)  against  P,  locating  the  real  roots  as  the  points 
crossing  the  I)  axis.  Usually  in  equations  of  this 
type  near  roots  may  be  isolated  by  separating  the 
equation  into  two  parts.  Thus,  if 


Fiqxiee  1.— Map  of  polynomial . F(D)=D<+a2)3+6X>*-fci>+d  near  zero. 

F(D)->F(X)=0  when  Z)-^adbi6. 

are  represented  by  forms  involving  sin  nt  or  cos  ni  are 
obtained 


m 

F{D) 


Foe*’’*' 


X 

If  then  the  expressions  for  the  sine  and 

cosine  forms  separately  become 
Fq  sin  Tit 

= Y^A  sin  nt  AB  cos  ^^+^(x2^2  (8) 

Fo  cos  7it 


cos  nt—B  sin  ntA 


(9) 


F(Z>)=P^+aZ>3+6D2+cZ>+f^=0  (11) 

there  will  usually  be  a large  real  root  near  IP——aD^j 

or  D——aj  and  a small  one  near  D=^-‘  This 

division  follows  from  the  consideration  that  large  roots 
are  more  dependent  on  the  coefficients  of  the  higher 
powers  of  D and  small  roots,  on  the  lower  powers. 

If  the  natural  motion  of  the  airplane  contains  oscilla- 
tory components,  as  it  usually  does,  there  will  be  pairs 
of  conjugate  complex  roots  of  the  polynomial  F{D)~0 
in  addition  to  the  real  roots.  The  determination  of 
these  roots  is  naturally  more  difficult,  although  if  real 
roots  have  been  previously  found  they  may  be  used 
to  reduce  the  degree' of  the  equation  by  synthetic  divi- 
sion and  the  determination  of  further  roots  will  be- 
come progressively  easier.  Complex  roots  of  such  an 
equation  may  be  directly  found  by  plotting  a map  of 
the  polynomial  F(D)  for  various  values  of  D using  the 
coordinates  D=^x-\-iy  and  finding  the  zero  point,  or 
root,  by  interpolation,  as  is  shown  in  figure  1.  If  a 
very  accurate  value  of  the  root  is  required  it  may  be 
convenient  to  plot  the  region  of  F{D)  near  the  origin 
to  a magnified  scale.  Since  the  polynomial  is  what 
is  known  as  an  ' ‘analytic  function”  (reference  4), 

and  the  map  in  its  smallest  parts  will  consist  of  squares. 
In  this  way  a more  accurate  interpolation  may  be 
made  or  a process  analogous  to  Newton’s  method  may 
be  applied. 

It  wiU  be  found  most  convenient  to  calculate  the 
various  values  of  F{D)  by  means  of  a vector  diagram 
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as  shown  in  figure  2.  If  trial  valu^  of  D are  expressed 
in  the  form  B (cos  d+i  siu  d)  or  Re^%  vectors  repre- 
sentiag  each  of  the  terms  of  the  polynomial  may  be 
simply  calculated.  The  problem  is  to  ma.ke  all  terms 
of  the  polynomial  balance  each  other  and  it  is  readily 
seen  how  this  may  be  accomplished  by  varying  6 to 
change  the  relative  inclinations  of  the  vectors  and  by 
varying  E to  change  their  relative  lengths.  The 
advantage  of  this  method  is  that  it  enables  a close 
approximation  of  the  value  of  a root  with  a minimum 
number  of  trials,  the  diagram  making  apparent  how 
nearly  aU  the  vectors  cancel  each  other. 


SOLUTION  OF  EXPANSION  EQUATIONS 

The  numerical  operations  indicated  in  the  expansion 
equations  (6)  to  (9)  call  for  calculations  with  complex 
numbers  ii.  e.,  roots  of  F(Z>)— 0).  A great  deal  of  the 
labor  involved  in  these  computations  may  be  saved  by 
the  use  of  graphical  and  logarithmic  methods. 

Thus,  if  it  is  desired  to  calculate  values  of  the  com- 
plex terms  occurring  in  equation  (6),  the  logarithmic 
formula 


logjj;^^^e’'“=Xi<+log/(Xi)— log  Xi-log  F'ih)  (13) 

is  used.  For  the  purpose  of  calculating  these  loga- 
rithms, it  is  convenient  to  express  the  complex  numbers 
(^i>  JiWj  etc.)  as  vectors  of  radius  R and  angle 
writing,  for  example, 

(cos  i sin  6i)  =Rie^h  (14) 


by  De  Moivre’s  formula. 

A complex  term  of  equation  (6)  may  then  be  written, 


/(Xi) 

XiF'(Xi) 


(15) 

Then 

logj^^^e’“‘=Xi«4-log  fio+A  (16) 

and  the  resultant  logarithm  may  be  plotted  as  a straight 
line  Xi#+cQnstot,  which  is  then  divided  or  extended  to 
represent  any  division  or  extension  of  the  time  t over 
which  the  calculation  is  made.  (See  fig.  3.)  The  final 
vectors  will  represent  the  complex  values  of 


i(Xi) 

x.r(x,) 


gXii 


and  it  is  seen  that  the  ordinates  of  the  points  of  the  line 
Xi<+ constant  are  the  angles  of  these  final  vectors  while 
the  abscissas  are  the  logarithms  of  their  radii. 


By  a separation  of  the  two  components  of  the  imagi- 
naiy  root  the  logarithmic  formula  may  be 

reduced  to 

=^aogSo+a«)+i(9o+6<)  (17) 

The  final  formula,  where  Xi=a+i6,  then  becomes 

(18) 

or,  by  De  Moivre’s  theorem, 

j^^e>''=5oe“‘[cos  (5<+0o)+i  sin  (6f+9o)l  (19) 

The  points  thus  plotted  will  lie  on  a logarithmic 
spiral  (fig.  3) ; the  deviation  of  this  spiral  from  a circle 


Figure  2.— Graphical  method  of  locating  values  of  F{D)  ne^  zero,  where 
F(0)  Di=a:i+iifi=i?i«‘»i=Bi(oos  0i+i  sin  «i) 


shows  the  influence  of  damping  on  the  natural  motion 
of  the  airplane. 

The  summation  indicated  in  equation  (6)  calls  for 
the  plotting  of  such  a logarithmic  spiral  for  each  of  the 
complex  roots.  Since  these  roots  always  occur  in  con- 
jugate pairs,  the  calculation  may  be  carried  out  for  one 
of  such  a pair  and  a spiral  calculated  for  the  second 
would  be  exactly  conjugate  to  the  first.  Thus,  it  is  only 
necessary  to  perform  the  foregoing  calculations  for  one 
root  of  each  pair,  the  summations  indicated  in  the 
equations  being  carried  out  in  effect  by  merely  doubling 
the  abscissas  of  the  points  of  one  of  the  conjugate 
spirals.  If  Xi=a+i&  and  X2=a--"i6,  this  summation 
may  be  written: 

The  formulas  for  the  int^ation  of  terms  containing 
sin  nt  and  cos  nt  may  be  put  into  a more  convenient 
form  for  the  graphical  or  logarithmic  calculations,  i.  e. , 


^r„sin 

if(i>r 


in.nf=Fo  i: 


imaginary  coordinate  of" 


M) 

F(D) 


Yq  cos  nt 


pint  _L  / ^ ^ /(X)_  Xf  I 

F{inf  ^Vx^+n^F'IX)^  J 

= F„  j^real  coordinate  of 


(21) 

(22) 
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In  these  forms  the  graphical  construction  of  the  terms 
f(in) 

proceeds  along  the  same  lines  as  that  of  the 

terms  involving  complex  roots  X.  Here  the  re- 
sulting diagrams  will  be  circles,  divided  into  equal 
angles  as  nt  may  be  divided.  In  case  X is  complex  the 
plot  of  an  term  will  be  a logarithmic  spiral  as  before 
and  it  is  important  to  remember  that  the  summation 


For  the  velocities  of  an  assumed  gust,  forms  involv- 
ing e”*  are  useful.  Thus,  if  the  gust  is  considered  a 
“transient’^  one,  disappearing  rapidly  from  an  arbi- 
trary initial  value,  the  form  (A)  (fig.  4) 

(24) 

may  be  used.  Here  Vi  is  the  initial  value  and  is 
chosen  to  make  the  gust  diminish  in  any  required  way. 


over  each  of  a pair  of  conjugate  roots  is  accomplished 
by  doubling  the  abscissas  of  the  spiral  obtained  for  one. 

WAYS  OF  REPRESENTING  GUSTS  AND  CONTROL 
MANIPULATIONS 

GUST  DISTURBANGES 

If  the  disturbanees  to  be  considered  are  due  to  gusts, 
the  terms  Fo,  Zo,  etc.  of  equations  (1)  will  be  of  the  form 

Fo=^?oF*+roF, 

(23) 

Nti=vJS[,~\-'pJSfj,+rJS!r 

where  poj  and  are  the  component  velocities  of  the 
gust,  which  may  vary  with  the  time.  As  given,  the  ref- 
erence system  for  specifying  these  gusts  has  been  chosen 
so  that  a positive  gust  velocity  may  be  considered  as 
producing  the  same  aerodynamic  reaction  on  the  air- 
plane as  a positive  airplane  velocity  in  still  air.  All 
such  gusts  must  be  assumed  to  be  moderate  so  that 
second-order  effects  may  be  neglected.  (See  refer- 


ence I.) 


If  the  gust  is  to  be  made  to  start  from  an  initial  value 
of  zero  and  to  persist  with  the  time,  the  form  (B) 

(25) 

may  be  used.  (See  reference  1.) 

For  the  purpose  of  representing  gusts  that  arise  with 
any  degree  of  sharpness  from  zero  velocity  to  a given 
peak  value  and  then  diminish,  the  form  (C)  may  be 
used: 

(26) 

The  sharpness  of  the  rise  of  this  gust  is  governed  by 
~m  and  the  decrease  by  since  its  curve  approaches 
that  of  (l-e“*”*0  near  the  origin  and  finally  becomes 
asymptotic  to 

In  the  case  of  a rotating  gust  it  is  probably  more 
logical  to  use  the  transient  forms  that  represent  the 
gust  as  disappearing  in  time  instead  of  being  persistent. 

CONTROLLED  MOTIONS 

When  considering  controlled  motions,  it  is  often  just 
as  reasonable  to  assume  that  the  airplane  is  under  a 
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kinematic  constraint,  or  prescribed  acceleration,  im- 
posed by  the  control  as  to  assume  that  the  pilot  uses 
the  control  in  an  arbitrary  way.  This  assumption 
leads  to  the  inversion  of  the  integration  problems  here- 
tofore considered,  because  the  motion  of  the  airplane 
is  itself  predetermined  and  the  forces  and  moments  (or, 
more  properly,  accelerations)  required  to  be  supplied 
by  the  controls  are  calculated  by  differentiation.  The 
ability  of  various  control  devices,  to  produce  a given 
maneuver  of  the  airplane  may  thus  be  compared  and 
the  degree  of  coordination  required  of  the  other  con- 
trols may  be  studied. 

The  foregoing  procedure  is  a particularly  useful  way 
of  studying  the  lateral-control  effectiveness  in  turns. 
Turn  maneuvers,  which  usually  begin  and  end  in  level 


t 

(C) 


Figure  4,— Curves  of  different  formulas  for  representing  gusts. 

flight,  may  be  described  by  means  of  a few  sine  or 
cosine  terms.  For  example,  the  angle  of  bank  <p  may 
be  given  by 

constant +Ai  cos  ti^+A2  cos  2?i^-|-etc.  (27) 

(See  fig.  5.)  The  rate  of  rolling  at  every  instant 

63689- -36 2 


naturally  follows  by  differentiating  this  equation.  If 
the  turn  is  to  be  * ^perfect,”  that  is,  with  no  sideslipping, 
the  rate  of  yawing  throughout  must  bear  a definite 
relation  to  the  angle  of  bank,  namely, 


or,  simply, 

if  (p  is  under  30° 


(28) 


Differentiating  the  expressions  for  y and  r gives  the 
accelerations  in  rolling  and  yawing  and  hence  the 


Figure  5.— Specifications  for  a turn  maneuver  in  which  the  constraints  are  given  by 

cos  2nt; 


moments,  which  will  arise  from  two  sources:  the 
reactions  due  to  natural  stability  and  the  reactions 
produced  by  the  displaced  controls.  The  reactions 
arising  from  the  motions  are  found  by  combining  the 
known  stability  derivatives  with  the  angular  velocities 
p and  r,  obtained  from  the  specification  equations  (27) 
and  (28).  The  parts  of  the  moments  necessarily 
supplied  by  the  controls  arp  then  obtained  by  deduct- 
ing these  from  the  total  moments.  In  the  case  of  the 
aileron  control,  secondary  moments  in  yaw  result  from 
the  application  of  rolling  moment,  which  modify  the 
amount  of  rudder  control  displacement  necessary. 


CONTROL  AGAINST  GUSTS  OR  ENGINE  FAILURE 

In  order  to  deal  with  attempted  control  of  a given 
disturbance  it  is  important  to  consider  that  there  is 
invariably  a lag  in  the  pilot's  reaction  in  countering 
the  motion.  In  these  cases  it  is  possible  to  assume 
that  the  disturbance  arises  instantly,  or  nearly  so 
(whether  persistent  or  not),  and  that  the  pilot's  dis- 
placement of  the  corrective  control  takes  place  accord- 
ing to  the  law 

5-5o(l-e"'^0  (29) 

(see  fig.  4(B))  where  5q  is  the  assumed  maximum  con- 
trol deflection,  which  occurs  more  or  less  quickly  as 
—n  is  made  laige  or  small. 


39 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


EXAMPLES  SHOWING  APPLICATION  OF  OPERATIONAL 
METHODS  TO  PROBLEMS  OF  AIRPLANE  MOTION 

The  following  examples  illustrate  the  application  of 
the  various  methods  to  specific  problems  of  airplane 
motion.  The  airplane  assumed  in  these  eaiculations 
is  a typical  2-passenger  machine  having  the  following 
characteristics: 

CHARACTERISTICS  OF  TYPICAL  AIRPLANE 

Type:  Monoplane ; aspect  ratio  6 ; rectangular,  rounded 
tip,  Clark  Y wing;  dihedral  angle,  1°. 
Dimensions: 

Gross  weight-  _ 1 ,600  lb. 

Wingspan.-- 32  ft. 

Wing  area-. 171  sq.  ft. 

1,216  slug-ft.^ 

mk^ 1,700  slug-ft.^ 

Stability  derivatives: 


Uq 

(ft./sec.) 

Cl 

ir  I 

Np 

Nr 

UoN, 

150 

0.35 

-5.44 

1. 11  ! 

-2.16 

-0.207 

-0.913 

5. 52 

88.5 

1.0 

-3.23 

1.J8 : 

-1. 11 

-.301 

-.663 

2-04 

66~ 

n.8 

! 

-2.  46 

lii  i 

-1.  66 

-.310 

-.977 

1.46 

* Flaps  down. 

The  calculated  principal  lateral-stability  derivatives 
of  this  machine  given  with  the  other  characteristics 
refer  to  motions  of  a set  of  axes  fixed  in  the  airplane 
but  so  inclined  that  the  X axis  points  in  the  direction 
of  the  relative  wind  in  straight  flight  at  the  lift  coeffi- 
cient specified.  The  axes,  nevertheless,  move  with  the 
machine  during  the  small  oscillations  considered  and 
hence  depart  slightly  from  instantaneous  reference  axes 
fixed  in  the  wind  direction. 

ILLUSTRATION  OF  SOLUTION  WITH  CONSTANT  DISTURBANCE 
TERM 

Example  I,  Rolling  motion  produced  by  deflecting 
ailerons  at  low  speed: 

(a)  Assume  the  machine  to  be  in  level  steady  flight 
at  a speed  of  88.5  feet  per  second  (<7z,=  1.0)  and  that 
a rolling  moment  corresponding  to  G=0.04,  with  an 
adverse  yawing  moment  (7n=“-0.01,  is  applied  sud- 
denly at  the  time  ^=0.  This  condition  corresponds 
approximately  to  a full  deflection  of  ordinary  ailerons 
at  this  speed. 

(b)  The  equations  of  the  motion  in  the  three  degrees 
of  lateral  freedom  may  be  set  up  without  including  the 
expressions  for  the  lateral  air  force,  since  this  force  is 
small  and  may  be  neglected  in  this  case.  The  equa- 
tions are: 


-^—vL,-\-'pLp-\-rLr-\-La 


(30) 


The  terms  Lq  and  iVo  represent  the  accelerations  due 
to  the  constant  control  moments  suddenly  applied  at 
/=0.  They  are 

^ _CiqSb 


(31) 


The  substitution  of  Z?  for  d/(U,  and  the  rearrange- 
ment of  the  equations  result  in 


D^v —gp  -h  D U^r = 0 
~L,v+  iD—Lp)p—Lrr—Lo 
-~N,v~~N^p+(D~Nr)r=No 


(32) 


Since  the  rolling  motion  is  desired,  the  equations  will 
be  solved  for  p.  The  algebraic  solution  is: 


p= 


IF 

0 DUo 

-Lv 

Zp  ~Lt 

-N, 

No  iD-Nr) 

IF 

-g  ' DUo 

-L, 

(D-Lp)  -Lr 

-N, 

1 

1 

(33) 


which  is  then  reduced  to  the  form  required  for  expan- 
sion in  equation  (6), 


p F(D)^^  F{Dr’‘ 


(34) 


The  calculation  of  the  various  polynomials  in  D results 
in: 


(35) 


UD)=PP-NrIF+U^,D 

F{D)  =D*~  (L,+Nr)IF+iLpN-LrNp+  UpN,)D‘ 

+ u(L,Np-LpN,’-^L,)D+g(LM-LrN,} 

At  the  assumed  speed  of  88.5  feet  per  second 
(O'/,  = 1.0),  the  constant  rolling  and  yawing  accelera- 
tions are 

Ao-  1.68  ^ ^ 

ATo= -0.301 

Using  these  numerical  values,  combined  with  those 
given  for  the  stability  derivatives,  the  polynomials  in 
D become 

/i(D)  =Z>3+0.663D2-h2.04D  ] 

/2(D)=1.88D2-hl.llD  (35a) 

F(D)=Z^-h3.89D3+4.75D2-hl0.33D-1.13  j 

In  order  to  perform  the  expansion  of  by  Heavi- 

side^s  theorem  it  is  necessary  to  determine  the  roots  of 
the  complementary  equation  F{D)—0.  When  the 
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polynomial  F(D)  is  plotted  as  a function  of  a real  vari- 
able (Z>),  two  real  roots  of  this  equation  are  found: 


Xi=-3,41 
X2=  0.104 


(37) 


By  the  use  of  vector  diagrams  (see  fig.  2)  and  the  plot- 
ting of  a map  of  the  polynomial  considered  as  a func- 
tion of  a complex  variable  {D=x^iy)j  the  following 
root  was  found  by  interpolation: 

X3===1.78  (cos  1.73+^  sin  1.73)  (38) 

An  additional  complex  root  that  is  the  conjugate  of  X3 
is  known  to  exist  and  completes  the  four  roots  of  the 
fourth-degree  equation, 

X4=1.78  (cos  1.73-^  sin  1.73)  (39) 

The  next  step  is  to  set  up  the  integration  equation 
and  perform  the  indicated  operations.  Since  the 
applied  control  moments  Xo  and  iVo  are  constants,  form 
(6)  will  be  used 

„ jmr  jmN  I y 


The  logarithm  of  the  r^ult  naturally  occurs  in  the  form 
x+iy.  Plotting  this  point  on  the  paper  and  construct- 
ing from  it  a line  parallel  to  X3,  we  obtain  the  locus  of 


for  various  values  of  t (see  fig.  3).  The  angles  of 
the  final  points  are  given  by  the  ordinates  of  these 
logarithms  and  the  absolute  lengths  by  the  antiloga- 
lithms  of  the  abscissas.  The  final  points  are  found  to 
lie  on  a logarithmic  spiral  whose  radius  decreases  with 
the  time  (time  measured  as  ai^le)  showing  the  damping 
of  thk  component  of  the  motion.  The  summation 
over  the  two  conjugate  roots  X3  and  X4  is  accomplished 
without  any  further  calculation  by  merely  doubling 
the  abscissas  of  the  points  plotted  above,  as  has  been 
pointed  out.  The  values  thus  obtained  are  listed  in 
the  following  table: 


+ iVc 


m)  I 
i?’(0)+Tr 


Taw 


(40) 


The  various  terms  to  be  substituted  in  this  formula 
are  found  to  be: 


JMt  JMn  n 


/i(X)Xo+/2(X)iVo-1.68X3+0.54X2+3.09X 


(41) 


XX’TX)  =4  X^+ 1 1 .67  x^-l- 9.49X2+ 10.33  X J 
These  terms  are  to  be  calculated  for  the  four  (real  and 
complex)  values  of  the  roots.  In  the  case  of  the  real 
roots  the  calculation  is  made  without  resorting  to 
graphical  methods . For  Xi  — — 3 .4 1 , the  valu e 

- 0-484  results, 

Kir  (Xi) 

and  for  X2— 0.104 

/i(X2)Xo+/2(X2)ATo_p| 

X2l^'(X2) 

It  wOl  be  convenient  to  perform  graphical  calcula- 
tions to  determine  the  other  parts  of  the  solution, 
corresponding  to  the  complex  terms.  This  result  is 
accomplished  by  calculating  the  square,  cube,  and 
fourth  power  of  the  absolute  length  of  X3  and  by  mul- 
tiplying each  of  these  values  by  the  proper  coefficients 
in  the  polynomials /(Z>)  and  F{D).  By  vector  addition 
the  value  of  the  first  polynomial  was  determined  as 
/i(X3)i:«+/2(X3)iVo=3.99  (cos  5.23  +i  sin  5.23)  (44) 


(42) 

(43) 


Table  of  values  obtained  from  graphical  coristruction 


(Seconds) 


X Xf'(X) 


(For  X3  and  X4) 


0 

0.184 

.2 

.186 

.4 

.166 

.6 

,130 

.8 

.082 

1.0 

-.  030 

1.5  j 

-.080 

2.0 

-.110 

At  the  time  i=0,  wifi,  be  unity  so  that  the  initial 
condition  of  zero  rate  of  rolling  should  be  given  by  the 
sum  of  its  coefficients.  The  summation 


-0.484+G.277+0.184=-0.023 


shows  how  nearly  this  condition  is  attained.  Figure  6 
shows  the  resultant  rate  of  rolling  and  the  components 
of  the  solution  corresponding  to  each  of  the  four  roots, 
X„.  In  addition  to  the  rolling  curve  obtained  by  the 
foregoing  methods,  other  curves  obtained  by  step-by- 
step  iutegrations  of  the  same  equations  of  motion  are 
given.  In  the  calculation  of  these  curves,  steps  of  one- 
tenth  and  one-twentieth  second  were  taken,  which 
resulted  in  the  differences  shown. 


and  the  second 

X3F'(X3)=40.6  (cos  5.60+i  sin  5.60).  (45) 

Since  the  quotient  of  these  values  is  to  be  multiplied 
into  for  a series  of  values  of  t it  will  be  convenient 
to  use  the  logarithm  of  this  quotient,  simply  adding  to 
it  the  various  values  of  K^t  for  which  the  calculation  is 
to  be  made.  This  logarithm  is 


ILLUSTRATION  OF  SOLUTION  WITH  VARIABLE  DISTURBANCE 
TERMS 

Example  II,  Sideslipping  during  2-control  turn 
maneuver: 

(a)  Assume  the  airplane  to  perform  a specified  bank- 
ing maneuver  by  application  of  a variable  rolling  mo- 
ment. If  no  yawing  moments  (from  either  rudder  or 


log-^' (log  3.99-log  40.6)+i(5.23-5.60)— -2.32-0.38  i 
Mr  {M) 


(46) 
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ailerons)  are  applied,  the  natural  stability  of  the  air- 
plane will  cause  it  to  turn  in  a direction  appropriate  to 
the  direction  banked.  Such  a turn  is  called  a “2-con- 
trol  turn,”  inasmuch  as  only  two  (ailerons  and  elevator) 
of  the  three  available  controls  are  used.  Since  there 
will  not  be  a very  perfect  coordination  between  the 
banking  and  yawing,  some  sideslip  will  result.  It  is  of 
interest  to  know  the  approximate  amount  of  this 


0 / 2 


T/  'me,  seconds 

Figure  6.— Result  of  sample  computation  compared  with  step-by-slep  integrations; 
example  I.  Rolling  motion  following  sudden  deflection  of  ailerons.  Typical  1,600. 
pound  airplane.  Cl=1.0;  (71-0.04;  C„=— 0.01. 

sideslip  during  such  a turn  in  studying  the  practica- 
bility of  2-control  operation. 

(b)  The  first  step  in  this  problem  is  the  determination 
of  a suitable  expression  for  the  banking  part  of  the 
maneuver.  It  was  considered  that  the  pilot  would 
naturally  conform  his  use  of  the  control  to  the  desired 
motion  of  the  airplane  rather  than  move  the  control  in 
a predetermined  way  and  accept  whatever  motion  of 
the  machine  followed.  Hence  it  seems  more  logical 
to  specify  the  banking  motion  itself  rather  than  to  try 
to  predetermine  a law  of  application  of  rolling  moment. 

The  airplane  is  thus  assumed  to  be  constrained  in 
banking  by  the  aileron  control  so  as  to  follow  a well- 
executed  bank  maneuver  and  recovery.  The  usual 
procedure  in  making  a turn  is  to  bank  the  machine  up 
to  a definite  angle,  holding  this  angle  steadily  for  a short 
time  while  in  the  steady  part  of  the  turn,  and  then  to 
recover  to  level  flight  on  the  completion  of  the  desired 
angle  of  turn.  A curve  representii^  such  a relation  of 
bank  angle  against  time  may  be  represented  by  a series 
of  only  two  cosine  terms  with  a constant  defining  the 


initial  and  terminal  conditions  of  level  flight,  or  zero 
bank  angle.  (See  fig.  7.)  For  a fairly  sharp  turn  with 
this  small  airplane  the  time  required  will  be  about  6 
seconds  if  the  maximum  angle  of  bank  is  30°.  The 
specification  decided  on  is: 

Bank  angle,  ^=0.327—0.262  [cos  cos  2i]  (47) 

which  reaches  a steady  value  of  30°,  and  gives  level 
flight  at  t—0  and  <=2ir  seconds.  The  rate  of  rolling 
is  the  rate  of  change  of  this  angle  of  bank;  or 

2>=^=0.262  sin  <+0.131  sin  2<  (48) 

A constraint  of  the  machine  in  one  of  its  degrees  of 
freedom  having  thus  been  specified,  it  is  only  necessary 
to  consider  the  equations  for  free  motion  in  the  remain- 
ing two  degrees.  As  before,  the  lateral  motion  will  be 
assumed  to  be  independent  of  the  longitudinal.  There 
remain  only  the  sideslipping  and  yawing  motions  to 
be  considered.  Their  equations  are: 

dv  rr 

Trg'p-rUo  , 

(49) 

^=vN,+pN^+rNr 

Although  the  equations  contain  the  rate  of  rolling  and 
the  angle  of  bank,  these  are  to  be  considered  as  known 


^ ' 0 / ^ 3 4 S 6 

^ Time,  seconds 

Figure  7.— Result  of  computation;  example  II.  Sideslip  during  a 2-control  turn 
maneuver. 

from  equations  (29)  and  (30)  and  are,  in  fact,  to  be 
used  as  the  disturbance  terms.  Calling 

Yo-frV 

(50) 

No=pNp  , 

and  rearranging  the  equations  as  in  the  other  problems: 


Z>^+r=F. 


-UoN,ir+(D-Nr)r^No 
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Solving  algebraically  for  »/27o: 


Yo  1 

No  (D-Nr) 


(52) 


or 

where 


-UoN,  (D-N) 


V MD)y 


MD)^D-N, 

MD)=-l 

F{D)^IF-NrD+UoN, 


(52a) 

(53) 


If  the  airplane  is  to  maintain  its  altitude  while 
turning,  the  speed  must  be  adjusted  to  give  a higher 
lift  than  that  at  an  equal  lift  coefficient  in  level  flight. 
At  an  assumed  lift  coefficient  of  1 the  speed  necessary 
to  maintain  altitude  while  turning  at  30°  bank  is 
found  to  be  95  feet  per  second.  Actually,  if  this 
speed  is  held  throughout  the  specified  maneuver,  the 
longitudinal  path  will  be  accelerated  somewhat;  this 
condition  will  be  neglected  in  the  present  problem. 
The  necessary  stability  derivatives  calculated  for  the 
new  condition  are: 

iV,=  _0.712  ] 


UoNv=2AO 


(54) 


-0.323  j 

The  ‘ 'disturbance  effects''  Yq  and  No  are  (see  equations 
(46),  (47),  and  (49)) 


Fo~0.111— 0.0888  cos  0.0222  cos  2f 

(55) 

iVo=— 0,0846  sin  i —0.0423  sin  21 
and,  finally, 

•^=0.111^i^-0.0888'^^  cos  « 

• -0.0222|^  cos  2<-0.084e^^  sin  < (66) 

—0.0423^^^1  sin  2t 

Fer  the  expansion  of  these  terms  in  the  integration 
equations  (6),  (8),  and  (9),  it  is  necessary  to  know  the 
roots  of  F(D)=0.  These  are 

, Nr±4N/-itmv 

2 (57) 

x= -0.356  ±1.5H 

Since  both  these  roots  are  complex,  the  operations 
indicated  in  the  integration  equations  w^re  performed 
graphically  in  the  manner  previously  shown. 

The  results  of  these  calculations  are  shown  in  figure  7. 
The  fact  that  the  error  in  meeting  the  zero  sideslip 
condition  at  the  start  of  the  maneuver  was  very  small 
(even  though  the  graphical  construction  of  several 
terms  was  required)  gives  an  indication  of  the  accuracy 
of  the  calculation. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  February  19 ^ 1936, 
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EVALUATION  OF  ELEMENTARY  OPERATORS 

A simple  differential  equation  may  be  used  to  illus- 
trate briefly  Heaviside^s  method  of  evaluating  more 
elementary  operational  forms.  Consider  the  case  of  an 
airplane  executing  pure  rolling  motion  imder  the 
influence  of  a suddenly  applied  rolling  moment  of 
magnitude  mkx^L^,  which  produces  the  impulsive  accel- 
eration Zro  in  roll.  The  equation  of  motion  may  be 
written: 

(58) 

in  which  both  f and  Lq  are  supposed  to  have  the  value 
zero  at  the  time  <=0. 

The  solution  of  this  equation  as  ordinarily  found  wfll 
consist  of  two  parts,  one  of  which  is  a solution  of 

J-2>4=0  (59) 

the  “complementaiy  equation.”  In  effect,  Heaviside 
wrote  both  equations,  (58)  and  (59),  as  one  by  intro- 
ducing a discontinuous  function  of  i into  (58).  Thus, 
(substituting  the  usual  D) 

B'p—Lj.'p = 1 (QZo  (60) 


or 

(Z?-L,)-l«)  = i^(e^-’'-l)  (65) 

The  final  solution  of  the  original  equation  (1)  follows  as 


2)=l(t)^»(eV-l) 


(66) 


Such  forms  as  the  left  side  of  equation  (60),  involving 
the  symbol  Z>,  are  termed  “operators.”  Equations 
(6)  to  (9)  of  the  text  are  to  be  considered  as  evaluations 
of  the  more  complex  operators /(Z>)/i^(Z>)  along  the 
above-indicated  lines.  The  evaluation  of  a number 
of  such  forms  is  given  in  reference  5. 

Equation  (6)  of  the  text  is  a shorthand  method  of 
arriving  at  the  foregoing  solution.  For  the  present 
problem  this  formula  is: 


.m 

~F{D) 


(67) 


and  the  various  terms  are: 


where  the  symbol  1(0  is  termed  the  “unit  function,” 
and  is  supposed  to  have  the  value  zero  until  the  time 
and  to  take  the  value  1 thereafter.  The  algebraic 
solution  of  (60)  is  then  written 

P ^ ]D  Z,  ^ ^ (60a) 


F(D)=D~-L^ 

m=i 

F{Q)  = -L, 

\=Lp 


(68) 


and  it  is  required  to  evaluate  the  form 


/(X)-l 


The  procedure  is  to  expand  the  fraction  by  the  bi- 
nomial theorem  in  ascending  powers  of  Lp,  thus, 

(D-~Lp)~^^D-^+D-^Lp+D-^Lp^+  . . . +etc.  (61) 

Since 

z>-ii(o=y’i(o^^=i(0^ 

(62) 

{f)dtdt==  etc., 

performing  the  indicated  integrations  results  in 

(D—Lp)~^l  (t)  ==  1(0^^  ^ . . • + etc.^  (63) 

If  this  series  is  multiplied  throughout  by  Lp  it  becomes 
identically  the  series  for  6^  except  for  the  term  1, 
that  is 

[Lp{B-Lp)-^ + 1]1  {t)  = 1 (06V  (64) 


F'(X)-1  I 

The  substitution  of  these  terms  in  (67)  results  in 
2>=l(0f“(e‘^-l)  (69) 

Lip 

as  before. 
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THE  EFFECT  OF  LATERAL  CONTROLS  IN  PRODUCING  MOTION  OF  AN  AIRPLANE 
AS  COMPUTED  FROM  WIND-TUNNEL  DATA 

By  Fred  E.  Weick  and  Robert  T.  Jones 


SUMMARY 

An  analytical  stvdy  of  the  lateral  controllability  of  an 
airplane  has  been  made  in  which  both  the  static  rolling 
and  yawing  moments  supplied  by  the  controls  and  the  reac- 
tions due  to  the  inherent  stability  of  the  airplane  have 
been  taken  into  account.  The  investigation  was  under- 
taken partly  for  the  purpose  of  coordinating  the  results  of 
a long  series  of  wind-tunnel  investigations  with  phenom- 
ena observed  inflight  tests; for  this  reason  a hypothetical 
average  airplane^  embodying  the  essential  characteristics 
of  both  the  wind-tunnel  models  and  the  full-size  test  air- 
planes, was  assumed  for  the  study. 

Stability  derivatives  for  the  average  airplane  and  for 
several  of  the  actual  flight-test  airplanes  were  computed ^ 
and  computations  were  made  in  an  attempt  to  reproduce 
by  the  theory  the  conditions  of  several  actual  flight  tests. 
Computations  made  of  forced  rolling  and  yawing  motions 
of  an  F-22  airplane  caused  hy  a sudden  deflection  of  the 
ailerons  were  found  to  agree  well  with  actual  measure- 
ments of  these  motions. 

The  conditions  following  instantaneous  full  deflections 
of  the  lateral  control  have  been  studied,  and  some  attention 
has  been  devoted  to  the  controlling  of  complete  turn  maneu- 
vers. A portion  of  the  work  was  devoted  to  a study  of  con- 
trollability ai  stalling  angles,  and  the  results  of  this  appli- 
cation of  theory  were  found  to  agree  gualitatively  with  flight- 
testing experience. 

The  angle  of  hank  produced  in  1 second,  <pi,  by  a deflec- 
tion of  the  rolling  control  may  be  taken  as  a relative  meas- 
ure of  the  control  effectiveness.  In  the  analysis  of  con- 
trollability below  the  stall,  it  was  found  that  a simple 
measure  of  the  rolling  effectiveness  of  a control  is  given  by 
the  sum  of  a constant  times  the  rolling  moment  and  a con- 


stant times  the  yawing  moment.  Thus  a relative  weight  or 
importance  is  given  to  the  secondary  yawing  moment  pro- 
duced by  the  rolling  control.  It  was  concluded  that  the 
importance  of  such  secondary  moments  can  be  minimized 
by  alteration  of  the  moments  of  inertia  of  the  airplane. 
Increasing  the  yawing  moment  of  inertia  reduces  the 
effectiveness  of  a given  yawing  control  in  producing  either 
yawing  or  rolling  motion.  Changes  df  rolling  moment 
of  inertia  have  little  direct  effect  on  either  the  roiling  or 
yawing  motion  produced  hy  a given  rolling  control  moment. 

The  study  of  conditions  above  the  stall  indicated  that 
satisfactory  control  could  not  be  expected  without  some 
provision  to  maintain  the  damping  in  rolling  and  that  a 
dangerous  type  of  instability  would  arise  if  the  damping 
were  insufficient.  The  guantity  Nr—Lr  NpKO  was 
found  to  give  a good  measure  of  this  type  of  instability. 

INTRODUCTION 

For  some  time  the  N.  A.  C.  A.  has  been  conducting 
a program  of  research  on  lateral  control  for  the  specific 
purpose  of  obtainii^  information  that  would  lead  to 
improvement  of  control  at  the  low  speeds  and  hi^h 
angles  of  attack  above^  the  stall,  a region  in  which 
present  conventional  ailerons  are  known  to  be  unsatis- 
factory. Several  series  of  wind-tunnel  investigations 
have  been  completed  and  an  attempt  has  been  made  to 
compare  a number  of  widely  different  lateral-control 
devices  on  the  basis  of  what  has  been  considered  their 
primary  function — the  provision  of  roUing  moment. 
Some  of  the  secondary  characteristics,  such  as  the 
yawing  moments  given  by  the  controls  and  their  effect 
on  the  damping,  in  rolling,  were  considered  but  only 
by  comparir^  the  various  values  separately.  Flight 
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tests  were  then  made  with  the  devices  that  seemed  to 
promise  the  best  lateral  control  at  the  stall.  Some  of 
them  did  not  perform  as  had  been  expected  from  the 
wind-tunnel  tests  (see  reference  1),  indicating  that  the 
first  approximatiott,  based  largely  on  the  rolling 
moments  given  by  the  devices,  was  an  insufficient  basis 
for  comparison  and  that  the  complete  interaction  of 
the  secondary  factors  must  very  likely  be  considered. 

References  2 to  5 describe  important  work  that  has 
been  done  on  the  lateral  control  of  airplanes  in  both 
normal  and  stalled  ffight.  Reference  2 gives  a general 
account  of  the  problem  of  control  of  the  stalled  air- 
plane; references  3 and  4 describe  investigations  of  the 
lateral  control  and  stability  of  (Efferent  biplane  types. 

The  present  report  contains  the  results  of  a study  of 
control  effectiveness  made  by  means  of  computations 
that  take  into  account  the  secondary  factors  including 
the  yawing  moments  given  by  the  controls,  their  effect 
on  the  damping  in  rolEng,  the  other  lateral-stability 
derivatives,  and  the  moments  of  inertia  of  the  airplane. 

Two  methods  of  computation  are  used.  In  the  first, 
the  rolling  and  yawing  motions  are  computed  step  by 
step  for  the  concEtions  following  a sudden  deflection  of 
the  lateral  control ; in  the  second  method  a complete 
turn  is  arbitrarily  specified  and  the  control  moments 
and  deflections  necessary  to  perform  the  maneuver  are 
found.  The  first  method  is  used  to  compare  the 
effectiveness  below  the  stall  of  various  lateral-control 
devices  and  to  investigate  primarily  the  effects  of 
changed  stabiEty  characteristics  above  the  stall. 

The  results  of  calculations  made  for  normal  unstalled 
concEtions  are  compared  with  measurements  made  in 
flight  using  different  types  of  lateral-control  devices. 
The  effects  of  certain  changes  in  the  lateral-stabflity 
characteristics  below  the  stall  are  also  studied.  The 
method  used  in  the  study  of  complete  turn  maneuvers 
has  proved  to  be  a very  practical  way  of  dealing  with 
specific  control  problems.  Here  all  the  stabiEty 
characteristics  of  the  airplane  are  taken  into  account 
but  the  lengthy  and  tecEous  integration  of  the  equations 
of  motion  is  avoided  by  predetermining  the  actual 
movements  6i  the  airplane  in  the  form  of  some  desired 
maneuver  and  then  finding  the  manipulation  of  the 
controls  that  would  be  necessary  to  execute  the  speci- 
fied maneuver.  The  coorcEnation  of  the  rudder  with 
different  types  of  ailerons  has  been  stucEed  in  this  way. 

MOTION  FOLLOWING  SUDDEN  CONTROL  APPLICATION 

The  method  used  for  calculating  the  motion  following 
a sudden  appEcation  of  the  controls  consists  of  a step- 
by-step  integration.  In  most  cases  the  control  mo- 
ments were  assumed  to  be  appEed  constantly  through- 
out the  motion. 


Assumptioiis  and  symbols. — The  assumptions  usu- 
ally made  in  the  study  of  airplane  stabiEty  were  used 
here,  including: 

1.  That  the  air  torces  and  moments  arising  from  dis- 
placements of  the  airplane,  relative  to  its  steady  condi- 
tion of  flight,  are  proportional  to  the  displacements  or 
to  their  rates. 

2.  That  the  components  of  moment  due  to  the  differ- 
ent components  of  motion  are  additive  (i.  e.,  the  rolling 
moment  due  to  the  combined  rolEng  and  sidesEppmg 
may  be  computed  as  though  the  rolling  and  sidesEppmg 
had  occurred  separately). 

The  axes  used  in  specifying  the  moments,  angular 
velocities,  etc.,  are  fixed  in  the  airplane  and  therefore 
move  relatively  to  the  air  and  to  the  earth.  The  X 
axis  passes  through  the  center  of  gravity  of  the  airplane 
in  the  plane  of  symmetry  and  is  chosen  to  point  directly 
into  the  Ene  of  the  relative  wind  when  the  airplane  is 
flying  steadily.  In  other  respects  the  axes  form  a con- 
ventional trihedral  system,  intersecting  at  the  center  of 
gravity  of  the  airplane,  the  Z axis  pointing  downward 
in  the  plane  of  symmetry  and  the  F axis  pom  ting  along 
the  direction  of  the  right  wing.  The  motions  discussed 
are  those  of  the  moving  axes  relative  to  the  undis- 
turbed air  with  the  exception  of  the  angle  of  bank, 
which  is  measured  relative  to  the  horizontal. 

The  symbols  used  in  the  various  foTmulas  are  defined 
as  foEows: 


Uq,  velocity  along  X axis  m steady 
flight. 

V,  velocity  of  sideslip. 
p,  angular  velocity  in  rolEng. 
r,  angular  velocity  in  yawing. 

(p,  angle  of  bank. 

V 

angle  of  sidesEp. 

Bj  angle  of  control  setting. 

Y,  component  of  force  along  Y axis. 

L,  roEing  moment  (about  X axis). 
iV,  yawing  moment  (about  Z axis). 


dL 


, rolling  acceleration  due  to  roEing. 


} yawing  acceleration  due  to  roEing. 

etc. 

[where  (7,  is  the  control  roEing- 
mkx^  I moment  coefficient. 

_CnS[Sb  jwhere  (7„  is  the  control  yawing- 
mkz^  l moment  coefficient. 


48 


EFFECT  OP  LATERAL  CONTROLS  IN  PROBtrCING  MOTION  OF  AN  AIRPLANE 


b,  wing  span. 

Cy  wing  chord. 

Sy  wing  area. 

ly  tail  length  (distance  from  c.  g.  to 
tail  post). 

mkx^y  moment  of  inertia  of  airplane  about 
X axis. 

mk^j  moment  of  inertia  of  aii’plane  about 
Z axis, 

r,  dihedral  angle. 

A,  sweepback  angle. 

Equations  of  motion.— The  moments  acting  on  the 
airplane  during  its  maneuvers  are  considered  to  be 
divided  into  two  main  groups:  (1)  Those  due  to  the 
deflected  controls,  and  (2)  those  arisii^  from  the  mo- 
tions of  the  airplane.  The  motions  are  usually  supposed 
to  be  started  by  the  action  of  the  controls  alone  but,  at 
each  succeeding  instant,  to  be  conditioned  by  factors 
that  vary  directly  in  magnitude  with  the  motions  or 
displacements  relative  to  the  air.  The  effects  of  the 
motions  are  described  by  quantities  known  as  “resis- 
tance,or  “stability,”  derivatives.  The  part  of  a rolling 
moment  due  to  rolling  motion  is  calculated  by  the 

expression  the  partial  rolling  moment  due  to 

combined  yawing  and  rolling  is  given  by: 

djC  bL 
dr 

It  will  be  found  convenient  to  replace  the  actual 
moments  by  their  corresponding  angular  accelerations, 
which  are  proportional  to  them.  Since 


bL 


the  component  of  roiling  acceleration  due  to  rolling 
motion  is  simply 

pLp 

If  the  airplane  is  moving  in  all  its  degrees  of  lateral 
freedom  with  deflected  controls,  the  total  acceleration 
in  rolling  is  expressed  by 

^=SL>+pL,+rLr+^L,  (1) 

whei*e  5Ls  is  the  part  of  the  acceleration  due  to  the  con- 
trol. Likewise  the  sum  of  the  components  of  yawing 
acceleration  is 

^=SN,+pN^+rN,+pN,  (2) 

The  equation  for  the  angle  of  sideslip  contains  both  the 
centrifugal  effect  due  to  turning  and  the  effect  of 
gravity, 

m 

It  is  to  be  noted  that,  when  the  angle  of  sideslip  jS 
was  computed,  the  component  accelerations  due  to  the 


sidewise  air  forces  (i.  e.,  terms  containing  F)  were 
neglected.  The  most  important  term  here  is  ¥$;  a 
rough  estimate  shows  that  its  greatest  probable  effect 
would  be  negligible  for  the  type  of  maneuver 
investigated. 

Since  the  axes  changes  their  orientation  in  the  air- 
plane with  different  lift  coefficients,  they  will  not  be 
directly  in  line  with  the  axes  of  the  principal  moments 
of  inertia.  The  corrections  are  small,  however,  and 
have  been  neglected. 

Integration  of  equations. — The  equations  show  that 
in  order  to  calculate  the  acceleration  of  the  motion  at 
any  time,  the  velocities  p,  r,  and  the  angle  of  sideslip  /3 
must  be  known.  This  knowledge  is,  of  course,  avail- 
able only  when  all  accelerations  before  the  time  in 
question  are  known;  an  integration  is  therefore  neces- 
sary. This  integration  may  be  conveniently  performed 
by  dividing  the  time  during  which  the  motion  occurs 
into  very  small  steps  and  by  assuming  that  the  velocities 
remain  constant  over  these  small  intervals.  If  a 
particular  instant  is  denoted  by  the  subscript  «,  the 
accelerations  at  this  instant  may  be  calculated  by  the 
formulas 


(4) 


If  the  preceding  time  instant  is  denoted  by  n-lj  the 
accelerations  at  each  succeeding  instant  may  be  cal- 
culated step  by  step,  using  the  velocities  computed 
from  the  previous  instant.  Thus: 


<Pn^Pn-lX^t-\-<Pn~l 


The  right-1  land  sides  of  these  equations  contain  only 
<|uantities  known  from  the  preceding  instant.  At  tlie 
start,  n=Oy  all  the  velocities  and  angles  are  taken  as 
zero,  and  the  accelerations  are  caused  by  the  control 
moments  alone, 


A typical  example  illustrating  the  step-by-step  com- 
putation is  given  in  table  I. 

Comparison  of  computed  and  measured  motions.—- 
The  results  of  a number  of  flight  tests  of  the  F-22 
airplane  equipped  with  several  widely  different  lateral- 
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control  devices  have  been  used  as  checks  of  the  com- 
putations. These  tests  were  conducted  by  gliding  the 
airplane  at  various  steady  speeds  and  suddenly  deflect- 
ing the  aileron  control  to  its  full  extent.  Instrument 
records  of  the  resulting  rolling  and  yawing  angular 


Figueb  1.—- Eolling  and  yawing  motion  of  F-^  airplane  with  long  narrow  ailerons. 
Flaps  up;  Cl=I.O. 


FiGUBE  2.— Bolling  and  yawing  motion  of  F-^22  airplane  with  long  n^ow  aileroi^. 

Flaps  down;  (?£— 1.75. 

velocities  were  made  as  a measure  of  the  effectiveness  of 
the  various  controls.  (See  references  1 and  6.) 

The  procedure  in  these  experiments  simulated  very 
closely  the  conditions  assumed  in  the  computations, 
although  the  flight  records  showed  that  about  0.15 
second  was  actually  required  to  accomplish  the  full 
deflection  of  the  control,  which  was  assumed  to  be 
instantaneous  in  the  computations.  In  the  com- 
parisons included,  this  discrepancy  was  eliminated  by 
appropriate  shifts  of  the  time  scales. 

The  fl%ht  tests  were  intended  to  supplement  a 
program  of  tests  made  in  the  7-  by  10-foot  wind  tunnel 


of  a series  of  lateral-control  devices  (reference  7).  The 
wind-tunnel  program  included  experiments  to  deter- 
TTiinA  several  important  lateral-stability  characteristics 
as  well  as  the  static  rolling  and  yawing  moments 
produced  by  the  control  devices;  the  results  of  these 


Figure  3.— Rolling  and  yawing  motion  of  F-22  airplane  with  balanced  short  wide 
ailerons.  Flaps  tip;  Cji=l.lQ. 


Figure  4.— Rolling  and  yawing  motion  of  F-22  airplane  with  retractable  ailerons. 

Flaps  up; 

experiments  furnished  the  necessary  basis  for  repro- 
ducing the  conditions  of  the  flights  in  the  computa- 
tions. The  quantities  needed  in  the  computations, 
mcluding  the  resistance  derivatives,  wefe  determined 
from  the  known  dimensions  of  the  F-22  airplane  by 
the  methods  given  in  appendix  I. 

When  computed  motions  and  flight  records  were 
first  compared,  it  was  found  that  in  many  cases  the 
initial  accelerations  in  roil  predicted  from  the  rolling 
moments  obtained  in  the  wind  tunnel  were  larger  than 
those  shown  by  the  motions  recorded  in  flight.  Thus, 
the  full  value  of  the  rolling  moment  measured  on  the 
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models  was  apparently  not  realized  in  flight.  Exami- 
nation showed  this  lack  of  agreement  to  be  especially 
apparent  in  the  cases  of  devices  that  would  be  expected 
to  exert  the  greatest  twisting  effect  on  the  wings  and, 
since  appreciable  twisting  of  the  actual  wings  had  been 
observed  in  full-scale  wiud-tunnel  experiments,  the 
discrepancy  was  attributed  to  this  effect.  Calculation 
showed  that  in  the  most  extreme  case  (that  of  ordinary 
narrow-chord  ailerons)  a linearly  -distributed  angle  of 
twist  reaching  1.7°  at  the  wing  tip  would  account  for 
the  observed  difference  and  that  the  rolling-moment 
coeflBicient  would  be  reduced  from  0.056  to  0.043.  In 
this  case  the  flight  test  was  made  at  a dynamic  pressure 
of  9 pounds  per  square  foot.  With  this  first  correction 
as  a basis,  a general  correction  formula  was  used  in 
which  the  reduction  in  rolling  moment  was  given  as  a 
proportion  of  the  dynamic  pressure  and  the  change  in 
section  pitching-moment  coelB&cient  produced  by  de- 
flecting the  controls. 

Figures  1 and  2 show  the  rolling  and  yawing  motions 
of  the  F“22  equipped  with  long,  narrow  ailerons.  This 
particular  airplane  was  also  equipped  with  flaps  that  re- 
tracted into  the  wing  ahead  of  the  ailerons.  (See  refer- 
ence 6.)  Figure  1 illustrates  the  effect  attributed  to 
twisting  of  the  wings.  The  higher  curve  was  obtained 
when  a value  of  the  rolling-moment  coefficient  based 
on  a wind-tunnel  test  of  a solid  wooden  model  was  used. 
The  yawing  angular  velocity  curves  showed  remarkably 
good  agreement  in  these  two  cases,  especially  as  regards 
the  period  of  the  oscillation  of  this  motion. 

The  comparison  of  the  yawing  curves  in  figures  3 
and  4 is  not  so  favorable  as  in  the  former  cases.  In 
figure  3 it  appears  that  the  yawing-moment  coefficient 
as  computed  from  the  wind-tunnel  data  was  slightly 
greater  than  that  recorded.  In  this  case  the  control 
moment  coefficients  used  in  the  computations  were 
obtained  from  full-scale  wind-tunnel  tests  of  the  actual 
airplane;  hence  no  correction  for  wing  twist  was  ap- 
plied. The  curves  of  figure  4 apply  to  a modified 
F~22  airplane  equipped  with  retractable  ailerons.  It 
is  possible  that  this  control  device,  which  is  similar 
to  a spoiler,  has  some  effect  on  the  yawing  moment  due 
to  rolling.  The  disagreement  in  the  yawing  curves 
would  seem  to  indicate  that  too  large  a negative  value 
was  assumed  in  the  computations. 

The  curves  of  computed  rolling  motion  show  no 
consistent  disagreements  with  the  curves  plotted  from 
the  flight  measurements,  the  differences  being  of  oppo- 
site sign  in  several  cases.  It  seems  probable  that  these 
comparisons  represent  the  general  accuracy  obtainable 
either  in  the  experiments  or  in  the  calculations. 

COMPUTATIONS  FOR  AVERAGE  AIRPLANE  IN  UNSTAIXED  FLIGHT 

The  results  of  the  flight  experiments  with  the  F-22 
airplane  were  not  suitable  for  direct  comparisons  of  the 
effectiveness  of  the  various  controls  used  because  the 
airplane  was  modified  considerably  during  the  progress 
of  the  experiments  (see  references  1 and  6)  so  that 


different  sets  of  stability  derivatives  and  moments  of 
inertia  had  to  be  used  in  the  computations  to  represent 
the  different  individual  tests.  In  order  to  secure  data 
of  more  general  significance  and  to  make  a more  system- 
atic investigation  of  control  effectiveness  than  was 
possible  in  the  flight  experiments,  it  was  thought 
desirable  to  make  a series  of  computations  based  on  a 
standard  set  of  airplane  characteristics,  includii^ 
standard  resistance  derivatives  and  moments  of  inertia. 
At  the  same  time  it  was  desired  to  retain  the  basic 
dimensions  of  the  F-22  machine  so  that  there  would 
be  at  least  a partial  check  with  the  flight-test  work  at 
all  times. 

Specifications  of  average  airplane.— -With  these 
considerations  in  mind  the  specifications  of  an  arbitrary 
standard  airplane  were  devised.  The  weight  and  the 
wing  area  and  span  of  the  F-22  airplane  were  retained 
but,  since  other  dimensions  were  obtained  from  statis- 
tical averages,  the  machine  was  called  an  ‘‘average 
airplane.''  These  statistical  averages  were  obtained 
by  studying  the  specifications  of  a number  of  conven- 
tional airplanes  of  different  sizes,  weights,  and  types. 
Data  from  20  to  40  airplanes  were  used  for  the  deter- 
mination of  average  values  of  the  following  charac- 
teristics: 

1.  The  ratio  of  the  total  fin  and  rudder  area  to 

the  wing  area. 

2.  The  ratio  of  the  tail  length  (i.  e.,  distance 

from  c.  g.  of  airplane  to  the  tail  post)  to  the 

wing  span. 

3.  The  ratios  of  the  radii  of  gyration  in  rolling 

and  yawing  to  the  wing  span. 

The  moments  of  inertia  were  obtained  from  data  listed 
in  reference  8.  That  the  characteristics  thus  obtained 
did  not  differ  appreciably  from  those  of  the  F-22  is 
shown  by  the  following  table: 


Weight. 

Wing  span .... 

Wing  area .. 

Area  of  fin  and  rudder. 

Tail  length,. 

mk  2 

X 


Range  of 
characteristics 
of  F-22  air- 
plane used  in 
j flight  tests 


Charac- 
teristics of 
average 
airplane 


.pounds.. 

f^t._ 

...  square  feet.. 

do_... 

feet.- 


1,500-1,660 
30-  32.J 

161-  172 
10.1 
14.6 

696-1,554 


1,600 

32 


171 

.8 
6 

1,216 


mk^2. 


1.520-2,118 


1,700 


Computations  based  on  a purely  dimensionless  aver- 
age airplane  were  considered,  but  it  was  thought  that 
the  results  would  have  a more  concrete  meaning  if  they 
were  presented  in  terms  of  an  airplane  of  particular 
size,  especially  since  they  could  then  be  directly  com- 
pared with  the  flight  results. 

ffnstaUed-flight  computations. — Most  of  the  lateral- 
control  devices  tested  in  the  wind  tunnel  did  not  cause 
any  chaise  in  the  stability  derivatives  of  the  wings 
(spoiler  devices  are  a notable  exception) . In  such  cases 
the  sole  effect  of  the  control  in  producing  motions  can 


51 


REPOKT  NATIONAIi  ADVISORT  COMMITTEE  FOR  AERONAUTICS 


.4 


.6 


.8 


.2 


A 


1.0  0 
Tfme^  second 

(a)  (b)  Ci=0.04  C„=0  (c)  (d)  Ci=Q 

FIGUBE  6 (a,  b,  c,  d)-— Computed  rolling  and  yawing  motions  of  average  airplane. 


:&  .8 
C«=0.0X 


<a)  (b)  Ci=0.04  C«=0  (c)  (d)  Ci-0  C„=0.01 


Fiqxjre  6 (a,  b,  c,  d)-— Computed  angles  of  bank  and  sid^p  of  avera^  airplane. 
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be  attributed  to  the  static  rolliii^  and  yawing  moments 
produced;  consequently,  a large  class  of  devices  could 
be  investigated,  in  effect,  by  extending  computations 
over  a suitable  range  of  combinations  of  static  rolling 
and  yawing  moments. 

On  account  of  the  linearity  of  the  equations  of  motion 
it  was  possible  to  calculate  the  effects  of  yawing  mornents 
and  roHii^  moments  separately  and  later  to  add  them 
in  any  desired  proportion.  Thus,  at  each  of  the  three 
lift  coefficients  two  computations  were  made,  one  to 
determine  the  motion  due  to  a yawing  moment  and  the 
other  to  determine  the  motion  due  to  a rolling  moment. 
The  foUowing  table  lists  the  values  of  the  coefficients 
that  were  used: 

Ol  : 0.35 ; 1.0 ; and  1.8  (20  percent  c split  flaps,  full 
span). 

Gn  : 0.01  and  0. 

Cl  : 0 and  0.04. 

In  these  cases  the  dihedral  angle  assumed  for  the  aver- 
age airplane  was  1*^.  Several  additional  computations 
were  made  to  investigate  the  effect  of  variation  of  this 
factor,  assuming  angles  of  5°  and  9®. 

Stability  derivatives  of  average  airplane. — ^The  sta- 
bility derivatives  used  in  these  computations  were 
obtained  by  methods  described  in  appeDdix  I and  are 
given  in  the  following  table  ; in  the  calculation  the  aver- 
age airplane  was  assumed  to  have  rounded-tip  wings 
with  1°  dihedral. 


Lp 

Lr 

Lp 

Np 

Nr 

Np 

Cl-0.35. - 

[—5.44 

1. 11 

-2. 16 

-0. 207 

-0.913 

5.52 

t7b=l50  feet  per  second 

Ct-1.0— - 

Gliding  speed — 

Ub-88.5  feet  per  second 

Ct-1.8 — 

[-3.23 

] 

1.88 

-1.11 

-.301 

-.  663 

2.04 

Low  speed  (flaps)  . 

C7b-66  feet  per  second 

[-2. 46 

2.  .51 

-1.66 

-.310 

-.977 

1.46 

Results  of  below-stail  computations. — ^The  results 
of  the  series  of  computations  for  the  condition  below 
the  stall  are  shown  in  figures  5 to  9.  Calculated  ex- 
amples of  the  complete  motion  are  given  in  figures  5 
and  6,  which  show  the  rates  of  rolling  and  yawing  and 
the  angles  of  bank  and  sideslip  plotted  against  time 
for  the  different  flight  speeds. 

It  was  thought  that  the  amount  of  motion  produced 
in  1 second  would  be  a reasonable  measure  of  the  con- 
trol effectiveness.  As  previously  mentioned,  the  mo- 
tion produced  by  a given  yawing  moment  can  be  added 
to  that  produced  by  a given  rolling  moment  to  get  the 
simultaneous  effect  of  both.  Thus  the  formulas  for 
the  motion  produced  in  1 second  by  any  combination 
of  rolling  and  yawing  moments  are 


a I 


(7) 


where  etc.,  are  parame'ters  that  depend  on 

the  speed  of  flight  and  the  stability  characteristics  of 
the  airplane.  These  parameters  are  shown  plotted 
against  lift  coefficient  (as  a measure  of  the  fl%ht  speed) 
in  figures  7 and  8 and  represent  the  principal  results 
of  the  series  of  computations  for  unstaUed  flight. 

Biscussion  of  below-stall  computations. — The  factors 
shown  in  figures  7 and  8 may  be  used  to  compare  the 
effectiveness  of  various  lateral-control  devices  on  the 
basis  of  the  motions  and  displacements  they  would 
produce  on  a 1, 600-pound  airplane  of  average  stability 
characteristics.  By  showing  the  effect  of  secondary 
control  moments  in  producing  motion  of  the  airplane, 
they  give  a measure  of  the  relative  weight  to  be  as- 
signed such  secondary  moments  in  comparing  different 
devices.  These  factors  will,  of  course,  be  somewhat 
different  for  airplanes  of  different  stability  character- 
istics and  the  relative  effects  of  secondary  control  mo- 
ments will  be  expected  to  be  somewhat  different  also. 
The  average  airplane  is  simply  a convenient  yardstick 
in  this  respect. 

If  the  factors  given  in  figures  7 and  8 are  used  as 
absolute  measures  of  the  amount  of  motion  produced 
in  1 second  (aside  from  their  use  simply  in  comparing 
various  control  devices),  a greater  error  will  be  com- 
mitted in  applying  them  to  airplanes  of  different  size 
than  m applying  them  to  airplanes  of  somewhat  differ- 
ent stability  characteristics.  Reference  9 gives  the 
necessary  rules  for  correctly  applying  the  present  data 
to  airplanes  of  any  size  or  weight  in  which  certain 
definite  aspects  of  similarity  are  preserved.  The  theory 
requires  that  the  airplanes  be  geometrically  similar 
although  they  may  have  different  densities.  Practi- 
cally, this  requirement  necessitates  that  the  outward 
forms  of  the  airplanes  be  similar  and  that  the  ratios 
of  the  radii  of  gyration  about  each  axis  to  the  wing 
span  be  the  same.  The  motions  of  the  different  sized 
airplanes  are  compared  at  equal  values  of  the  lift  co- 
efficient. With  equal  values  of  the  wing  loading  the 
angular  velocities  are  inversely  proportional  to  the 
spans:  Thus, 
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2Uo  ~2Uo 

2Z7o  2^7o 


(8) 


With  similar  airplanes  of  different  wing  loadings  the 
state  of  motion  existing  at  a given  time  for  one  will 
generally  pertain  to  a different  instant  for  another, 
which  is  also  true  of  an  airplane  of  the  same  size  and 
loading  but  fl3ung  in  air  of  different  density.  Given 
the  motion  of  the  average  airplane  at  1 second,  the 
instant  to  which  this  state  of  motion  (as  indicated  by 


Figure  7.— Parameters  for  computing  displacement  of  average  airplane  at  end  of  I 
second  with  various  combinations  of  tolling  and  yawing  moments. 


the  value  of  'phj2  pertains  on  a similar  airplane  may 
be  found  from: 


2 m 

si  % 

2 m' 


(9) 


Plots  representing  the  motion  of  an  airplane  in  non- 
dimensional  terms  have  as  abscissa 


m 


yt 


and  as  ordinate 

pb 

2Uo 

or 

S§b 

etc. 

In  the  case  of  the  average  airplane  the  influence  of 
moderate  dihedral  on  the  lateral  controllability  below 


Figure  8.— Parameters  for  computing  motion  of  average  airplane  at  end  of  l second 
with  various  combinations  of  rolling  and  yawing  moments. 


the  stall  was  small,  as  is  shown  in  figure  9.  If,  however, 
a large  dihedral  effect  is  combined  with  considerable 
adverse  yawing  tendency  from  the  ailerons,  the  lateral 
control  may  become  ineffective.  This  condition  is 
most  likely  to  occur  at  low  speeds  with  flaps  deflected 
because  under  these  conditions  the  wings  show  their 
greatest  tendency  to  roU  when  yawed  (dihedral  effect) 
and  because  the  aileron  yawing  moment  is  usually 
greatest  at  high  lift  coefficient.  Figure  9 shows  that 
with  a dihedral  angle  of  9°  and  an  adverse  yawing 
moment  of  one-fourth  of  the  rolling  moment,  the  aver- 
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age  airplane  actually  reversed  its  normal  roll,  rolling 
against  the  ailerons  less  than  2 seconds  after  they  were 
applied.  The  magnitude  of  the  tendency  for  a given 
adverse  yawing  moment  to  render  the  lateral  control 
ineffective  depends  to  some  extent  on  all  the  stability 
characteristics  of  the  airplane,  hut  principally  on  the 
ratio  of  roiling  to  yawing  moments  in  sideslip,  i.  e.,  on 

For  the  various  cases  depicted  in  figure  9 
these  ratios  were: 


Dihedral 

angle, 

degrees 

dCifdfi 

dCnIdp 

1 1 

0.8 

5 1 

1.2 

9 

2.4 

Large  values  of  this  ratio  decrease  the  aileron  control 
effectiveness  if  the  secondary  yawing  moments  are  ad- 


PiGURE  9.—efleet  of  dihedral  combined  with  adverse  yawing  moment  on  rolling 
control.  Flaps  down;  Cl=1.8;  Ci=0.04  vOn=  -0.01. 

verse  but  will  tend  to  increase  it  if  they  are  favorable. 
The  curves  of  rolling  motion  given  in  figures  1 to  5 show 
that  the  rate  of  rolling  rises  quickly  at  the  start  on  ac- 
count of  the  relatively  great  rolling  moment  but  soon 
becomes  almost  steady.  This  steady  rate  is  attained  in 
about  0.3  second  at  high  speed  and  occurs  when  the  air 
damping  of  the  rollmg  motion  is  large  enough  to  over- 
come the  control  moment.  Obviously  the  lateral 
moment  of  inertia  {mkx^)  cannot  have  much  influence 
on  this  portion  of  the  curve  since  the  airplane  is  not 
accelerating  appreciably,  and  its  effect  will  be  shown 
mainly  on  the  starting  slope  of  the  curve.  (See  fig.  10.) 
It  may  be  seen  that  the  area  under  the  curve  at,  say,  1 
second  would  not  be  appreciably  affected  by  changes  in 
this  slope;  hence  the  angle  of  bank  reached  in  1 second 
would  not  be  much  affected  by  the  moment  of  inertia 
in  rolling.  This  fact  has  been  borne  out  by  fl^ht  ex- 


periments made  by  the  N.  A.  C.  A.  in  which  the  test 
pilots  were  unable  to  detect  with  certainty  the  effects 
of  changes  in  rolling  moment  of  inertia  of  as  h^h  as  50 
percent.  (See  also  reference  10.) 

The  yawing-motion  curves  indicate  a different 
phenomenon.  Here  the  damping  is  relatively  smaU 
and  the  effects  of  moment  of  inertia  in  yaw  are  fairly 
large.  Thus  it  appears  that  the  magnitude  of  the 
rudder  moments  should  be  accommodated  to  the  air- 
plane moment  of  inertia,  while  the  principal  considera- 
tion determining  the  roUing-control  moments  should 
be  the  air-damping  factor. 

Since  the  amount  of  yawing  motion  produced  by  a 
given  yawing  moment  is  primarily  governed  by  the 
moment  of  inertia  in  this  motion,  it  appears  that  the 
unfavorable  influence  of  secondary  aileron  yawing 
moments  could  be  effectively  reduced  by  increasing 
this  moment  of  inertia.  Furthermore,  since  the  direct 
effect  of  roll  moment  of  inertia  on  the  rolling  motion  is 
apparently  slight,  it  is  possible  that  increasing  mkz^  by 


Figure  10.— Diagram  illustrating  effect  of  change  of  moments  of  inertia  on  rolling 
and  yawing  control. 

distributing  weight  along  the  wing  span  would  actually 
increase  the  aileron  effectiveness  if  considerable  adverse 
yawing  moment  were  present. 

COMPUTATIONS  FOR  STALLED  FLIGHT 

Experiments  with  lateral  control  at  angles  of  attack 
above  the  stall  having  been  made  both  in  the  flight  and 
the  wind-tunnel  research  projects,  it  was  desired  to 
extend  the  present  investigation  to  cover  this  condi- 
tion also.  Accordingly,  a study  of  the  results  of  both 
series  of  tests  was  made  with  the  object  of  determining 
whether  the  conditions  encountered  in  practice  could 
be  reproduced  in  theory. 

Unfortunately,  the  wind-tunnel  experiments  showed 
that  no  certain  determination  of  the  factors  (resistance 
derivatives)  involved  in  the  motion  of  a stalled  airplane 
was  possible.  On  the  other  hand,  the  flight  experiments 
indicated  that  these  factors  apparently  had  no  definite 
values  (according  to  their  usual  definition),  inasmuch 
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as  the  action  of  the  airplane  could  not  be  foretold 
from  one  experiment  to  the  next.  For  example,  the 
outcome  of  a simple  aileron  movement  might  in  one 
instance  be  a roll  in  the  direction  urged  by  the  control ; 
whereas  at  another  time,  under  practically  the  same 
conditions,  the  ibll  would  be  the  reverse  of  that  in- 
tended. 

Stability  derivatives  above  stalling  angles —The 
reasons  for  the  apparently  contradictory  results  of  the 
flight  tests  may  be  foimd  in  tJae  wind-tunnel  measure- 


FiGUEE  11 —Coefficients  of  rolling  moment  due  to  rolling  and  sideslip  at  various 
angles  of  attack.  Rectangular  Clark  Y monoplane;  data  from  tests  in  the  7-  by 
10-foot  wind  tunnel. 


ments  of  the  stability  characteristics  made  at  these 
high  angles;  these  measurements  show  that  motions 
of  the  wings  may  develop  unstable  moments,  which 
could  quickly  overpower  static  rolling  or  yawing  mo- 
ments given  by  the  controls.  Figure  11  shows  typical 
measurements  of  coefficients  by  which  these  quantities 
are  determined.  These  curves  show  that  the  rolling 
moment  due  to  sideslip  of  a straight  wing  increases 
enormously  as  the  stall  is  approached,  reaching  values 
7 or  8 times  as  great  as  those  at  medium  angles  below 
stalling.  Under  the  same  conditions  the  damping 


moment  in  rolling  changes  sign  and  becomes  an 
‘‘aiding^^  (autorotational)  moment. 

Obviously  many  of  the  assumptions  of  the  method  as 
used  in  investigating  imstalled-ffight  phenomena  are 
not  true  in  the  case  of  stalled  flight.  In  particular,  the 
assumed  independence  of  small  longitudinal  and  lateral 
motions,  which  is  supported  by  both  experience  and 
reason  for  the  ordinary-flight  range,  cannot  be  said  to 
hold  under  these  new  conditions  because  the  values  of 
the  derivatives  change  very  rapidly  with  small  changes 
of  longitudinal  attitude  (angle  of  attack) . The  assump- 
tion that  the  components  of  a moment  arising  from 
different  sources  may  be  added  together  as  though  their 
causes  occurred  separately  is  apparently  borne  out  only 
in  the  abstract  sense  of  representing  the  average 
condition. 

In  spite  of  these  limitations  of  the  method,  it  was 
considered  feasible  to  extend  the  computations  to  the 
condition  of  stalled  flight  in  the  study  of  the  general 
conditions  encountered  in  controlling  such  flight, 
although  the  results  of  the  computations  made  for 
these  conditions  do  not  have  the  same  sgnificance  as 
those  made  for  conditions  below  the  stall.  The  former 
results  gave  quantitative  estimates  of  the  amount  of 
motion  produced  by  given  control  moments;  the  exten- 
sion of  the  computations  to  stalled  flight  will  only 
illustrate  the  various  phenomena  that  may  result  from 
the  conditions  predicted  by  the  wind-tunnel  experi- 
ments. 

Experience  in  attempting  controlled  flight  above  the 
stall  has  shown  that  the  possibility  of  controlling  such 
flight  depends  as  much  on  the  natural  stability  char- 
acteristics of  the  airplane  as  on  the  possibility  of 
securing  adequate  controlling  moments.  Because  of 
this  fact  the  present-computations  were  made  primarily 
to  investigate  the  effects  of  changed  stability  character- 
istics (derivatives).  Another  important  reason  for 
choosing  various  combinations  of  stability  derivatives 
is  the  fact  that  no  very  definite  values  can  be  assigned 
to  them  for  a particular  lift  coefficient,  as  was  possible 
in  the  unstalled-flight  range. 

For  these  reasons  the  invest^ation  of  controllability 
above  the  stall  is  necessarily  presented  in  a manner 
different  from  that  used  in  the  eases  of  ordmaiy  flight. 
The  wind-tunnel  measurements  were  studied  to  find  the 
approximate  variation  of  the  resistance  derivatives  over 
a range  of  angles  of  attack  definitely  above  the  stall, 
chosen  to  include  the  r^on  of  most  violent  instability  . 
The  particular  lift  coefficient  assumed  was  necessarily 
somewhat  loosely  defined  (Cx~1.2);  it  was  so  taken 
to  represent  extreme  stalling  as  well  as  intermediate 
conditions.  The  calculation  of  the  stability  derivatives 
at  these  angles  is  given  in  appendix  I. 

In  the  variation  of  the  stability  characteristics  to 
take  account  of  the  range  of  possible  conditions,  the 
effects  of  the  parts  of  the  airplane  other  than  the  wings 
were  not  considered.  The  wing  characteristics  which 
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show  the  greatest  variation  in  this  region  and  which 
apparently  have  the  greatest  effect  on  the  stability  are: 

1 . The  damping  in  rolling, 

2.  The  rolling  reaction  due  to  sideslip,  L^. 

3.  The  yawing  reaction  due  to  rolling,  Np. 

Accordingly,  three  values  for  each  of  these  were  chosen, 
covering  the  range  shown  by  the  wind-tunnel  data  and 
representing  two  extrernes  and  pne  mean  condition. 
These  values  were  designated  a,  b,  and  c and  are  listed 
in  table  II. 

TABLE  TI.— VALUES  OF  STABILITY  DERIVATIVES 
USED  ABOVE  STALL 


Desig- 

nation 

L& 

a 

-1.75 

-7.4 

-G.20 

b 

0 

-11.4 

.53 

c 

3.50 

-14,4 

1.06 

In  each  case  it  will  be  noted  that  letter  c denotes  the 
most  extreme  condition  likely  to  be  encountered. 
Condition  a may  be  fairly  assumed  to  apply  only  to 
cases  where  some  provision  is  made  to  prevent  the 
wing  tips  from  stalling,  which  may  be  accomplished  by 
washout  or  twist  or  by  means  of  some  such  device  as 
tip  slots.  (See  appendix  I for  determination  of  these 
derivatives.) 

The  computations  were  made  to  cover  more  than  a 
dozen  different  combinations  of  these  values  of  the 
derivatives  in  conjunction  with  a given  fixed  pair  of 
control  rolling  and  yawing  moments.  These  arbitrary 
controlling  moments  were  chosen  to  represent  rolling- 
and  yawing-moment  coefficients  somewhat  greater  than 
those  obtained  with  ordinary  ailerons  but  which  might 
be  attained  in  practice  with  rather  large  ailerons,  espe- 
cially those  of  the  short,  wide  type  described  in  refer- 
ence 7,  I.  As  in  the  previous  computations  (below 
stall),  the  sign  of  the  standard  yawing-moment  coeffi- 
cient was  alternated,  giving  the  effect  of  favorable  and 
adverse,  as  well  as  zero,  secondary  yawing  moment. 

Range  of  investigation  of  stalled  flight.— Since  in 
these  computations  the  plan  was  to  study  the  possi- 
bility of  control  rather  than  to  obtain  any  numerical 
measure  of  control  effectiveness,  the  procedure  of  the 
computations  was  sometimes  varied  in  such  a way  as  to 
represent  attempts  of  the  control  to  check  motions  of 
the  airplane  as  well  as  to  start  them.  In  some  cases 
the  motion  was  assumed  to  be  due  to  some  external 
cause  and  to  exist  at  the  start  of  the  computations, 
while  in  other  cases  the  initial  setting  of  the  control 
was  reversed  after  a short  interval  in  an  attempt  to 
check  the  motion  it  had  already  produced.  The  effects  of 
both  favorable  and  adverse  yaw  were  tried  in  these  cases. 

Results  of  computations. — Figure  12  shows  rolling 
motions  resulting  from  suddenly  applied  and  continu- 
ously maintained  aileron  deflections  giving  a rolling- 
moment  coefficient  of  0.04  and  an  adverse  yawing- 


moment  coefficient  of  —0.02.  The  different  angular- 
velocity  curves  are  the  results  of  assxaming  different 
combinations  of  the  stability  derivatives  listed  in 
table  II.  In  accordance  with  the  plan  of  table  II,  the 
first  letter  in  each  symbol  designation  attached  to  the 
curves  indicates  the  value  of  the  damping  factor  Lp 
used;  the  second,  the  value  of  and  the  last,  Np, 
These  curves  appear  to  represent  the  same  erratic 
phenomena  as  were  observed  in  the  fl^ht  experiments. 
It  will  be  noted  that  in  some  instances  the  direction  of 
motion  of  the  airplane  after  a short  interval  was  the 
reverse  of  that  urged  by  the  rolling  control,  while  in 
other  instances  it  rolled  with  increasing  acceleration 
in  the  direction  urged.  Either  of  these  phenomena 


Figure  12.— Rolling  lUotions  resulting  from  application  of  adverse-yaw  aileron  coii- 
trol  in  stalled  flight  with  different  combinations  of  stability  derivatives; 

Cn--0.02. 


occurred  within  the  predictable  range  of  the  stability 
derivatives. 

The  effects  of  smaller  control  rolling  and  yawing 
moments  may  be  visualized  simply  by  reducing  the 
scales  of  the  motions.  Thus  in  figure  12  the  motions 
calculated  for  C'l— 0.02  and  0.01  would  be  just 

half  those  plotted. 

Figure  13  shows  the  results  of  attempts  to  check  an 
initial  disturbance  in  rolling  with  both  favorable-  and 
adverse-yaw  ailerons.  The  failure  of  the  adverse-yaw 
ailerons  is  due  mainly  to  the  yawed  attitude  they  pro- 
duce, although  the  actual  yawing  motion  accounts  for 
an  appreciable  effect.  Figure  14  differs  from  figure  13 
in  that  it  includes  also  conditions- in  which  the  initial 
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motion  countered  by  the  ailerons  was  assumed  to  be 
due  to  the  action  of  the  control  rather  than  to  an  exter- 
nal disturbance  in  rolling.  Here  the  ailerons  were 
called  upon  to  check  whatever  yawing  motion  they  had 
previously  produced.  In  this  case  it  will  be  noted  that 
the  favorable-yaw  ailerons  encountered  difficiilty  be- 
cause it  was  hard  to  recover  from  the  initial  motion 
they  had  produced. 

Figure  16  shows  the  eJffect  of  a delay  in  attempting  to 
recover  from  roUing  and  yawing  motion.  Because  of 
the  instability  of  the  airplane,  the  motion  could  not  be 
checked  even  though  the  yawing  moment  of  the  ailerons 
was  favorable.  Thus,  for  the  particular  case  illustrated, 
a delay  of  0.1  second  in  reversing  the  control  changed 
the  action  from  one  in  which  the  airplane  followed  the 


FicfUEB  13.— Rate-of-rolling  curves  illustrating  attempts  to  control  initial  motion 
in  pure  roliing.  Stalled  flight;  Cj— — 0.04;  Ca~±0.Q2. 


control  to  one  in  which  it  continued  to  roll  against  it. 

Biscussion  in  terms  of  stability  derivatives. — The 
motion  of  the  average  airplane  in  stalled  flight  is 
apparently  governed  more  by  its  natural  tendencies 
than  by  the  applied  control  moments,  a condition 
illustrated  by  the  curves  previously  described  which 
showed  that  the  airplane  developed  tendencies  that 
were  uncontrollable  in  some  instances.  When  using  the 
step-by-step  method,  it  was  found  convenient  to 
tabulate  each  separate  component  of  the  rolling  and 
yawing  accelerations  due  to  the  stability  factors  as 
well  as  the  components  of  motion.  (See  table  I.)  In 
this  way  a complete  history  of  the  contribution  of  each 
factor  was  obtained,  thus  enabling  a study  of  the  con- 
trollabihty  in  terms  of  the  stability  derivatives. 

Undoubtedly  tbe  most  important  single  factor  con- 
tributing to  tlic  uncontrollable  instability  above  the 


stall  is  the  loss  of  the  damping  in  rolling.  Below  the 
stall  this  damping  is  the  most  powerful  constraint  of  the 
airplane,  and  the  effects  produced  by  its  sudden  drop 
to  zero  or  to  a negative  value  exert  a great  influence  on 
the  behavior  of  the  machine.  Apparently  no  airplane 
can  be  considered  safely  controllable  above  the  stall 
if  the  autorotational  tendencies  observed  in  wind* 
tunnel  tests  of  plain  wings  are  retained. 

During  a roll  maneuver  in  stalled  flight  there  may  be, 
in  addition  to  the  control  moment,  certain  other  factors 
that  tend  to  accelerate  the  rolling.  These  factors  arise 
because  the  rolling  motion  by  itself  usually  tends  to 


Time,  seconds 


Figure  14.— Rale*of-rollmg  curves  showing  effect  of  favorable  and  adverse  aileron 
yawing  moments  in  attempting  to  control  initial  motion  in  pure  rolling  and  in 
reversing  initial  control  position.  Case  bbc;  C'j's'O.OI;  Cn“±0.02. 

induce  a favorable  yawing  action  above  the  stall. 
Thus  when  the  right  wing  is  dropping,  its  added  drag 
causes  a yaw  to  the  right,  retarding  the  wing  tip  and 
causing  a loss  of  lift  due  to  decreased  speed  and  tending 
to  aggravate  the  dropping  of  the  wing.  The  factors 
that  directly  oppose  these  rolling  and  yawing  motions 
by  damping  tend  to  check  this  sequence  if  they  are 
present.  The  first  two  effects,  which  aid  the  angular 
motion  indirectly,  relate  to  Lr  and  ATp,  proportional, 
respectively,  to  the  rolling  moment  due  to  yawing  and 
the  yawii^  moment  due  to  rolling.  Evidently  if  these 
moments  overcome  the  direct  damping  tendencies, 
the  angular  motion  will  tend  to  accelerate  of  its  own 
accord  or  will  diverge.  Suppose  for  the  moment  that 
these  opposing  tendencies  just  balance  each  other, 
that  is, 

] 

(10) 

pATp+rA^r^oJ 
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Inasmuch  as  p and  r are  simultaneous,  there  will 
exist  a relation  between  the  derivatives  that  is  inde- 
pendent of  p and  r;  i.  e., 

L^Nr~LrN^=0  (11) 

If  this  sum  is  zero,  Lr  and  Np  are  sufficiently  large  to 
equihbrate  the  stabilizii^  damping  terms;  and,  if  it  is 
negative,  any  combined  rolling  and  yawing  motion  will 
tend  to  diverge  with  increasing  acceleration  even  though 
the  direct  dampings  are  present.  The  relation  between 
this  criterion  and  the  behavior  of  the  airplane  in  lateral 
motions  above  the  stall  is  shovm  in  table  III,  which 
gives  values  for  the  cases  shown  in  %ures  12  to  16. 


Time,  seconds 


Figure  15.—ElTect  of  delay  in  attempting  to  recover  from  motion  started  by  ailerons 
with  favorable  yaw.  Stalled  flight.  Ca^  bbc;  <7j=a0-04;  Cn=0.02. 

It  will  be  noted  that  the  curves  of  figure  12  which 
indicate  the  greatest  tendency  toward  continued  rolling 
in  the  direction  started  correspond  to  the  greatest 
negative  values  of  LpNr—LrNp.  In  the  curves  shown, 
the  rolling  control  was  assumed  to  give  an  adverse 
yawing  moment  that  served  to  oppose  the  tendency 
toward  divergence  indicated  by  negative  values  of  this 
criterion.  If  a roUmg  moment  with  no  secondary 
yawing  moment  had  been  assumed  in  these  cases,  each 
curve  would  have  shown  an  increasing  acceleration  in 
rollit^  greater  than  that  given  by  the  control  and  ac- 


cording to  the  magnitude  of  the  tendency  exhibited  by 
the  value  of  the  criterion,  as  shown  in  figure  16.  After 
a definite  interval  this  tendency  would  have  exceeded 
the  power  of  the  controls,  and  recovery  would  have  been 
impossible. 

Below  the  stall  this  criterion  appears  to  be  in  every 
case  positive,  indicating  stability.  Relatively  laige 
positive  values  indicate  relatively  great  dampii^  of 
combined  roiling  and  yawing  motion. 

The  foregoing  considerations  do  not  take  account  of 
any  sideslipping  effects.  These  considerations,  when 
combined  with  the  factors  determining  the  sideslipping 
tendency,  give  a more  complete  idea  of  the  controlla- 
bility characteristics  of  the  airplane  at  high  angles  of 
attack  and  in  stalled  flight. 


Figure  16.— Rolling  and  yawing  motions  resulting  from  application  of  rolling 
moment  without  secondary  yawing  moment  showing  effect  of  different  degrees 
of  damping;  LpJSfr-LrNj,\  Ci^O.Oi,  Cn-0. 


It  may  be  shown  that  the  question  of  whether  the 
airplane  tends  to  sideslip  inward  or  outward  at  the 
beginning  of  a rolling  motion  depends  on  the  m^^ii- 
tude  of  Np  compared  with  gj  Uq.  As  roiling  commences 
from  level  flight  the  yawii^  tendency  due  to  the  rolling 
(which  is  usually  positive  above  the  stall)  causes  the 
downgoing  wing  to  be  dragged  back,  creatu^  an  out- 
ward sideslipping  tendency.  This  tendency  is  opposed 
by  the  action  of  gravity  when  the  plane  is  banked, 
tending  to  produce  inward  sideslip.  The  condition 
that  the  outward  and  inward  accelerations  cancel  is 
that 

rUo=^g<P  (12) 
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assuming  sin  <p  equal  to  <p.  The  angular  acceleration  in 
yawing  requisite  to  this  condition  is 


dru? 


(13) 


In  a rolling  disturbance  the  yawing  angular  accelera- 
tion will  be  due  only  to  iVj,,  or: 


(14) 


Hence  the  condition  that  a rolling  disturbance  from 
level  flight  result  in  neither  outward  nor  inward  side- 
slipping|is]^that 


(15) 


and  the  relative  magnitudes  of  these  quantities  may  be 
taken  as  an  indication  of  the  resultant  tendency. 

The  airplane  may  diverge  in  the  combined  roiling 
and  yawing  motion  previously  discussed  without  side- 
slipping although  such  will  not  generally  be  the  case. 
Near  stalling  angles  the  magnitude  of  the  dihedral 
effect  of  the  wings  increases  enormously  (especially  if 
the  actual  dihedral  angle  is  small)  and,  if  the  tendency 
of  the  airplane  is  to  sideslip  outward  while  rolling  and 
turning,  any  divergence  in  the  rolling  and  yawing  mo- 
tion (indicated  by  negative  Lj,Nr—LjNp)  will  be  greatly 
aggravated.  The  question  of  whether  the  dihedral 
effect  will  increase  the  instability  is  determined  by  the 
sign  of  the  quantity  (A/p— gr/C/o)-  The  magnitude  of 
the  effect  of  the  sideslipping  tendency  thus  determined 
obviously  depends  on  the  stability  derivatives  in  side- 
slip and  or,  more  conveniently,  on  The 

values  of  Np  computed  for  the  stalled-flight  conditions 
b and  c were  considerably  larger  than  gfUoj  indicating 
that  the  natural  tendency  would  be  toward  outward 
sideslip  during  a lateral  maneuver.  In  such  cases 
would  exert  a stabilizing  influence,  tending  to  straighten 
out  the  skid.  The  values  of  these  sideslipping  criterions 
for  the  cases  shown  in  figures  12  to  16  are  given  in 
table  HI. 


Table  ITT.-  CONTROr.LARIhlTy  CRITERION.S  FOR 
CASES  SHOWN  IN  FIGURES  12  TO  10 


1 )c,sip:im- 
Uon  (see 
Jig.  12) 

Damping 
of  roiling 

Combined 

damping 

LpNr 

-LrNp 

Sideslip 

indication 

N^-glUa 

Sideslip 

stability 

factor 

Np 

aaa 

(’) 

-1.7.5 

Q) 

1. 61 

(3) 

-0.60 

2.73 

aab 

-1.75 

-.29 

-13 

2.73 

neb 

-1.75 

-.29 

.13 

3.76 

baa 

0 

.52 

-.60 

2.73 

hab 

0 

-1.38 

.13 

2.  73 

bba 

0 

.52 

-.60 

3. 40 

beb 

0 

-1,38 

. 13 

3.76 

caa 

3.  50 

-1.65 

.60 

2. 73 

bbc 

^ 1 

-2.76 

.66  1 

3.40 

1 Positive  values  indicate  instability. 

2 Negative  values  indicate  instability. 

3 Positive  values  indicate  outward  sideslipping  tendency. 

Possible  modifications  of  characteristics  to  improve 
stability  above  the  stall. — Of  the  factors  influencing 


the  lateral  controllability,  the  stability  characteiistics 
that  depend  on  the  moments  developed  by  the  wings 
appear  to  be  most  important,  since  it  is  to  be  expected 
that  they  will  be  changed  most  by  stalling.  In  addi- 
tion to  the  damping  in  rolling,  the  wing  moment 
characteristics  that  show  marked  change  at  the  stalling 
point  and  contribute  to  the  instability  are  Lr,  and 
Np.  The  factor  Xr,  proportional  to  the  rolling  moment 
due  to  yawing,  depends  on  the  lift  coefficient  and  on 
the  spanwise  distribution  of  lift.  Obviously,  the 
greater  the  lever  arni  of  the  supporting  lift,  the  greater 
Lr  will  be  and,  since  it  is  desired  to  make  Xr  smaller, 
tapering  the  wings  or  shortening  their  span  should 
help.  The  factor  X^  at  normal  angles  of  attack  depends 
also  on  this  spanwise  lever  arm  of  the  lift  and  on  the 
dihedral  angle.  At  stalling  angles  different  tip  shapes 
have  considerable  effect  and  the  relation  betw^een  the 
dihedral  angle  and  the  rolling  moment  reverses,  the 
greatest  moment  being  shown  by  the  straight  wing 
with  square  or  upturned  tips.  (See  fig.  11.)  Here 
also,  shortening  the  span  and  tapering  the  wing  should 
improve  conditions.  The  use  of  a moderate  dihedral 
angle  appears  desirable  in  the  stalled  condition.  The 
other  wing  characteristic,  Npj  would  be  favorably 
affected  by  shortening  the  span  of  the  wings.  Here 
its  magnitude  depends  mainly  on  the  rate  of  increase 
of  the  profile  drag  of  the  wings  and  on  the  effective 
arm  of  the  increase.  If  no  damping  in  rolling  (Lp) 
is  present,  there  will  be  no  induced  Np  but  in  this  case 
the  slope  of  the  wing  profile-drag  curve  is  almost  cer- 
tain to  be  very  great,  more  than  accounting  for  the 
induced  effect.  (See  appendix  I.)  Taper  or  washout 
of  the  wings  should  help  this  situation.  The  provision 
of  damping  in  rolling  calls  for  keeping  the  wing  tips 
from  stalling;  this  requirement  is  compatible  with  all 
the  others  mentioned  except  that  for  small  X^.  The 
desirability  of  maintaining  the  damping,  however,  far 
outweighs  this  consideration. 

In  the  consideration  of  modifications  of  wing  d('.sigj) 
to  improve  the  controllability  at  high  angles,  it  is 
important  to  take  account  of  tlie  premature  tip-stalling 
plienomena  oxliihitcd  by  tapered  wings.  As  was 
pointed  out  in  the  previous  discussion,  reducing  (be 
lift  and  the  slope  of  the  drag  curve  near  the  tips  woul<l 
lead  to  improved  conditions.  If  this  improvement  is 
effected  simply  by  tapering  the  wings,  however,  the 
net  result  may  be  detrimental  to  controllability  on 
account  of  the  premature  loss  of  roll  damping  due  to 
the  stalling  of  the  tips.  In  the  case  of  any  wing  with 
an  extreme  reduction  of  chord,  the  downwash  distrib- 
utes itself  in  such  a manner  as  to  tend  to  maintain  a 
more  uniform  distribution  of  the  actual  lift,  so  that  the 
lift  coefficient,  and  hence  the  effective  angle  of  attack, 
of  the  reduced-chord  sections  is  greater  than  at  other 
sections.  Pressure-distribution  tests  show  that  the 
tip  portions  of  a 5: 1 tapered  wing  reach  their  maximum 
lift  coefficients  at  angles  as  much  as  5°  below  the 
staffing  angle  o^  the  center  portions  of  the  wing.  Thus, 
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tapering  the  wings  cannot  be  expected  to  improve  the 
controllability  at  low  speeds  unless  the  taper  is  ac- 
companied by  some  washout,  or  unless  other  provision 
is  made  to  prevent  the  tips  from  stalling. 

It  may  be  inferred  from  the  foregoii^  discussions 
that  the  effects  of  high  aspect  ratio  will  be  detrimental 
to  controllability  and  stability  above  the  stall.  It  is 
easily  seen  how  the  unstable  tendencies  of  the  wings 
would  be  more  unfavorable  to  controHabihty  if  the 
wings  were  of  large  span.  If  the  span  is  large  in  pro- 
portion to  the  lever  arm  of  the  rudder  control,  the  wings 
may  easily  develop  yawing  tendencies  that  will  com- 
pletely overpower  the  rudder  moments.  Furthermore, 
since  rapid  yawii^  motion  induces  a rolling  moment 
through  Lrf  it  is  important  to  provide  a large  damping 
in  yawing  as  an  indirect  check  on  the  roHiog  as  weU  as 
on  the  yawing  motions.  Thus  it  appears  that  consid- 
erable tail  length  and  fin  area  are  desirable  to  increase 
both  Nr  and  Np,  Inasmuch  as  there  ordinarily  exists 
a great  disproportion  between  the  dampings  in  rolling 
and  yawing  below  the  stall,  it  is  probable  that  faiily 
large  increases  in  Nr  would  be  permissible  without 
causing  undesirable  stiffness  of  the  rudder  control  at 
high  speeds.  Increasing  Np  by  using  larger  vertical 
tail  surfaces  is  especially  desirable  because  in  that  way 
the  available  rudder  control  is  increased.  Data  on 
conventional  airplanes  show  that  the  rudders  used 
produce  the  weakest  of  the  three  controlling  moments; 
their  maximum  moment  is  often  smaller  than  the  sec- 
ondary yawing  moment  of  the  ailerons,  yet  the  rudder 
deals  with  the  largest  moment  of  inertia  of  the  airplane 
and  should  be  the  most  effective  control  in  checking 
the  unstable  yawing  tendencies  of  the  wings  (as,  for 
instance,  in  spinning).  It  appears  that  considerable 
improvement  in  these  characteristics  could  be  effected 
by  enlarging  the  fin  surface  of  conventional  machines. 
If  the  increased  rudder  control  is  found  to  be  undesir- 
able at  Mgh  speed  because  of  too  great  sensitiveness,  a 
corresponding  increase  in  Nrj  the  damping  in  yawing, 
should  remedy  this  trouble  and  still  further  improve 
(.he  controllabihty  at  liigh  angles.  Thus  if  the  tail  is 
made  longer  as  the  vertical  surface  is  increased,  the 
control  characteristics  at  high  speed  should  not  be 
unlavorably  affected.  It  appears  unlikely^  however, 
tlmt  such  improvements  could  result  in  the  retention  of 
satisfactory  control  above  the  stall  if  the  autorotational 
tendencies  shown  by  ordinary  wii^s  in  wind-tunnel 
experiments  are  developed. 

TURN  MANEUVERS 

The  foregoing  computations  were  deigned  to  repre- 
sent the  procedure  employed  in  a particular  type  of 
flight  test  to  compare  the  eflftciency  of  various  control 
devices  purely  on  the  basis  of  their  independent  action 
in  producii^  roU.  Another  type  of  flight  tesfc,  quaUta- 
tive  in  nature,  consisted  of  performing  normal  turn 


maneuvers  with  the  airplane,  using  the  device  in  con- 
jimction  with  the  other  controls  and  observing  the 
amount  of  coordination  that  was  required. 

The  first  type  of  computation  together  with  the  flight 
tests  showed  that  the  roU-produciog  effectiveness  of 
some  devices  would  be  influenced  by  the  occurrence  of 
considerable  incidental  sideslipping,  much  of  the  appar- 
ent improvement  due  to  favorable  secondary  yaw 
being  obtained  by  the  production  of  outward  side- 
shpping. 

Since  it  was  not  known  in  any  quantitative  way  how 
the  presence  of  this  sideshppmg  tendency  due  to  the 
secondary  aileron  moments  would  affect  the  controlla- 
bility in  making  actual  turn  maneuvers,  it  was  decided 
to  make  an  analysis  of  these  conditions,  representing 
analytically  as  nearly  as  possible  the  second  stage  of  the 
flight  tests. 

EXPLANATION  OF  METHOD  OF  COMPUTATIONS 

In  certain  instances  in  the  former  computations  a 
simple  sort  of  controlled  maneuver  was  used  in  which 
an  initial  deflection  of  the  ailerons  was  reversed,  repre- 
senting an  attempt  to  check  a motion  previously 
produced  by  them.  (See  fig.  13.)  It  was  realized  that 
an  extension  of  this  procedure  could  be  applied  to  the 
present  problem  by  means  of  step-by-step  integrations 
of  the  motion  due  to  any  arbitrarily  specified  way  of 
applying  the  controls.  This  adaptation  of  the  former 
method  would  have  required  a knowledge  of  the  control 
manipulations  necessary  to  perform  a normal  turn,  as 
well  as  lengthy  step-by-step  calculations.  For  these 
reasons  it  was  considered  more  feasible  to  predetermine 
the  actual  motion  of  the  airplane  than  to  fix  on  an 
arbitrary  way  of  applying  the  controls.  Furthermore 
it  seemed  reasonable  to  presume  that  the  pilot  of  an 
airplane  would  conform  his  use  of  the  controls  to  suit 
a desired  maneuver,  rather  than  to  prescribe  before- 
hand his  use  of  the  control  and  accept  whatever  motion 
of  the  airplane  followed.*  He  would  then  judge  the 
effectiveness  of  the  control  by  the  way  it  had  to  be  used 
to  obtain  a desired  result. 

As  the  outcome  of  these  considerations,  the  problem 
of  investigating  turn  maneuvers  presented  itself  in  a 
way  inverse  to  the  previous  problems.  Here  the  motion 
of  the  airplane  was  given  and  the  requisite  use  of  the 
controls  was  sought.  Previously  the  airplane  motions 
had  been  determined  from  the  controlling  accelerations 
by  integration,  whereas  here  the  accelerations  incident 
to  a given  motion  were  to  be  determined;  thus  the 
process  would  simply  be  a differentiation. 

Periodic  or  trigonometric  functions  of  the  time 
naturally  suggested  themselves  for  the  representation 
of  the  angular  velocities  and  displacements  during  a 
turn  maneuver.  By  the  use  of  trigonometric  functions 
of  the  time,  any  conceivable  maneuver  of  the  airplane 
that  begins  and  ends  in  level  flight  may  be  specified; 
that  is,  any  given  manner  of  varying  the  attitude  or 
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angular  velocity  of  the  airplane  during  a given  interval 
may  be  described  by  a formula  such  as 

p,  or  ip,  or  . . . etc. 

= Ai  sin  nt + sin  2nt + A^  sin  Znt + etc.  (1 6 ) 

By  a suitable  choice  of  n the  maneuver  may  be  made  to 
extend  over  as  long  or  as  short  a time  as  desired. 

In  the  present  case  it  was  intended  that  the  airplane 
roE  up  to  a moderate  angle  of  bank,  starting  with  the 
wii^s  level,  and  check  its  rate  of  rolling  so  as  to  main- 
tain this  bank  angle  steadily,  then  roll  back  to  the 
level  condition  after  a definite  time  interval.  Through- 
out this  interval  the  airplane  was  to  be  yawing  appro- 
priately whEe  banking  and  in  the  correct  amount  to 
prevent  sideslipping  durii^  every  part  of  the  manem 
ver.  Thus  the  turn  was  to  be  ^ ^perfect”  in  that  no 
sideslip  was  permitted  and  the  coordination  of  the 
lateral  controls  (ailerons  and  rudder)  necessary  to 
accomplish  such  a maneuver  was  to  be  studied. 

A few  trials  in  plotting  cosine  curves  against  time 
showed  that  the  expression 

(p=~Ai  cos  nt~%  Ai  cos  constant  (17) 

would  represent  a bank  that  assumed  a steady  angle  at 
the  midpoint  of  the  maneuver,  starting  with  zero  at 
the  time  0 and  becoming  zero  again  at  t=7rln, 
Arran^g  for  the  bank  to  become  steady  at  the  mid- 
point of  the  maneuver  and  choosing  nt  so  as  not  to 
coincide  with  the  natural  period  of  the  free  motions  of 
the  airplane  obviated  the  possibility  of  any  reinforced 
oscillation  phenomena  during  the  maneuver.  The 
form  of  the  curve  of  bank  angle  against  time  plotted  to 
this  formula  is  shown  in  figure  17. 

In  order  to  attain  the  specified  bank  at  every  instant, 
a definite  rate  of  rolling  is  required  at  all  times,  which 
is  obviously  found  by  differentiating  the  bank  equation; 
thus 

p^^—nAi  sin  nt-{-^Ai  sin  2nt  (18) 

In  order  for  the  airplane  to  turn  without  sideslipping, 
there  must  be  a coordination  between  the  banking  and 
yawing  at  all  times . The  outward  and  inward  accelera- 
tions must  cancel,  that  is: 

rUo=g  sin  <p  (19) 

(See  equation  (12).) 

This  equation  enables  the  calculation  of  r from  (p, 
assuming  the  condition  that 

^ sin  ip  (20) 

is  satisfied.  The  curve  of  yawing  angular  velocity 

plotted  against  time  is  thus  very  simEar  in  shape  to  the 
hanli-angle  curve,  reaching  a steady  value  at  its  mid- 
point. 


The  specification  of  the  angular  velocities  and  angles 
of  the  airplane  in  the  foregoing  manner  is  analogous  to 
the  specification  of  constraints  of  the  motion.  The 
total  accelerations  necessary  to  constrain  the  airplane 
to  the  specified  motions  are  calculated  by  differentiating 
the  expressions  for  the  angular  velocities,  p and  r. 
(See  equations  (17)  and  (18).) 

cos  ntA-^^Ai  cos  2nt  (21) 

and 

^=^pcos<p  (22) 

These  accelerations  are  not  furnished  altogether  by 
the  controls  but  have  components  due  to  the  air  reac- 
tions on  the  moving  airplane.  The  air  reactions  are 
calculated  from  the  resistance  derivatives  and,  when 
deducted  from  the  total  accelerations,  give  the  com- 
ponents necessarily  suppfied  by  the  deflected  controls. 
Thus  the  acceleration  suppfied  by  the  rolling  control 
wEl  be 

(23) 

If  the  appfication  of  rolling  control  is  accompanied  by  a 
secondary  (adverse  or  favorable)  yawing  moment,  the 
rudder  control  wEl  have  to  accommodate  this  moment 
as  wen  as  the  residual  acceleration  of  the  yawing 
motion.  This  secondary  yawing  moment  may  be 
considered  to  be  a function  of  the  rolling  moment  and 
its  acceleration  written  as  f{dLs) ; then 

m=%-pNp-rN-f(.SL,)  (24) 

Equation  (24)  gives  the  amount  of  rudder  coordination 
necessary  with  a given  aEeron-control  device.  The 
rolling-  and  yawing-moment  coefficients  corresponding 
to  these  acceleratibns  may  be  calculated  by  known 
means  from  the  speed  of  flight  and  the  airplane  dimen- 
sions. 

In  the  derivation  of  the  equations  for  the  turn 
maneuvers  no  account  was  taken  of  the  pitching  motion 
involved.  Obviously  if  a banked  airplane  is  turning 
without  loss  of  altitude  there  wEl  be  a component  of 
pitching  involved  in  the  motion.  As  was  explained  in 
the  description  of  the  step-by-step  method  of  computa- 
tion the  pitching  motion  may  be  considered  separately 
and  independently  of  the  lateral  motions  since  the  air- 
plane is  symmetrical  about  the  plane  in  which  pitching 
occurs.  Presumably,  the  only  ways  in  which  pitching 
motions  can  influence  the  lateral  motions  are  by  a 
change  of  speed  or  attitude  introducing  changes  in  the 
lateral-stability  derivatives  or  by  gyroscopic  couples. 
In  the  case  of  a prescribed  turn  maneuver  the  maximum 
gyroscopic  couple  may  be  estimated  in  advance  and  the 
relative  importance  of  its  effect  may  be  foreseen.  The 
other  secondary  influence  may  be  partly  accounted  for 
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by  assuHiing  a certain  increased  speed  throughout  the 
turn.  Either  the  air  speed  or  the  attitude  will,  in 
general,  vary  continuously  throughout  the  turn  if  no 
altitude  is  lost  or  gained.  For  turns  up  to  30*^  angle 
of  bank  the  charge  in  stability  derivatives  thus  pro- 
duced will  be  slight  and  may  be  satisfactorily  compen- 


Kigube  17.— Angie  of  bank  and  rate  of  rolling  during  specified  turn  maneuver. 
^=— 0.262{cos  t+H  cos  2fJ+0.327;  p^dtpfdt. 


iGUBE  19.— Maximum  control-moment  coefficients  required  in  performing  a turn 
maneuver  at  various  lift  coeflBcients;  average  airplane  (for  bank  turn  completeri 
in  6.28  seconds). 


sated  by  assuming  an  average  value  of  the  speed  17 
somewhat  greater  than  that  for  level  flight.  This 
speed  may  be  calculated  from  the  relation: 


a = 


% 

c os  tp 


(25) 


where  ?o  is  the  dynamic  pressure  at  steady-flight  speed 
and  <p  is  the  angle  of  bank  at  which  the  airplane  is 
assumed  to  lose  or  gain  no  altitude. 

RESULTS  AND  DISCUSSION 

The  foregoing  procedure  was  applied  to  the  case  of 
the  average  airplane  performing  30°  banked  turns  at 
various  speeds.  The  time  taken  to  complete  the  speci- 
fied maneuver  was  chosen  as  approximately  6.28  (2ir) 
seconds,  since  at  the  lowest  speeds  under  consideration 
comparatively  large  rolling  and  yawing  moments  were 
required  to  execute  the  maneuver  with  this  rapidity. 
Inasmuch  as  the  angle-of-bank  relation  was  held  the 


same  for  aU  speeds,  the  rate  of  yawing  was  necessarily 
different  and  hence  the  actual  angle  of  turn,  or  the 
changed  heading  of  the  airplane,  was  different  for  the 
different  speeds.  As  in  the  previous  computations, 
lift  coeffieients  of  0.35,  1.0,  and  1.8  were  assumed, 
although  the  corresponding  speeds  were  increased  some- 
what over  those  in  the  previous  computations  to 
account  for  the  additional  lift  while  turning,  as  pre- 
viously explained.  With  the  assumption  of  no  loss  of 
altitude  at  30°  bank,  the  speeds  were  increased  by  the 
factor  ______ 
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The  values  of  Lpj  Npj  Nn  correspondiug  to  the 
given  lift  coefficients,  were  also  multiplied,  by  this 
factor.  (See  appendix  I.) 

The  curves  of  rolling  motion  and  angle  of  bank  calcu- 
lated for  these  maneuvers  are  those  shown  in  figure  17. 
The  formula  for  the  bank  angle  was 

^=-0.262  (cos  <+1/4  cos  2<) +0.327  (26) 

reaching  a maximum  of  30*^  at  tt  seconds.  This  formula 
determined  the  angular  velocities  and  accelerations  by 
the  principles  already  demonstrated.  Inasmuch  as  the 
turn  reaches  a steady  rate  at  its  midpoint,  the  whole 


(a)  Low  speed,  flaps  down,  Ct=1.8. 

(b)  Gliding  speed,  Cl=1.0. 

KiouRE  20.  -Rudder  control-moment  coefficients  during  30®  bank  turn,  showing 
effect  of  secondary  aileron  yawing  moments  on  rudder  control  necessary  to  per- 
form a turn  maneuver  without  sideslipping.  Assumed  aileron  yawing  moment. 
± H aileron  yawing  moment.  C«  ^ is  secondary  aileron  yawing-moment  coefficient. 
C’n^=  curve  A curve  8 

maneuver  may  be  presumed  to  be  of  any  time  extent  by 
assuming  a continuation  of  this  steady  point,  which 
occurs  at  tt  seconds. 

The  results  of  a series  of  these  computations  showed 
principally  the  effect  of  flight  speed  on  the  degree  of 
control  deflection  necessary  to  perform  a given  maneu- 
ver and  the  effect  of  favorable-yaw  and  of  adverse-yaw 
ailerons  on  the  amount  of  rudder  control  required. 
Figure  18  shows  the  roUing-  and  yawing-moment  coeffi- 
cients necessary  to  accomplish  the  maneuver  at  speeds 
corresponding  to  the  three  different  lift  coefficients. 
For  the  average  airplane  these  were: 


Cl 

u 

0.35 

1.0 

1.8 

161  feet  per  second. 

95  feet  per  second 

71  feet  {^second  (flaps  deflected). 

In  this  case  no  secondary  aileron  yawing  moments 
were  included  and  such  moment  coefficients  would 
have  to  be  added  to  or  deducted  from  the  yawing- 
moment  curves.  These  computations  showed  that  the 
maximum  yawing  moment  necessaiy  at  the  lowest 
speed  was  10  times  as  great  as  that  at  high  speed,  while 
the  maximum  rolling-moment  coefficient  increased  only 
4 times  under  the  same  circmnstances.  Figure  19 
illustrates  this  increase  of  coefficient  necessary  to  per- 
form the  specified  maneuver  in  the  same  time  at  the 
lower  speeds. 

Figure  20  shows  the  effects  of  favorable  and  adverse 
secondary  aileron  yawing  moments  on  the  rudder  con- 
trol necessary  throughout  the  turn.  Positive  yawing 
moments  indicate  a setting  of  the  rudder  in  a direction 
to  aid  the  turning.  It  will  be  noted  that  the  existence 
of  any  secondary  aileron  moment  calls  for  a counteract- 
ing movement  of  the  rudder  applied  simultaneously 
with  the  ailerons  at  the  beginning  of  the  turn.  With 
no  secondary  aileron  moments  the  curves  show  that  the 
simultaneous  initial  deflection  of  both  ailerons  and 
rudder  is  not  required,  the  turn  being  initiated  by  the 
ailerons  alone  with  the  rudder  being,  applied  after  the 
start.  In  the  case  of  favorable  secondary  yawing  mo- 
ments an  initial  setting  of  the  rudder  opposite  to  the 
direction  of  the  turn  is  required,  while  on  beginning 
the  recovery  the  rudder  has  to  be  moved  slightly  in  a 
direction  that  would  normally  tend  to  continue  the 
turning.  It  appears  that  ailerons  giving  no  secondary 
yawing  moments  of  either  sign  would  .require  the  least 
rudder  coordination  in  making  turns  without  side- 
slipping. 

CONCLUSIONS 

1.  The  agreement  of  the  computations  with,  the 
results  of  flight  tests  verifies  the  usefulness  of  the 
method  utflizing  stability  derivatives  for  the  study  of 
controllability  both  above  and  below  the  stall. 

2.  The  angle  of  banlc  produced  in  1 second,  <pi,  by  a 
full  deflection  of  the  lateral  control  may  be  taken  as  a 
relative  measure  of  the  control  effectiveness.  In  the 
case  of  a conventional  airplane  this  measure  is  given 
by  a simple  formula  involving  the  static  roUii^  and 
yawing  moments  produced  by  the  control,  namely: 

^i=constantX  (7*+ constant 

3.  The  effect  of  secondary  adverse  yawing  moments 
on  the  aileron  control  may  be  moderated  by  increasing 
the  moment  of  inertia  about  the  yaw  axis,  although 
it  is  to  be  expected  that  the  power  of  the  rudder  wfll  be 
corr&spondingly  reduced.  Increasing  the  moment  of 
inertia  about  the  roll  axis  should  have  little  direct 


64 


EFFECT  OF  LATEKAL  CONTROLS  IN  PRODUCING  MOTION  OF  AN  AIRPLANE 


influence  on  the  lateral-control  effectiveness  with  a 
given  rolling-control  moment, 

4.  The  tendency  for  a given  adverse  yawii^  moment 
to  render  the  lateral  control  ineffective  becomes  greater 
with  increasing  dihedral.  In  no  case  should  the  ratio 
of  the  control  adverse  yawing  moment  to  the  rolling 
moment  be  allowed  to  exceed  (in  absolute  magnitude) 
either: 

(a)  The  ratio  of  yawing  to  roUii^  moment  acting  on 
the  airplane  in  sideshp;  or 

(b)  The  ratio  of  yawii^  to  rolling  moment  acting  on 
the  airplane  in  yawing. 

5.  It  appears  that  ailerons  giving  nearly  zero  yawing 
moment  woidd  require  the  least  coordination  of  the 
rudder  control  in  executing  turn  maneuvers  without 
sideshp. 

6.  The  study  of  conditions  above  the  stall  indicates 
that  satisfactory  control  cannot  be  expected  unless 


some  provision  is  made  to  maintain  the  damping  in 
rolhng  at  these  angles. 

7.  For  control  at  hi^h  angles  of  attack  it  is  important 
that  the  damping  m both  rolling  and  yawing  be  main- 
tained above  a definite  minimum  to  avoid  an  uncon- 
trollable form  of  instabihty  arising  from  the  interaction 
of  tliese  motions.  The  minimum  damping  is  given  by 
the  condition  that 

LJ^r>LrNp 

This  condition  appears  to  be  next  in  importance  to 
direct  damping  in  rolhng. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  April  1936. 
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TABLE  I.— STEP-BY-STEP  COMPUTATION  OF  MOTION  OF  AVERAGE  AIRPLANE 


[Cl=1.0;  Ci-0.04;  C„=0] 


Time 

(f). 

SLi+SLi 

(5JDj=i.68) 

Pn 

+Pn-1 

<Pn 

Pn~l 

XAi 

ivX 

Mix- 

X sin  ipn~i 

(D. 

5iV«=0 

Tn 

(1).-. 

XAl 

+rn-i 

iSn' 
— rn'-l 

x&t 

-¥Pn-l 

jJn 

Sii 

SN,- 

Pnirp+r  aLr-\^nLfi 

2}„X-3.23 

r„X1.88 

/s„x-i.ii 

p„X -0.301 

r„X -0.663 

^«X2.04 

sec. 

0 

1.680 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

.05 

1.409 

.084 

0 

0 

-.025 

0 

0 

0 

-.271 

0 

0 

-.025 

0 

0 

.10 

1. 181 

. 154 

.004 

0 

-.045 

-.001 

0 

0 

-.497 

-.002 

0 

-.046 

.001 

0 

.20 

-.790 

.272 

.019 

0 

-.078 

-.006 

0 

0 

-.879 

-.011 

0 

-.082 

.004 

0 

.30  i 

.518 

.351 

.046 

.001 

-.093 

-.014 

.001 

.002 

-1. 134 

-.026 

-.002 

-.106 

.009 

.004 

.40 

.329 

.403 

.081 

.003 

-.096 

-.023 

.002 

.005 

-1.302 

-.043 

-.006 

-.  121 

.015 

.010 

.50 

.199 

.436 

.121 

.006 

-.089 

-.033 

.004 

.010 

-1.408 

-.062 

' -.011 

-.131 

.022 

.020 

.60 

.109 

.456 

.165 

.010 

-.074 

~.  042 

.007 

.017 

-1.473 

-.079 

-.019 

-.137 

.028 

.035 

.70 

.050 

.467 

.211 

.016 

-.054 

~.  049 

.011 

.027 

-1.508 

-.092 

-.030 

-.  141  ! 

.032 

.055 

.80 

.009 

.472 

.257 

.024 

-.024 

-.054 

.016 

.040 

-1.525 

-.  102 

-.044 

-.142 

.036 

.082 

.90 

-.  013 

.473 

.304 

.033 

.005 

-.056 

.021 

.054 

-1.528 

-.105 

-.060 

-.142 

.037  1 

.110 

1.00 

-.027 

.472 

.351 

.044 

.039 

-.055 

.027 

.071 

-1. 625 

-.  103 

-.079 

-.142 

.036 

. 145 
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CALCULATION  OF  STABILITY  DERIVATIVES  » 

In  the  report  all  moments  and  angular  velocities  are 
measured  from  axes  fixed  in  the  airplane  along  the 
directions  perpendicular  and  parallel  to  the  relative 
wind  in  the  steady  flight  just  previous  t-o  the  maneuver 
computed. 

In  the  computations  of  the  stability  derivatives  as 
well  as  in  the  consideration  of  their  modification  by 
alteration  of  the  design  of  an  airplane,  it  is  convenient 
to  separate  those  governed  by  the  wing  characteristics 
from  those  depending  mainly  on  the  body  and  the  tail. 


dOi 

coefficient  V _P^\  and  arc  summarized  in  figure  21, 

\2U0J 

which  shows  values  of  the  coefficient  measured  on 
rectangular  Clark  Y wings  of  aspect  ratio  fi.  The 
effects  of  deflected  split  flaps  and  tip  rounding  are  also 
shown.  Correction  factors  to  convert  these  values 
to  those  for  tapered  wings  and  wings  of  different 
aspect  ratio  are  given  in  figure  22,  These  correction 
factors  are  based  on  theoretical  calculations  of  the  load 
distribution  on  wings  having  a uniform  twist  which, 


in  effect,  reproduced  the  conditions  encount- 
ered by  a rolling  wing  as  far  as  the  rolling 
moment  is  concerned.  The  data  for  these 
corrections  were  deduced  from  calculations 
given  in  reference  11. 

The  actual  damping  moment  of  a full-size 
wing  calculated  from  the  coefficient  is 

(27) 


The  derivative,  as  used  in  the  report,  is 
obtained  by  dividing  the  coefficient  of  p by 
the  moment  of  inertia  of  the  airplane  in 
rolling:  i.  e., 


It  will  b,e  readily  appreciated  that  parts  of 


a 


the  airplane  other  than  the  wings  con- 


FiouRE21.-Damping  in  rolling  of  rectangular  wing.  Aspect  ratio,  6;  7- by  10-foot  wind-tunnel  tribute  Only  a negligible  amOUnt  of  this 

measurements.  , p o— o ^ ^ 

dampmg;  for  example,  if  the  tail  plane 


In  the  case  of  conventional  airplanes,  the  derivatives 
that  depend  almost  wholly  on  the  wings  are 

I^py  and 

The  other  two  factors  considered  in  the  report,  Nr  and 
Nfij  depend  primarily  on  the  disposition  and  area  of  the 
vertical  tail  and  on  the  fuselage. 

ROLLING  ACCELERATION  DUE  TO  ROLLING,  Lp 

The  factor  Lp  may  be  determined  from  the  results 
of  tests  of  the  damping  in  rolling  of  wings,  such  as  the 
tests  that  have  been  made  in  the  7-  by  10-foot  wind 
tunnel.  The  test  results  are  given  in  the  form  of  the 

‘ The  authors  desire  to  acknowledge  valuable  aid  rwjeived  from  Mr.  C . H.  Zimmer- 
man of  the  laboratory  staff  in  the  preparation  of  this  section. 


has  an  area  15  percent  of  that  of  the  wing  and  a span 
of  25  percent  5,  its  contribution  will  be  less  than 

0.15  X (0.25)^=0.019,  or  2 percent 
of  that  due  to  the  wing. 

The  rolling  moment  due  to  rolling  of  a biplane  may 
be  estimated  by  using  its  equivalent  monoplane  aspect 
ratio  in  figure  22. 

For  the  damping  of  rolling  above  stalling  angles, 
wind-tunnel  tests  show  that  there  is  no  consistent 
linear  relation  between  the  damping  moment  and  the 
rate  of  rolling  even  at  very  slow  rates;  hence  there 
actually  exists  no  definite  Lp  in  the  sense  previously 
defined.  Arbitrary  values  may  be  assumed  to  repre- 
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sent  roughly  certain  conditions,  as  was  done  in  the 
described  stalled-flight  computations.  In  the  case  of 
wings  with  devices  to  prevent  stalling  at  the  tips, 
recourse  must  be  had  to  wind-tunnel  tests. 

ROIXING  ACCELERATION  DUE  TO  YAWING,  tr 

The  rolling  moment  developed  by  a wing  in  circling 
flight  may  be  easily  calculated  from  the  consideration 
that  this  motion  brings  about  a difference  in  velocity 
along  the  span.  If  the  yawing  velocity  is  r and  the 
spanwise  distance  from  the  reference  or^in  (center  of 
gravity)  is  this  additional  velocity  will  be  ry.  The 
lift  on  an  element  of  the  wing  is  proportional  to  the 
square  of  the  whole  velocity,  or: 

{U^±ryy^  W±2r2/I7o+  {ryY  (29) 

The  rolling  moment  produced  by  the  change  in  lift  on 
either  side  of  the  wing  is  directly  proportional  to  r,  A 


have  been  treated  by  Glauert  and  Wieselsberger  for 
the  cases  of  rectangular  and  elliptical  wings  in  circling 
flight  and  curves  derived  from  their  calculations  are 
shown  in  figure  23.  (See  reference  12.)  The  derivative 
Lr  is  obtained  from  the  coefficient  by  the  formula 

(31) 

It  appears  that  the  value  of  Y^Fi  previously  calculated 
from  simple  integration  as  one-sixth  should  be  more 
nearly  one-eighth  for  aspect  ratio  6,  as  indicated  by  the 
chart.  Although  no  calculations  have  been  made  for 
tapered  wings,  it  may  be  presumed  that  the  interpolated 
curves  given  in  figure  23  will  apply  with  good  approxi- 
mation. The  part  of  Lr  due  to  the  body  and  tail  will  be 
treated  in  a later  paragraph. 

ROLLING  ACCELERATION  DUE  TO  SmESLiP.  Lf 


Aspect  ratio 

Figure  22--—Factors  for  correcting  wind-tunnel  values  of  <iCj/d  for  aspect 

ratio  and  taper. 

simple  integration  shows  the  moment  for  a straight 
wing  to  be: 

L=T^8^UPr.  (30) 

if  the  lift  is  distributed  imiformly  along  the  span.  Such 
a distribution  is  approximated  in  the  case  of  a rectan- 
gular wing  at  stalling  angles,  hence  the  foregoing  for- 
mula was  used  in  the  stalled-flight  computations. 
Below  the  stall  the  actual  distribution  of  lift  on  the 
wings  in  circling  flight  should  be  taken  into  account. 
This  distribution  is  modified  somewhat  by  the  fact 
that  the  induction  of  the  circular  trail  of  vortices  differs 
from  the  induction  in  straight  flight.  These  phenomena 


Measurements  of  the  rolling  moment  due  to  sideslip 
have  been  made  on  a large  number  of  wing  models  In 
the  7-  by  IG-foot  wind  tunnel.  The  resffits  of  these 
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Figure  23.— Factors  for  escalating  rolling  moment  in  cimling  flight. 


la 


tests  are  summarized  in  figure  24,  which  shows  the 
influence  of  tip  rounding  and  deflected  split  flaps  on 
the  dihedral  effect  of  Clark  Y wings  without  actual 
dihedral  angle.  Further  tests  made  on  wings  with 
varying  degrees  of  dihedral  showed  that  the  additional 
effect  due  to  this  angle  was  the  same  regardless  of  the 
tip  shape  or  the  lift  coefficient  of  the  wing  (below  the 
stall).  Sweepback  of  the  wings  is  known  to  have  an 
effect  similar  to  dihedral,  although  comparatively  few 
tests  have  been  made.  Unlike  the  rolling  moment  due 
to  dihedral  angle,  however,  the  rolling  effect  of  sweep- 
back  appears  to  be  approximately  proportional  to  the 
lift  coefficient,  disappearing  at  zero  lift  as  would  be 
expected.  Presumably,  its  effect  may  be  added  to  the 
others  as  in  the  case  of  the  dihedral.  These  considera- 
tions result  in  the  following  formula  for  the  total  rolling 
moment  in  sideslip 
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# \d^)v.x.<r'-  bT\d&} 


b(  dCi\ 


(32) 


where  V is  dihedral  angle  and  A is  angle  of  sweepback. 

An  analysis  of  tlie  available  data  indicates  the 
following  values  for  the  parameters: 


= -0.012 


(see  reference  13),  , 


and 


-0.0045(7j 


(33) 


Figure  24— KoUing  moment  due  to  sideslip.  Untapered  wings  without  dihedral; 
aspect  ratio,  6;  7-  by  10-foot  wind-tunnel  measurements. 


wing  shows  a far  greater  rolling  tendency  when  yaweti 
than  wings  with  either  sweepback  or  dihedral.  Add- 
ing either  sweepback  or  dihedral  tends  to  reduce  this 
tendency  and  may  on  this  account  be  desirable  to  a 
certain  degree.  Tests  of  wings  with  very  large  sweep- 
back,  such  as  are  used  on  tailless  airplanes,  have  been 
made  in  which  the  rollii^  moment  due  to  yaw  actually 
reversed  its  si^  when  the  stall  was  reached. 


YAWING  ACCELERATION  DUE  TO  ROLLING,  Vp 

It  is  assumed  that  the  effect  of  a rolling  motion  of 
the  wing  can  be  replaced  by  a relative  roUiii^  motion 


where  dOijd^  is  in  terms  of  radians  and  r and  A are 
measured  in  degrees.  The  derivative  follows  from 
the  formula: 

<«) 

Inasmuch  as  the  wind-tunnel  tests  were  of  rec- 
tangular wings  of  aspect  ratio  6,  the  formula  (33) 
applies  directly  to  them.  Correction  factors  for  cal- 
culating the  rolling  moment  due  to  the  dihedral  of 
yawed  wings  of  different  aspect  ratios  and  taper  ratios 
are  given  in  figure  25.  These  corrections  were  deduced 
from  theoretical  calculations  made  at  the  Laboratory 
(reference  11)  on  the  span  load  distribution  of  wings 
having  their  right  and  left  semispan  portions  set  at 
different  angles  of  attack  and  are  somewhat  different 
from  those  deduced  previously  for  the  damping  in 
rollmg. 

Above  stalling  angles  none  of  the  given  formulas  or 
correction  factors  apply.  In  this  region  a straight 


of  the  air  about  the  X axis  of  the  airplane.  Thus  in 
positive  rolling  the  relative  air  stream  is  rising  toward 
the  right  wing  tip  and  descending  on  the  left.  The  lift 
vectors,  being  perpendicular  to  the  relative  wind  at 
each  point  of  the  span,  are  inclined  forward  with 
respect  to  the  Z axis  on  the  right  and  backward  on  the 
left,  resulting  in  a n^ative  yawing  moment  for  positive 
rolling  of  the  wing.  (This  varying  resolution  of  the  lift 
vectors  along  the  span  is  unimportant  in  computing 
the  rolling  moment  due  to  rolling  since  the  angle 
p6/2Z7o  is  small.) 

In  addition  to  the  changed  resolution  of  the  lift 
vectors  along  the  span,  there  is  an  increased  drag  on 
the  downgoing  wing  that  tends  to  reduce  the  negative 
yawing  tendency.  It  should  be  noted  that  an  asym- 
metrical change  in  the  lift  distribution,  such  as  that 
caused  by  rolling,  results  in  greater  changes  in  the 
induced  drag  at  various  sections  of  the  wing  than 
would  be  produced  by  symmetrical  lift  changes.  (See 
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reference  14.)  Hence  the  uncorrected  results  of 
measurements  made  on  the  wing  in  direct  hfting 
cannot  be  used  in  computing  the  rolling  or  yawii^ 
moments  of  a roUing  wing. 

Figure  26  shows  the  resolution  of  the  hft  at  a point 
of  the  span  y on  the  downgoing  side  of  the  wing.  The 
air  stream  initially  rising  toward  the  section  at  the 
inclination  pylUQ  is  deflected  somewhat  by  the  resulting 
increased  lift  at  that  point  so  that  the  air  meets  the 
wing  at  the  additional  effective  angle  of  attack, 

Aoo~W~  Aw-  This  additional  angle  of  attack  may 
t/Q  tyo 

be  found  at  each  point  of  the  span  if  the  corresponding 
lift  increment  is  known,  since 


Eeference  11  gives  the  lift  and  Hft-increment  distribu- 
tions for  both  rectangular  and  tapered  ivings  and  these 
may  be  used  iu  conjunction  wdth  the  foregoing  formulas 
if  a more  accurate  theoretical  value  of  Np  is  desired. 

A component  of  due  to  the  profile-drag  effect 
may  be  estimated  by  a simple  integration,  assummg 
the  slope  of  profile-drag  coefficient  with  effective  angle 
of  attack  to  be  constant  across  the  span.  Thus,  if 


is  the  slope  of  the  drag  curve  for  infinite  as- 
pect ratio  at  the  lift  coefiScient  in  question 


Aa;o=' 


(35) 


\ da  /o 

is  the  slope  of  the  hft  curve  for  infinite 

aspect  ratio.  The  hft  vector  on  the  wing  in  straight 
flight  Cl  is  increased  by  the  amount  ACi,  and  inchned 
forward  through  the  angle  Aao.  If  the  usual  assump- 
tions regarding  small  angles  are  made,  the  tota,l  effect 
may  be  integrated  along  the  span  as 

''b{2 

CLXAooXcXyXdy  (36) 


It  will  be  noted  that  it  is  unnecessary  to  consider  the 
resolution  of  the  lift  increments  ACl  by  the  angles  Aao 
since  they  are  sensibly  equal  and  opposite  on  either 
side  of  the  wing  and  their  yawing  effects  cancel,  re- 
sulting simply  in  a bending  moment  about  the  mid- 

A(7z 


point.  Replacing  A«o  by 


coefl6cient 

C„=~~ 


fdOA 


and  calculating  the 


j: 


Ol  X aCl  X c Xy  Xdy  (37) 


Since 


Sb 


X ACl  XcXyX  d/y — dCi,  an  a pproximate 


expression  of  this  formula  is 


wliencc 


a.- 

dCn 

c,. 

'/'dCS 

\da) 

Or. 

G, 

dCi 

( 

dCr.\ 

daX° 

\2i7o;j 

(38) 


This  approximation  is  based  on  the  assumption  of 
constant  hft  coejfficient  across  the  span  and  hence 
corresponds  to  an  eUiptical  wing.  The  resolution  of 
this  yawing  moment  along  the  general  wind  direction 
results  in: 


dCn  dOi 

r Or.  Or-] 

dO„ 

MCl\  tR 
\ dot  /o 

(39) 

or,  making  the  same  substitutions  as  before,  the 
coefficient  giving  the  effect  of  profiile  drag  is 


dCn  dOof,  dC, 


dC,. 


(41) 


Figure  26.— Resolution  of  air  velocity  and  lift  at  section  of  rolling  wing 

where  is  the  profile-drag  coefficient  of  the  airfoil 
section.  The  final  formula  for  Np  is 


AT  dCn  oP  JJ 

X Vb  Y2^^2rnk? 


(42) 


wlicro 


dOn 


^2^o) 


^ is  the  sum  of  the  portions  given  by 


equations  (39)  and  (41), 

Above  stalling  angles  the  slope  of  the  profile-drag 
coefificient  wdth  angle  of  attack  reaches  large  values, 
and  it  is  to  be  expected  that  Np  will  change  its  sign. 
The  foregoing  theoretical  formulas  cannot  be  used  at 
these  angles,  because  the  hft  is  no  longer  proportional 

dC 

to  the  angle  of  attack.  A tentative  formula  for  . \ \ 
in  the  staUed  condition  is 
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or  simply 


for  rectangular  wings. 

In  the  case  of  an  airplane  with  a long  fuselage,  a 
certain  increment  of  Np  at  high  angles  of  attack  due 
to  the  effect  of  the  body  and  fin  must  be  considered, 
as  will  be  explained  later. 

YAWING  ACCELERATION  DUE  TO  YAWING,  Nr 

Unlike  the  damping  in  rolling,  the  damping  in 
yawing  cannot  be  attributed  to  any  single  pre- 
dominant factor.  It  is  convenient,  however,  to  con- 
sider it  as  primarily  effected  by  the  disposition  and 
area  of  the  vertical  tail  surface.  Since  only  a few 
isolated  experiments  have  been  made  for  the  deter- 
mination of  this  derivative  and  since  it  is  not  known 


Aspect  ratio 

Figure  27 —Factors  for  calculating  the  yawing  moment  due  to  the  indaoed-drag 
distribution  in  circling  flight. 


to  what  extent  certain  incalculable  factors  inflnence 
it,  only  a rough  estimate  of  its  vali:^e  in  any  given 
case  is  possible. 

The  part  of  the  damping  of  yawing  due  to  the  wings 
may  be  calculated  from  considerations  similar  to  those 
employed  in  the  determination  of  Zr.  Here  the  changed 
drag  distribution  along  the  span  in  circling  flight  is  to 
be  considered  and  the  resulting  yawing  moment  found. 
The  theoretical  calculations  of  Glauert  and  Wiesels- 
berger  that  were  employed  in  the  determination  of 
may  be  applied  in  this  case  as  well.  Here,  however,  it 
will  be  necessary  to  include  the  effect  of  profile  drag  of 
the  wings  and  their  attachments,  since  it  is  the  actual 
magnitude  of  the  drag  that  counts  in  determining  Nt 
and  not  its  rate  of  increase  with  angle  of  attack.  On 
the  assumption  that  the  profile-drag  coefficient  is  nor- 


mally the  same  at  all  sections  of  the  span,  a simple 
integration  (see  Lr)  gives  the  formula 


for  the  part  due  to  the  profile  drag  of  a rectangular 
wing.  Figure  27  shows  the  results  of  the  previously 
mentioned  calculations,  which  were  extended  to  the 
determination  of  the  distribution  of  induced  drag  while 
circling.  With  the  factor  shown  in  the  figure  included, 
the  formula  for  the  total  wing  effect  becomes 


— F lOoi — "g  Gdo 


where  Cj).  is  the  induced-drag  coefficient,  i.  e., 


(46) 


(47) 


The  part  of  iVr  due  to  the  vettical  tail  surfaces  may 
be  very  simply  calculated.  The  yawing  angular  veloc- 
ity r about  an  axis  through  the  center  of  gravity  pro- 
duces an  effective  sidewise  velocity  of  the  vertical  tail 
equal  to  rl.  Its  change  in  angle  of  attack  relative  to 
the  air  stream  is  then  ri/  Z/q.  The  yawing  moment  due 
to  this  effect  is 

(48) 

where  (d(7y/d/3)/is  the  slope  of  the  normal-force  coeffi- 
cient of  the  fin  against  the  sidewise  angle  of  attack  jS 
and  Sf  is  the  area  of  the  fin.  An  average  value  for 
dOpIdfi  is  —2.2.  Combining  these  factors  and  writing 
the  expression  in  a form  involving  the  span  as  the 
fundamental  length  results  in 


(49) 


Expressing  the  various  factors  thus  calculated  in  the 
form  of  a single  dimensionless  coefficient,  the  formula 
for  the  total  damping  derivative  in  yawing  becomes 


dC 

in  which  ^ ^ % may  he  determined  from  an  aero- 


dynamic test  of  a complete  model  or  may  be  estimated 
from  the  sum  of  several  contributing  factors. 

It  is  not  known  how  the  body  of  the  airplane  in- 
fluences its  damping  in  yawing,  although  it  is  unlikely 


that  its  effect  is  as  powerful  as  that  of  the  vertical  fin. 


In  the  case  of  the  average  airplane  treated  in  this 
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report,  an  allowance  equal  to  60  percent  of  the  fin 
effect  was  made  for  the  fuselage  and  parts  of  the  air- 
plane other  than  the  wings. 


RAWING  ACCELERATION  DUE  TO  SIDESLIP,  Np 

Measurements  of  the  yawing  moments  in  sideslip 
have  been  made  on  a large  number  of  complete  models 
in  the  course  of  routine  vdnd-timnel  testing  of  military 
airplanes.  A study  of  the  results  of  these  tests 
indicated  that  at  low  angles  of  attack  the  yawing 
moment  may  be  estimated  from  the  area  and  disposi- 
tion of  the  vertical  fin  with  a suitable  allowance  for 
the  fuselage  effect.  Although  airplane  bodies  when 
tested  alone  almost  invariably  show  an  unstable  yawing 
tendency  about  the  center  of  gravity,  when  tests  of  a 
complete  model  are  made  the  results  may  show  an 
additional  stabilizing  influence  of  the  fuselage,  possibly 
due  to  interference  effects.  At  high  lift  coefficients  the 
wings  may  exert  considerable  influence.  The  effect  of 
the  fuselage  depends,  of  course,  on  its  disposition  with 
respect  to  the  center  of  gravity  and  also  on  the  nose 
shape.  Models,  especially  those  with  uncowled  radial 
engines,  often  show  only  40  or  50  percent  of  the  righting 
moment  calculated  for  the  fin  and  rudder  alone. 

The  part  of  the  yawing  moment  in  yaw  due  to  the 
vertical  fin  surface  may  be  estimated  by  means  of  the 
data  previously  used  for  the  calculation  of 


In  cases  of  airplanes  having  wings  set  at  a dfliedral 
angle  some  provision  must  be  made  for  an  additional 
yawing  moment  in  ya'w  that  arises  as  a consequence  of 
the  setting  of  the  wings.  In  straight  flight,  lift  vectors 
drawn  on  each  wing  half,  being  inclined  inward  by  the 
angle  of  dihedral,  would  intersect  on  the  Z axis  verti- 
cally above  the  center  of  gravity.  These  lift  vectors 
remaining  at  the  same  time  perpendicular  to  the 
leading-edge  lines  and  to  the  relative  wind  direction 
do  not  intersect  when  the  wing  is  yawed,  giving  rise 
to  a couple.  A simple  approximation  results  in 

ir/3C7^  (52) 

Since  this  component  of  yawing  moment  is  attributed 
to  dihedral  setting,  it  may  be  represented  by 


^ dGfi 

for  calculation. 

In  addition  to  the  simple  dihedral  effect,  an  induced 
yawing  moment  on  the  yawed  wing  must  be  considered 
as  a secondary  effect  of  the  rolling  moment.  An 
approximate  formula  for  this  yawing  moment  derived 
from  data  given  in  reference  13  is 


Gn--=~\oLa 

or  f (54) 

dCnld^__ 

dGild^~~  4^^, 


These  formulas  agree  with  the  results  of  tests  made  in 
the  7-  by  10-foot  wind  tunnel  except  near  the  region  of 
zero  lift.  A formula  for  the  total  yawing-moment 
coefficient  of  the  wings  is 

where  r is  given  in  degrees. 

CERTAIN  CORRECTING  TERMS  AT  HIGH  ANGLES  OF  ATTACK 

At  high  angles  of  attack  the  body  of  the  airplane 
will  be  inclined  appreciably  to  the  reference  axis  about 
which  the  rolling  moments  are  measured.  The  formulas 
given  for  the  effects  of  the  fin  (and  body)  on  the  damp- 
in  yawing  and  yawing  moment  in  yaw  should  for 
exactness  have  included  the  factor  cos  a,  since  the  lever 
arm  of  the  moment-producing  effects  will  actually  be 
shortened  somewhat  by  the  inclination.  This  correc- 
tion is  of  no  importance,  however,  and  need  not  be 
considered.  The  same  is  true  of  the  logical  correction 
that  should  be  applied  to  the  wind-tunnel  measurements 
of  rolling  moment  in  yaw,  which  were  actually  made 
about  an  axis  pointing  directly  upstream  and  hence 
not  quite  in  line  with  the  axes  considered  in  the  report. 
The  only  correcting  terms  that  are  of  sufficient  magni- 
tude to  be  considered  here  are  those  affecting  L^,  L,, 
and  Np  and  arising  from  the  fact  that  the  fin  and  body 
surfaces  are  disposed  below  the  rolling  axes.  These 
terms  are 

ALr=Nr  sin  «X^2 
sin 

Kx 

ANp=Nr  sin  a 

Only  the  components  of  Nr  and  attributed  to  the 
fuselage  and  vertical  fin  of  the  airplane  should  be  used 
here. 
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A STUDY  OF  THE  TWO-CONTROL  OPERATION  OF  AN  AIRPLANE 

By  Robert  T.  Jones 


SUMMARY 

The  two-control  o'peration  of  a conventional  airplane 
is  treated  by  means  of  the  theory  of  disturbed  motions. 
The  consequences  of  this  method  of  control  are  studied  with 
regard  to  the  stability  of  the  airplane  in  its  unconstrained 
components  of  motion  and  the  movements  set  up  during 
turn  maneuvers. 

It  is  found  that  the  motion  of  a conventional  airplane 
is  more  stable  when  an  arbitrary  kinematic  constraint  is 
imposed  in  hanking  than  when  such  constraint  is  imposed 
in  yawing.  Several  hypothetical  assumptions  of  piloting 
procedure^  each  of  which  is  considered  to  represent  a 
component  of  the  actual  procedure , are  studied.  Different 
means  of  two-control  operation  are  also  discussed  and  it  is 
concluded  that  a reliable  rolling-moment  control  that  does 
not  give  the  usual  adverse  secondary  yawing  moment 
should  be  most  satisfactory.  Several  special  modifications 
intended  to  make  the  airplane  more  suitable  for  two-control 
operation  are  also  discussed^  and  it  is  found  that  relatively 
great  weathercock  stability  {N^)  would  be  desirable. 

INTRODUCTION 

A number  of  flights  have  been  made  with  airplanes 
utilizing  both  the  aileron-eleYator  and  the  elevator- 
rudder  combinations  for  two-control  operation.  Some 
question  exists  as  to  which  of  these  modes  of  operation 
is  likely  to  prove  the  better  and  also  whether  either  of 
them  is  capable  of  affording  the.  controllability  requisite 
to  safety  in  flight.  Such  questions  must,  of  course,  be 
eventually  decided  by  experience,  no  mathematical 
analysis  being  sufficiently  broad  to  deal  with  all  aspects 
of  the  problem.  It  is  believed,  nevertheless,  that  cer- 
tain conceptions  gained  from  an  analysis  of  the  problem 
may  be  useful  in  furthering  development  along  these 
lines. 

One  of  the  purposes  of  the  present  work  was  to 
ascertain  on  theoretical  grounds  which  of  the  two 
possible  modes  of  operation  was  more  likely  to  prove 
satisfactory.  It  was  also  desired  to  find  what  changes 
might  be  effected  in  a conventional  airplane  to  make  it 
more  suitable  for  two-control  operation. 

The  analysis  of  the  various  dynamical  problems  that 
arise  makes  use  of  many  concepts  that  are  discussed 
at  length  in  reference  1.  The  treatment  of  airplane 
motion  as  a problem  of  dynamics  is  based  primarily  on 


the  assumptions  of  the  theory  of  airplane  stability  as 
developed  by  Bryan  and  others;  for  the  elucidation  of 
this  theory  the  reader  is  referred  to  text  books  on 
aeronautics. 

MATHEMATICAL  TREATMENT  OF  CONTROLLED 
MOTION 

The  motion  of  an  airplane  with  adequate  control 
about  its  three  axes  may,  in  one  sense,  be  regarded  as  a 
purely  constrained  motion.  From  this  point  of  view, 
the  act  of  piloting  the  airplane  must  be  considered  to  be 
the  use  of  the  available  control  means  for  overcoming 
the  inherent  aerodynamic  and  inertial  reactions  of  the 
airplane,  causiog  it  to  foUow  a more  or  less  definitely 
constrained  motion  iuduced  by  the  controls.  The 
natural  oscillation  and  damping  of  the  free  motion  of 
the  airplane  do  not  appear,  then,  in  the  controlled 
motion  because  the  pilot  has  accommodated  his  use 
of  the  available  control  to  the  governing  of  these 
inherent  tendencies.  Accordingly  the  stability  or  insta- 
bility of  the  airplane  will  be  apparent  only  in  the  requi- 
site use  of  the  controls  to  perform  a given  maneuver. 

It  has  been  found  by  experience  that  the  lateral- 
stabihty  characteristics  of  an  ordinary  airplane  are 
such  that  it  is  feasible  to  abandon  one  of  the  direct 
constraints  of  the  lateral  motion  m ordinary  flight 
maneuvers.  All  lateral  maneuvers  that  are  to  be 
performed  with  a minimum  of  sideslipping  or  sidewise 
acceleration  require  a definite  coordination  between 
the  banking  and  yawing  motions;  it  appears  that  a 
conventional  airplane  will  naturally  tend  to  fulfill  this 
requisite  relation  in  greater  or  less  degree,  on  account 
of  the  inherent  stability,  even  when  one  of  the  lateral 
controls  is  abandoned. 

Under  the  conditions  of  two-control  operation  the 
motion  of  the  airplane  cannot  be  considered  as  an  en- 
tirely constrained  motion.  The  pilot  of  such  a machine 
can  exercise  direct  constraint  in  only  one  of  the  three 
components  of  lateral  movement  and  must  depend  on 
the  natural  tendencies  of  the  airplane  for  the  requisite 
coordination  of  the  other  motions.  In  order  to  show 
this  coordination  the  airplane  need  not  be  entirely 
stable  with  all  controls  released,  but  it  is  imperative 
that  there  be  satisfactory  stability  in  those  components 
in  which  the  machine  is  unconstrained.  Thus,  if  an 
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airplane  is  to  be  controlled  by  the  ailerons  and  elevator 
alone,  it  must  be  satisfactorily  stable  in  combined 
yawing  and  sideslipping,  in  which  it  is  free;  if  control 
is  by  rudder  and  elevator,  corresponding  stability  in 
combined  banking  and  sideslipping  is  necessary. 

If  the  controls  are  considered  to  impress  constraints 
in  those  components  of  motion  in  which  they  operate 
directly,  the  movements  of  a two-control  airplane  may 
be  studied  by  the  method  of  forced  oscillations.  Thus, 
if  the  airplane  controlled  by  ailerons  is  caused  to  follow 
a definite  course  in  banking,  in  which  it  is  considered 
to  be  constrained,  this  motion  will  impress  disturbing 
forces  and  couples  leading  indirectly  to  yawing  and 
sideslipping  motions.  The  yawing  and  sideslipping 
motions  must,  however,  be  considered  to  be  uncon- 
strained and  to  be  conditioned  by  the  natural  stability 
of  the  machine  as  well  as  by  the  impressed  disturbances. 

The  disturbing  forces  or  couples  impressed  in  those 
components  in  which  the  airplane  is  unconstrained 
are  caused  by  the  constrained  movements  and  are 
considered  proportional  to  them.  The  factors  of 
proportionality  are  simply  the  appropriate  stability 
derivatives  of  the  airplane.  Thus,  if  the  machine  is 
constrained  to  follow  a definite  sequence  of  rolling 
motions  by  the  application  of  a suitable  control  moment, 
a disturbing  acceleration  in  yawing  that  is  propor- 
tional to  the  given  rate  of  rolling  at  each  instant  will 
be  impressed,  namely: 

impressed 

In  order  to  express  the  foregoing  ideas  definitely  it 
will  be  necessary  to  resort  to  mathematical  treatment 
of  the  motions.  It  is  convenient  for  this  purpose  to 
choose  a set  of  axes  rigidly  fixed  in  the  airplane  at  its 
center  of  gravity  and  inclined  at  the  angle  of  attack  a, 
so  that  the  X axis  points  into  the  direction  of  the 
relative  wind  in  steady  flight  at  the  specified  lift  co- 
efficient. The  following  notation  and  diagram  define 
the  quantities  used  in  the  subsequent  equations. 


Z7o,  forward  (X-wise)  velocity  in  steady 
flight. 

Pf  rolling  component  of  angular  veloc- 
ity. 


8Ls=Llmkx^i 

L, 

Lr 

u 

N, 

m 

N, 


Tf  yawing  component  of  angular  veloc- 
ity. 

Vf  component  of  flight  velocity  along  Y 
axis  (sideslip). 

<p,  angle  of  bank  (relative  to  gravity). 

iS,  angle  of  sideslip  v/U^j  approximately. 

5,  angle  of  rudder  or  aileron  deflection. 

Y,  force  component  along  the  direction 
of  the  Y axis. 

X,  rolling-moment  component. 

Nf  yawing-moment  component. 


Control  moments  per  unit  moment  of 
inertia  of  airplane. 

Stability  derivatives  in  terms  of  unit 
mass  or  moment  of  inertia  of  air- 
plane, thus: 

Xr-=  g”  lmkx\  etc. 


A number  of  secondary  considerations  will  be  neg- 
lected in  the  mathematical  analysis  of  the  problems 
to  make  the  mathematical  expressions  as  simple  as 
possible  and  because  it  is  not  considered  important  to 
secure  exact  numerical  results  for  studying  the  general 
problem.  For  these  approximate  calculations  the 
lateral  and  longitudinal  motions  of  the  airplane  will  be 
considered  separable  during  tummg  flight.  A check 
of  the  maximum  gyroscopic  couples  encountered  shows 
that  they  are  negligible  for  the  present  study,  although 
it  is  probable  that  the  longitudinal  and  lateral  oscilla- 
tions in  turning  flight  can  be  separated  for  only  a 
relatively  short  time  after  the  passing  of  a disturbance. 
Another  assumption-  made  is  that  the  eiffect  of  a com- 
ponent torque  applied  to  the  airplane  is  an  angular 
acceleration  about  the  axis  of  the  torque.  In  general, 
the  angular  acceleration  does  not  have  the  same  axis 
as  the  applied  torque  but  in  the  present  case  the  refer- 
ence axes  chosen  lie  near  the  assumed  principal  axes  of 
inertia,  and  the  dffierence  of  moments  of  inertia  taken 
about  various  axes  is  not  great.  In  addition,  the 
flight  of  the  airplane  is  assumed  to  be  horizontal  and 
the  speed  not  to  vaiy  appreciably  from  the  average 
(Uo)  iR  a given  case. 

According  to  the  previously  outlined  treatment,  the 
movement  of  the  airplane  in  at  least  one  of  the  lateral 
coordinates  will  be  modified  by  a constraint.  The 
complete  set  of  three  degrees  of  freedom  is  not  in  this 
case  expressed  in  the  usual  three  simultaneous  equa- 
tions of  motion,  for  this  procedme  would  imply  that 
each  component  of  the  motion  was  affected  by  the 
other  two,  whereas  the  present  problem  calls  for  an 
independent  expression  of  one  of  them.  Thus,  it  is 
assumed  that  the  available  control  is  sufficiently 
powerful  to  force  any  desired  motion  in  the  controlled 
component.  When  setting  up  the  equations,  this 
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motion  will  be  considered  to  be  ^ven  as  a function  of 
the  time. 

It  is  important  to  emphasize  in  the  interpretation 
of  the  mathematical  analysis  the  practical  significance 
of  the  assumptions  used.  The  solution  of  the  equa- 
tions requires  that  the  complete  history  of  the  variation 
of  one  of  the  components  of  the  motion  (or  the  control 
setting)  be  known  beforehand.  This  variation  is  not 
subsequently  altered  to  accommodate  the  variation  of 
the  other  motions  as  would  be  the  case  if  an  intelligent 
pilot  were  at  the  controls.  It  may  be  imagined  that 
the  pilot  has  only  one  degree  of  attention.  Having  fiixed 
on  a procedure  of  rolling  the  airplane,  he  concentrates  on 
the  execution  of  this  alone,  paying  no  attention  to  the 
consequences  in  yawing  or  sideslipping.  It  would  be 
feasible  to  assume  that  the  pilot  concentrated  his 
attention  on  carrying  out  a predetermined  manipu- 
lation of  the  controls,  without  regard  to  any  of  the 
motions  set  up.  This  assumption  is,  however,  con- 
sidered to  be  too  far  removed  from  actuality  to  be  of 
much  use  in  analyzing  the  problem.  It  would  be  of 
more  practical  interest  to  assume  that  the  phot  had 
sufficient  skUl  to  enforce  a desired  motion  in  every 
respect,  taking  no  account  of  the  control  manipulations. 
The  control  manipulations  required  could  then  be 
calculated  and  an  idea  of  the  degree  of  skill  necessary 
to  attain  a perfect  result  could  be  derived  therefrom. 

With  two-control  operation  a perfect  coordination 
of  the  motions  is,  of  course,  not  possible.  If  the  phot 
enforces  complete  control  over  one  component  of  the 
airplane's  motion,  he  must  do  so  at  the  expense  of 
control  in  some  other  component.  The  residual  com- 
ponent is  then  considered  to  be  free.  In  practice  the 
pilot  can  exercise  an  indirect  influence  on  all  lateral 
motions  with  only  a single  lateral  control.  Hence,  it 
is  possible  to  assume  that  a skilled  pilot  could  enforce 
complete  control  over  the  yawing  motion  even  though 
his  available  control  exerted  only  rolling  moments 
directly.  Then  the  rolling  motion  must  be  considered 
free  and  not  subject  to  the  pilot's  attention  although 
his  available  control  operates  directly  on  this  motion. 
Such  an  assumption  obviously  cannot  give  an  accurate 
description  of  anything  occurring  in  practice.  The 
same  is  true  in  some  degree  of  any  other  assumed  pro- 
cedure that  can  be  mathematically  treated.  The  actu  al 
procedure  of  a pilot  is  undoubtedly  an  indeterminate 
and  variable  synthesis  of  such  elementary  procedures. 
The  study  of  a single  assumption  of  this  nature  is 
therefore  incomplete,  constituting  simply  a part  in  the 
analysis  of  the  problem. 

In  order  to  illustrate  the  variety  of  assumptions 
that  may  be  treated,  four  equations,  containing 
movements  both  of  the  airplane  and  of  the  control 
surface,  will  be  set  down: 


^^-pL^-rL-vL-iL,  =0 
j^-pN^~rN-vN,-SNi^0 


These  equations  are  to  be  satisfied  simultaneously  and, 
since  there  are  more  variables  than  equations,  one  of 
the  variables  must  be  given  in  terms  of  the  time  to 
effect  a solution.  Any  assumption  of  the  kind  con- 
sidered may  be  applied  by  setting  one  of  the  variables 
equal  to  a function  of  t.  Thus  the  equations  of  motion 
with  an  arbitrarily  prescribed  course  in  rolling  are: 


f,+ru.-,r. 


d 


—rLr—vL.—SLs  =L^p(t)—^p{f) 


dr 


(2) 


^~rNr-vN-SN,=NMt) ' 

Similarly,  if  the  pilot  uses  the  control  to  enforce 
some  given  motion  in  yawing,  the  equations  are: 


'g-gv-vY,  =-Uor(t) 

^-pL,-vL,-SL,=Lrrit) 

-pN,-vN-5Ns=Nrr(t)  -^(«) 


(3) 


Solutions  of  the  foregoing  differential  equations  have 
the  general  form 


w,p,  5,  or  r==  (Oie^**-hC2e^2*_|-  . . (4) 

This  type  of  solution  has  two  significant  components; 
the  part  enclosed  by  parentheses  represents  the  oc- 
currence of  the  natural  oscillations  and  damping  in  the 
resultant  motion.  If  the  natural  modes  of  motion  are 
stable,  this  component  will  disappear  with  time  and 
the  solution  will  be  represented  by  ^(0-  If  the  im- 
pressed disturbance  is  periodic,  the  motion  will  at  first 
be  conditioned  by  the  natural  period  but,  if  this  is 
damped,  wiU  later  foUow  the  impressed  period  in  ac- 
cordance with  Herschel's  theorem.  In  these  cases 
the  term  f (f)  may  be  called  the  ^^steady-state  solution." 

Under  the  assumed  conditions  of  two-control  opera- 
tion the  pilot  enforces  one  component  of  the  motion 
and  relies  on  the  reaction  of  this  motion  on  the  un- 
controlled component  to  induce  an  appropriate 
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motion  there.  As  seen  in  equation  (4),  this  accom- 
panying motion  is  at  first  conditioned  by  the  natural 
oscillations.  Obviously  for  satisfactory  two-control 
operation  it  is  desirable  that  the  natural  oscillations 
in  the  xmcontrolled  components  quickly  die  away.  It 
also  appears  that  if  any  reasonable  coordination  of  the 
motions  is  to  be  obtained  the  period  of  the  free  oscil- 
lation must  be  short  compared  with  the  duration  of 
the  maneuver. 

STABILITY  OF  A CONVENTIONAL  AIRPLANE 
OPERATED  WITH  TWO  CONTROLS 

From  the  foregoing  considerations  it  is  apparent 
that  the  airplane  must  have  certain  degrees  of  stability 
for  satisfactory  two-control  operation.  Operation 
with  constraint  in  yawing  calls  for  stability  in  combined 
rolling  and  sideslipping,  whereas  operation  with  rolling 
constraint  requires  stability  in  combined  yawing  and 
sideslipping,  as  indicated  by  equations  (2)  and  (3). 
In  order  to  illustrate  the  degree  of  stability  of  a con- 
ventional airplane  in  these  motions,  data  from  an 
assumed  average  airplane  (described  in  reference  2) 
have  been  used  and  several  calculations  made  for  the 
two  cases.  The  principal  characteristics  of  the  as- 
sumed airplane  are  given  in  the  table  I. 

TABLE  I 


biiity  on  the  mainpidations  of  the  control  required 
to  enforce  the  desired  constrsdnt  in  bank  as  well  as  the 
stability  of  the  free  yawing  and  sideslippii^  oscilla- 
tions. Whatever  rolling  motion  is  assumed,  a solution 
of  the  complementary  equations  will  appear  as  a com- 
ponent of  the  final  solution. 

The  third  equation  of  (5)  may  be  solved  for  v and  the 
resulting  expression  substituted  into  the  first  equation, 
etc.  The  same  procedure  may  be  carried  out  for  r or  5 * 
in  either  case  the  so-caUed  “auxiliary’’  equation  is: 


U\\^-  {Nr+  Y^^+NrY,+  UoN.] 

+mLr\-LrY-Ud.,]=Q 


(6) 


The  equation  is  conveniently  divided  into  two  parts 
to  show  the  effects  of  control  rolling  and  yawing  mo- 
ments. If  the  rolling  motion  is  constrained  by  a direct 
roUii^-mOment  control,  the  second  part  of  the  equation 
(containing  Ns)  is  eliminated.  Since  the  first  poly- 
nomial is  a quadratic,  its  roots  are: 


X-  (Nr+  F.)  ± ^/iNr+  Y,)^~mrY,+NMo)  (7) 
2 

If  the  airplane  shows  an  average  degree  of  weathercock 
s tability  (iVp>0),  the  roots  wiU  be  conjugate  complex 
numbers  and  the  terms 


GHARACTERISTIGS  GF  ASSUMED  AVERAGE 
AIRPLANE 


Type___^ Monoplane,  2-passenger. 

Gross  weight ^ 1,600  lb. 

Wing  area — 171  sq.  ft. 

Wing  span — 32  ft. 

mkx^-- 1,216  slug-ft.2 

1,700  slug-ft.2 


Stability  derivatives  at  various  hft  coefficients: 


Ch 

Lp 

X, 

“X, 

Nr 

N, 

Yt 

0.35 

-5.44 

1. 11 

-0.0544 

-0.207 

-0.913  ’ 

0.0368 

-0.172 

1.0  ^ 

-3.23 

L88 

-.0415 

-.301 

-.  663  i 

.0231 

-.  145 

‘1.8  i 

-2.  46  i 

2.61 

-.0481 

-.310 

-.977  ; 

.0221 

-.224 

• 5®  dihedral. 
Flaps  down. 


STABILITY  WHEN  CONSTRAINED  IN  ROLLING 

The  stability  of  the  motion  of  the  airplane  (or  of  the 
movement  of  the  control,  6)  when  the  rolling  compo- 
nent is  arbitrarily  constrained  may  be  calculated  from 
the  complementary  equations  of  (2): 

m+^Uo-vY,  =0  ] 


of  equation  (4)  will  represent  a damped  oscillation. 
If  Xi=u-|-t6  and  X2~a— the  period  of  this  oscillation 
is 

(8) 

and  the  time  to  damp  to  one-half  amplitude: 

rp log  0.5  0.7 

2^ ~ (9) 

provided  that  a is  negative. 

Neglecting  the  first  part  of  equation  (fi)  (contai^g 
Ls)  amounts  to  the  assumption  that  the  banMng 
motion  is  constrained  by  the  application  of  a rudder 
control.  The  solution  of  this  part  of  the  equation 
alone  is: 

\=T,+^  (10) 

The  auxiliary  equation  thus  h^  only  one  real  root  and 
it  is  negative,  indicating  stability.  The  assumption 
is  that  a sidewise  disturbance  (v)  caus^  the  pilot  to  give 
the  airplane  a rate  of  yawing  such  that 


(5) 


dt 


— rNr—vNti—dNs — 0 


The  complementary  equatioi^  express  only  a part  of 
the  complete  motion.  They  show  the  influence  of  sta- 


rLr= — vLt,  (11) 

As  Lr  is  positive,  this  yawii^  reduces  the  sideslip  and 
must  then  itself  be  reduced  in  proportion  to  prevent 
rolling,  thus  resulting  in  a convergence.  This  control 
procedure,  although  stable  and  nonosciflatory,  rep- 
resents a more  artificial  assumption  than  the  control  of 
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the  rolling  motion  by  direct  roHing  moments,  for  here 
the  phot  in  order  to  check  a sudden  disturbance  must 
move  the  airplane  as  a whole  with  equal  suddenness 
while  with  direct  control  he  is  only  called  upon  to  de- 
flect the  control  surface  suddenly. 

Although  the  motion  that  occurs  when  the  rolling 
is  controlled — either  directly  by  a variable  rolling 
moment  alone  or  indirectly  by  a yawii^  moment— 
is  stable,  a control  device  that  gives  both  rolling  and 
yawing  moments  in  combination  may  cause  instability. 
Inasmuch  as  conventional  ailerons  do  give  secondary 
yawing  moments,  this  case  is  of  considerable  interest. 
Denoting  the  ratio: 


where  each  5 denotes  aileron  deflection,  the  following 
resolution  of  equation  (6)  is  obtained 

}^^-KNr-KLr)  + Y.]\+(Nr-KLr^^^^ 

+ Uo{N-kL,)^0 

The  solution  of  this  equation  differs  from  that  of  the 
first  component  of  equation  (6)  m that  the  quantities 
N„  and  Nr  are  replaced  by  (Ni,--kLv)  and  (Nr— kL,), 
respectively.  Thus  it  is  concluded  that  an  effect  of  a 
secondary  adverse  yawing  moment  in  an  attempted 
rolling  maneuver  will  be  an  apparent  reduction  of  both 
the  weathercock  stability  (iV„)  and  the  damping  in 
yawing  {Nr)- 

Calculation  shows  that  the  motion  becomes  unstable 
when 


or  when 


in  negative  magnitude.  Such  mstability  would  indi- 
cate that  an  arbitrary  constraint  in  rolling  (such  as 
attempted  level  flight)  could  not  be  maintained  by  the 
ailerons  alone. 

Conventional  ailerons  give  rise  to  adverse  yawii^ 
moments  in  an  amount  approximately  independent  of 
the  speed  of  flight  while  the  rolling  moments  and 
stabilizing  factors  are  much  reduced  at  the  lower  speeds. 
The  result  is  that  the  ratio  k approaches  the  foregoing 
undesirable  magnitude  at  the  highest  lift  coefi&ciente. 
It  is  therefore  considered  that  ordinary  ailerons  work- 
ing on  a part  of  the  wing  surface  that  sustains  a high 
lift  would  not  be  desirable  for  two-control  operation. 

Table  II  lists  the  results  of  calculations  of  the  stabil- 
ity indexes  of  the  average  airplane  in  free  yawing  and 
sideslipping  motions  at  several  lift  coefficients.  Since 
these  calculations  were  to  be  used  later  in  investigating 
the  motions  set  up  during  turning  maneuvers,  a certain 
increase  in  the  steady-flight  speed  at  a given  lift  coeffi- 
cient was  assumed.  The  increase  amoimted  to  7K 


Nr+Y, 

Lr 

YM+UoN, 

Y,Lr+UoL, 


(13) 

(14) 


percent  and  the  stability  derivatives  at  each  lift  coeffi- 
cient were  multiplied  by  this  factor. 


TABLE  II 

INDEXES  OF  STABILITY  OF  MOTION  WITH  CON- 
STRAINT IN  ROLLING 


Ct 

Roote  ol 
stability 
equation 

Period  of 
oscilla- 
tion 

Time  to 
damp 

k=Q- 

f 0.  36 
{ LO 
1 1.8 
1.0 
1.0 

-0.o83±2.60i 

-.435=fcl.61i 

-.645±1.23i 

-.283dbl.31i 

-.685±1.67i 

Seconds 

2.61 

4.16 

6.10 

4,80 

3.76 

Second* 

1.18 

1.60 

1.08 

2,6 

1,2 

Adveree  yaw  *=—0.15 

Favorable  yaw  *=0.15— 

The  combined  yawing  and  sideslipping  motion  imder 
consideration  is,  in  general,  very  stable.  Further 
calculations  have  shown  that  the  stability  of  the 
motion  when  free  only  in  yawing  and  sideslipping  is 
much  greater  than  the  stability  of  the  completely  free 
motion,  the  oscillations  haviig  a shorter  period  and 
greater  damping. 

STABILITY  WHEN  CONSTRAINED  IN  RAWING 

Calculation  of  the  stability  of  the  rolling  and  side- 
slipping motions  when  the  airplane  is  constrained  in 
yawing  is  similar  to  that  given  for  constraint  in  banking. 
Here  the  complementary  equations  of  (3)  are  used. 
The  corresponding  auxiliary  equation  is 


Ns[}i^—{Lp-\-Ye)'K^^LpYv\~gL^]  .. 

+U-Np\^+NpY,\-gN,]^0 

The  complementary  part  of  the  general  solution  (4) 
will  be  of  the  form 

p,  Vr  or  8=^  Oie^^^+C2e^+Cse^^  (16) 

since  there  are  now  three  roots.  In  case  the  yawing 
motion  is  constrained  directly  by  the  application  of 
control  yawing  moments,  only  the  first  part  of  the 
equation  will  be  in  force.  Calculation  shows  that  two 
of  the  roots  will  then  be  of  the  conjugate  complex  type 
previously  discussed  and  that  the  third  root  will  be  very 
nearly  equal  to  Lp.  Table  III  gives  these  roots  as 
calculated  for  the  average  airplane  under  conditions 
similar  to  those  assumed  ia  table  II. 

TABLE  HI 

STABILITY  OF  MOTION  OP  AVERAGE  AIRPLANE 
WITH  CONSTRAINT  IN  YAWING 


Cl 

Real 

root 

Comply  roote 

Period  of 
oscillation 

Time  to 
damp 
(complex 
roots) 

0.35 

1.0 

1.8 

-5.90 

-3.69 

-2.67 

-0.064±0.662i 
-.  019±  . 636  f 
~.oi5±  .ne* 

Second* 

11,2 

9.9 

8.8 

Seconds 

10.8 

36.6 

46.3 
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The  fact  that  the  auxiliary  equation  for  the  case  of 
free  rolling  and  sideslipping  motion  with  yawing  control 
has  roots  of  such  widely  different  magnitude  is  an 
indication  that  the  motion  may  be  separated  into 
distinct  modes.  The  large  real  root  (nearly  equal  to 
Zp)  indicates  the  sharp  damping  of  an  initial  roUing 
motion  and  is  of  such  magnitude  that  the  wings  may 
be  considered  to  be  in  a measure  constrained  against 
rolling  relatively  to  the  air.  A possible  rolling  motion^ 
however,  that  will  not  be  appreciably  damped  consists 
in  rolling  about  an  instantaneous  center  some  distance 
above  the  center  of  gravity  of  the  airplane.  For 
rotation  of  the  airplane  as  a rigid  body  about  this 
point  the  roEing  moment  due  to  sideslip  will  balance 
the  damping  of  the  rolling.^  The  height,  of  the 
instantaneous  center  above  the  center  of  gravity  is 
found  from: 

vLv—  — pZp 

where 

—jpz 

whence 

(17) 

The  mode  of  motion  represented  by  the  small  complex 
roots  (table  III)  thus  consists  in  a swinging  oscillation 
of  the  airplane  about  the  metacenter  i as  a pendulum 
suspended  from  that  point.  The  characteristic  roots 
for  the  pendulum  motion  would  be 

which  are  seen  to  be  approximate  roots  of  equation 
(15)  (Z«=^0). 

From  these  considerations  it  appears  that  the  two- 
control  airplane  constrained  in  yawing  with  the  rudder 
would  be  subject  to  swinging  oscOlations  of  long  period 
and  slight  damping.  If  the  airplane  is  given  an  initial 
angle  of  sideslip,  it  will  be  restrained  against  banking 
directly  by  the  relatively  great  damping  in  rolling 
and  the  banking  that  occurs  will  conform  nearly  to  a 
rotation  of  the  airplane  about  the  metacenter  z^.  It 
wiU  be  of  interest  to  calculate  this  height,  using  the 
stability  derivatives  given  in  table  I: 


Feet 

0.35 

100 

1.0 

92.5 

1.8 

53 

Physical  considerations  indicate  that  the  damping  of 
this  mode  of  motion  is  almost  entirely  dependent  on 
Fp ; hence,  for  two-control  operation  with  the  rudder,  it 
should  be  desirable  to  have  a large  value  of  this 
derivative. 

It  is  possible  for  the  pilot  to  apply  a yawing  moment 
either  through  the  secondary  influence  of  an  aileron 

1 This  mode  of  oscillation  has  been  discussed  by  Lanch^ter. 


control  or  indirectly  by  rolling  the  airplane  as  a whole. 
If  the  latter  effect  were  used  to  constrain  the  yawing, 
the  resulting  motion  would  be  excessively  unstable. 
Thus,  in  order  to  prevent  a sidewke  disturbance  from 
yawing  the  airplane  (r=0),  the  pilot  must  execute  a roll 
such  that  the  forward  wing  is  depressed  (piVp=  —vN^). 
This  roll  provides  the  occasion  for  an  increase  of  side- 
slip due  to  the  bank  and  requires,  in  turn,  more  rapid 
rolling  so  that  the  motion  diverges  quickly.  Secondary 
aileron  yawing  moments  of  either  sign  moderate  this 
instability  and  the  motion  may  become  stable  if  the 
yawing  moment  is  favorable. 

These  considerations  indicate  that  the  pilot  could 
not  maintain  an  exact  yawing  constraint  by  the  use  of 
ailerons  alone.  On  the  other  band,  this  inability  is 
probably  not  of  great  importance  since  the  assumption 
of  piloting  procedure  is  obviously  artificial  and  since 
the  former  calculations  (stability  with  constraint  in 
rolling)  indicated  that,  if  the  ailerons  were  used  to 
hold  the  wings  level,  the  free  yawing  oscillations  would 
be  short  and  quickly  damped.  (See  table  II.)  Thus 
it  appears  that,  in  order  to  prevent  any  yawing  whatever 
during  a disturbance,  the  pilot  would  have  to  execute  a 
divergent  bank  whereas  if  he  merely  held  the  wings 
level  the  yawing  motion  might  be  unnoticeable.  The 
divergent  bank  consists  in  a rotation  of  the  airplane 
about  the  metacenter 


(19) 


which  is  now  situated  below  the  airplane.  The  motion 
is  like  that  of  a pendulum  placed  at  this  height  above 
its  point  of  support. 

TWO-CONTROL  OPERATION  IN  STEADY  TURNS 

The  two-control  average  airplane,  showing  stability 
both  in  combined  yawing  and  sideslipping  (rolling 
control)  and  in  combined  rolling  and  sideslipping 
(yawing  control),  should  reach  a definite  condition  of 
equilibrium  with  some  fixed  setting  of  the  lateral  con- 
trol. In  general,  the  equilibrium  condition  corre- 
sponding to  a definite  rudder  or  aileron  setting  wiM  be 
a steady  turn  at  a definite  angle  of  bank.  If  the 
components  of  rolling  and  yawing  angular  acceleration 
produced  by  the  deflected  controls  are  8Ls  and  8Ns, 
as  before,  the  equations  of  lateral  equilibrium  at  a 
fixed  angle  of  bank  may  be  written: 


g<p~rUo+vY^  =0 
TLr-\^vLf,~\-  8Ls=0 
rNr-{-vNv+8Ns—0 


(20) 


In  case  control  is  by  ailerons  giving  secondary  (adverse 
or  favorable)  yawing  moments,  the  term  Ns  is  re- 
placed by  kLs  j and,  in  case  control  is  by  rudder  alone, 
Ls  is  dropped  from  the  equations.  In  any  case  it  has 
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to  be  assumed  that  the  longitudinal  control  is  properly 
manipulated  for  maintaining  altitude  and  speed  while 
turning. 

Two  special  conditions  of  equilibrimn  are  of  interest. 
Solving  the  equations  for  the  angle  of  bank 

{YXr-VLmm-  {YJ^r+N,U,)bU  , 

The  necessary  condition  for  the  bank  angle  to  be  zero 
with  deflected  controls  is: 


1 U (Y,Lr+L.m\ 
K~Nr\YMYN,UJ 


(22) 


(See  equation  (14).) 

In  case  the  apphed  control  roUing  and  yawing 
moments  are  in  this  ratio,  the  steady  state  of  motion 
of  the  airplane  will  be  a flat  turn  without  bank.  This 
limiting  ratio  may  be  compared  with  the  ratio  of  the 
secondary  aileron  yawing  moments  to  the  rofling 
moments.  If  the  secondary  moment  is  adverse  and 
exceeds  a certain  proportion  of  the  roUing  moment, 
an  equilibrium  condition  in  which  the  ailerons  do  not 
produce  a bank  of  the  airplane  becomes  possible.  In 
this  condition  a gradual  deflection  of  the  ailerons  woidd 
merely  cause  the  airplane  to  assume  a yawed  attitude, 
turning  slowly  under  the  influence  of  the  side  pressure 
«Fp.  Such  a condition  should  be  especially  avoided 
in  a two-control  airplane  utOizing  aileron  operation. 

Another  simpler  condition  of  equilibrium  that  is  also 
of  interest  is  the  condition  for  zero  rate  of  yawing 
with  deflected  controls.  The  resolution  of  the  equa- 
tions in  this  case  is: 


'LM-NnL,\ 

^LrN-LMr) 


=-0 


(23) 


This  is  the  condition  for  an  ordinary  sideslip  and  the 
ratio  of  yawing  to  roiling  moment  requisite  to  this 
condition  is  simply 


(24) 


Obviously  it  should  be  considered  undesirable  to  allow 
the  secondary  adverse  yawing  moment  of  the  ailerons 
to  approach  this  proportion  of  the  rolling  moment. 

By  a similar  resolution  of  the  equations  another 
condition,  namely. 


1 Li Lt 

K~m~Nr 


(25) 


is  obtained  for  the  case  of  steady  turning  without  side- 
slipping.  This  equilibrium  is  possible  with  aileron 
control  alone  in  the  case  of  secondary  adverse  yawing 
moments  and  furnishes  another  criterion  for  the  mag- 
nitude of  these  secondary  moments.  In  this  case  it 
would  be  expected  that  a gradual  application  of  the 
rolling  control  would  lead  to  turning  at  a progressively 
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greater  rate  with  the  angle  of  bank  opposite  in  sense  to 
the  applied  rolling  moment. 

The  main  point  of  interest  in  the  condition  of  steady 
turning  with  two-control  operation  is  the  angle  of  side- 
shp  incident  to  the  turn  at  various  angles  of  bank. 
The  resolution  of  the  equations  for  © results  in: 


j.yr~KJUr  . . 

^-^'^K(,YJ,r+UoL,)-(Y,Nr+UoN.) 

In  the  case  of  rudder  control^  where  ij—O  the 
expr^sion  for  © reduces  to: 


while  in  the  case  of  pure  rolling-moment  control 
(ailerons  giving  no  secondary  yawing  moments) 

— 9^ 

Thus  the  sideslip  incident  to  turning  Mth  only  rudder 
control  is  mainly  dependent  on  the  ratio  of  while 
with  rolling-moment  control  the  important  factor  is 


X 


Figube  1 — Di^am  illustrating  combined  yawing  and  sideslipping  motion  during  a 
steady  two^control  turn.  Metaoenter  for  yawing  moment  r „ = : metaoenter  for 

— Zf.  " iv, 

rolling  momentx,^—^  - 

NvINr.  In  both  cases  the  sideslip  will  ordinarily  be 
positive  (toward  the  center  of  the  turn)  although  the 
airplane  does  not  necessarily  lose  altitude  on  this 
accoimt. 

Figure  1 illustrates  the  combined  sideslippii^  and 
yawing  of  a two-control  airplane  durii^  a steady  turn. 


81 


EEPORT  NATIONAL  ADVISOBY  C03MMITTBE  FOR  AERONAUTICS 


In  the  case  of  rudder  control  the  inward  sideslip  must 
be  such  that  vL^^—rLt  to  prevent  roUing.  This 
combined  sideslipping  and  yawing  motion  may  be 
ascribed  to  a rotation  of  the  airplane  about  some  point 
aft  of  the  center  of  gravity.  If  the  distance  of  this 
point  behind  the  center  of  gravity  is  denoted  by  Xl 

rxiJjv=~-rLr 

or  dCi— — ^ (29) 

for  the  case  of  rudder-controlled  turns.  For  rotation 
of  the  airplane  about  this  point  the  roiling  moment 
vanishes,  hence  the  point  is  a metacenter  for  the  rolling 
moment.  The  X axis  wiU  be  tangent  to  the  flight 
path  at  this  point  in  rounding  a turn,  as  shown  in 
figure  1. 

Similar  considerations  apply  in  the  case  of  operation 
with  a rolling-moment  control  with  fixed  rudder. 
Here  the  metacenter  is  for  a vanishing  yawing  moment, 
the  amount  of  sideslip  being  that  necessary  for 
vNo——rNr.  The  distance  of  the  metacenter  aft  of 
the  center  of  gravity  is  found  from 

rxNNp=  —rNr 

or  (30) 

^ ^ 

An  interesting  point  arises  in  connection  with  the 
relation  of  the  two  metacenters  (xl  and  xn).  For 
positive  rotation  of  the  airplane  about  a point  nearer 
the  center  of  gravity  than  xn  the  residual  yawing 
moment  will  be  negative;  hence  if  the  metacenter 
Xl  is  nearer  the  center  of  gravity  than  %,  steady 
turning  with  rudder  operation  will  require  a positive 
setting  of  the  rudder,  i.  e.,  m a direction  to  aid  the  turn. 
Conversely,  if  control  is  by  rolling  moments,  the  steady 
motion  will  be  a rotation  about  % and,  if  the  residual 
rolling  moment  for  rotation  about  this  point  is  negative 
(xx,<Cx»r)j  the  rolling  control  setting  will  be  positive, 
also  in  a sense  aiding  the  turn.  Obviously,  the  con- 
dition Xn<Cxl  corresponds  to  instabUiiy  since  in  this 
case  with  either  mode  of  two-control  operation  the 
control  setting  during  a steady  turn  would  be  one 
appropriate  to  recovery  from  the  turn.  This  condition 
is  analogous  to  the  spiral  instability  discussed  by  Lan- 
chester.  The  following  table  gives  the  metacenters 
Xl  and  for  the  average  airplane  at  various  lift 
coefl&cients: 


Ol 

XL 

xs 

Feet 

Feet 

0.35 

20 

25 

1.0 

45 

29 

1.8 

55 

44 

At  the  lowest  speeds  ((7*— 1.0  and  1.8)  xn  is  less 
than  x^f  indicatii]^  that  negative  rudder  and  aileron 
settings  will  be  required  during  steady  positive  turns* 
Figure  2 shows  results  of  calculations  of  the  control- 
moment  coefficients  for  equilibrium  in  turning  at 


FIGT7RS  2.—Moment  coefficients  indicatii^  control  settings  during  steady  turm  at 
various  angles  of  bank. 

various  angles  of  bank  that  give  an  indication  of  the 
fixed  control  settings.  / 

Equilibrium  angles  of  sideslip  in  steady  turning 
with  both  modes  of  two-control  operation  are  shown  in 
figure  3.  It  is  to  be  noted  that  the  angle  of  sideslip 
is  not  greatly  different  in  steady  turning  with  either 
type  of  control  and  in  every  case  is  positive. 


Figube  3.— Angles  of  sideslip  during  steady  turns  at  various angles  of  bank  witb  differ- 
ent modes  of  two*contrpl  operation. 

The  only  possibility  of  outward  or  negative  sideslip 
during  the  steady  turn  occurs  when  rolling  and  yawing 
moments  are  applied  m combination.  Such  an  occur- 
rence is  illustrated  in  figure  4,  which  shows  the  effect 
of  secondary  aileron  yawing  moments  on  the  equilibrium 
during  30®  bank  turns.  At  1 .0  the  sideslip  becomes 
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negative,  or  outward,  when  the  ratio  iV^/Za  exceeds 
negatively  NrlLr,  i.  e.: 


(31) 


(See  equation  (25).) 

Whether  or  not  a given  secondary  aileron  yawing 
moment  will  reduce  or  increase  the  equilibrium  side- 
slip angle  during  a steady  turn  depends  on  the  spiral 
stability  of  the  airplane,  for  this  characteristic  deter- 
mines the  sign  of  the  equilibrium  control  setting. 


FiGuaK  4.— The  effect  of  secondtffy  yawing  moments  on  sideslip  during  a 30®  bank 
steady  turn;  two-control  operation  with  ailerons. 

Thus,  in  the  case  of  a spirally  unstable  machine  the 
aileron  setting  will  be  appropriate  to  recovery  from 
the  bank  and  ah  adverse  yawing  moment  will  act  in  a 
positive  direction,  aiding  the  turn.  In  any  event, 
spiral  stability,  if  present,  must  be  considered  as  a 
small  effect  (with  conventional  airplanes);  and  the 
control  setting  during  steady  turns  is,  if  positive, 
almost  certain  to  be  small  so  that  secondary  moments 
will  have  little  effect.  (See  fig.  4,  Cx,=0.35.) 


TWO-CONTROL  OPERATION  IN  UNSTEADY  TURNS 

The  consideration  of  the  equilibrium  state  is  suffi- 
cient for  the  study  of  conditions  during  slowly  executed 
maneuvers  of  sufficient  duration  for  the  natural  free 
oscillations  of  the  airplane  to  die  out.  In  the  case  of 
rapid  maneuvers  performed  by  more  or  less  quick 
movements  of  the  control  the  equilibrium  conditions 
are  of  secondary  importance  and  the  primary  con- 
sideration is  the  oscillation  and  damping  of  the  free 
motion. 

According  to  the  previously  outlined  treatment,  the 
motions  of  the  two-control  airplane  set  up  during  un- 
steady turns  will  he  studied  by  considering  a constraint 
impressed  on  the  motion  in  the  particular  coordinate 
in  which  the  available  control  operates.  Th\is  in  one 
case  of  rudder  control  a definite  sequence  of  yawing 
motions  appropriate  to  the  turn  maneuver  imder  con- 
sideration will  be  assumed.  The  free  rolling  motion 
that  the  airplane  takes  up  during  the  maneuver  wiff 
then  be  studied  and  compared  with  the  rolling  motion 
that  would  be  considered  appropriate  for  the  execu- 
tion of  the  maneuver. 

The  iavestigation  of  unsteady  conditions  during 
various  maneuvers  required  that  the  equations  of  mo- 
tion (equations  (1)  to  (3))  be  solved  for  different  types 
and  variations  of  the  impressed  disturbances.  The  first 
step  in  the  procedure  consisted  in  obtaining  solutions 
of  the  equations  for  “tmit  disturbances^^  substituted 
into  each  coordinate  of  freedom. 

The  unit  disturbance  is  defined  by 


i(0”0  when  t<0 
1 (t)  — 1 when  f >0 


(32) 


(see  reference  3)  and  is  taken  to  represent  a disturbing 
acceleration  of  unit  magnitude  applied  instantly  at 
i=0. 

The  solutions  of  the  equations  of  motion  for  this 
type  of  disturbance  were  found  by  methods  described 
in  reference  4.  The  result  thus  obtained  is  analogous 


FmuBE  6.— Yawii^  motion  aue  to  unit  aWe  disturbance;  two-control  mrplane  constrained  in  rolling  (aileron  operation;  x=0). 
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to  the  so-caJled  “indicial  admittance’’  of  the  electric- 
circuit  theory  and  was  combined  with  Carson’s  gener- 
alized expansion  theorem  (see  reference  5)  to  obtain 
the  motion  due  to  the  varying  forms  of  disturbance. 
If  Viif)  is  the  motion  calculated  for  a unit  disturbance 
1(0,  and  v(f)  is  the  motion  due  to  a varying  disturb- 


As  the  curves  show,  the  actual  yawing  is  delayed  for 
an  instant  but  in  each  case  oscillates  about  the  mean 
value  given  by  (35).  The  most  favorable  condition  is 
that  at  high  speed  (Ci,— 0.35)  since  the  appropriate 
yawing  motion  occurs  with  the  least  delay  and  the  os- 
cillations are  most  quickly  damped. 


PiGUEE  6.— Yawing  motion  due  to  unit  ifatcinj/  dfeturbauee;  two-control  airplane  constrained  in  rolling  (aileron  operation;  k=0). 


ance,  say  <p{t)  (see  equation  (2)),  then  Carson’s  theorem 
may  be  written 

»(«=»i(Q¥>(0)  + ^ dt  (33) 

It  was  found  convenient  to  evaluate  this  integral 
graphically. 

Figures  5 and  6 show  the  motions  of  the  two-control 
airplane  constrained  in  rolling  (aileron  operation)  due 
to  unit  disturbances  acting  in  each  of  the  two  remainu^ 


As  stated  previously,  the  unit  motions,  or  motions 
due  to  imit  disturbances,  were  utilized  in  calculatmg 
the  effects  of  varying  disturbances  assumed  during  turn 
maneuvers.  Thus  the  curves  given  in  figure  5 were 
used  to  find  the  motions  due  to  a varying  angle  of  bank 
by  means  of  Carson’s  integral  (33).  Actually,  in  con- 
straining the  airplane  to  a definite  bank  angle  as  was 
assumed,  a varying  aileron  rolfing  moment  has  to  be 
applied  and,  if  this  moment  is  accompanied  by  a 


degrees  of  freedom.  Figure  5 shows  the  yawing  mo- 
tions resultii^  from  a suddenly  impressed  sidewise 
acceleration  of  1 foot  per  second  per  second.  The  con- 
ditions here  may  be  assumed  to  represent  the  effect  of 
an  initial  and  constantly  maintained  angle  of  bank  of 
approximately 


In  order  to  maintain  this  bank  angle  without  sideslip- 
ping, the  airplane  should  immediately  acquire  a uni- 
form rate  of  yawing  of  approximately 

r=^  (35) 


secondary  yawiD^  moment,  additional  disturbances  in 
yawing  wiU  be  introduced.  The  rolling  motion  will  also 
introduce  a secondary  disturbance  in  yawing  equal  to 
Np  Xp  (i)  ■ Figure  6 shows  the  yawing  motion  produced 
by  a unit  disturbance  in  yawing  that  was  used  in  calcu- 
lating the  effects  of  such  impressed  yawing  disturbances. 
This  curve  may  be  considered  to  represent  the  yawing 
motion  following  the  sudden  application  of  a control 
yawing  moment.  The  final  effect  of  this  disturbance  is 
to  cause  the  machine  to  assume  a yawed  attitude,  turn- 
ing slowly  under  the  influence  of  the  side  force  vY^. 

Mgures  7 and  8 show  the  corresponding  solutions  of 
the  equations  of  motion  (3)  for  the  case  of  the  airplane 
constrained  in  yawing  by  a rudder  control.  Figure  7 
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may  be  taken  to  represent  the  rolling  motion  following 
an  initial  bank  angle.  Presumably  the  ideal  condition 
would  be  a rapid  diminishing  of  this  bank  ar^le  to 
zero.  The  integrated  areas  under  the  curves  shown 
would  then  approach  a definite  value  after  a few  oscilla- 
tions, which  area  should  be  equal  to  the  initial  bank 
angle,  namely  approximately 


Instead,  the  airplane  continues  to  roU  one  way  and 
then  the  other,  executing  the  pendulum-like  oscillations 


foUowed  in  practice.  In  other  respects,  it  was  thought 
that  any  smooth  curve  representing  the  banking  or 
yawing  of  the  machine  up  to  a definite  angle  or  rate 
maintained  steadily  for  a short  time  and  followed  by  a 
smooth  recovery  to  straight  flight  would  serve  the  pur- 
pose. Figure  9 shows  the  time  history  of  the  ideal 
three-control  turn  that  was  assumed  in  the  subsequent 
investigation.  In  most  cases  the  manuever  was  as- 
sumed to  be  completed  in  6.28  seconds  and  this  time  is 
taken  to  represent  about  the  maximum  rapidity  with 
which  the  maneuver  could  be  performed  at  the  lowest 
speed  using  conventional-type  controls.  Figure  10 


Figuee  8.— Kolling  motion  due  to  unit  rolling  disturbance;  t>vo*eontrol  airplane  constrained  in  yawing  (rudder  operation). 


described  in  the  discussion  of  the  stability  of  this  mo- 
tion. The  dampiug  of  these  oscillations  is  slight  and  is 
most  apparent  at  the  lowest  lift  coefficient,  Oi,=0,35. 

Figure  8 is  similar  to  figure  7 except  that  here  the 
rolling  motion  is  due  to  a suddenly  impressed  angular 
acceleration  in  rolling.  These  curves  were  used  in 
calculating  the  effect  of  varying  rolling  moments  im- 
pressed indirectly  by  yawing  motion  LrXr{t).  (See 
equation  (3).)  Figure  8 is  of  interest  in  illustrating  the 
two  more  or  less  distinct  modes  of  motion  in  free  rolling 
and  sideslipping.  It  will  be  noted  that  the  rolling 
starts  very  rapidly  (with  an  initial  angular  accelera- 
tion of  one  radian  per  second  per  second)  but  soon 
takes  up  the  slow  swinging  oscillation.  As  in  the  pre- 
vious case  of  rolling  motion,  the  steady  state  finally 
approached  is  a definite  angle  of  bank. 

The  foregoing  calculations  are  of  interest  in  indicat- 
ing how  the  different  types  of  two-control  airplanes 
may  be  expected  to  respond  to  attempted  maneuvers. 
The  first  step  in  the  calculation  of  an  actual  complete 
maneuver  is  to  arrive  at  a specification  for  that  part  of 
the  motion  which  is  assumed  to  be  constrained.  It 
will  be  of  interest  to  compare  the  motions  executed  by 
the  two-control  airplane  with  the  most  perfect  possible 
coordination  of  the  motions  that  might  be  obtained 
with  three-control  operation.  Obviously,  it  will  be 
necessary  to  specify  a maneuver  that  is  within  the  power 
of  the  control  to  produce  and  it'^will  be  desirable  to 
conform  the  specification  to  a type  of  turn  likely  to  be 


shows  the  control-moment  coefficients  necessary  to 
constrain  the  rolling  and  yawing  motions  to  the  speci- 
fied maneuver  with  perfect  three-control  operation. 
Under  the  conditions  of  two-control  operation  the  turns 


FiGtFEE  9.— Angle  of  bank  and  rates  of  rolling  and  yawing  specified  for  30®  bank  two- 
control  turn  maneuvera. 

will  not  be  perfect  owing  to  the  sideshpping  and  it  is 
to  be  expected  that  this  sideslipping  will  in  so^^ 
degree  modify  the  control  settings. 
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In  the  calculations  illustrated  in  figure  11  the  banking 
motion  was  assumed  to  be  forced  to  follow  the  ideal 
bank  by  means  of  a rolling  control  and  the  resultant 
free  yawing  motions  were  computed.  The  reaction  of 
the  machine  was  evidently  favorable  in  this  case. 
This  result  could  have  been  anticipated  from  the  calcu- 


Figure  10.— Control-moment  coeflBcients  necessary  to  produce  specified  manuever 
with  zero  sideslip. 

lations  of  stability,  which  showed  that  the  free  yawing 
motion  was  of  short  period  and  strongly  damped. 

The  curves  of  figure  11,  although  indicating  the 
advantage  of  rolling-moment  control,  also  bring  out  an 
imperfection  in  the  coord* nation  of  the  yawing  motion. 
The  rolling  motion  itself  tends  to  induce  an  unfavorable 


Figure  11.— Free  yawing  motion  during  30®  bank  maneuvers  performed  with  rolling 
control. 

yawing  motion  at  the  start  of  the  maneuver  due  to  the 
adverse  sign  of  Np.  This  effect  becomes  more  pro- 
nounced at  the  higher  lift  coefl&cients  and,  in  the  worst 
case  ((7z,==1.8),  produces  an  adverse  change  in  the 
heading  of  the  machine  of  2.0°.  The  total  change  in 
heading  produced  by  the  maneuver  at  this  speed  is 
approximately  50°. 


From  the  foregoing  considerations,  it  appeared  that 
a certain  amount  of  favorable  secondazy  aileron  yawing 
moment  might  be  desirable  to  overcome  the  adverse 
yaw  caused  by  the  rolling  motion  at  the  start  of  the 


Figure  12.— The  effect  of  secondary  yawing  moments  on  yawing  motions  during 
30®  bank  maneuver  performed  with  rolling  control;  Cl= 1.0.  (7»==±  0.21  Ci, 
(*=±0.16). 

turn.  The  effects  of  secondary  yawing  moments  of 
both  favorable  and  adverse  sign  applied  in  proportion 
to  the  control  rolling  moment  are  illustrated  in  figures 
12,  13,  and  14. 


The  curves  shown  were  calculated  by  equation  (2) 
and  take  account  of  the  increments  of  control  displace- 
ment necessary  to  accommodate  the  rolling  moments 
introduced  by  the  yawing  and  sideslipping  oscfilations. 
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The  effect  of  these  increments  of  control  displacement 
is  to  modify  the  stability  of  the  yawing  and  sideslipping 
motions,  an  adverse  yawing  moment  reducing  the 
damping  and  lengthening  the  period.  The  results  in- 
dicate especially  the  disadvantage  of  adverse  yaw  and 
show  that  some  improvement  may  be  had  from  a 
favorable  yawing  moment. 


PiauEK  14.— The  effect  of  favorable  secondary  yawing  moment  on  yawing  motion 
during  30®  bank  maneuver  performed  with  rolling  control;  Ct==i.8,  C'«=0.21Ci 
(k»0.15). 

In  order  to  study  more  closely  the  possible  beneficial 
effects  of  a favorable  aileron  yawing  moment,  it  is  of 
some  interest  to  analyze  further  the  control  application 
into  several  components.  The  component  that  results 
in  modification  of  the  stability  through  the  action  of  the 
secondary  yawing  moment  may  be  considered  to  be 
directly  favorable  to  improved  coordination  of  the 


FiouRB  15.— The  effect  of  increased  N,  on  yawing  motion  during  30®  bank  maneuver; 
aileron  opemtlon  (no  SMiondary  yawing  moment)  ; Ct=1.0. 

yawing  motion  because  it  shortens  the  natural  oscilla- 
tion period  and  increases  the  damping.  With  a given 
proportion  of  favorable  yawing  moment,  increasing  the 
dihedral  angle  should  result  in  further  improvement  in 
this  respect  since  the  apparent  weathercock  stability 
(Nj,—kLv)  is  increased  in  that  way.  Another  compo- 
nent of  the  applied  rolling  control  is  directed  to  over- 
coming the  damping  of  the  rolling  incident  to  the 
maneuver.  The  secondary  yawing  disturbance  thus 


introduced  is  of  the  same  form  as  pNp  and  may  be 
calculated  as 

N/=iNp-KLp)  (37) 

The  condition  for  perfect  coordination  of  banking 
and  yawing  motion  dining  the  turn  requires  lhat  the 
acceleration  in  yawing  be  very  nearly  proportional  to 
the  rate  of  rolling;  namely. 

The  component  of  rolling  control  directed  toward 
opposii^  the  damping  in  roiling  is  applied  in  this  way 
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Figube  16.— The  effect  of  increased  N,  on  sideslip  during  two-control  30®  bank 
maneuver;  aileron  operation  (no  secondary  yawing  moment);  Gt=1.0. 


and  it  is  seen  that  this  component  of  the  secondary 
favorable  yawing  moment  is  properly  directed  toward 
improved  coordination  of  the  yawing  motion.  The 
component  of  control  application  necessary  to  acceler- 
ate the  rolling  motion  does  not,  however,  lead  to  a 
desirable  secondary  yawing  acceleration  since  this 
acceleration  is  not  proportioned  to  the  rolling  velocity. 


Figure  17.— Comi«rison  of  yawing  motions  during  maneuvers  of  different  time 
extents;  aileron  operation  (no  secondary  yawing  moment);  Ct— 1.0. 


This  component  results  in  the  primary  disadvantage 
associated  with  favorable-yaw  ailerons.  Quick  or 
irregular  movements  of  the  control  may  lead  to  pro- 
nounced yawing  oscillations  if  the  secondary  moment 
is  very  great. 

It  appears  that  a decisive  method  of  improving  the 
aileron-operated  two-control  airplane  would  be  to 


87 


REPORT  NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


increase  the  weathercock-stability  factor  This 

method  would  serve  directly  to  reduce  the  sideslipping 
to  a minimum  both  in  steady  turning  and  in  rapidly 
executed  turn  maneuYcrs.  Figure  15  shows  the  effect 
of  doubling  Nv  On  the  yawing  motion  during  the  maneu- 
ver performed  at  (7^— 1.0.  This  modification  of  the 
airplane  shortened  the  natural  period  of  the  oscillation 
and  resulted  in  the  yawing  action  taking  place  more 
quickly.  The  effect  on  sideslip  is  shown  in  figure  16. 
Although  the  maneuver  ends  with  about  5°  of  outward 
sideslip,  this  value  wiU  be  quickly  reduced  to  zero  on 
account  of  the  natural  stability  of  the  motion.  With 
different  timing  of  the  maneuver  it  may,  of  course,  be 
brought  to  an  end  with  no  residual  sideslip.  The 
following  table  shows  the  effect  of  arbitrarOy  increasing 
Np  on  the  natural  period  of  the  yawing  oscillations: 


Ratio  of 
N,  to  that 
of  average 
airplane 

Period 

Seconds 

1 

4.16 

2 

2. 92 

4 : 

2.05 

It  is  to  be  noted  that  an  increase  in  vertical-fin  area 
will  increase  the  derivative  Nr  as  well  as  N„  and  will 
thus  result  in  greater  damping  of  the  motion. 


A certain  disadvantage  associated  with  increased  N„ 
is  the  relatively  greater  tendency  for  spiral  instability 
and  the  consequent  necessity  for  holding  the  control 
against  the  steady  turn.  It  may  be  expected,  however, 
that  this  undesirable  tendency  could  be  overcome  by 
properly  proportioning  the  dihedral  of  the  wings.  The 
greatest  possible  effect  of  increase  of  vertical-fin  area 
would  be  to  cause  the  metacenter  for  yawing  moments 
Xn  (see  discussion  of  stability)  to  approach  coincidence 
with  the  fin ; it  would  then  appear  necessary  to  arrange 
the  metacenter  for  rolling  moments  ahead  of  this  point 
in  order  to  accommodate  any  desired  increase  of  vertical- 
fin  area  and  secure  spiral  stability. 


Further  improvement  in  the  operation  of  the  aileron- 
controUed  machine  could  be  had  by  decreasing  the 
yawing  derivative  m rolling  Np,  Alteration  of  this 
derivative  apparently  would  require  fundamental 
changes  in  wing  design,  improvement  being  in  the  direc- 
tion of  lower  aspect  ratio,  which  might,  of  course,  con- 
flict with  other  requirements. 

As  pomted  out,  the  maneuvers  assumed  in  these  cal- 
culations are  considered  to  be  more  rapid  than  usual  in 


normal  flight,  since  they  represent  the  use  of  a large 
proportion  of  the  control  power  ordinarily  available  at 
the  lower  speeds . With  slower  maneuvers  the  coordina- 
tion of  the  motions  of  the  two-control  airplane  would 
be  expected  to  be  much  better,  especially  when  the 
duration  of  the  maneuver  becomes  large  relative  to  the 
natural  period  of  oscillation  of  the  airplane.  Figure  17 
shows  the  result  of  a calculation  in  which  the  duration 
of  the  6.28-second  maneuver  was  doubled. 

It  is  worth  noting  that  the  actual  deflection  of  the 
flight  path  of  an  airplane  relative  to  the  earth  is  accom- 
plished much  more  directly  by  banking  than  by  steering. 
Eegardless  of  th  e sideshpping  and  coordination  of  angu- 
lar motions,  any  decided  acceleration  of  the  path  must 
be  brought  about  by  inclination  of  the  lift  and  is  not 
directly  affected  to  any  great  extent  by  rotating  the 
airplane  in  yaw.  Such  deflection  of  the  path  would  be 
the  principal  objective  in  turning  to  avoid  an  obstacle. 
Thus  the  airplane  with  rolling-moment  control  should 
be  capable  of  avoiding  obstacles  equally  as  quickly  as  a 
conventional  three-control  airplane.  As  is  the  case 
with  three-control  operation,  the  tendency  of  a two- 
control  airplane  to  accelerate  downward  when  banked 
must  be  counteracted  by  a movement  of  the  elevator. 

If  the  airplane  is  assumed  to  execute  a sharp  turn  to 
avoid  an  obstacle,  the  primary  consideration  wiU  thus 
be  the  ability  to  produce  a specified  bank.  Under  such 
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conditions  the  pilot  of  the  rudder-operated  airplane 
would  be  expected  to  make  an  effort  at  indirect  control 
of  the  bank  without  regard  to  the  coordination  of  the 
yawing  motion.  The  question  then  arises  as  to  what 
yawing  motion  would  have  to  be  prescribed  in  the  case 
of  the  rudder-controlled  machine  to  enforce  the  desired 
motion  in  banking. 

Figure  18  shows  the  yawing  motion  that  results  in  a 
bank  curve  similar  to  that  given  in  figure  9.  It  appears 
that;  in  order  to  attain  the  bank  angle  as  shown,  a 
relatively  powerful  rudder  control  would  have  to  be 
applied  about  one-half  second  in  advance  of  the  usual 
start  of  the  turn.  Further  calculations  showed  that  the 
prescribed  yawing  motion  could  be  attained  throughout 
if  a rather  large  amount  of  rudder  control  were  avail- 


Figxjre  20.— Free  rolling  motion  during  turn  maneuvers  performed  with  rudder; 
yawing  constraints  for  30®  bank  maneuver. 

able.  That  such  an  attempt  to  foUow  a definite  course 
in  banking  would  require  a vigorous  use  of  the  rudder 
is  evident  from  the  oscillation  of  the  yawing  curve. 

In  the  case  of  two-control  operation  with  a constraint 
in  yawing  by  means  of  the  rudder,  the  yawing  motions 
shown  in  figure  9 were  assumed  and  the  resulting 
free  roUii]^  motions  were  calculated.  Figures  19  and 
20  show  the  results  of  such  calculations  made  at  dif- 
ferent lift  coefficients.  The  angles  of  bank  and  rates  of 
rolling  attained  are  compared  with  those  that  would 
be  appropriate  to  the  constrained  yawing  motion. 
It  is  apparent  from  these  and  the  preceding  figures 
that  the  two-control  airplane  operated  with  the  rudder 
cannot  be  expected  to  perform  rapid  maneuvers  of  the 
type  considered.  The  natural  reaction  of  the  rolling 


motion  is  too  slow  and  the  damping  is  too  slight  to 
enable  even  an  approximate  coordination  of  the  mo- 
tions within  the  short  time  of  duration  of  the  maneuver. 

Figure  21  shows  the  angles  of  sideshp  attained  with 
the  various  modes  of  operation  considered,  summarizing 
the  results  of  the  calculations. 

The  reasons  for  the  inability  of  the  rudder-controUed 
airplane  to  execute  rapid  turns  are:  First,  that  the 
secondary  rolling  reaction  due  to  yawing  motion  is 
insufficient  to  overcome  the  relatively  great  damping 
of  direct  rolling  motion;  second,  that  for  a rapid  turn 
the  rate  of  rolling  required  on  entry  and  recovery 
greatly  exceeds  the  maximum  rate  of  yawing;  and  third, 
that  the  free  rolling  and  sideshpping  oscillations  set  up 
are  not  very  well  damped.  The  greatest  possibility  for 


Figure  21.— Angles  of  sideslip  during  two-control  turn  maneuvers  with  different 
modes  of  operation;  30°  bank  turn  maneuver; 

improvement  would  appear  to  be  in  increasing  the 
derivatives  and  The  first  (L^)  would  call  for 
increased  dihedral  angle  and  would  serve  to  shorten 
the  natural  period  of  the  roUmg  and  sideslipping  motion, 
while  the  second  (Fc)  would  call  for  increased  area  of 
the  side  projection  of  the  airplane  and  should  improve 
the  damping  of  the  oscillations.  The  followiag  table 
shows  the  effects  of  changiug  these  derivatives  on  the 
natural  period  and  dampiug  of  the  oscillations  at 


Ratio  of  derivative  to  that  of  average 
airplane 

L, 

r. 

1 

2 

1 

2 

Time  to  damp  seconds 

Period 

12.4 

15.3 

36.6 

9.9 

CO 

7.65 

36.6 

9.9 

6.25 

10.9 
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CONCLUSION 

The  lateral  motion  of  a conventional  airplane  is  more 
stable  when  constrained  in  rolling  than  when  con- 
strained in  yawing.  The  stability  of  the  free  yawing 
and  sideslipping  motion  is  greater  than  that  of  the 
entirely  free  motion;  the  stability  of  the  free  rollir^ 
and  sideslipping  is  less  than  that  of  the  entirely  free 
motion. 

If  a rolling-moment  control  is  used  to  enforce  an 
arbitrary  constraint  in  banking,  the  free  yawing  that 
results  will  be  approximately  coordinated  to  the  bank 
if  the  airplane  has  the  average  degree  of  weathercock 
stability  (A7»).  The  yawing  in  this  case  is  also  ap- 
proximately adjusted  to  the  speed  of  flight  so  that 
with  a given  bank  maneuver  a more  rapid  rate  of 
yawing  is  attained  at  low  speed  than  at  high  speed,  as 
is  desirable.  The  deviation  of  the  yawing  from  the 
ideal  is  greater,  however,  at  lower  speeds  and  is  also 
greater  in  quick  turns  than  in  more  slowly  executed 
ones.  If  the  rolling  control  were  designed  to  give  a 
moderate  favorable  yawing  moment,  the  coordination 
of  the  motions  would  be  improved.  Improvement  may 
also  be  effected  by  increasing  the  weathercock  sta- 
bility. If,  however,  the  aileron  control  gives  the  usual 
proportion  of  secondary  adverse  yawing  moment,  the 
coordination  of  the  yawing  with  the  banking  will  be 
relatively  very  poor.  The  motions  may  then  become 
unstable  and  uncontrollable  in  an  extreme  case  at  high 
lift  coefficient.  These  latter  statements  are  particularly 
applicable  to  conventional-type  ailerons  which  are 
considered  as  undesirable  on  this  account  for  use  at 
low  flight  speed  unless  compensated  by  the  rudder. 

A rudder  control  may  be  used  to  enforce  a constraint 
e'ther  directly  on  the  yawing  motion  or  indirectly  on 
the  rolling  motion  provided  that  the  maneuver  specified 
is  not  too  rapid  nor  the  disturbances  encountered  too 
severe.  In  the  former  case  the  free  banking  motion 
occurs  as  a series  of  long  oscillations  that  do  not  begin 
to  approximate  the  desired  bank  untd  some  time  after 
the  start  of  a maneuver  or  after  the  passing  of  a dis- 
turbance. During  a rapid  yawing  maneuver  the  bank 
that  occurs  is  greater  at  low  flight  speed  than  at  high, 
indicating  that  the  coordination  of  the  centrifugal  and 
the  gravitational  accelerations  is  not  adapted  to  the 
desired  variation  with  flight  speed. 

Although  the  coordination  of  the  motions  with 
aileron  control  grows  worse  as  the  flight  speed  is  re- 


duced, the  coordination  with  rudder  control  improves 
somewhat  at  the  lower  speeds.  This  effect  would  be 
especially  apparent  if  the  rudder  were  applied  in  such 
a way  as  to  enforce  indirectly  a desired  banking  mo- 
tion. Such  indirect  control  requires,  however,  that  the 
rudder  be  deflected  in  advance  of  the  desired  effect. 
The  yawing  that  arises  when  the  bank  is  indirectly 
controlled  with  the  rudder  is  a very  poor  approxima- 
tion to  the  ideal  yawing  and  calls  for  large  and  irregular 
control  movements. 

The  amount  of  sideslipping  during  steady  turns  is 
not  greatly  different  with  either  mode  of  operation.  In 
either  case  it  appears  desirable  that  the  free  motion  of 
the  airplane  show  spiral  stability  so  that  control  settings 
opposiug  the  turn  will  not  be  required. 

In  general,  it  is  concluded  that  a reliable  rolling- 
moment  control  that  does  not  give  a secondary  adverse 
yawing  moment  would  afford  the  most  satisfactory 
means  for  two-control  operation.  It  appears  that  a 
moderate  amoirnt  of  favorable  secondary  yaw  would 
be  desirable  although  certain  disadvantages  appear  if 
the  proportion  is  too  great. 

The  disadvantage  in  two-control  operation  lies  not 
so  much  in  the  imperfection  of  control  of  the  flight  path 
of  the  airplane  relative  to  the  earth  as  in  the  sideslipping 
and  sidewise  accelerations  that  arise  through  the  im- 
perfect coordination  of  the  yawing  and  banking 
motions.  It  appears  possible  that  this  tendency  may 
be  so  reduced  by  the  use  of  suitable  control  organs 
and  properly  modified  stability  characteristics  as  to 
be  unobjectionable. 

Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  August  12 ^ 19S6. 
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THE  REDUCTION  OF  AILERON  OPERATING  FORCE 
BY  DIFFERENTIAL  LINKAGE 
By  Robert  T.  Jones  and  Albert  I.  Nerken 


SUMMARY 


It  is  shown  that  the  control  force  of  ordinary  ailer- 
ons may  be  reduced  to  zero  over  a range  of  deflections  and 
at  a given  flight  condition  by  the  use  of  an  appropriate 
differential  movement.  Approximations  to  the  ideal  motion 
obtainable  with  a simple  linkage  are  discussed  and  a chart 
that  enables  the  selection  of  an  appropriate  crank  arrange- 
ment is  presented.  Various  aspects  of  the  practical  appli- 
cation of  the  system  are  discussed  and  it  is  concluded 
that  a small  fixed  tab,  deflected  to  trim  both  ailerons 
upward,  would  be  advantageous. 


INTRODUCTION 


One  of  the  most  exacting  requirements  of  a lateral- 
control  system  is  the  provision  of  an  adequate  degree  of 
control  with  a small  expenditure  of  operating  effort.  It 
appears  that  a differential  linkage  can,  when  properly  de- 
signed, be  a very  effective  means  of  reducing  the  operat- 
ing force  of  ordinary  ailerons.  Several  other  advantages 
accrue  to  the  differential  and  such  systems  are  widely 
used.  The  possible  reduction  of  control  force  appears  to 
be  of  primary  importance,  however,  and  it  is  therefore  of 
interest  to  discuss  some  rules  for  the  design  of  a linkage 
that  will  afford  the  greatest  advantage  in  this  respect. 

The  reduction  of  operating  force  with  a differential 
linkage  is  accomplished  by  taking  advantage  of  the  up- 
floating  tendency  of  the  ailerons.  This  floating  tendency 
is  apparent  in  measurements  of  aileron  hinge  moments, 
which  generally  show  an  offset  moment  (C^  ) at  the  neu- 
tral setting.  (See  fig.  1.)  This  moment  varies  with  an- 
gle of  attack  and  with  airfoil  profile. 
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With  a differential  linkage  the  ailerons  on  opposite 
tips  of  the  wing  begin  to  move  at  different  rates  immedi- 
ately after  they  are  deflected  from  neutral,  the  downgoing 
aileron  moving  more  slowly  than  the  upgoing  one.  Thus 
with  the  ailerons  deflected  the  upward  pressure  on  the  up- 
going  aileron,  which  tends  to  increase  the  deflection,  has 
a greater  mechanical  advantage  at  the  control  stick  than 
does  the  upward  pressure  of  the  downgoing  aileron.  The 
combination  of  a reduced  upward  pressure  and  an  increased 
mechanical  advantage  of  the  upgoing  aileron  tends  to  nulli- 
fy the  effect  of  the  increased  upward  pressure  and  reduced 
mechanical  advantage  of  the  downgoing  aileron  to  the  ex- 
tent that  within  certain  limits  the  operating  force  may  be 
reduced  or  even  reversed. 

If  the  ailerons  are  connected  to  the  control  stick 
with  nondifferential  gearing,  the  effect  of  the  initi^al 
hinge  moment  at  the  neutral  setting  is  not  felt  in  the 
stick  force  required  to  deflect  them.  In  this  case  the 
mechanical  advantage  of  one  aileron  with  respect  to  the 
other  remains  the  same,  so  that  the  initial  offset  moment 
(Cjjq)  on  one  aileron  is  exactly  balanced  by  that  on  the 

Other.  The  only  force  experienced  at  the  stick  is  that 
due  to  the  difference  of  the  aerodynamic  hinge  moments  of 
the  two  ailerons  brought  about  by  their  deflection. 


DEFINITIONS  OF  SYMBOLS 

c^,  chord  of  wing. 

c„,  chord  of  aileron. 

Gt,  chord  of  tab. 

Ch,  aileron  hinge-moment  coefficient. 

, aileron  hinge-moment  coefficient  at  zero  deflection 

(normally  negative) . 

Ch  9 resultant  hinge-moment  coefficient  acting  at  control 
^ stick  (negative  when  moment  opposes  deflection) . 

G^,  rolling-moment  coefficient. 

, yawing -moment  coef  f icient . 
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lift  coefficient. 

angle  of  bank  1 second  after  deflection  of  aileron 
control. 

6]^,  angular  setting  of  aileron  crank  when  neutral. 

angular  setting  of  control-stick  crank  when  neutral. 
AS,  angular  movement  of  control-stick  crank. 

6^,  upward  deflection  of  aileron 
5^,  downward  deflection  of  aileron 
6uf»  upfloating  angle  of  aileron 
^td>  downward  deflection  of  tab 

CALCULATION  OF  CONTROL  FORCE  AND  WORK  OF  DEFLECTION 


^ Taken  as  positive 
numbers . 


A calculation  of  the  effective  moment  coefficient 
acting  at  the  control  stick  will  show  how  the  characteris- 
tics of  the  differential  linkage  affect  the  operating 
force.  The  hinge-moment  coefficient  of  an  ordinary  ailer- 
on may  be  calculated  with  sufficient  accuracy  by  the  for- 
mula (neglecting  weight  of  aileron) , 

dCx. 

Ch  - Ch„  + « 35-  . O) 

This  formula  applies  to  a single  aileron.  The  effective 
moment  coefficient  acting  at  the  control  stick  or  wheel 
due  to  the  up  aileron  is 


f *^^h  1 

% = [*“  3^  ■ N 

and  that  due  to  the  down  aileron 


dd 


u 


d0 


dd. 


de 


(2) 


(3) 


The  rates  of  change  of  the  up  and  the  down  aileron 
angles  throughout  the  range  of  the  stick  deflection  are 
determined  by  the  characteristics  of  the  particular  dif- 
ferential linkage  used. 
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The  various  terns  of  equations  (2)  and  (3)  may  be  so 
collected  as  to  represent  two  components  of  the  total  mo- 
ment, one  tending  to  return  the  control  to  neutral  and 
the  other  tending  to  displace  the  control  away  from  neu- 
tral. Thus, 


[dfiu 

d«dl 

de 

de 

-f. 

d6 

de 

^ d IT. 

Chg  “ “ Cho 
The  term  containing 
due  to  the  difference  of  mechanical  advantages. 


(4) 


represents  the  reduction  of 


With  regard  to  the  reduction  of  operating  force,  it 
is  seen  that  the  problem  is  to  secure  the  proper  relation- 
ship between  the  two  components  of  equation  (4)  . A large 
upfloating  angle  (indicated  by  large  ) and  a rapidly 
increasing  difference  between  the  mechanical  advantages  of 
the  two  ailerons  make  for  the  displacing  tendency,  whereas 
a large  slope  of  the  hinge-moment  curve  and  a large  aver- 
age mechanical  advantage  of  both  ailerons  (large  d6/d0) 
make  for  a large  restoring  force.  If  the  control  stick  is 
to  tend  to  return  to  neutral  when  displaced,  Cj^  must  be 
at  least  slightly  negative. 


An  examination  of  the  hinge-moment  curve  (fig,  1) 
will  show  that  the  balancing  effect  of  the  differential 
can  be  simply  described  in  terms  of  the  work  of  deflecting 
the  ailerons.  Work  is  gained  by  allowing  the  aileron  to 
rise.  The  resultant  work  is  found  by  deducting  that  ex- 
erted on  the  down  side  from  that  gained  on  the  up  side. 

The  two  components  are  represented  by  the  areas  under  the 
hinge-moment  curve  on  either  side  of  neutral.  The  fomula 
for  the  resultant  work  is 


Cho  fid 


+ 6di_  cu 
d&  2 


dC 


h 6u^ 


(5) 


If  the  work  of  deflection  is  made  zero  at  every  point,  the 
stick  force  (which  may  be  calculated  as  the  slope  of  the 
curve  of  work  against  deflection)  will  also  be  zero  at  ev- 
ery point.  Hence  an  idealized  differential  motion  of  the 
ailerons  that  gives  complete  balance  may  be  calculated  by 
means  of  this  expression  for  the  work  of  deflection.  By 
equating  the  work  to  zero  and  rearranging 


6 


d = 


££h  [££h 

d6  Ld6 

dS 


Su2  - 2Cu 
“o 


(6) 
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If  and  dC|j/d6  are  known,  this  formula  may  be  used 

to  calculate  the  simultaneous  upward  and  downward  posi- 
tions of  the  ailerons  for  which  the  work  of  deflection  is 
zero.  A differential  linkage  arranged  to  give  these  si- 
multaneous positions  of  the  ailerons  would  thus  require 
no  operating  effort. 

A decidedly  simpler  formula  than  (6)  results  if  the 
aileron  characteristics  and  dCj^/dd  are  expressed 

in  terms  of  the  upfloating  angle 


^h 


d6 


o dCt 


= 5uf 


(7) 


(See  fig.  1.)  The  resultant  formula  is 

6d  = / (5uf  + - 26^2  _ 5^^  ^8) 

The  ratio  of  the  rates  of  travel  of  the  two  ailerons  is 
simply 

= ^"^uf  ~ 

d6u  (6uf  + 6d) 


(Note  that  and  are  taken  as  positive  num- 

bers.) Curves  of  such  idealized  differential  motions  for 
ailerons  having  different  floating  angles  are  shown  in 
figure  2.  It  is  probable  that  a number  of  more  or  less 
complicated  mechanical  linkages  that  would  give  the  ailer- 
ons motions  approximating  these  curves  could  be  devised. 
The  ordinary  simple  linkage  consisting  of  two  properly  set 
cranks  connected  by  a rod  is  of  most  interest,  however, 
and  the  following  discussion  is  devoted  chiefly  to  the 
problem  of  approximating  the  limiting  degree  of  balance 
with  such  a simple  arrangement. 


METHOD  OF  APPROXIMATING  LIMITING  DEGREE  OF  BALANCE 


The  preceding  discussion  led  to  the  determination  of 
curves  of  aileron  deflection  giving  zero  stick  force  de- 
rived without  reference  to  the  limitations  of  mechanical 
linkages.  Although  the  discussion  was  confined  to  ailer- 
ons showing  a straight-line  hinge-moment  variation,  the 
procedure  of  deriving  a curve  similar  to  those  of  figure  2 
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for  the  case  of  a more  irregular  hinge-moment  variation 
will  be  obvious.  Once  the  limiting  curve  showing  the  de- 
flections that  result  in  zero  operating  force  is  deter- 
mined, it  becomes  necessary  to  devise  a geometrical  ar- 
rangement of  levers  that  will  approximate  this  motion. 

Although  it  is  not  thought  desirable  completely  to 
eliminate  the  control  force  at  any  flight  condition,  it 
is  useful  to  consider  this  condition  as  a limiting  ad- 
justment of  the  differential.  In  a given  case  the  stick 
force  can  be  balanced  out  at  only  one  angle  of  attack  and, 
since  the  floating  angle  becomes  smaller,  the  effective- 
ness of  the  balancing  diminishes  as  the  angle  of  attack  is 
reduced.  Hence  if  the  stick  force  is  made  to  become  zero 
at  an  angle  of  attack  higher  than  normally  encountered  in 
flight,  overbalance  of  the  control  in  normal  flight  will 
be  guarded  against  and,  at  the  same  time,  the  greatest 
permissible  reduction  of  control  force  will  be  approached. 

The  ideal  curves  given  in  figure  2 cannot,  of  course, 
be  exactly  reproduced  by  a simple  mechanical  linkage. 
Figure  3 illustrates  the  simplest  type  of  linkage  used  in 
practice.  Movement  of  the  control  causes  the  stick  cranks 
to  move  oppositely  through  equal  angles  A0  from  their 
neutral  positions.  The  diagram  shows  the  downgoing  crank 
in  the  dead-center  position.  Figure  4 illustrates  the 
computation  of  the  mechanical  characteristics  of  such  a 
simple  linkage.  Here  it  is  assumed  that  the  lengths  of 
the  various  levers  are  known.  The  formula  then  gives  6 
in  terms  of  0. 

Such  linkages  can  be  adjusted  to  give  aileron  move- 
ments similar  to  those  shown  in  figure  2 and  can,  in  fact, 
be  made  to  satisfy  as  many  as  four  conditions  in  approach- 
ing such  a curve,  since  four  independent  adjustments  of 
the  linkage  may  be  made.  The  reduction  of  the  stick  force 
to  zero  at  four  points  would,  however,  eliminate  all  pos- 
sible linkages  but  one  and  would  require  a definite  spac- 
ing of  the  crank  centers  and  definite  radii  of  the  cranks, 
as  well  as  specific  neutral  settings. 

When  trying  to  approximate  the  ideal  differential  mo- 
tion by  means  of  a simple  mechanical  linkage,  it  is  not 
feasible  to  satisfy  all  the  possible  conditions.  If  only 
two  minimizing  conditions  are  imposed  on  the  stick-force 
curve,  it  may  be  ascertained  that  the  differential  chosen 
is  reasonably  near  the  limiting  one  and,  at  the  same  time, 
an  arbitrary  choice  of  two  of  the  geometric  parameters  of 
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the  linkage  may  be  made.  The  spacing  of  the  crank  centers 
and  the  relative  radii  of  the  two  cranks  may  therefore  be 
left  to  be  dictated  by  other  considerations. 

Figure  5 shows  a type  of  stick-force  curve  that  sat- 
isfies two  very  simple  criterions.  First,  the  slope  of 
the  curve  is  zero  at  the  beginning  of  the  deflection;  and, 
second,  the  force  is  zero  at  a deflection  of  the  up  aileron 
equal  to  the  floating  angle.  The  last  criterion  is  satis- 
fied by  arranging  for  the  downgoing  aileron  to  reach  dead 
center  at  this  point  or,  algebraically  expressed. 


In  order  to  show  how  the  first  of  the  two  criterions 
may  be  satisfied,  it  will  be  necessary  to  calculate  the 
slope  of  the  stick-force  coefficient  curve  at  zero  deflec- 
tion (9  = . If  there  is  an  infinitesimal  displacement 

of  the  control  from  neutral,  the  difference  of  the  mechan- 
ical advantages  of  the  two  ailerons  will  be 


2d  9 


d£d 

de^ 
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This  difference  multiplied  by  the  initial  or  offset  hinge 
moment  will  give  the  infinitesimal  displacing  mo- 

ment at  the  start  of  the  deflection.  The  changes  of  aero- 

dCh  dCh 

d3mamic  hinge  moment,  d6u  and  dd^  con- 

tribute to  this  quantity.  The  restoring  or  stabilizing 
tendency  for  infinitesimal  deflection  is  simply 
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Here  the  infinitesimal  changes  of  mechanical  advantages 
play  no  part.  The  starting  slope  of  the  curve  is  then 
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Since  = d^£  this  result  may  be  expressed 
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The  condition  for  zero  initial  slope  is  then  simply 
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(Note  that  must  now  be  expressed  in  radian  measure . ) 


CHARTS  FOR  SELECTION  OF  LIMITING  DIFFERENTIAL 


It  will  be  noted  that  the  only  characteristic  of  the 
ailerons  appearing  in  either  of  the  two  criterions  is  the 
floating  angle  6^^  (neglecting  the  implied  assumption 
of  a Straight-line  hinge-moment  variation) . It  thus  ap- 
pears that  the  choice  of  differential  as  defined  by  these 
two  criterions  depends  only  on  the  floating  angle.  With 
the  essential  aileron  characteristics  thus  limited,  it 
was  found  feasible  to  make  a series  of  calculations  that 
would  show  the  adjustment  of  a differential  necessary  to 
satisfy  both  criterions  for  a minimum  stick  force. 

Figure  6 shows  the  results  of  such  a series  of  calcu- 
lations. This  chart  shows  directly  the  angular  settings 
of  stick  and  aileron  cranks  to  be  used  for  a given  up- 
floating  angle  at  several  spacings  of  the  crank  centers. 

It  was  assumed  that  the  cranks  were  of  equal  radius.  The 
maximum  down-aileron  deflection  is  shown  in  each  case  and 
it  is  to  be  noted  that,  if  the  maximum  deflection  of  the 
upgoing  aileron  exceeds  the  floating  angle,  the  down  ai- 
leron will  pass  beyond  dead  center  and  return  toward  neu- 
tral. Since  a differential  selected  by  means  of  these 
charts  will  give  what  amounts  to  complete  balance  at  the 
flight  condition  corresponding  to  the  assumed  floating  an- 
gle, it  is  essential  that  this  angle  be  at  least  as  large 
as  the  maximum  encountered  in  flight,  which,  as  might  be 
expected,  usually  occurs  at  or  beyond  maximum  lift. 


IMPROVEMENT  OF  BALANCE  AT  LOW  ANGLES  OF  ATTACK 
BY  MEANS  OF  A FIXED  TAB 


It  is  evident  that  the  same  degree  of  balance  cannot 
be  attained  at  all  flight  speeds  with  any  type  of  differ- 
ential, inasmuch  as  the  floating  angle  varies.  At  higher 
speeds  the  degree  of  balance  becomes  less  and  the  control 
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force  correspondingly  greater.  Calculations  have  shown, 
however,  that  a considerable  advantage  usually  accures  to 
the  differential  system  even  at  the  highest  flight  speeds. 

Although  the  possibility  of  securing  complete  balance 
at  any  one  flight  condition  does  not  depend  to  a great  ex- 
tent on  the  characteristics  of  the  aileron,  modification 
of  these  characteristics  can  be  very  effective  in  improving 
the  balance  over  a range  of  flight  conditions.  Thus,  an 
aileron  that  shows  only  a small  variation  of  floating  an- 
gle over  the  flight  range  will  be  nearly  ideally  balanced 
under  all  conditions. 

Wing-section  theory  indicates  that  the  floating  tend- 
ency of  a flap  may  be  characterized  by  two  effects,  namely: 

1.  A constant  floating  tendency  due  to  camber  of  the 

airfoil  and  influenced  mainly  by  the  degree  of  ^ 
camber  near  the  flap  trailing  edge.  This  effect 
varies  with  the  flap  chord  and  is  measured  by  the 
floating  angle  at  zero  lift  of  the  airfoil. 

2.  A floating  tendency  varying  with  angle  of  attack  of 

the  wing  section.  This  effect  is  the  same  for 
all  airfoil  shapes  but  varies  with  flap  chord. 

It  is  the  latter  tendency  that  is  significant  in  causing 
the  undesirable  increase  in  stick  force  as  the  angle  of 
attack  is  reduced.  In  general,  the  variation  of  floating 
angle  with  angle  of  attack  can  be  reduced  by  reducing  the 
chord  of  the  aileron.  This  procedure,  however,  reduces 
the  maximum  floating  angle  in  proportion  so  that  the 
change  in  percentage  with  angle  of  attack  remains  about 
the  same.  Wind-tunnel  tests  show  that  a large  constant 
floating  effect  can  be  produced  by  a relatively  small  cam- 
ber of  the  trailing  edge  cf  the  aileron  (e.g.,  by  a tab). 
The  most  nearly  ideal  arrangement  for  balance  would  thus 
incorporate  a bent  trailing-edge  tab  with  an  aileron  of 
small  chord. 


Figure  7 shows  the  variation  of  floating  angle  with 
flap  chord  and  angle  of  attack.  The  angles  shown  were 
computed  by  finding  the  moments  of  the  pressure  acting  on 
rear  portions  of  Clark  Y and  N.A.C.A.  23012  wing  sections 
(reference  1 and  unpublished  data).  This  procedure  gave 
the  hinge  moments  at  zero  deflection  and  the  floating  an- 


gles were  computed  therefrom  by  using  an 
of  the  slope  of  the  hinge-moment  curve 


empirical  value 
dCh 

j—  = - 0.0085  . 
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Figure  8 shows  results  of  experiments  (reported  in 
reference  2)  with  a 2,5-percent  c^  tab  on  a 25-percent- 
er aileron.  Deflecting  the  tab  10°  had  the  effect  of 
nearly  doubling  the  metximum  floating  angle.  The  undesira- 
ble variation  of  floating  angle  with  angle  of  attack,  ex- 
pressed in  terms  of  percentage  of  the  maximum,  decreased 
accordingly.  Figure  9 summarizes  the  results  of  some  ex- 
periments made  with  tabs  in  the  N.A.C.A.  7-  by  10-foot 
wind  tunnel. 


CALCULATED  EXAMPLE 


Some  calculations  have  been  made  to  illustrate  the  appli- 
cation of  the  principles  discussed.  The  results  are  sum- 
marized in  figure  10,  which  shows  the  reduction  of  operat- 
ing force  that  can  be  attained  with  a suitable  differen- 
tial both  with  and  without  a fixed  tab.  The  chart  has  as 
ordinate  the  resultant  moment  coefficient  acting  at  the 
control-stick  crank  divided  by  the  lift  coefficient 
-ECjj/Cl.  This  quantity  is  taken  as  a measure  of  oper- 
ating force.  Division  by  the  lift  coefficient  is  made  to 
take  account  of  the  increase  in  dynamic  pressure  corre- 
sponding to  a reduction  in  angle  of  attack  of  steady 
flight.  The  abscissa  represents  a measure  of  the  deflec- 
tion of  the  control  and  is  the  computed  angle  of  bank 
that  a small  average  airplane  (1,600  pounds)  would  attain 
in  1 second  after  the  instantaneous  partial  deflections 
of  the  ailerons  thus  indicated.  Such  a conversion  was 
necessary  in  order  to  compare  equal  up-and-down  deflec- 
tions with  various  degrees  of  differential  movement  of  the 
ailerons  on  an  impartial  basis.  Such  deflections  are  thus 
measured  by  the  banking  effect  they  produce.  The  compu- 
tation of  banking  effect  is  given  in  reference  3 by  a sim- 
ple formula. 


= 


[m) 


Cl  + 


■'n 


(16) 


where 


etc. , are  constants  for  a given  airplane  at 


a given  flight  speed.  The  curves  of  aileron  hinge  moment 
given  in  figure  8 were  used  and  data  on  the  rolling-  and 
yawing-moment  coefficients  were  taken  from  reference  4. 

As  no  limit  was  set  on  the  maximum  deflection  of  the  con- 
trol and  no  gearing  ratio  of  the  control  stick  to  the 
stick  crank  of  the  differential  wae  assumed,  the  values 
given  are  only  comparative.  The  maximum  degree  of  control 
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usually  shown  by  airplanes  of  this  size  corresponds  to 
({>1  = 20°  or  25°  at  a lift  coefficient  of  1.0. 

The  top  pair  of  curves  of  figure  10  was  computed  for 
equal  up-and-down  ailerons  without  balance  of  any  kind. 

The  middle  pair  of  curves  shows  the  degree  of  balance  that 
can  be  attained  by  a differential  linkage  without  modifica- 
tion of  the  aileron  floating  characteristics.  The  differ- 
ential linkage  was  selected  with  the  aid  of  the  chart  (fig. 
6) . A crank  spacing  of  four  times  the  crank  radius  (R  = 
1/4)  was  assumed.  The  floating  angles  of  the  aileron 
without  the  tab  are  indicated  in  figure  8.  Since  the  max- 
imum floating  angle  in  this  condition  was  only  12°,  the 
downward  deflection  of  the  ailerons  was  limited  to  slight- 
ly under  5°.  (See  fig.  6.)  Thus  a reversal  of  the  motion 
of  the  down  aileron  occurred  at  this  angle.  Further  de- 
flection of  the  system  then  gave  reduced  control  effec- 
tiveness and  resulted  in  the  sharp  upward  sloping  of  the, 
stick-force  curve  (Cj^  = 1.0)  that  is  apparent  near  <)>i  = 
22°.  It  appears  that,  in  general,  the  best  results  will 
be  obtained  when  the  maximum  deflection  permitted  does  not 
greatly  exceed  this  reversal  point. 

The  bottom  pair  of  curves  of  figure  10  gives  an  indi- 
cation of  the  reniarkable  effect  of  a small  fixed  tab.  The 
tab  and  deflection  assumed  (2.5  percent  wing  chord,  down 
10°)  would  give  the  trailing  edge  of  a 5-foot-chord  wing 
a downward  displacement  of  only  1/4  inch.  This  modifica- 
tion served  to  Increase  the  maximum  floating  angle  of  the 
ailerons  from  12°  to  20°,  thereby  permitting  the  use  of  a 
differential  with  a greater  maximum  downward  deflection. 

It  will  be  noted,  in  addition,  that  the  stick  force  re- 
quired for  control  at  high  speed  (C^  = 0.35)  is  much 

less,  and  is  also  more  nearly  coincident  with  the  force 
required  at  low  speed  (Cj^  - 1.0),  than  was  the  case  with 
the  unmodified  ailerons.  The  beneficial  effect  of  a fixed 
tab  would  be  expected  to  be  even  more  apparent  in  the  case 
of  narrow-chord  ailerons. 

Inasmuch  as  the  floating  angles  corresponding  to  15° 
angle  of  attack  (fig.  8)  were  used  in  the  selection  of  the 
differentials,  the  control  will  begin  to  show  overbalance 
at  this  angle  of  attack.  The  form  of  the  curves  of  stick 
force  against  deflection  will  be  similar  to  those  given 
but  the  curve  will  lie  more  nearly  along  the  axis. 

One  difficulty  that  might  arise  in  practice  was 
brought  out  in  the  sample  computation  given.  Here,  in  the 
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case  of  the  aileron  without  the  tab,  the  maximum  upfloat- 
ing  angle  was  less  than  the  maximum  angle  of  deflection 
that  might  be  required  for  control.  The  down  aileron  will, 
in  this  case,  reverse  its  motion  before  the  maximum  de- 
flection of  the  control  stick  is  reached.  It  was  observed 
in  the  computation  that  the  stick-force  curve  rose  sharply 
after  this  deflection  was  reached,  showing  that  further 
deflection  of  the  system  was  inefficient.  The  differen- 
tial selected  on  the  basis  of  the  given  assumptions  was 
such  as  to  impose  a minimizing  condition  at  this  deflection. 
It  is  evident  that  a slightly  different  linkage  might  give 
better  results  at  higher  deflections;  hence  it  might  have 
been  better  to  have  chosen  a different  criterion.  In  such 
a case  it  would  be  advisable  to  make  several  trial  compu- 
tations, assuming  fictitious  floating  angles  higher  than 
the  actual  angle.  The  desirability  of  keeping  the  maximum 
deflection  of  the  stick  cranks  low  should  be  especially  em- 
phasized. Since  the  maximum  angular  travel  of  the  control 
stick  or  wheel  is  naturally  limited,  a large  deflection  of 
the  stick  crank  of  the  differential  means  that  the  pilot 
will  have  to  operate  the  system  at  a large  mechanical  dis- 
advantage. When  a deflection  such  that  the  down  aileron 
reverses  its  motion  is  reached,  further  deflection  does 
not  cause  the  control  rolling  moment  to  increase  very  rap- 
idly; hence  a relatively  larger  maximum  deflection  will  be 
needed  for  the  requisite  amount  of  control  than  would  be 
the  case  if  the  reversal  did  not  occur. 

Wind-tunnel  experiments  show  that  the  floating  angles 
of  ailerons  are  considerably  influenced  by  insignificant 
details  of  construction.  It  is  difficult,  for  instance, 
to  establish  any  definite  relation  between  the  floating 
angle  and  the  chord  of  a flap  from  small-scale  wind-tunnel 
observations.  The  presence  of  a gap  between  the  aileron 
and  wing  affects  the  floating  angle  and  is  also  known  to 
be  decidedly  detrimental  to  control.  Furthermore,  motions 
of  the  airplane  such  as  rolling  or  sideslipping  affect  the 
pressure  on  the  ailerons  and  thereby  change  the  action  of 
the  differential  to  some  extent.  In  view  of  these  consid- 
erations, it  would  seem  advisable  to  incorporate  in  differ- 
ential ailerons  either  an  adjustable  tab  or  a deformable 
trailing  edge  so  that  unpredictable  defects  of  the  system 
may  be  remedied  during  trial. 

Langley  Memorial  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 

Langley  Field,  Va. , November  13,  1936. 


N.A.C.A.  Teehnical  Note  No.  586 


REFERENCES 


1.  Wenzinger,  Carl  J. ; Pressure  Distribution  over  an 

Airfoil  Section  with  a Flap  and  a Tab.  T.R.  No. 

574,  N.A.C.A.,  1936. 

2.  Harris,  Thomas  A. : Reduction  of  Hinge  Moments  of  Air- 

plane Control  Surfaces  by  Tabs.  T.R.  No.  528, 
N.A.C.A.,  1935. 

3.  Weick,  Fred  E. , and  Jones,  Robert  T. ; The  Effect  of 

Lateral  Controls  in  Producing  Motion  of  an  Airplane 
as  Computed  from  Wind-Tunnel  Data.  T.R.  No.  570, 
N.A.C.A.,  1936, 

4.  Weick,  Fred  E, , and  Wenzinger,  Carl  J. : Wind-Tunnel 

Research  Comparing  Lateral  Control  Devices,  Partic- 
ularly at  High  Angles  of  Attack.  I Ordinary  Ai- 
lerons on  Rectangular  Wings.  T.R,  No.  419,  N.A.C.A. , 
1932. 


105 


Downward  deflection  64  .degrees 


0 ^10  2Q  30 

Upward  deflection  6-a  , degrees* 


Figure  S*-  Sinrultaneous  positions  of  ailerons  for  whic-h  the  work  of  deflection  is  zero. 
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6=180°-  (0+0)  corresponding  values  ef  6 are  found* 

Sin  >»=  (R5  sin  6 - Ee  sin  0)  / Z - ~ 

d 6 _ Re  sin  (9-X) 
d6  Eg  sin  (6->v) 

Figure  4.-  Diagram  and  formulas  for  calculating  the  characteristics  of  a differential  linkage. 
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Neutral  setting  of  stick  crank,  9.j,  degrees. 
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Fig.  8 


Figure  8.-  Hinge-moment  coefficients  of  aileron  with  tah. 
(reference  2) . 
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Fig.  9 
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ct  /ca  — 

figure  9.-  Iffect  of  tabs  on  aileron  floating  angles  at  small 

deflections  (6t  < 15°);  7 by  10  foot  wind  tunnel  experiments. 
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Fig.  1® 


0 10  20  3C 


Bank  in  1 second,  .degrees 

Pigare  10. ->  Example  showing  reduction  of  stick  force 
accomplished  hy  suitable  differential. 

The  effect  of  a tah  deflected  downward  to  increase  the 
floating  angle  is  alse  shown. 
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RESUME  AND  ANALYSIS  OF  N.  A.  C.  A.  LATERAL  CONTROL  RESEARCH 

By  Fred  E.  Weick  and  Robert  T.  Jones 


SUMMARY 

An  analysis  of  the  principal  resvlts  of  recent  N.  A . (7.  A. 
lateral  control  research  is  made  by  utilizing  the  experience 
and  progress  gained  during  the  course  of  the  investigation. 
Two  things  are  considered  of  primary  importance  in 
judging  the  effectiveness  of  different  control  devices:  The 
{calculated)  hanking  and  yawing  motion  of  a typical  small 
airplane  caused  by  a deflection  of  the  control f and  the  stick 
force  required  to  produce  this  deflection.  The  report  in- 
cludes a table  in  which  a number  of  different  lateral  control 
devices  are  compared  on  these  bases. 

Experience  gained  while  testing  various  devices  in 
flight  with  a Fairchild  22  airplane  indicated  that^  follow- 
ing a sudden  deflection  of  the  control  at  low  speedy  an 
angle  of  bank  of  15°  in  1 second  represented  a satisfactory 
minimum  degree  of  effectiveness  for  this  size  of  airplane. 
Some  devices  capable  of  giving  this  degree  of  control  wercy 
however,  considered  to  be  not  entirely  satisfactory  on  ac- 
cownt  of  sluggishness  in  starting  the  motion.  Devices 
located  near  the  trailing  edge  of  the  wings  had  no  detectable 
sluggishness.  Lateral  control  forces  considered'  desirable 
by  the  test  pilots  varied  from  2 to  8 pounds;  15  pounds  was 
considered  excessive. 

Test  flights  demonstrated  that  satisfactory  lateral  control 
at  high  angles  of  attack  depends  as  much  on  the  retention  of 
stability  as  on  aileron  effectiveness. 

The  aerodynamic  characteristics  of  plain  sealed  ailerons 
could  be  accurately  predicted  by  a modification  of  the 
aerodynamic  theory  utilizing  the  results  of  experiments 
with  sealed  flaps.  Straight  narrow-chord  sealed  ailerons 
covering  60  to  80  percent  of  the  semispan  represented  about 
the  most  efficient  arrangement  of  plain  unbalanced  ailerons 
from  considerations  of  operating  force.  The  stick  force  of 
plain  ailerons  can  be  effectively  reduced  by  the  use  of  a 
differential  linkage  in  conjunction  with  a small  fixed  tab 
arranged  to  press  the  ailerons  upward. 

INTRODUCTION 

In  1931  the  Committee  started  a systematic  wind- 
tunnel  investigation  of  lateral  control  with  special 
reference  to  the  improvement  of  control  at  low  air 
speeds  and  at  high  angles  of  attack.  Many  different 
ailerons  and  other  lateral  control  devices  have  been 
subjected  to  the  same  systematic  invest^ation  in  the 
7-  by  10-foot  wind  tunneL  (See  reference  1.)  The 


devices  that  seemed  most  promising  were  tested  in 
flight  (references  2 and  3).  In  many  cases,  however, 
devices  that  produced  what  seemed  to  be  satisfactory 
rolling  moments  and  favorable  yawing  moments  did 
not  give  satisfactory  control. 

An  analytical  study  of  control  effectiveness  was 
therefore  made  (reference  4)  taking  into  account  a 
number  of  secondary  factors,  including  the  yawing 
moments  produced  by  the  controls,  the  effect  of  the 
controls  on  the  damping  in  rolling,  the  lateral-stabihty 
derivatives  of  the  airplane,  the  moments  of  inertia,  and 
the  time  required  for  the  control  moments  to  become 
established  after  the  deflection  of  the  surfaces.  The 
computations  consisted  of  step-by-step  solutions  of  the 
equations  of  rolling  and  yawing  motion  for  the  condi- 
tions following  a deflection  of  the  controls.  The  results 
of  these  computations  based  on  aerodynamic  data  ob- 
tained from  wind-tunnel  tests  of  wings  incorporating 
various  devices  agreed  satisfactorily  with  the  results 
measured  in  flight  for  widely  different  forms  of  control, 
such  as  ailerons  and  spoilers. 

The  study  of  conditions  above  the  stall  indicated 
that  satisfactory  control  could  not  be  expected  without 
some  provision  to  maintain  the  damping  in  rolling  and 
that  a dangerous  type  of  instability  would  arise  if  the 
damping  were  insufficient.  Since  damping  in  rolling 
depends  on  an  increase  in  the  lift  of  the  airfoil  with 
increasing  angle  of  attack,  it  follows  that,  in  order  to 
obtain  satisfactory  lateral  control,  the  outer  or  tip  por- 
tions of  the  wing,  which  govern  the  rolling  moments, 
must  remain  unstalled.  If  damping  in  rolling  is  re- 
tained, it  is  practically  insured  that  control  moments 
will  be  retained  as  well. 

The  progress  of  the  investigation  has  thus  led  to  a 
more  accurate  interpretation  of  the  results  of  the  wind- 
tunnel  tests.  In  the  present  paper  the  experience 
gained  during  the  course  of  the  investigation  is  made 
the  basis  of  a revised  method  of  comparison  of  lateral 
control  devices.  Wind-tunnel  measurements  of  control 
and  stability  factors  (reference  1)  are  utilized  in  com- 
putations to  show  the  banking  and  yawing  motions 
that  would  be  produced  by  the  controls  acting  on  a 
small  typical  airplane.  These  computations  follow  the 
method  of  analysis  given  in  reference  4 . In  section  I of 
the  report  the  new  basis  of  comparison  is  explained  and 
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a number  of  the  devices  that  were  tested  in  reference  1 
are  analyzed  and  compared.  The  principal  items  of 
comparison  are  collected  into  a table.  Section  II 
presents  an  analysis  of  the  rolling,  yawing,  and  hii^e 
moments  of  plain  flap-type  ailerons  and  deals  with  the 
apphcation  of  these  data  in  the  des^  of  control 
systems. 

I.  COMPARISON  OF  LATERAL  CONTROL 
DEVICES 

REVISED  BASIS  OF  COMPARISON 

AIRPLANE  USED  IN  COMPARISON 

The  procedure  adopted  in  the  lateral  control  investi- 
gation has  comprised  a wind-tunnel  test  program  fol- 
lowed by  flight  tests  of  the  different  devices  on  the 
Fairchild  22  airplane.  Not  all  of  the  devices  tested 
in  reference  1 have  been  tried  in  flight,  however,  and 
the  present  report  may  be  considered  an  analytical 
extension  of  the  flight-test  procedure  that  was  applied 
to  some  of  the  devices.  The  procedure  employed  to 
test  lateral  controls  in  flight  is  simulated  by  means  of 
computation.  Thus,  the  comparative  criterions  used 
herein  are  based  on  application  of  the  devices  to  a hypo- 
thetical Fairchild  22  type  of  airplane,  wliich  is  the  type 
used  in  the  flight  tests. 

The  Fairchild  22  airplane  was  necessarily  somewhat 
modifled  for  each  different  flight  test  and  wings  of  differ- 
ent moment  of  inertia,  plan  form,  and  section  were 
used  in  some  cases.  The  wing  of  the  hypothetical  air- 
plane assumed  in  the  computations  represents  an  aver- 
age of  the  tested  wings.  Furthermore,  since  the  char- 
acteristic ratios  of  dimensions  (tail  length,  tail  area, 
radii  of  gyration  about  various  axes,  etc.)  used  agree 
very  closely  with  statistical  averages  of  these  quanti- 
ties, the  assumed  airplane  may  be  considered  to  embody 
average  stabihty  characteristics.  The  principal  charac- 
teristics of  the  assumed  airplane  are  as  follows: 

Weight,  W. _ _ _ _ - 1,600  lb. 

Wing  span,  b 32  ft. 

Wing  area,  S 171  sq.  ft. 

Wing  loading,  W/S 9.4  lb.  per  sq.  ft. 

Area  of  fin  and  rudder ------  10.8  sq.  ft. 

Tail  length 14.6  ft. 

lx - 1,216  slug-ft.2 

Jz _____  _ 1,700  slug-ft.2 

ROLLING  ACTION 

It  is  recognized  that  different  types  of  airplanes  re- 
quire different  amounts  of  control.  At  the  start  of 
the  wind-tunnel  investigation  of  lateral  control  devices 
(reference  1)  a rolling  criterion  {RO=CijCL)  represent- 
ing a conservative  lower  limit  of  rolling  control  for  all 
types  was  assumed.  The  assumed  satisfactory  value 
of  the  rolling  criterion  was  0.075,  which  corresponds  to 
a lateral  movement  of  the  center  of  pressure  of  7.5 
percent  of  the  wing  span.  Recent  experience  indicates 
that  this  value  is  likely  to  be  ample  for  any  condition 
of  flight  that  might  be  encoimtered  and  is  therefore  a 


desirable  value  to  attain.  Where  a compromise  must 
be  made  between  the  rolling  moment  and  some  other 
characteristic  of  the  control  system,  particularly  the 
control  force,  a decidedly  lower  value  of  the  rolling 
criterion  may  be  used.  It  appears  that  a value  pos- 
sibly as  low  as  half  the  original  one  may  be  found 
reasonably  satisfactory  for  practically  all  conditions  of 
flight  with  nonacrobatic  ahplanes. 

The  criterion  of  rolling  control  used  in  the  present 
analysis  is  the  angle  of  bank  attained  in  1 second  fol- 
lowing a sudden  deflection  of  the  control.  This  criterion 
shows  the  actual  amount  of  motion  produced  and 
depends  on  both  the  acceleration  at  the  start  and  the 
final  rate  of  roll.  It  includes  the  effect  of  yawing 
moment  given  by  the  control  as  well  as  the  stability 
characteristics  and  moments  of  inertia  of  the  airplane. 
The  values  of  the  criterion  are  found  by  computation 
and  as  such  are  applicable  only  to  the  particular  type 
of  airplane  (F-22)  that  has  been  assumed. 

Experience  gained  in  flight  tests  of  the  Fairchild  22 
airplane  with  various  lateral  control  devices  indicated 
a minimum  satisfactory  amount  pf  rolling  control  cor- 
responding to  about  15°  of  bank  in  1 second.  (See 
fig.  1.)  Ailerons  capable  of  giving  this  amount  of  bank 


Figure  1.— Banking  of  Fairchild  22  airplane  after  sudden  deflection  of  lateral  con- 
trol devices  at  low  speed,  (The  narrow  plain  aUerons  and  the  retractable  ailerons 
were  considered  to  give  a satisfactory  amount  of  control;  the  floating-tip  ailerons 
were  reported  as  weak.) 

at  low  speed  have  been  found  reasonably  satisfactory 
in  practice  with  this  type  of  airplane.  Owing  to  the 
present  general  use  of  high-hft  flaps  on  airplane  wings, 
the  size  and  deflection  of  ailerons  are  usually  deter- 
mined by  the  low-speed  condition  of  flight  with  the 
flaps  deflected.  For  comparative  computations,  in  the 
present  report,  a fift  coefficient  of  Cl— 1.8  is  assumed  as 
representative  of  the  low-speed  condition  of  flight  with 
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flaps.  The  sizes  or  deflections  of  the  lateral  controls 
are  selected  in  each  case  to  give  an  angle  of  bank  of  15° 
in  1 second  at  Gl~  1.8. 

In  addition  to  providing  a sufficient  amount  of  bank- 
ing motion,  two  further  desirable  characteristics  of  the 
rolling  action  are:  (1)  The  response  of  the  airplane  in 
roll  to  any  movement  of  the  lateral  control  surface 
should  be  immediate,  any  noticeable  delay  or  hesita- 
tion in  the  action  being  objectionable;  and  (2)  the 
action  should  be  so  graduated  that  the  acceleration  and 
maximum  rate  of  roil  increase  smoothly  and  regularly 
as  the  stick  deflection  is  increased.  Conventional 
ailerons  or  similar  lateral  control  devices  located  near 
the  trailmg  edge  of  the  wing  easily  meet  these  require- 
ments and  show,  in  analyses  of  motions  recorded  in 
flight,  practically  instantaneous  response  of  rolling 
acceleration  to  control-surface  movement.  From  0.1 
to  0.2  second  is  ordinarily  required  to  deflect  the 
surfaces  and,  during  this  interval,  the  rolling  accelera- 
tion apparently  keeps  pace,  althoi^h  only  a shght 
amount  of  rolling  motion  is  accumulated  by  the  time 
of  full  deflection.  Comparison  shows  that  good 
synchronization  of  the  calculated  motion  with  the  fl^ht 
records  was  obtained  when  the  assumed  full  deflection 
was  taken  at  the  instant  the  actual  deflection  reached 
half  its  ultimate  value.  This  assumption  was  txsed 
in  the  computations  for  plain  ailerons  and  other 
devices  that  gave  no  indication  of  sluggish  response 
characteristics. 

CONTROL  FORCE 

During  the  course  of  the  lateral  control  investigation 
it  became  apparent  that  the  force  required  to  move  the 
controls  is  of  extreme  importance  in  obtaining  satisfac- 
tory lateral  control.  As  shown  by  the  flight  tests  of 
references  2 and  3,  an  airplane  that  requires  a light 
control  force  is  hkely  to  seem  more  controllable  to  a 
pilot  than  one  that  requires  a heavy  control  force,  even 
though  with  full  deflection  the  heavier  control  may  be 
considerably  more  powerful  than  the  lighter  one.  It 
seems  desirable  to  have  the  control  force  as  light  as  pos- 
sible and  yet  to  maintain  the  feeling  of  a definite  neu- 
tral position.  This  characteristic  is  especially  impor- 
tant in  the  aileron  control  since  the  effort  expended  in 
moving  the  stick  sidewise  is  relatively  greater  than  for 
other  control  movements.  (See  reference  5.)  Correla- 
tion of  test-flight  reports  and  control-force  records  indi- 
cates that  the  forces  required  to  operate  the  ailerons 
should  not  exceed  about  S pounds  m order  to  be  con- 
sidered desirable.  A lower  limit  of  stick  force  of  about 
2 pounds  at  fuU  deflection  is  apparently  considered 
essential  so  that  there  may  be  a noticeably  regulated 
increase  of  force  with  deflection.  Friction  of  the  con- 
trol mechanism  plays  an  increasingly  important  part 
as  the  operating  force  is  reduced  and  should  in  no  case 
be  great  enough  to  mask  the  “feeF^  of  the  control.  It 
is  probable  that  with  sufficiently  little  friction  a force 
not  greatly  in  excess  of  2 pounds  would  be  considered 


most  desirable.  A force  of  15  pounds  is  to  be  consid- 
ered excessive. 

As  previously  stated,  the  size  or  maximum  deflection 
of  the  control  devices  compared  iu  this  paper  have 
been  selected  to  give  an  angle  of  bank  of  15°  in  1 sec- 
ond following  full  deflection  and,  considering  the  aver- 
age airplane  fitted  with  a high-lift  flap  and  flying  at  a 
lift  coefficient  of  1.8,  the  ailerons  are  compared  (see 
table  I)  on  the  basis  of  the  stick  force  required  to 
attain  this  angle  of  bank  of  15°  in  1 second  at  lift 
coefficients  of  0.35,  1.0,  and  1.8,  which  compose  the 
usual  flight  range.  The  lift  coefficient  of  0.35  repre- 
sents the  conditions  of  high-speed  and  cruisiug  flight. 
The  lift  coefficient  of  1.0  is  considered  to  represent  two 
conditions,  the  first  being  that  of  low-speed  flight  with- 
out a flap,  such  as  is  used  in  an  approach  to  a landing 
with  an  unflapped  airplane,  and  the  second  being  one 
with  a flap  fuUy  deflected,  which  represents  as  high  a 
speed  as  is  usually  attained  in  that  condition.  The 
value  (7i=1.8  can  be  obtained  only  with  the  flap  de- 
flected and  represents  the  low-speed  flight  condition 
with  the  high-lift  device  in  use.  When  representative 
values  of  this  nature  are  used,  it  is  necessary  to  exam- 
ine the  complete  original  data  to  show  that  the  critical 
values  are  representative  of  conditions  throughout  the 
flight  range.  Such  an  examination  has  been  made  for 
the  comparisons  of  the  present  report. 

The  stick  force  for  a 15°  bank  in  1 second  is  used  as 
the  basis  of  comparison  at  all  flight  speeds  and  lift  co- 
efficients even  though  the  conventional  ailerons  will 
produce  a decidedly  greater  bank  in  1 second  at  higher 
speeds.  The  15°  value  is  taken  throughout  because  it 
is  considered  to  represent  the  maximum  control  likely 
to  be  used  in  ordinary  flight  at  any  speed  and  is  there- 
fore of  greater  interest  as  a basis  for  stick  forces  re- 
quired than  the  maximum  possible  deflection,  as  long 
as  the  force  at  maximum  deflection  does  not  approach 
the  strength  of  the  pilot i 

The  data  for  some  of  the  ailerons  were  obtained  with 
plain  unflapped  wings  with  which  a lift  coefficient  of  1.8 
could  not  be  attained  and,  in  order  to  have  all  the 
lateral  control  devices  on  a comparable  basis  whether 
mounted  on  flapped  or  unflapped  wings,  their  sizes  and 
maximum  deflections  were  selected  to  give  essentially 
the  same  roUing  effect  as  the  others  at  a lift  coefficient 
of  1.0.  The  analysis  showed  that  conventional  ailerons 
which  give  an  angle  of  bank  of  15°  in  1 second  on  a 
flapped  wing  at  a lift  coefficient  of  1.8  could,  when 
fully  deflected,  give  an  angle  of  bank  of  22.5°  with  the 
flap  retracted  at  a lift  coefficient  of  1.0.  The  ailerons 
on  the  unflapped  wings  were  therefore  selected  to  be 
capable  of  giving  22.5°  bank  in  1 second  at  a lift  co- 
efficient of  1.0,  but  the  values  of  the  stick  forces  required 
were  computed  for  partial  deflections  giving  a 15°  bank 
in  1 second  at  lift  coefficients  of  both  1.0  and  0.35.  The 
first  aileron  of  table  I is  of  the  conventional  unbalanced 
flap  type  on  a rectangular  wing  of  aspect  ratio  6.  It 
has  a chord  0.25  c^o  and  a span  0.40  6/2  and  has  equal 
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up-and-down  linkage.  It  wiU  .be  noted  that,  for  an  air- 
plane equipped  with  these  ailerons,  the  stick  force  com- 
puted for  a 15°  bank  in  1 second  at  the  cruising-flight 
condition  is  4.7  pounds  with  aileron  deflections  of  only 
± 3.4°.  At  a lift  coefficient  of  1 .0,  representing  the  low- 
speed  flight  condition  for  the  unfiapped  wing,  the  same 
amount  of  control  was  obtained  with  a stick  force  of 
3.6  pounds  and  aileron  deflections  of  ±7.4°.  AU  the 
stick  forces  are  giTen  for  an  assumed  aileron  linkage 
such  that  at  the  ma:dmum  deflection  the  control  stick, 
which  has  a length  of  20  inches  on  the  Fairchild  22 
airplane  and  is  so  assumed  for  the  average  airplane,  is 
deflected  25°  from  neutral.  The  maximum  aileron 
deflection  is  11.2°  and  is  the  deflection  required  to 
produce  a bank  of  22.5°  in  1 second  at  Cx=1.0.  Here 
the  ailerons  are  not  being  taxed  to  their  fuUest  extent. 

The  maximum  amount  of  control  specified  in  a design 
has  a predominatmg  effect  on  the  operating  force. 
Figure  2 shows  a calculated  example  of  the  variation  of 
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Maximum  angie  of  bonk  in  / sec.j 

Figube  ^—Relation  between  stick  force  and  manmom  amount  of  (»ntrol  obtained. 

Fairchild  22  type  airplane;  0.^  | sealed  ailerons  deflected  d=20**;  aileron  chord 
varied. 

operating  force  with  specified  control  in  which  it  was 
assumed  that  ailerons  with  equal  up-and-down  motion 
and  the  most  efficient  length  and  deflection  (±20°) 
were  used  in  each  case.  The  rate  of  increase  of  operating 
force  with  amount  of  control  depends  on  the  manner 


in  which  the  increase  of  control  is  obtained,  as  wiU  be 
more  fuUy  developed  in  a later  section. 

TAWING  MOTION  ANP  SI1>£SI1P 

The  effect  of  the  yawing  moment  produced  by  the 
ailerons  is  considered  in  two  ways.  First,  the  secondaiy 
effect  of  yaw  on  the  rolling  motions  is  inherently  in- 
cluded in  the  computed  banking  effectiveness.  Thus, 
the  bank  in  1 second  is  that  produced  by  the  ailerons 
without  aid  from  the  rudder.  If  it  is  assumed  that  a 
sufficiently  powerful  rudder  were  used  in  such  a way 
as  to  prevent  sideslip,  a given  aileron  device  would, 
in  general,  produce  a somewhat  greater  banking  effect 
This  assumption  is  not  used  here,  however,  and  the 
deflections  of  the  control  surfaces  given  in  table  I are 
those  required  to  produce  the  specified  angle  of  bank  in 
1 second  with  the  particular  combination  of  roUmg  and 
yawing  moments  produced  by  the  aileron  in  question. 

The  second  effect  considered  is  the  sideslip  produced 
by  the  sudden  use  of  the  aileron  control  for  banlong. 
In  flight  the  rudder  is  used  to  avoid  sideslipping  and 
the  amount  of  rudder  action  necessary  for  this  purpose 
is  in  direct  proportion  to  the  sideslip  incurred  by  the 
ailerons  alone. 

The  angle  of  sideslip  accompanying  a 15°  bank  in  1 
second  following  the  sudden  displacement  of  the  lateral 
controls  is  also  given  m table  I.  The  first  aileron 
listed,  it  wfll  be  noted,  produces  a sideslip  of  7°  at  (7r— 
1.0  and  of  3°  at  C&=0.35  when  the  rudder  is  not  used 
to  correct  for  this  condition. 

LATERAL  STABIUTT 

In  the  ordinaiy  unstalled-flight  range  the  effects  of 
the  lateral-stability  factors  on  the  lateral  control  ob- 
tained are  included  in  the  computations  of  the  angle  of 
bank  reached  in  unit  time.  The  angle  of  bank  is  the 
angle  that  would  be  produced  by  the  control  operating 
on  the  average  airplane.  The  effect  of  a given  control 
on  an  airplane  of  greatly  different  lateral-stability 
characteristics  might,  of  course,  be  considerably  different 
than  indicated  in  this  case. 

One  of  the  most  important  factors  in  the  interaction 
of  lateral  stability  and  control  below  the  stall  is  the 
effect  of  the  secondary  yawing  moment  induced  by  the 
control  and  an  allowance  for  this  effect  should  be  made  in 
the  proportioning  of  the  airplane  for  lateral  stability. 
Modifications  that  tend  to  increase  spiral  stability  in 
free  flight  (namely,  reduced  vertical-fin  area  and  in- 
creased dihedral)  tend  to  render  the  airplane  uncon- 
trollable under  the  action  of  ailerons  giving  adverse 
yawing  moment.  The  degree  of  * Veathe^cock’^stability 
should  be  sufficient  to  restore  the  airplane  from  a yawed 
attitude  when  the  wings  are  held  level  by  use  of  the 
ailerons.  For  safety  m this  respect  the  ratio  of  adverse 
yawing  to  rolling  moment  given  by  the  ailerons  should 
not  be  allowed  to  approach  the  ratio  of  yawii^  to  roll- 
ing moments  that  naturally  act  on  the  airplane  either 
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in  pure  sideslipping  or  pure  yawing  motion.  (See 
reference  6.) 

One  of  the  lateral-stability  factors,  the  damping  in 
rolling,  has  been  shown  by  the  analysis  in  reference  4 to 
have  a critical  effect  on  the  controllability  obtained, 
satisfactory  lateral  control  requiring  that  positive  damp- 
ing exist.  Since  the  damping  in  rolling  depends  on  a 
positive  slope  of  the  left  curve,  the  damping  exists  only 
at  angles  of  attack  of  the  outer  portions  of  the  wing  that 
are  below  the  maximum  lift  coefficient.  While  some 
semblance  to  control  may  be  obtained  at  angles  of 
attack  above  the  stall  if  controls  giving  favorable  yaw- 
ing moments  as  well  as  sufficiently  powerful  roffing 
moments  are  used,  the  instability  associated  with 
uneven  stalling  and  autorotation  is  so  violent  that  it  is 
necessary  for  the  pilot  to  use  the  controls  continually  to 
keep  the  airplane  near  the  desired  attitude.  If  suffi- 
ciently rapid  rolling  is  once  started,  either  by  the  controls 
themselves  or  as  the  result  of  gusty  air,  it  cannot  be 
stopped.  The  angle  of  attack  at  which  the  damping  in 
rolling  becomes  zero  and  above  which  autorotation  takes 
place  («Lp=o)  is  used  herein  as  an  indication  of  the 
limit  of  the  ffight  attitude  above  which  satisfactory 
lateral  control  cannot  be  obtained.  This  value  was 
given  in  the  reports  of  reference  1 for  both  the  angle  of 
attack  at  which  autorotation  was  selfstarting  and  the 
angle  of  attack  at  which  the  damping  became  zero  when 
the  wing  was  rotating  at  the  rate  ^5/2 y=0.G5,  a value 
representative  of  the  rolling  likely  to  be  caused  by  gusty 
air.  The  latter  value  of  a has  ordinarily  been  found  to  be 
about  1°  lower  than  the  former  value  and,  being  there- 
fore more  decisive,  is  used  in  the  present  report.  The 
difference  between  the  angle  of  attack  for  zero  damping 
and  the  angle  of  attack  for  the  maximum  lift  coefficient 
of  the  entire  wing  tabulated 

under  Lateral  Stability  to  show  whether  the  maximtun 
lift  coefficient  can  be  expected  to  be  reached  in  ffight 
before  satisfactory  lateral  control  is  lost.  It  will  be 
noted  that  for  ailerons  3 and  4 the  wing  loses  its  damp- 
ing in  roll  at  an  angle  of  attack  1°  higher  than  that  at 
which  the  maximum  lift  coefficient  is  reached.  Thus,  as 
far  as  the  stability  is  concerned,  lateral  control  should 
be  possible  throughout  the  entire  unstalled-fiiight  range, 
including  the  angle  of  attack  for  maximum  lift  coeffi- 
cient. 

WING  PERFORMANCE  CHARACTERISTICS 

The  same  cii tenons  used  throughout  the  reports  of 
reference  1 to  show  the  relative  performance  character- 
istics of  the  wings  are  used  in  the  present  report  and 
are  tabulated  in  the  last  three  columns  of  table  I. 
The  maximum  lift  coefficient  is  given  as  an 

indication  of  the  wing  area  required  for  a desired  mini- 
mum speed.  The  ratio  CL^JCn^i^  iB  an  indication  of 
the  speed  range  and,  for  a given  minimum  speed,  shows 
the  relative  effects  of  the  wings  on  the  maximum  speed 
attainable.  The  ratio  L(D  taken  at  a value  of  the  Hft 
coefficient  Cl^0,70  is  an  indication  of  relative  merit  in 


climbing  ffight.  In  a series  of  performance  computations 
made  for  airplanes  of  different  wing  loadiugs  and  power 
loadings  and  with  both  plain  and  slotted  wings,  this 
criterion  was  found  to  be  satisfactory  throughout  the 
entire  range.  It  should  be  noted  that  the  comparative 
values  used  in  the  present  report  are  based  on  tests  made 
in  the  7-  by  10-foot  atmospheric  wind  tunnel  and  hence 
do  not  coincide  in  absolute  value  with  results  of  tests 
made  at  different  Keynolds  Numbers. 

APPLICATION  TO  AIRPLANES  OF  DIFFERENT  SIZ^  AND  LOADINGS 

Because  the  ffight  experience  that  led  to  the  specifi- 
cation of  a satisfactory  degree  of  control  was  restricted 
to  the  Fairchild  22  type  of  airplane,  there  is  some  doubt 
about  the  application  of  this  experience  to  other  types 
and  especially  to  large  or  very  small  airplanes.  The 
Fairchild  22  type  of  airplane,  of  course,  serves  as  well 
as  any  other  when  different  aileron  devices  are  simply 
compared  among  themselves.  The  principles  govern- 
ing the  extension  of  the  computations  of  motion  to 
geometrically  similar  airplanes  of  different  sizes  and 
loadings  are  well  known  and  can  be  appfied  here,  but 
this  extension  of  the  computations  does  not  definitely 
answer  the  question  as  to  what  constitutes  a satisfactory 
degree  of  control  for  large  (or  very  small)  airplanes. 

According  to  the  principles  of  dynamical  similarity, 
large  or  small  similar  airplanes  of  the  same  wing  loading 
would  show  the  same  linear  rise  and  fall  of  the  wing 

tips (^2^  during  a 1-second  banking  motion.  Large 

and  small  airplanes  do  actually  show  a tendency  toward 
similarity  in  important  dimensions  and  size  of  control 
surfaces,  and  it  seems  logical  to  assume  that  a given 
value  of  the  vertical  distance  described  by  the  wing 
tips  within  1 second  following  a sudden  control  deflec- 
tion that  represents  a satisfactory  amount  of  control 
for  the  Fairchild  22  airplane  should  be  satisfactory  for 
any  size  of  airplane. 

For  similar  airplanes  the  linear  distance  described 
by  the  wing  tips  in  banking  is  independent  of 

the  size.  Figure  3 shows  this  ffistance  plotted  against 
wing  loading  and  gives  the  separate  effects  of  rolling 
and  yawing  moments  of  coefficient  0.01  at  different 
lift  coefficients.  The  banking  effect  of  any  combination 
of  rolling  and  yawing  moment  may  be  found  by 
superposition,  i.  e., 

Cl  / t On 

2 0.01\  2 Jci^QM  0,01\  2 /Gn-O.Ol  (1) 

The  ordinates  of  the  figure  give  directly  the  circum- 
ferential displacement  of  the  wii^  tip  in  feet  for  a 
unit  of  0.01  rolling-  or  yawing-moment  coefficient. 
It  is  important  to  note  that  the  banking  effects  of 
rolling  and  yawing  moments  can  be  separately  con- 
sidered and  later  added  in  any  desired  proportion  to 
obtain  the  total  combined  effect. 
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The  computations  show  that,  in  general,  smaller 
values  of  the  control-moment  coefficients  are  required 
to  produce  a given  wing-tip  displacement  in  a unit  of 
time  for  the  more  heavily  loaded  airplanes.  Another 
point  of  interest  in  connection  with  the  secondary 
adverse  yawing  moments  produced  by  conventional- 


Figube  3.~Wing-tip  displacement  produced  in  1 second  by  suddenly  applied  rolling 
and  yawing  moments  for  different  wing  loadings  and  flight  speeds. 

■ Cn 

2 *"0.01  \ 2 / cj-fl-oi  0.01  \ 2 / c„-o  01 

type  controls  is  that  these  moments  are  more  effective 
in  hindering  the  control  with  lightly  loaded  airplanes 
than  with  heavily  loaded  ones.  Note  that  in  the  usual 
case  the  banking  effect  of  the  yawing  moment  is  to  be 
deducted  in  equation  (1)  since  this  moment  is  usually 
adverse  and  therefore  negative. 

The  variation  of  conia-ol  force  with  size  and  loading 
of  the  airplane  may  be  determined  from  general  rules 
as  in  the  case  of  the  variation  of  the  amount  of  rolling 
motion.  As  shown  by  figure  3,  heavily  loaded  air- 
planes require  smaller  control-moment  coefficients  for 
a comparable  amount  of  control  than  do  lightly  loaded 
airplanes.  In  general,  a heavily  loaded  airplane  that 
is  otherwise  similar  to  a lightly  loaded  one  will  have 
smaller  control  surfaces.  On  the  other  hand,  the  heav- 
ily loaded  airplane  will  fiiy  at  a higher  speed  so  that  the 
dynamic  pressure  will  be  greater.  Figure  4 shows  a 
calculated  example  of  the  variation  of  stick  force  with 
wing  loading  at  a given  lift  coefficient  and  for  a given 
maximum  amount  of  control.  Here,  as  in  figure  2, 
the  most  efficient  combination  of  size  and  defiection 


is  assumed  for  each  point.  Figure  4 shows  that  the 
stick  force  required  to  obtain  a given  angle  of  bank  in  1 
second  is  practically  the  same  for  aU  wing  loadings  up 
to  10  pormds  per  square  foot  but  that  it  increases 
somewhat  as  the  wing  loading  increases  further. 

With  moderately  large  airplanes,  somewhat  higher 
stick  forces  are  apparently  tolerated  by  pilots  without 
serious  objection.  With  extremely  large  airplanes, 
however,  the  operating  force  becomes  too  great  to  be 
satisfactorily  overcome  by  the  pilot  and  either  servo 
controls  or  auxiliary  power  is  required.  With  auxil- 
iary power,  the  pilot  might  presumably  operate  a valve 
or  easily  deflected  controller  governing  a special  power 


0 /O  20  30 

Wing  loading,  Ib.per  sq.  ft. 

Figure  4.— Relation  between  the  wing  loading  and  the  stick  force  required  for  a 
given  amount  of  control  (0i^^^=22.5“;  Ci=1.0). 

source  that  deflected  the  control  surfaces.  Under  such 
conditions  the  magnitude  and  variation  of  the  hinge 
moments  would  be  relatively  less  important  and  the 
maximum  deflection  of  the  control  surfaces  would 
very  likely  be  determined  by  the  maximum  rolling  and 
yawing  moments  they  could  produce  rather  than  by 
the  hinge  moments  and  the  resultant  deflecting  force 
required.  Although  some  indication  of  the  relative 
performance  of  the  various  lateral  control  devices 
compared  in  this  report  can  be  obtained  from  the  data 
as  given,  it  would  be  desirable  to  reanalyze  the  original 
data  given  in  references  1,  7,  8,  9,  and  10  if  a compari- 
son on  the  basis  of  ailerons  operated  by  auxiliary  power 
were  desired. 

COMPARISONS  OF  VARIOUS  DEVICES 

PLAIN  AILERONS 

Effect  of  aileron  and  wing  plan  form. — The  tests  of 
reference  1,  part  I,  were  made  with  rectangular  wings 
having  ailerons  of  three  different  proportions:  0.25 
by  0.40  5/2  (which  were  taken  as  the  standard  for 
comparison  throughout  the  series),  0.15  by  0.60  5/2, 
and  0.40  Cy^  by  0.30  5/2.  These  sizes  were  selected  to 
give  approximately  equal  rolling  moments  with  the 
same  angular  deflection.  These  ailerons  are  numbered 
2,  3,  and  4,  respectively,  in  table  I.  With  equal 
up-and-down  deflection,  the  stick  force  is  much  larger 
for  the  short,  wide  ailerons  than  for  the  long,  narrow 
ones  and  is,  in  each  case,  slightly  less  for  the  low-speed 
condition  than  for  high  speed.  If  a suitable  differential 
link^e  is  employed,  the  stick  forces  at  the  low-speed 
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condition,  where  the  wide  ailerons  have  the  advantage 
of  a large  floating  ai^le,  are  quite  low  for  all  three 
sizes  of  aileron.  At  the  high-speed  condition,  however, 
the  0.40  Cv,  by  0.30  bl2  aileron  requires  a rather  h%h 
stick  force,  even  with  the  best  differential. 

The  sideslip  incurred  by  an  angle  of  bank  of  15°  in 
1 second  is  not  greatly  different  for  the  different  aileron 
plan  forms  either  with  or  without  differential  linkages. 
The  values  are  slightly  lower  at  Gl=1.0  with  the  differ- 
ential linkages  than  with  the  equal  up-and-down,  and 
with  the  0.25  by  0.40  6/2  plan  form  than  with  either 
of  the  others. 

It  is  possible  by  methods  to  be  described  in  section  II 
to  compute  an  optimum  size  of  the  aileron,  i,  e.,  the  size 
giving  the  desired  amount  of  control  with  the  least  stick 
force.  The  effect  of  varyii^  the  aileron  span  and  chord 
is  shown  in  figure  5,  the  chord  for  each  span  value  being 


FiaiTBE  5.— Variatioa  of  stick  force  with  aiteron  span.  Aileron  chord  proportioned 
to  give  ^^=22.5®  with  maximum  deflection  of  ±25®  and  ±20®;  rectangular  wing; 
averagtfairplane;  e!fc=1.0;  s^led  ailerons. 

the  smallest  that  will  give  an  angle  of  bank  of  15°  in  1 
second  with  the  assumed  average  airplane.  From  this 
figure  it  is  apparent  that  with  equal  up-and-down  deflec- 
tion an  aileron  span  of  80  percent  of  the  wing  semispan 
will  give  the  lowest  stick  force,  but  the  variation  is  small 
for  ailerons  between  60  percent  and  100  percent  of  the 
wing  semispan.  Other  computations  not  shown  lead 
to  the  same  conclusion  for  ailerons  having  differential 
linkages. 

The  relations  of  aileron  chord  and  span,  considering 
especially  that  the  hinge  moment  increases  with  the 
square  of  the  chord  while  the  rolling  moment  increases 
only  as  the  square  root  of  the  chord,  are  such  that  lower 
1822—37—2 


stick  forces  are  obtained  with  narrower  chords.  The 
narrower  ailerons  require  greater  deflections  and  the 
reduction  in  chord  size  is  limited  by  the  fact  that 
deflections  greater  than  about  ±20°  are  inefficient. 
Marked  separation  of  the  air  flow  takes  place  at  about 
this  angle  of  deflection  on  all  the  conventional  fliap-type 
ailerons  tested  and,  as  shown  by  the  typical  curves  of 
figure  6,  the  rolling-moment  coefficients  increase  at  a 
lower  rate  beyond  20°  deflection.  If  it  is  attempted  to 


Figure  6.— Typital  rolling-  and  hinge-moment  coefficient  curves  Cor  plain  ailerons. 

reduce  further  the  chord  of  the  aileron  by  extending  the 
deflection  beyond  this  break,  the  stick  force  will  be 
higher  because  of  the  loss  in  mechanical  advantage. 
Figure  5 illustrates  this  point,  for  when  an  aileron 
deflection  of  ±25°  is  assumed,  narrower  ailerons  are 
required  but  the  stick  force  is  larger  for  all  aileron  spans 
than  with  a deflection  of  ±20°. 

Aileron  5 (table  I)  represents  the  narrowest  sealed 
aileron  covering  80  percent  of  the  wing  semispan  that 
gives  the  required  control  with  a deflection  of  ±20°. 
The  aileron  chord  in  this  case  is  only  5.3  percent  of  the 
wing  chord,  and  the  stick  forces  are  lower  than  for  any 
of  the  previous  ailerons.  If  a differential  motion  is 
used,  a somewhat  wider  aileron  is  required.  With 
narrow  ailerons  the  floating  angle  is  very  small,  and  a 
tab  is  required  to  make  the  ailerons  float  at  a suffi- 
ciently h%h  angle  that  the  differential  linkage  will  be 
effective  in  reducing  the  stick  force.  (See  reference  11.) 
Aileron  6 of  table  I is  the  smallest  one  covering  80 
percent  of  the  semispan  that  will  give  the  required 
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amount  of  control  with  a differential  motion  and  with 
suitable  aileron  tabs.  The  assumed  tab  covers  the 
entire  trailing  e<^e  of  the  ailerons,  has  a chord  1.5 
percent  of  the  wing  chord,  and  is  permanently  bent 
downward  14°.  For  this  case  the  entire  aileron  chord 
including  the  tab  is  7.8  percent  of  the  wing  chord  and 
the  stick  force  is  only  0.5  pound  for  the  h%h-speed 
condition  and  0.1  for  low  speed. 

These  values  of  stick  force  are  lower  than  are  con- 
sidered desirable  for  the  Fairchild  22  airplane  but  are 
interesting  in  showing  the  possibility  of  obtainicig  a 
satisfactorily  low  stick  force  in  larger  and  heavier 
airplanes.  For  small  airplanes,  one  satisfactory  method 
of  increasing  the  stick  force  to  the  value  desired  would 
be  to  use  greater  up  travel  than  20°  with  differential 
ailerons,  thus  getting  into  the  range  of  inefficient  stick 
force  although  obtaining  the  advantage  of  sHghtly 
smaller  adverse  yawing  moments. 

In  many  practical  cases  the  chord  of  the  aileron  varies 
along  the  span.  Inasmuch  as  the  hinge  moment  varies 
as  the  square  of  the  chord  and  the  control  effectiveness 
only  about  as  the  square  root  of  the  chord  of  an  aileron 
element,  the  stick  force  required  to  give  a certain 
amount  of  control  is  inherently  greater  if  the  chord  of 
the  aileron  varies  appreciably  along  the  span.  This 
relation  is  true  in  spite  of  the  fact  that  the  portion  of 
the  aileron  nearer  the  tip  of  the  wing  has  a greater 
lever  arm,  which  si^gests  that  it  might  be  advantageous 
to  increase  the  chord  of  the  aileron  as  the  wmg  tip  is 
approached.  Thus,  it  is  possible  to  state  as  a general 
rule  that  to  obtain  the  lowest  stick  force,  ailerons  should 
have  an  essentially  constant  chord  over  their  entire 
span.^ 

On  wings  having  rounded  tips  it  is  sometimes  the 
practice  to  use  ailerons  having  skewed  hinge  axes  like 
aileron  7 in  table  I.  This  aileron  corresponds  in  span, 
area,  and  gap  to  the  0.25  by  0.40  6/2  aileron  2,  but 
the  stick  force  is  decidedly  higher  for  the  skewed  ailerons 
on  account  of  the  variation  of  the  aileron  chord  along 
the  span. 

Ailerons  8 and  9 of  table  I are  of  tapered  plan  form 
and  are  motmted  on  tapered  wings.  In  the  computa- 
tions of  the  rolling  effect  with  the  tapered  wings  the 
reduction  in  the  moments  of  inertia  due  to  the  taper 
are  taken  into  account.  For  example,  for  the  wing 
with  5:1  taper,  the  value  of  lx  was  changed  from  1,216 
slug-feet®  for  the  oii^al  average  airplane  to  860, 
and  the  value  oi  Jz  from  1,700  to  1,400  slug-feet®.  The 
lateral-stability  derivatives  were  also  changed  to  take 
account  of  the  taper.  (See  reference  4.) 

A comparison  of  ailerons  8 and  9 with  aileron  1, 
which  has  the  same  relative  chord  size  but  is  attached 
to  a rectangular  wing,  shows  that  the  stick  force  be- 
comes lower  as  the  taper  of  the  wing  is  increased.  The 
sideslip  or  adverse  yawing  effect  is  also  smaller  with 
the  tapered  wings  than  with  the  rectangular.  The 

> Tlw  greatest  taper  matliematically  compatible  with  a Tnininumi  stick  fome  is 
less  than  about  3 peare^t  of  the  afieron  chord. 


lateral-stabOity  factor,  damping  in  roll,  is  reduced  to 
zero  at  an  angle  of  attack  3°  below  the  stall  with  the 
5 :1  tapered  wing,  indicating  that  the  mrplane  could 
not  he  safely  maintained  at  the  maximum  lift  condition 
in  flight  . 

The  ail^ons  on  tapered  wings  dealt  with  up  to  this 
point  have  had  chords  that  were  the  same  percentage 
of  the  wing  chord  at  each  position  along  the  span,  the 
ailm’ons  tapeiii^  with  the  wings.  It  has  been  stated 
that  the  lowest  stick  force  would  be  obtained  with 
constant-chord  ailerons.  Computations  have  been 
made  comparing  the  straight  or  constant-chord  ailerons 
on  a tapered  wing  with  the  ailerons  that  taper  with  the 
wing,  and  the  results  are  shown  in  %ure  7.  The  straight 


FiGUBE  7.— Variation  of  stick  force  with  aOeron  span  and  chord  for  straight  and 
tapered  alterons  on  6:1  tapered  wing.  Aileron  chord  proportioned  to  give  4n„„^ 
22,6°  with  maximnin  deflections  of  ±20^;  C^»1.0;  se^ed  ailerons. 

or  constant-chord  ailerons  require  lower  stick  forces 
for  any  given  aileron  span.  It  is  interesting  to  note 
that  with  tapered  ailerons  the  aileron  span  giving  the 
lowest  stick  force  is  about  half  the  wing  semispan; 
whereas  with  constant-chord  ailerons  the  best  aileron 
span  is  80  percent  of  the  wing  semispan,  as  it  is  in  the 
case  of  rectangular  wings.  Ailerons  10  and  11  are 
the  optimum  sizes  for  the  tapered  and  straight 
ailerons,  respectively,  on  a 5:1  tapered  wing.  With 
equal  up-and-down  deflections,  the  stick  forces  for  the 
stra%ht  ailerons  are  about  half  those  for  the  tapered. 
In  either  case  the  stick  forces  could  be  nearly  counter- 
balanced by  means  of  a suitable  differential  linkage  and 
tab,  as  win  be  developed  more  fully  in  section  II. 

Effect  of  hinge  gap. — Wind-tunnel  tests  have  shown 
that  even  a slight  gap  between  ordinary  unbalanced 
ailerons  and  the  wing  upon  which  they  are  moimted 
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causes  a relatively  large  loss  in  rolling  moment.  This 
loss  for  imbalanced  flaps  having  a gap  of  one  thirty- 
second  inch  on  a wing  of  10-inch  chord  was  found  to  be 
approximately  30  percent.  The  hii^e  moment  is  also 
reduced  by  the  gap  but  to  a much  lesser  extent  and  the 
resultant  stick  force  for  a given  amount  of  lateral  con- 
trol is  greater  because  a larger  aileron  deflection  is 
required,  which  necessitates  a linkage  having  a poorer 
mechanical  advantage.  The  effect  on  the  stick  force 
is  shown  in  table  I by  a comparison  of  the  values  for 
aileron  2,  which  has  a gap,  with  those  for  aileron  1, 
which  is  sealed. 

BALANCED  AILERONS 

Balanced  ailerons  of  the  Frise  and  Handley  Page 
types  are  widely  used  at  the  present  time,  the  particular 
forms  of  aerodynamic  balance  incorporated  in  these 
ailerons  giving  improved  yawing  moments  as  well  as 
reduced  hinge  moments.  Good  results  are  obtained 
with  proper  designs  but  the  exact  shape  of  these  ailerons 
has  a critical  effect  on  the  rolling  and  hinge  moments, 
and  each  different  installation  is  Hkely  to  require  con- 
siderable individual  development.  Figure  8 shows 
typical  curves  of  rolling  and  hii^e-moment  coefficients 
for  Frise  type  ailerons.  The  rolling-moment  coefficient 
for  the  example  shown  increases  less  rapidly  with  de- 
flection after  an  upward  angle  of  7°  to  10°  has  been 
reached,  which  is  considerably  lower  than  the  20° 
critical  deflection  for  plain  unbalanced  ailerons  (fig.  6). 
Thus,  it  is  uneconomical  with  respect  to  stick  force  to 
use  large  up  deflections  and,  owing  to  the  smaller  maxi- 
mum deflections,  larger  ailerons  are  required  for  effi- 
ciency than  when  ailerons  of  the  plain  unbalanced 
sealed  type  are  used.  The  break  in  the  curve  of  rolling- 
moment  coefficient  against  deflection  is  associated  in 
the  case  of  the  Frise  and  Handley  Page  types  of  aileron 
with  the  downward  projection  of  the  nose  of  the  aileron 
and  the  resultant  breaking  away  of  the  flow  from  the 
under  side  of  the  aileron.  This  effect  can  be  reduced 
or  possibly  eliminated  by  using  a raised-nose  portion. 

The  Frise  and  Handley  Page  types  of  aileron  have 
gaps  between  the  aileron  and  the  wing,  and  the  effective- 
ness of  the  ailerons  cannot  be  assumed  equal  to  that  of 
smoothly  sealed  flaps. 

The  hinge-moment  curves  as  shown  in  figure  8 have 
very  low  and  even  negative  slopes  at  places,  and  ex- 
treme differential  linkage  cannot  be  used  because  over- 
balance would  occur  with  medium  or  small  deflections 
of  the  up  aileron.  Because  the  hinge-moment  curves 
are  far  from  straight,  it  is  more  difficult  to  select  suit- 
able differential  Hnkages  for  ailerons  of  this  type  than 
for  plain  unbalanced  ailerons.  Satisfactory  linkages 
have  often  been  obtained  in  practice,  however,  and  there 
are  many  excellent  examples  in  which  a nice  balance 
of  conditions  has  been  obtained  with  satisfactory  con- 
trol and  light  stick  forces. 

Ailerons  12  and  13  are  examples  of  the  Frise  type. 
A comparison  of  aileron  12  with  the  same  size  of  plain 


unbalanced  but  sealed  ailerons  shows  that  the  stick 
forces  at  the  low-speed  condition  are  about  the  same 
for  both  types  of  aileron,  both  with  equal  up-and-down 
and  with  differential  motion.  At  the  high-speed  con- 
dition the  Frise  ailerons  have  somewhat  lower  stick 
forces  than  they  have  for  the  same  control  at  low  speed. 
It  is  worthy  of  note  that,  although  the  deflections  are 
small  in  both  cases,  the  Frise  ailerons  are  apparently 
not  greatly  oversized  for,  in  their  case,  substantially 
greater  deflections  would  be  inefficient.  The  plain 
ailerons,  on  the  other  hand,  have  maximum  deflections 
well  under  the  limiting  20°  value  and  are  decidedly 
oversized,  considering  the  amount  of  control  specified. 


Figubb  8.— Typical  rolling-  and  hinge-moment  coefficient  curves  for  Frise  ailerons. 

If  a fixed  tab  is  used  to  trim  the  ailerons  upward, 
lower  values  of  stick  force  can  be  obtained  with  the 
plain  unbalanced  ailerons  (reference  11).  The  tab  will 
not  give  the  same  improvement  with  the  Frise  ailerons 
because  of  the  varying  slopes  of  the  hinge-moment 
curves. 

The  0.40  Cto  by  0.30  6/2  Frise  aileron  13  has  a different 
sectional  form  than  aileron  12  in  that  the  nose  portion 
is  raised,  and  this  aileron  gives  smoother  curves  of  roll- 
ing and  hinge-moment  coefficients.  The  Frise  aileron 
with  the  raised  nose  shows  no  improvement  in  yawiiig 
effect  over  the  plain  unbalanced  ailerons  of  the  same 
size,  but  the  0.25  c«,  by  0.40  6/2  Frise  aileron,  which  has 
the  more  typical  Frise  sharp  uose,  gives  a slight  im- 
provement in  this  respect. 

The  drag  of  all  commonly  used  forms  of  Frise  and 
Handley  Page  ailerons  is  sufficiently  great  to  be  con- 
sidered a serious  disadvantage  in  connection  with 
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modem  high-perfomiance  airplanes.  For  this  reason, 
the  development  of  a type  of  aerodynamic  balance  that 
does  not  add  to  the  drag  is  desirable, 

FLOATING-TIP  AILERONS 

Conventional  ailerons  operating  on  a lifting  portion 
of  the  wii^  suffer  several  fundamental  disadvantages. 
First,  the  production  of  rolling  moment  by  a lifting 
wing  gives  rise  to  the  adverse  yawing  moment;  and, 
second,  the  loss  of  lift  at  the  stall  is  accompanied  by  a 
loss  of  effectiveness  of  the  ailerons.  It  has  become  ap- 
parent during  the  investigation,  however,  that  the  stall 
of  the  wing  or,  at  any  rate,  of  the  outer  portions  of  the 
wing,  is  accompanied  by  such  a loss  of  stability  that  it  is 
hardly  an  advantage  to  retain  aileron  rolling  moments 
in  thk  condition. 

In  the  case  of  floating-tip  ailerons,  control  is  secured 
by  surfaces  that  contribute  no  lift.  This  arrangement 
avoids  both  the  adverse  yawii^  moment  of  ordinary 
ailerons  and  the  loss  of  roiling  moment  associated  with 
stalling  of  the  main  wing;  but  it  increases  the  drag  of 
the  airplane  and  adds  to  the  over-all  dimensions.  If 
the  airplane  is  designed  to  fulfill  certain  performance 
specifications,  such  as  landing  speed,  climb,  ceiling,  etc., 
the  floating-tip  ailerons  cannot  be  considered  an  integral 
part  of  the  main  wing  as  they  do  not  contribute  effec- 
tively to  the  area  or  span  so  far  as  induced  drag  and 
lift  are  concerned. 

A number  of  floating-tip  aileron  devices  were  tested 
in  the  course  of  the  investigation  of  reference  1.  Ap- 
parently the  most  usable  of  these  are  the  tip  ailerons  on 
the  5:1  tapered  wing.  Two  methods  of  comparison 
have  been  followed.  In  one  case  (aileron  14)  the  ail- 
erons were  included  within  the  over-all  dimensions  of 
the  5:1  tapered-wing  average  airplane.  The  values 
given  in  the  table  for  this  case  (short  wing)  were  based 
directly  on  the  results  of  tests  made  in  the  7-  by  10-foot 
wind  tunnel  (reference  1,  part  XI),  The  criterions 
show  the  effect  of  reduced  area  and  span  of  the  lifting 
portion  of  the  wing  as  a reduction  of  the  climb  and 
maximum  lift. 

In  order  to  take  account  of  the  effect  of  simply 
addiag  a tip  aileron  to  a normal-size  wing,  further  cal- 
culations were  made.  In  this  case  (aileron  15)  it  was 
assumed  that  the  over-all  span  of  the  average  airplane 
was  increased  by  the  additional  span  of  the  tip  ailerons; 
hence,  the  aspect  ratio  of  the  lifting  portion  of  the  wing 
remained  the  same.  The  added  span  of  the  wing,  al- 
thor^h  it  contributed  practically  no  lift  and  hardly 
modified  other  stability  characteristics  of  the  airplane, 
considerably  increased  the  damping  in  rolling.  This 
fact  was  accounted  for  in  the  computations,  data  on 
damping  of  the  tested  5:1  tapered  wii^  with  floatii^- 
tip  ailerons  included  in  the  original  plan  form  being 
extrapolated  for  this  purpose.  It  would  be  natural  to 
assume  that  the  floating-tip  ailerons  would  be  just  as 
effective  as  the  main  portion  of  the  wing  in  contributing 


damping.  The  tots  showed,  however,  tlmt  the  damp- 
ing of  the  5:1  tapered  wii^  with  floating  tips  was  only 
85  p^ent  of  that  with  the  tips  ti^. 

The  rolling  moments  produced  by  floating-tip 
ailerons  can  be  predicted  with  good  accuracy  by  the 
conventional  aileron  theory.  The  induced  yawing 
moments  correspond  to  those  given  by  plain  ailerons 
with  an  extrmne  uprigging  or  negative  droop  corre- 
spondii^  to  the  neutral  floating  positions  of  the  tip 
ailerons.  Ordinarily,  the  tip  ailerons,  on  account  of 
the  local  upwash  at  the  end  of  the  rigid  wing,  float  at  a 
negative  angle  of  attack  relative  to  the  mean  direction 
of  fl^ht  and  hence  ^ve  slight  favorable  induced  yawing 
momenis  with  respect  to  the  wind  axes.  The  yawing 
and  hinge  moments  used  in  table  I for  the  loi^-wing 
airplane  (aileron  15)  were  predicted  from  the  results 
of  the  wind-tunnel  tots  on  the  short  5:1  tapered  wing. 

The  tabulated  results  of  the  computations  show  that 
the  stick  forces  required  for  satisfactory  control  are 
reasonably  low  in  the  case  of  the  short  5:1  tapered  wing. 
It  will  be  noted  that  only  relatively  small  deflections  of 
these  ailerons  are  required  for  control,  a fact  that  can 
he  attributed  partly  to  the  reduced  damping  in  rolling 
shown  by  this  wing.  On  the  other  hand  with  the  long 
wing,  when  the  tip  ailerons  were  added  to  the  regular 
wing  span,  the  damping  in  rolling  and  moment  of 
inertia  were  increased  and,  hence,  larger  stick  forces 
were  required  to  produce  the  given  bank.  The  same 
hii^e-axis  location,  and  hence  the  same  degree  of 
balance  of  the  ailerons,  were  assumed  in  both  cases. 
It  will  be  noted  that  about  the  same  force  was  required 
to  produce  15®  bank  at  high  and  low  lift  coeflicients. 

Although  the  floating-tip  ailerons  give  small  favor- 
able yawing  moments,  it  will  be  noted  that  their  use 
results  in  some  inward  sideslip  during  the  15®  bank. 
The  rolling  motion  of  the  wing  induces  a small  adverse 
yawii^  effect  as  is  indicated  by  the  adverse  sign  of  the 
yawing  moment  due  to  rolling.  This  cause  combined 
with  the  inward  acceleration  due  to  gravity  is  suflicient 
to  brirg  about  the  inward  sid^lip  in  spite  of  the  favor- 
able yawing  moment  of  the  floating  ailerons. 

It  has  often  been  suggested  that  tip  ailerons  be 
trimmed  by  tabs  so  as  to  float  downward  and  give 
some  lift.  Such  an  arrangement  should  improve  the 
performance  characteristics  but  would  void  the  advan- 
tage of  these  ailerons  in  giving  favorable  yawing 
moments.  If  the  tip  ailerons  were  trimmed  so  as  to 
produce  as  much  lift  as  the  adjacent  rigid  portion  of 
the  whog,  it  is  to  be  expected  that  they  would  show  the 
same  proportion  of  adverse  yawing  moment  to  rolling 
moment  as  do  conventional  ailerons. 

At  stalling  angles  of  attack  for  the  main  wing  the 
floating  tips  remain  unstaUed.  Hence,  they  should  be 
expected  to  aid  in  preventing  the  loss  of  damphg  in 
rolling  at  or  near  the  stall.  The  only  floating  aileron 
device  that  effectively  prevented  the  loss  of  damping  in 
rolling  in  the  wind-tunnel  experiments  was  the  long  nar- 
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row  aileron  attacked  to  a rectangular  wing.  (See  refer- 
ence 1,  part  XI.)  In  this  particular  case  the  performance 
characteristics  were  so  poor  that  the  device  as  tested 
could  not  be  considered  practical  for  application. 

As  noted  in  table  I,  the  lateral-stability  character- 
istics of  the  5:1  tapered  wing  with  the  floating-tip 
ailerons  are  almost  as  bad  as  those  on  the  conventional 
rigid  5: 1 wing  and  are  somewhat  worse  than  those  of 
the  rigid  rectangular  wing.  Inasmuch  as  the  damping 
in  rolling  is  lost  at  an  angle  of  attack  2°  below  the 
angle  for  maximum  lift,  the  airplane  could  not  be  safely 
maintained  in  flight  above  this  angle  even  though  the 
ailerons  continue  to  give  uniiminished  rolling  moments. 
Flight  tests  of  floating-tip  ailerons  on  a tapered  wing 
fitted  to  a Fairchild  22  airplane  support  this  conclusion. 

Wind-tunnel  results  with  floating-tip  ailerons  showed 
a smaller  adverse  effect  on  the  performance  character- 
istics of  the  5: 1 tapered  wing  than  on  any  of  those 
tested.  The  effect  of  reducing  the  span  and  area  of 
the  rigid  portion  of  a given  wing  is  shown  by  the 
comparison  of  the  performance  criterions  of  the  short 
5:1  tapered  wing,  having  an  over-all  aspect  ratio  of  6, 
with  those  tabulated  for  the  conventional  rigid  5:1 
tapered  wing,  having  the  same  over-all  span  and  area. 
Here  the  maximum  speed  of  the  airplane  will  be  hardly 
affected  while  the  climb  and  maximum  lift  will  be 
reduced,  as  indicated.  Simply  adding  the  tip  portions 
to  the  normal-size  wing  will  increase  the  parasite  drag 
at  high  speed  but,  as  shown  by  the  tabulated  criterions 
for  this  case,  will  probably  shghtly  improve  the  climb. 


made  of  the  rotation  of  the  airplane  in  roll  immediately 
following  a movement  of  the  stick  and  a specimen 


Figube  9. — Comparison  of  roUing-  and  yawing-moment  coefficients  obtained  with 
ailerons  and  spoilers. 


SPOILERS 

Spoilers  in  the  form  of  small  flaps  or  projections 
raised  from  the  upper  surface  of  the  wing  have  pre- 
sented attractive  possibilities  as  lateral  control  devices 
because  they  give  positive  or  favorable  yawing  moments 
and  large  rolling  moments  at  the  high  angles  of  attack 
through  the  stall.  (See  fig.  9.)  As  spoilers  giving 
apparently  satisfactory  rolling  and  yawing  moments 
had  been  developed  in  the  7-  by  10-foot  wind-tmmel 
investigation  (reference  1,  part  V),  they  were  tested 
in  flight  on  a Fairchild  22  airplane  (reference  2).  When 
the  spoilers  were  first  tried  in  flight,  the  pilots  noticed 
that  the  airplane  apparently  did  not  react  until  the 
control  stick  had  been  given  a medium  amount  of 
deflection,  after  which  the  rolling  velocity  suddenly 
built  up  to  a much  higher  value  than  had  been  experi- 
enced with  any  previously  tested  control  system. 
This  characteristic  made  it  impossible  to  perform 
smooth  maneuvers  requiring  the  coordination  of  the 
spoilers  with  the  elevator  or  rudder  and  led  to  over- 
controlling when  an  attempt  was  made  to  keep  the 
wings  level  in  gusty  air.  Closer  inspection  of  the 
spoiler  action,  however,  disclosed  that  for  any  spoiler 
movement  there  was  actually  an  appreciable  delay 
between  the  movement  of  the  spoiler  itself  and  the  start 
of  the  desired  rotation  in  roll  of  the  airplane.  In 
order  to  substantiate  the  pilot^s  findings,  records  were 


time  history  of  the  motion  is  shown  in  figure  10,  to- 
gether with  similar  information  for  other  lateral  con- 


Figuse  10.— Bank  curves  derived  from  fii^t  records  illustrating  response  charac- 
teristics of  various  lateral  control  devices. 

trol  devices  including  conventional  ailerons.  The 
records  showed  that  the  delay  before  rotation  started 
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in  the  desired  direction  was  of  the  order  of  half  a second. 
This  lag  seems  surprisingly  short  to  have  much  effect 
on  the  control  obtained  with  spoilers,  but  apparently 
it  is  sufficient  to  prohibit  the  use  of  the  spoilers  close 
to  the  ground  because  of  the  danger  of  overcontrolling. 

The  lag  of  spoilers  was  then  studied  by  means  of  a 
special  hinged  wing  model  of  4-foot  chord  mounted 
in  the  7-  by  10-foot  wind  tunnel  (reference  12).  This 
installation  reproduced  the  conditions  encountered  in 
the  flight  tests.  The  tests  with  spoilers  located  in 
different  positions  along  the  chord  of  the  wing  showed 
that  the  lag  was  relatively  large  with  the  spoilers  near 
the  leading  edge  and  became  less  after  the  spoiler  was 
moved  to  the  rear  until  it  was  zero  for  normal  trailing- 
edge  flap-type  ailerons. 

The  spoiler  located  near  the  rear  of  the  wing  was 
found  to  act  with  a negligible  amo\mt  of  lag  (less  than 
one-tenth  second  could  not  be  detected  by  the  pilots) 
and  seemed  to  give  some  promise  of  making  a satis- 
factory lateral  control  device.  Flight  tests  were  there- 
fore made  of  a retractable  spoiler  located  83  percent 
of  the  wing  chord  back  of  the  leading  edge  which, 
because  of  its  rearward  position,  was  referred  to  as  a 
^^retractable”  aileron.  The  aileron  was  made  in  the 
form  of  a plate  curved  in  a circular  arc  to  form  a seg- 
ment of  a cylinder  and  was  moved  in  and  out  through 
a slit  in  the  upper  surface  of  the  wing  and  about  an 
aris  at  the  center  of  the  cylinder.  This  arrangement 
produced  no  aerodynamic  hinge  moment  and  was 
found  to  operate  satisfactorily  in  flight  on  a Fairchild 
22  airplane  (reference  3).  The  retractable  aileron 
mounted  On  the  assumed  average  airplane  is  number 
16  in  table  I.  The  stick-force  characteristic  (zero 
force)  is  not  the  most  desirable  but  could  be  brought 
up  to  a desired  value  either  by  the  addition  of  a spring 
in  the  aileron  linkage  or  by  an  off-center  location  of 
the  hinge  axis  of  the  aileron.  A large  amount  of  con- 
trol is  available  from  ailerons  of  this  type  and  the 
yawing  characteristics  are  more  satisfactory  than  those 
of  conventional  ailerons. 

Combinations  of  conventional  ailerons  with  spoilers 
located  ahead  of  them  and  deflected  simultaneously 
showed  some  promise  in  the  wind-tunnel  investigation 
(reference  1,  part  V)  and  were  found  to  give  satis- 
factory control  free  from  lag  when  tested  in  flight  on 
the  Fairchild  22  airplane  (reference  2).  With  the 
spoiler  deflected  in  front  of  the  aileron,  the  floating 
angle  of  the  aileron  is  raised  and,  if  properly  developed, 
certain  combinations  seem  very  promising  in  regard  to 
both  yawing  effect  and  stick  force.  Estimated  char- 
acteristics of  one  such  combination  are  given  in  table  I, 
aileron  17. 

Another  possible  combination  that  has  been  tested 
and  may  deserve  further  development  is  one  in  which 
two  spoilers  are  located  in  tandem  and  deflected  simul- 
taneously. The  tests  with  this  arrangement  (reference 
12)  showed  that  the  lag  of  the  combination  was  no 


greater  than  that  for  the  rear  spoiler  alone,  whereas  the 
final  rolling  moment  was  the  same  as  for  the  front  one 
when  used  without  a flap.  Later  tests  indicate  that 
spoilers  located  on  the  forward  portion  of  the  wing 
may  be  rendered  ineffective  by  the  action  of  a split 
flap.  One  other  point  has  not  yet  been  completely 
determined,  namely,  whether  the  roDing  motion  would 
get  under  way  with  suflS.cient  acceleration  immediately 
after  the  start.  This  point  will  be  dealt  with  further  in 
the  next  section  on  slot-lip  ailerons. 

SI.OT.I2P  AILERONS 

Means  for  the  elimination  of  the  lag  of  spoilers  were 
investigated  in  the  7-  by  10-foot  tunnel  and  it  was  found 
that  the  lag  could  be  elmunated  by  providing  a slot  or 
passage  through  the  wing  back  of  the  spoiler.  This 
investigation  has  resulted  in  the  development  of  what 
have  been  termed  the  ‘‘slot-lip”  ailerons  (references  8 
and  12).  The  slot-lip  aileron  is  a combination  of  a 
spoiler-type  flap  located  on  the  upper  surface  of  the 
wing  and  a continuously  opened  slot,  the  flap  forming 
the  upper  portion  or  lip  of  the  slot.  The  computed 
control  performances  for  two  arrangements  of  slot-lip 
ailerons  in  different  positions  along  the  chord  of  the 
wing  are  listed  18  and  19. in  table  I. 

The  slot-lip  ailerons  satisfactorily  eliminate  or  reduce 
to  a negligible  value  the  actual  lag  intervening  before 
the  wing  starts  moving  in  the  desired  direction,  and 
they  give  a very  h^h  maximum  rate  of  rolling;  but  the 
rolling  nevertheless  increased  less  rapidly  immediately 
after  the  start  of  the  motion  than  with  conventional 
trailing-edge  flap-type  ailerons.  This  condition  is 
illustrated  in  figure  10,  which  includes  curves  from 
flight  records  of  slot-lip  ailerons  on  the  Fairchild  22 
airplane  and  slot-lip  ailerons  on  the  "Wl-A  airplane. 
It  win  be  noticed  that  with  the  "W  l-A  the  rate  of  roll 
increases  nearly  as  rapidly  as  with  conventional  ailerons 
but  with  the  Fairchild  22  the  action  was  considerably 
more  sluggish.  The  differences  in  the  behavior  of  these 
two  airplanes  have  been  studied  (reference  8)  and  it 
has  been  concluded  that  the  superior  response  character- 
istics shown  by  the  Wl-A  are  due  in  large  measure  to 
the  relatively  great  dihedral  (5°)  and  to  the  smaller 
moments  of  inertia  of  this  airplane.  The  secondary 
yawing  action  of  the  slot-lip  ailerons  is  favorable,  hence 
the  dihedral  effect  increases  the  rolling  action.  Other 
differences  favorable  to  improved  response  of  the 
Wl^A  are:  (1)  The  more  rearward  location  of  the 
aileron  (0.30  c«,  compared  with  0.20  c«,  tested  on  the 
Fairchild  22)  and  (2)  the  slightly  greater  size  of  the 
slot. 

The  lateral  control  with  the  slot-lip  ailerons  on  the 
Wl-A  seemed  satisfactory  to  the  pilots,  but  on  the 
Fairchild  22  it  was  found  to  be  too  sluggish  and  to  give 
somewhat  the  same  feeling  as  a slight  amount  of  lag. 
This  comparison,  aided  by  several  others  of  a pertinent 
nature,  indicates  that  an  additional  point  must  be 
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covered  in  a specification  for  a completely  satisfactory 
lateral  control  dealing  witfi  the  acceleration  or  rate  at 
which  the  rolling  increases  during  the  first  half  second 
or  so  following  the  actual  start.  It  may  be  stated  in 
simple  quantitative  terms,  applying  to  the  conditions 
for  the  assumed  average  airplane,  that  the  angle  of 
bank  one-half  second  after  a sudden  deflection  of  the 
controls  should  be  at  least  one-third  the  angle  of  bank 
reached  at  1 second.  Thus,  if  a bank  of  15®  is  reached 
in  1 second,  at  least  5®  of  this  should  be  attained  in  the 
first  half  second.^ 

The  sluggishness  of  the  slot-lip  ailerons  is  a great 
handicap  in  the  method  of  comparison  of  control  effec- 
tiveness used  in  the  present  report,  in  which  a certain 
angle  of  bank  must  be  obtained  in  a time  of  1 second. 
Even  though  these  ailerons  give  a high  final  rate  of  roll, 
excessively  great  deflections  are  required  to  attain  an 
angle  of  bank  of  15®  in  1 second  at  a lift  coefl&cient  of 
1.8,  and  the  stick  forces  are  excessively  high.  This 
particular  disadvantage  might  be  overcome  by  the  use 
of  a suitable  aerodynamic  balance  but,  even  so,  the 
sluggishness  of  the  slot-lip  ailerons  might  prevent  them 
from  being  considered  satisfactory  if  it  were  of  the 
magnitude  found  on  the  Fairchild  22  instead  of  that 
foimd  on  the  Wl-A. 

The  sideslip  accompanying  a 15®  bank  in  1 second  is 
negligible  with  the  0.55  c«,  slot-lip  ailerons  in  the  usual 
flight  range  with  unflapped  wings.  With  more  forward 
locations  the  yawing  moment  becomes  decidedly  posi- 
tive, resulting  in  outward  sideslip.  Because  of  the 
action  of  the  slots  at  h%h  angles  of  attack,  the  damping 
in  rolling  is  retained  to  an  angle  of  attack  beyond  that 
for  maximum  lift  coefi&cient  and,  for  this  reason,  it 
should  not  be  dfficult  to  design  an  airplane  incorporat- 
ing these  ailerons  in  such  a manner  that  lateral  control 
and  stability  would  be  reasonably  satisfactory  at  all 
angles  of  attack  that  could  be  maintained  in  flight. 
The  continuously  open  slot,  however,  results  m a high 
drag,  which  reduces  the  high-speed  and  climbing  per- 
formance to  a noticeable  extent.  The  drag  is  less  for 
the  rear  positions  of  the  slot-lip  ailerons  and  a special 
investigation  has  been  made  in  the  7-  by  10-foot  tunnel 
to  develop  slots  with  reduced  drags.  Some  success  has 
been  attained  but,  considering  the  best  results  to  date, 
these  ailerons  do  not  seem  suitable  for  modem  high- 
performance  airplanes. 

LArERAI.  CONTROL  WITH  HIGH-LIFT  FLAPS 

Since  the  inception  of  the  research  program  of  refer- 
ence 1,  wing  flaps  have  come  into  very  general  use  and 
have  further  complicated  the  problem  of  lateral  control. 
In  steady  flight  ordinary  ailerons  give  rolling  moments 
that  vary  almost  inversely  with  the  lift  coeflScient; 
hence,  wings  equipped  with  high-lift  devices  require 

> As  meatiosed  provi(^ly,  in  ordi^  to  simplify  the  computations  and  to  make 
possible  a (K>mpaiison  with  flight  records,  the  starting  time  has  been  arbitrarily  taken 
as  the  instant  at  which  the  control  surfaces  reached  half  their  final  deflection. 


relatively  large  control  surfaces.  The  instaUation  of 
an  effective  flap  then  becomes  more  difi5cult. 

Another  problem  introduced  by  the  use  of  h%h-lif t 
devices  concerns  the  adverse  yawing  moment  of  the 
ailerons.  The  ratio  of  induced  yawing  to  rolling 
moment  increases  (adversely)  in  direct  proportion  to 
the  lift  coefficient.  Furthermore,  the  effect  of  a given 
yawing  moment  on  the  rolling  control  is  usually  greater 
with  flaps  in  use  on  account  of  the  increased  dihedral 
effect  due  to  the  flap.  Thus  it  appears  almost  neces- 
sary to  use  some  device  that  causes  large  changes  of 
proffle  drag  resulting  in  a favorable  component  of  yaw- 
ing moment  or  to  use  wings  with  washout  at  the  tip 
portions  (partial-span  flaps)  so  that  the  induced  yawing 
moment  is  reduced.  Many  of  the  devices  developed 
m reference  1 for  use  with  full-span  flaps  show  satis- 
factory yawing  moments  on  account  of  the  profile-drag 
increments  caused.  Comparisons  of  a number  of  the 
most  promising  devices  have  been  made  and  are  listed 
in  section  B of  table  I. 

Plain  ailerons  on  wings  with  partial-span  flaps. — ^On 
account  of  the  general  use  of  partial-span  split  flaps 
with  ordinary  ailerons,  some  tests  of  arrangement 
were  made  in  the  7-  by  lO-^foot  wind  tunnel  (reference 
7).  The  tests  were  made  with  tapered  wings  because 
they  represent  the  most  efficient  application  of  the  ar- 
rangement and  are  most  used  in  practice.  The  most 
interesting  result  of  these  tests  was  the  small  loss  of 
maximum  lift  coefficient  entailed  by  the  substitution  of 
ailerons  for  the  tip  portions  of  the  flap,  particularly  in 
the  case  of  ailerons  21  and  23  as  listed  in  table  I,  where 
only  30  percent  of  the  semispan  was  used  for  the  aileron 
portion.  The  indicated  reduction  amoimted  to  less 
than  10  percent  of  the  maxitnum  lift  shown  by  the  same 
tapered  wings  with  full-span  split  flaps.  The  reduction 
was  about  the  same  for  the  two  taper  ratios  tried.  It 
will  be  noted  that  the  5:1  tapered  wing  gave  more 
efficient  control  as  regards  stick  forces  under  all  condi- 
tions. In  each  case  the  stick  force  is  shghtly  less  for 
the  longer  ailerons,  althot^h  of  course  the  wings  mth 
shorter  ailerons  showed  better  performance  character- 
istics. Both  sizes  of  ailerons  on  the  5:1  tapered  wings 
showed  a marked  diminution  of  effectiveness  above 
about  10®  angle  of  attack,  presumably  due  to  flow 
separation  at  the  tip  portions. 

The  deflection  of  the  partial-span  flap  introduces  a 
large  relative  washout  of  the  aileron  portions  so  that  at 
a given  over-all  lift  coefficient  the  ratio  of  yawing  to 
rollmg  moments  is  less  with  flap  down  than  with  flap 
neutral.  It  will  be  noted  that  the  tabulated  values  of 
sideslip  remain  about  the  same  at  (7i=1.8  as  at  C*— 1.0. 
The  sideslip  at  Cz.—  l.O  would  have  been  appreciably 
less  than  indicated  if  a flap-down  condition  had  been 
assumed  here. 

Although  the  lateral-stability  characteristics  of  the 
highly  tapered  wing  are  unfavorable,  there  are  indica- 
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tions  that  the  use  of  a partial-span  fiap  may  not  ag- 
gravate the  instability  in  every  case.  The  results  of 
the  aileron  tests,  as  well  as  visual  observations  of  the 
flow  by  means  of  tufts,  show  that  the  effect  of  the  up- 
wash  at  the  tips  introduced  by  lowering  the  flap  may 
be  compensated  by  a strong  spanwise  flow,  which 
inhibits  the  stalling  of  these  portions.  The  indications 
are  that  the  angle  of  attack  for  autorotational  instability 
would  be  about  the  same  with  the  flaps  as  without  for 
the  wings  tested,  although  rolling  experiments  were  not 
tried. 

Plain  ailerons  with  retractable  flap.— A plain  aileron 
with  a split  flap  retracting  ahead  of  it  was  developed  as 
a means  of  control  with  a full-span  flap.  This  device 
has  been  tested  in  flight  with  a modified  Fairchild  22 
airplane  and  is  one  of  the  few  lateral  control  systems 
incorporating  full-span  flaps  that  has  proved  entirely 
satisfactory  in  fl%ht  (reference  3).  This  device  is  so 
designed  that  the  retracted  flap  does  not  interfere  with 
the  ailerons  in  any  way  and  hence  the  control  char- 
acteristics with  flap  neutral  are  those  of  plain  ailerons. 
With  the  flap  deflected,  however,  the  characteristics  are 
similar  to  those  of  the  upper-surface  ailerons  tested  in 
the  7-  by  10-foot  wind  tunnel  (reference  1,  part  XII). 

Although  the  deflected  flap  is  in  such  a position  as  to 
shield  the  under  surface  of  the  ailerons  entirely,  it  was 
observed  in  the  tests  that  the  ailerons  in  this  condition 
were  nearly  as  effective  as  conventional  ailerons  with 
unsealed  gaps.  The  effectiveness  of  downward  deflec- 
tion, however,  falls  off  rapidly  at  an  angle  of  about  8°, 

The  rolling-moment  characteristics  of  the  plain 
ailerons  with  retractable  flaps  are  such  as  to  favor  a 
differential  motion,  since  the  upgoing  aileron  is  more 
effective  than  the  downgoing  one  at  high  lift  coefficients. 
The  hinge-moment  characteristics  are,  however,  dis- 
tinctly unfavorable  for  this  mode  of  operation  inas- 
much as  the  ailerons  show  a downward  floating  tend- 
ency with  the  flap  down.  Relatively  large  deflections 
of  the  ailerons  are  required  to  meet  the  control  require- 
ments at  low  speed  on  account  of  the  shielding  effect  of 
the  flap,  and  consequently  a relatively  high  gearing 
ratio  of  ailerons  to  control  stick  is  needed.  The  result 
is  that  the  stick  forces  required  for  the  specified  banking 
control  are  somewhat  higher  than  those  for  conventional 
ailerons  throughout  the  flight  range.  These  forces  (see 
aileron  24,  table  I)  are  well  within  the  desirable  range 
for  the  Fairchild  22  airplane,  although  they  indicate 
undesirably  high  values  for  larger  airplanes. 

The  yawing  action  of  these  ailerons  is  about  the  same 
as  that  of  the  conventional  ailerons  with  partial-span 
flaps.  Although  the  induced  yawing  moment  of  the 
ailerons  with  the  fuU-span  flap  is  greater  than  that  with 
the  partial-span  flap,  the  ailerons  cause  larger  com- 
pensating changes  of  profile  drag. 

Several  possible  means  of  improving  the  control-force 
characteristics  of  these  devices  suggested  themselves. 
The  device  listed  next  in  table  I (aileron  25)  shows  the 
calculated  effects  of  such  improvements.  First,  the 


span  of  the  aileron  was  increased  to  what  has  previously 
been  found  the  most  efficient  value  and  the  chord  of  the 
aileron  was  reduced  as  much  as  seemed  practical. 
Second,  it  was  assumed  that  a trailing-edge  tab  (0.02 
Cm  bent  down  15°)  was  attached  to  the  aileron  so  as 
to  avoid  the  downward-floating  tendency.  It  was 
assumed  that  lowering  the  flap  caused  the  same  charge 
in  floating  angle  with  the  tab  as  without.  Since  the 
deflection  of  the  flap  caused  a large  change  in  the 
floating  position  of  the  aileron,  it  was  desirable  to 
change  the  balancing  characteristics  of  the  differential 
with  flap  deflection.  Consequently,  it  was  assumed 
that  the  differential  cranks  were  rotated  into  new 
positions  as  the  flap  was  deflected.  The  resulting  stick 
forces  tabulated  give  an  indication  of  the  improvement 
that  might  be  effected  by  such  development  of  the 
device. 

Retractable  ailerons  (spoilers). — Tests  of  spoilers 
(reference  12)  showed  that  for  locations  behind  about 
80  percent  of  the  wing  chord  the  lag  in  rolling  action 
would  probably  be  negligible.  Flight  tests  were  subse- 
quently made  of  a Fairchild  22  airplane  equipped  with  a 
curved-plate  spoiler  that  moved  edgewise  into  and  out 
of  the  wing  through  a narrow  slit  in  the  upper  surface 
at  83  percent  of  the  airfoil  chord.  This  plate  was 
arranged  to  rotate  about  a hinge  at  the  center  of  curva- 
ture, so  that  the  air  pressure  (being  normal  to  the  plate) 
caused  no  resultant  hinge  moment.  The  test  airplane 
incorporated  a fuU-span  split  flap  and,  inasmuch  as  the 
downward  motion  of  the  spoiler  took  place  entirely 
within  the  wing,  the  flap  and  spoiler  did  not  interfere. 

The  flight  tests  showed  very  prondsing  results,  al- 
though the  feature  of  zero  hinge  moment  was  not 
found  especially  desirable.  Angular-velocity  and  con- 
trol-position records  taken  simultaneously  in  flight 
showed  no  definite  lag  or  sluggishness  in  the  response 
to  control  movements . (See  reference  3 . ) The  devices 
as  tested  (0.15  by  0.50  6/2)  were  somewhat  larger 
than  necessary  to  give  the  assumed  satisfactoiy  degree 
of  control.  As  is  indicated  in  the  table,  a maximum 
deflection  causing  a 7.4  percent  projection  of  the 
spoiler  should  be  sufficient  for  control  in  the  flap-down 
condition. 

An  important  advantage  of  the  retractable  ailerons 
(aside  from  their  advantage  in  permitting  the  use  of  a 
full-span  flap)  is  that  they  give  small  favorable  yawing 
moments  throughout  the  greater  portion  of  the  flight 
range.  At  high  lift  coefficients  with  the  flap  in  use, 
however,  small  adverse  yawing  moments  result.  (See 
reference  13.) 

Although  the  deflected  spoiler  causes  quite  an  increase 
of  profile  drag,  it  is  not  expected  that  the  incidental 
deflections  required  for  control  in  normal  flight  would 
appreciably  affect  the  performance.  The  performance 
criterions  listed  are,  of  course,  for  undeflected  controls. 

External-airfoil  flap-type  ailerons. — The  external- 
airfoil  (Junkers  or  Wragg)  type  flap  has  been  studied 
as  a possible  means  for  improving  the  take-off  and 
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ceiling  characteristics  of  airplanes  in  addition  to  pro- 
viding the  high-lift  features  of  ordinary  and  split 
flaps.  As  this  device  showed  promise  of  improved 
performance,  several  methods  of  securing  lateral  control 
with  such  a flap  have  been  studied. 

A simple  method  of  providing  lateral  control  with 
full-span  external-airfoil  flaps  is  to  move  the  flaps 
themselves  independently  as  ailerons.  (See  reference 
10.)  Thus  the  ailerons  are  used  simultaneously  as  a 
high-lift  device  and  to  provide  rolling  moments  without 
sacrificing  a special  part  of  the  wing  span.  In  order  to 
employ  these  flaps  to  their  best  advantage,  it  is  neces- 
sary to  deflect  them  downward  over  the  entire  wing 
span,  thereby  avoiding  excessive  induced  drag.  The 
action  of  the  flaps  deflected  downward  as  ailerons  is 
similar  to  the  action  of  ordinary  ailerons  with  droop. 
The  external-airfoil  flaps  show  a superiority  over  ordi- 
nary flaps  for  this  purpose,  however,  in  that  they 
retain  their  lift-changing  effectiveness  at  greater 
downward  deflections  (in  excess  of  20°). 

Aileron  27  in  the  table  is  an  arrangement  of  these 
flaps  whereby  the  entire  span  is  deflected  downward 
20°  and  the  semispan  portions  are  moved  differentially 
from  this  downward  position  to  provide  rolling  control. 

This  arrangement  was  tested  in  flight  with  the 
Fairchild  22  airplane  and  was  found  to  give  unsatis- 
factory yawing  characteristics,  although  the  roUing 
moments  seemed  to  be  ample.  The  computations 
made  for  the  average  airplane  indicated  an  adverse 
sideslip  of  10°  accompanying  a 15°  bank  at  low  speed 
with  the  flaps  down. 

A possible  way  of  improving  the  adverse-yaw  char- 
acteristics of  these  devices  is  to  make  use  of  the  effect 
of  washout.  This  method  was  used  in  the  case  of 
aileron  28,  where  the  flap  was  considered  to  extend 
unbroken  over  the  middle  portion  of  the  wing  with  the 
parts  of  the  flap  used  as  ailerons  covering  the  outer  50 
percent  of  the  semispan  portions.  Wind-tunnel  tests 
(reference  10)  showed  that,  with  the  inner  portion 
down  30°  and  the  outer,  or  aileron,  portions  down  only 
10°,  the  performance  criterions  were  about  the  same 
as  with  the  whole  flap  down  20°.  This  change  re- 
duced the  yawing  effect  considerably,  as  shown  by  the 
table,  although  the  sidesHp  is  still  somewhat  worse  than 
is  the  case  with  most  of  the  other  devices. 

When  the  stick  forces  and  deflections  for  these  two 
arrangements  are  compared,  it  will  be  noted  that  the 
deflection  required  with  the  full  semispan  aileron  is 
almost  as  great  as  that  required  when  only  half  the 
flap  is  used  for  control.  This  fact  is  partly  accounted 
for  by  the  difference  in  yawing  effects. 

In  the  low-speed  conditions  ((7i=1.8)  the  ailerons 
are  lowered  20°  in  one  case  and  10°  in  the  other  and 
the  effective  floating  angles  are  thereby  increased  by 
these  amounts.  This  fact  introduces  a difficulty  into 
the  design  of  a suitable  differential  linkage.  A linkage 
designed  to  accommodate  the  floating  tendency  with 


flaps  neutral  will  overbalance  when  the  flaps  are 
deflected.  In  the  computations  it  was  assumed  that  the 
additional  floating  tendency  was  neutralized  by  a long 
spring  that  came  into  action  as  the  flaps  were  lowered. 

The  extemal-airfoil  flaps  permit  high  lift  coefficients 
to  be  attained  without  excessive  profile  drag.  The 
advantage  over  a split  flap  begins  to  be  apparent  at 
lift  coefficients  in  excess  of  0.7,  aiding  the  take-off  and 
the  low-speed  climb  but  hardly  affecting  the  maximum 
rate  of  climb.  Hence,  in  this  particular  case,  the  per- 
formance criterions  listed  in  table  I do  not  fully  indicate 
the  differences  to  be  expected  with  these  devices. 

Ailerons  with  external-airfoil  flaps. — ^A  logical  exten- 
sion of  the  development  of  the  slot-lip  aileron  has  led 
to  a device  in  which  the  aileron  forms  the  lip  of  the 
slot  between  an  ordinary  extemal-airf oil-type  flap  and 
the  main  wing.  (See  aileron  29 , table  I . ) This 
arrangement  avoids  the  excessive  drag  entailed  by 
other  forms  of  slot  and,  on  account  of  the  rearward 
position  of  the  aileron,  should  give  good  response 
characteristics  (except,  possibly,  under  eertain  condi- 
tions noted  later). 

The  device  as  tested  (see  reference  ^)  comprised  an 
aileron  0.12  wide  and  6/2  long.  The  tests  showed 
that,  in  general,  the  effectiveness  of  the  aileron  was 
reduced  by  the  presence  of  the  flap,  in  accordance  with 
the  theoretical  consideration  that  any  change  in  slope 
of  the  wing  section  ahead  of  the  trailing  edge  is  less 
effective  than  a corresponding  change  at  the  trailing 
edge  itself.  When  the  flap  is  lowered,  however,  an 
upward  deflection  of  the  aileron  apparently  causes 
separation  of  flow  over  the  flap,  thus  greatly  reducing  the 
lift  and  developing  a large  rolling  moment.  With 
the  flap  down  30°  this  change  occurs  at  the  beginning 
of  the  aileron  deflection,  while  at  intermediate  flap 
deflections  the  change  occurs  at  greater  up  aileron 
angles.  This  more  or  less  sudden  change  of  conditions, 
in  addition  to  giviug  a large  increase  of  rolling  moment, 
also  caused  a reduction  or  a reversal  of  hinge  moment  ; 
hence,  the  device  may  be  impracticable  for  use  at 
intermediate  flap  settings.  (See  reference  9.) 

In  the  device  as  shown  in  table  I the  downward  deflec- 
tion of  the  aileron  is  limited  by  the  presence  of  the  flap 
nose  to  a maximum  of  about  7°,  and  it  is  consequently 
necessary  to  use  a differential  movement.  Change  of 
setting  of  the  flap  has  a pronounced  effect  on  the 
floating  angle  of  the  aileron.  With  the  flap  set  at  30° 
a differential  giving  no  more  than  7°  downward  deflec- 
tion of  the  aileron  will  be  overbalanced  by  this  floating 
tendency.  In  the  computation  it  was  assumed  that  a 
spring  tending  to  turn  each  aileron  downward  (with  a 
torque  of  8.7  foot-pounds  acting  at  the  aileron  hinge) 
was  brought  into  action  by  lowering  the  flap.  With 
the  flap  neutral  the  floating  angle  of  the  aileron  is  too 
small  for  satisfactory  balance,  although  wmd-tunnel 
tests  showed  that  it  could  be  effectively  increased  by  a 
tab.  Consequently,  the  device  was  assiuned  to  incor- 
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porate  such  a tab  (0.018  Ca,,  down  5°)  and  the  spring 
tension  was  adjusted  to  accommodate  the  effect  of  the 
tab  with  flap  down. 

The  resulting  stick  forces^  together  with  the  deflec- 
tions required  for  control,  appear  in  the  table.  It  wiH 
be  noted  that  the  greatest  deflection  required  is  that  at 
Ol= 1 ■ 0 . In  this  condition  the  aileron  does  not  produce 
the  previously  discussed  change  in  flow  over  the  flap. 
At  1.8  the  deflection  required  is  small  because  a 
small  upward  movement  of  the  aileron  in  the  flap-down 
condition  produces  a large  rolling  moment.  The  yawing 
effect  is  adverse  but  is  not  excessive. 

The  performance  characteristics  of  this  wing  (with 
the  N.  A.  C.  A.  23012  airfoil  flap)  are  somewhat  better 
than  those  of  the  two  wings  previously  considered, 
which  had  flaps  of  Clark  Y section. 

II.  ANALYSIS  OF  CONVENTIONAL  FLAP-TYPE 
AILERONS 

The  practical  advantages  of  plain  ailerons  are  well 
known,  and,  since  they  are  universally  used  in  more  or 
less  modified  form,  the  following  section  is  devoted  to 
an  analysis  of  factors  involved  in  their  design. 

One  of  the  conclusions  of  the  lateral  control  investi- 
gation has  been  that  no  decisive  benefit  was  to  be 
gamed  from  a device  that  continued  to  give  rolling 
moments  when  the  major  outer  portions  of  the  wings 
were  stalled.  If  stalling  of  the  aileron  portions  of  the 
wing  is  prohibited,  plain  ailerons  or  other  devices 
located  near  the  trailing  edge  of  the  wing  will  retain 
their  effectiveness. 

If  the  loss  of  rolling  effect  on  a stalled  wing  is  dis- 
counted, it  appears  that  the  primary  disadvantage  to 
be  associated  with  plain  ailerons  is  their  adverse  yawing 
effect.  For  this  reason  the  yawing  action  of  plain 
ailerons  will  be  rather  fuUy  analyzed. 

BOLUtlSTG  MOMENT 

For  the  purpose  of  calculating  the  coeflB.cients  of 
rolling  and  yawing  moment,  the  effect  of  a deflected 
aileron  may  be  ascribed  to  a change  of  angle  of  attack 
of  the  wing  sections  comprising  the  aileron  portions. 
Thus,  the  localized  effect  of  the  deflected  aileron  is 
measured  by  the  change  in  the  angle  of  zero  lift.  This 
change  is  proportional  to  the  angle  of  deflection  of  the 
aileron  for  deflections  below  about  ±20°  and  the  factor 
of  proportionality  (denoted  by  A<x/A5)  depends  on  the 
chord  of  the  aileron.  Thus,  the  plain  flap-type  aileron 
is  considered  merely  as  a device  for  changing  the  angle 
of  attack.  The  section  lift 'increment  is  not  used  to 
characterize  the  effect  of  the  flap  because  this  increment 
cannot,  in  general,  be  specified,  being  dependent  on  the 
plan  form  of  the  wing.  The  effective  change  in  angle 
of  attack  per  unit  change  of  flap  deflection  is,  however, 
theoretically  independent  of  the  aspect  ratio  and  the 
plan  form. 


F^ure  11  summarizes  the  results  of  a number  of 
wind-tunnel  experiments  with  plain  flaps  (references 
14,  15,  and  16)  and  shows  the  measure  of  flap  effec- 
tiveness (Aa/A6)  as  a function  of  the  relative  flap 
chord.  A curve  predicted  by  wing-section  theory 
(reference  17)  is  also  shown  for  companson.  The  sur- 
prisingly powerful  effect  of  a narrow  flap  should  be 
noted.  Thus,  deflecting  a 0.20  c«  flap  is  about  half  as 
effective  as  deflecting  the  entire  wing  section. 

Since  the  effective  angle  of  attack  of  a wing  section 
is  a linear  fimction  of  the  camber  (reference  17),  the 
curve  of  %ure  11  may  be  used  to  predict  the  effect  of  a 
multiply  hinged  flap,  such  as  an  aileron  equipped  with 
a balancing  tab.  The  combined  effect  of  a succession 
of  bends  along  the  wing  section  may  be  found  by 
calculating  the  separate  effects  of  each  bend  and 
adding  them.  Thus  the  effect  of  a 0.20  aileron  equipped 
with  a 0.05  tab  is  (using  values  from  fig.  11) 

Aa=0.5i5a+0.215i  (2) 

where  ha  is  the  deflection  of  the  aileron  with  respect  to 
the  wing  and  5,  is  the  deflection  of  the  tab  with  respect 
to  the  aileron.  This  simple  relation  should  not  be 
expected  to  apply  beyond  ±20°  deflection  and,  in  the 
case  of  very  narrow  tabs,  beyond  about  ±15° 

Deflected  ailerons  thus  cause,  in  effect,  a discon- 
tinuous change  of  angle  of  attack  across  the  wing  span. 
The  lift  change  caused  by  the  ailerons  cannot  be  dis- 
continuous, however,  because  of  the  natural  equaliza- 
tion of  pressure  along  the  span.  Ailerons  covering 
only  a portion  of  the  span  influence  the  lift  at  every 
spanwise  point  and  this  effect  appears  to  be  satisfac- 
torily predicted  by  the  airfoil  theory.  Calculations  of 
the  effects  of  ailerons  based  on  this  theory  have  been 
made,  the  most  extensive  series  being  reported  in 
reference  18.  Figure  12  shows  the  rolling-moment 
coefficient  Cz  caused  by  a 1°  difference  in  angle  of 
attack  of  various  r^ht  and  left  portions  of  a rectangu- 
lar wing  of  aspect  ratio  6.  The  abscissa  of  this  dia- 
gram represents  a semispan  of  the  wing  with  the 
midspan  point  at  the  origin  and  the  tip  at  the  point 
1.0.  The  ordinate  gives  directly  the  rolling-  (or 
yawing-)  moment  coefficient  due  to  a unit  change  of 
angle  of  attack  extending  from  the  point  indicated  on 
the  abscissa  out  to  the  tip.  The  rolling  effect  of  two 
ailerons  is  twice  as  great  as  that  of  a single  one  and 
hence  the  difference  of  the  increments  of  equivalent 
angle  of  attack,  as  indicated,  should  be  used.  The 
roUmg  moment  is  not  appreciably  changed  by  differ- 
ential deflection. 

The  curves  give  the  values  predicted  by  the  theoiy 
and  the  points  indicate  values  obtained  in  various 
experimente  as  noted  on  the  figm-e.  The  wing-section 
characteristic  AafAh  of  the  devices  tested  was  deter- 
mined from  %ure  11. 
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Figure  U.— Change  of  effective  angle  of  attack  of  a wing  section  per  unit  change  of 
flap  angle.  Plain  flaps  of  various  chords  at  small  deflectioz^;  5<4=20*’.. 


Figure  12.— Variation  of  rolling-  and  yawing-moment  coefficients  with  aileron  span 
and  a oompraiteon  of  theoretical  and  experimental  values.  Rectangular  win^; 
6*/5=6;  AS<=fc20® 


The  rolling-moment  characteristics  of  the  plain  0,25 
by  0.40  5/2  sealed  ailerons  (aileron  1 of  table  I) 
were  calculated  with  the  aid  of  %ures  11  and  12. 
Reference  to  %ure  11  shows  that  the  equivalent 
change  in  angle  of  attack  produced  by  a 0.25  sealed 
flap  is  57.5  percent  of  the  angle  of  deflection  of  the 
flap.  Thus,  a deflection  of  ±7.4®  (see  table  I)  is 
equivalent  to  a change  in  angle  of  attack  of 

0.575X7,4®=4.26®  (3) 

or  a difference  of  angle  of  the  right  and  left  aileron 
portions  of  8.52®.  According  to  figure  12  the  rolling- 
moment  coefficient  per  degree  of  this  difference  for  a 
0.40  5/2  aileron  portion  extending  to  the  wing  tip  is 
0.0039;  hence,  the  coefficient  predicted  is 

<7i=8.52  X0.0039=0.0332  (4) 

Working  charts  for  predicting  the  rolling  moment  of 
plain  ailerons  of  any  size  on  monoplane  wings  of 
various  aspect  ratios  and  different  d^ees  of  taper  are 
given  in  figure  13.  In  order  to  use  these  charts  it  is 
necessary  to  ascertain  from  figure  11  the  section 
characteristic  Aa/A6,  which  is  a function  of  the  relative 
chord  of  the  aileron.  The  charts  may  be  used  for 
differential  ailerons  merely  by  taking  the  difference  of 
angle  of  attack  of  the  right  and  left  aileron  portions. 
The  theoretical  rolling  moment  is  independent  of  any 
initial  washout  of  the  wing  sections  along  the  span; 
hence,  the  rolling-moment  curves  are  applicable  to 
wings  with  partial-span  flaps.  The  charts  cannot  be 
used  with  devices  that  change  the  slope  of  the  lift 
curve  nor  for  excessive  deflections  that  introduce  dis- 
turbed air  flow.  In  this  connection  it  appears  that  a 
deflection  of  plain  ailerons  involving  disruption  of  the 
air  flow  is  inefficient  from  considerations  of  stick  force. 

It  will  be  noted  that  two  sets  of  curves  are  given  for 
tapered  wings.  The  solid  lines  apply  to  ailerons  that 
are  not  tapered  with  the  wing,  i.  e.,  ailerons  of  constant 
actual  chord.  For  this  type  the  change  of  equivalent 
angle  of  attack  should  be  calculated  on  the  basis  of  the 
wing-tip  chord  (whether  or  not  the  aileron  extends  to 
the  wing  tip).  The  long-dash  curves  are  for  the  par- 
ticular case  in  which  the  aileron  chord  is  a constant 
proportion  of  the  wing  chord  along  the  span,  in  which 
case  the  change  of  equivalent  angle  of  attack  does  not 
vary  along  the  aileron  portion.  The  additive  effect  of 
an  element  of  aileron  covering  any  spanwise  portion  of 
the  wmg  may  be  determined  from  the  increment  of  the 
Gilha  curve  over  that  portion.  Althoi^h  the  curves  of 
figure  13  show  increasing  rolling-moment  coefficients 
with  increased  aspect  ratios  of  the  wings,  the  control 
requirement  (rolling-moment  coefficient  for  a given 
banking  effect)  also  increases  with  aspect  ratio  and,  on 
accoimt  of  the  damping,  in  nearly  the  same  way  as 
does  the  coefficient.  (See  reference  4.)  In  general,  it 
may  be  said  that  the  relative  proportions  of  the  ailerons 


135 


REPORT  NO.  605— NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


should  not  be  reduced  on  account  of  increased  aspect 
ratio. 

YAWING  MOMENT 

Yawing  moment  with  equal  up-and-down  deflec- 
tion.^— The  results  of  experiments  indicate  that  the 
primary  source  of  adverse  yawing  moment  given  by 
plain  ailerons  at  small  deflections  is  the  theoretical,  or 
induced,  yawing  moment.  The  production  of  rolling 
moment  results  in  an  induced  twisting  flow  analogous 
to  the  downwash  in  direct  lift.  The  yawing  moment 
arises  from  the  resultant  inclination  of  the  supporting 
lift  vectors  along  the  span.  If  the  wing  is  supporting 
no  lift,  the  production  of  rolling  moment  by  equal  and 
opposite  lift  increments  on  the  two  wing  halves  will  not 
result  in  a yawing  moment  because  the  lift  increment 
vectors  are  all  inclined  backward  by  the  induction, 
resulting  in  a drag.  Hence^  only  the  interaction  of  an 


initial  lift  and  a rolling  moment  give  rise  to  an  induced 
yawii^  moment. 

A more  specific  treatment  of  this  theory  is  given  in 
reference  18.  The  formula  for  yawing  moment  that 
results  for  equal  up-and-down  deflections  is 

C^=KOr,KC,  (5) 


where  K is  a factor  dependent  on  the  aspect  ratio  and 
the  plan  form  of  the  wing,  and  to  some  extent,  on  the 
spanwise  position  of  the  aileron.  It  is  interesting  to 
note  that  with  a ^ven  equal  up-and-down  aileron 
deflection  the  induced  yawing  moment  is  the  same 
throughout  the  speed  range,  while  the  rolling  moments 
and  the  stabilizing  factors  are  greatly  reduced  at  the 
lower  speeds. 

Figure  12  gives  a comparison  of  theoretical  and 


experimental  values  of 


CjAa 

Cl 


for  a rectangular  wing  of 


(c)  2;1  taper.  (d)  4:1  taper. 

FrouRE  13.— Charts  for  calculation  of  rolling  and  yawing  moments  of  plain  ailerons,  showing  the  effects  of  span  and  spanwise  location  of  ailerons  with  straight  and 

tapered  wings. 
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aspect  ratio  6.  Deviation  from  the  theory  is  to  be 
expected  at  excessive  deflections  of  ordinary  ailerons 
and  with  special  types  of  devices,  since  important 
changes  of  profile  drag  may  be  introduced.  If  com- 
plete wing  section  data  are  available,  however,  the 
profile-drag  part  of  the  yawing  moment  may  be  readily 
estimated. 

As  in  the  case  of  roUing  moment,  the  yawing  moment 
of  an  aileron  at  any  spanwise  position  may  be  calculated 
by  taking  the  difference  of  ordinates  at  abscissas  cor- 
responding to  the  ends  of  the  aileron.  Unlike  the  roll- 
ing moment,  however,  the  yawing  moment  of  differ- 
ential ailerons  is  not  the  same  as  that  of  ailerons  with 
equal  deflections.  In  the  general  charts  given  in  figure 
13  the  ratio  of  yawing  to  rolling  moments  at  1.0  is 
given  rather  than  GjAa,  In  this  case  the  differences 
between  two  points  cannot  be  used  directly  to  give  the 
yawing  moment  of  an  aileron  extending  between  these 
two  points.  The  yawing  moment  caused  by  an  aileron 
ending  inboard  of  the  tip  may  be  found,  however,  by 
taking  the  difference  of  the  yawing  moments  given  by 
two  ailerons,  one  extending  from  the  inboard  end  of 
the  actual  aileron  to  the  wing  tip  and  the  other  extend- 
ing from  the  outboard  end  to  the  tip.  The  straight 
and  tapered  ailerons  should  give  yawing  moments  in 
practically  the  same  ratio  to  the  rolling  moment; 

C 1C 

hence,  only  a single  set  of  values  of  K = - — is  given. 

Referring  again  to  the  0.25  by  0.40  5/2  plain 
aileron  (aileron  1)  of  table  I,  it  is  found  that  the  ratio  of 
yawing-  to  rolling-moment  coeflS-cients  for  this  case  is 

^”=-0.216  (6) 

at  (7t  — 1.0.  (See  fig.  13.)  At  the  deflection  given  the 
rolling-moment  coefficient  previously  found  is 

(7z-0.0332  (7) 

Hence,  the  yawing-moment  coefficient  at  Cj.  = 1.0  is 
-0.216X0.0332  = -0.0072  (8) 

The  values  of  both  yawing-  and  rolling-moment 
coefiScients  for  these  ailerons  having  been  obtained,  it 
is  now  possible  to  calculate  their  rolling  effectiveness  by 
means  of  figure  3.  The  wing  loading  of  the  average 
airplane  assumed  in  table  I is  9.4  pounds  per  square 
foot;  hence,  at  ^^  = 1.0  the  banking  effect  of  a rolling 
moment  of  coefficient  0.01  acting  for  1 second  is 

and  for  a rolling-moment  coefficient  of  0.0332 

^=1.42X3.32=4.7  feet  (10) 


The  effect  of  the  yawing  moment  of  coefficient  —0.0072 
is  calculated  in  the  same  way,  i.  e., 

^=-0.72X0.66=-0.47  foot  (11) 

The  effect  of  these  rolling  and  yawing  moments  applied 
simidtaneously  is 

^=4.7-0.47=4.23  feet  (12) 

Thus,  deflecting  the  ailerons  suddenly  to  ±7.4°  causes 
a 4.23-foot  displacement  of  the  wing  tips  in  1 second. 
The  angle  of  bank  for  the  average  airplane  (6/2  = 16 
feet) is 

<#>i=-|-X57.3=15°  (13) 

as  appears  in  the  table. 

Yawing  moment  with  differential  deflection  or 
droop.^ — The  effect  of  an  unequal  movement  of  the 
ailerons  may  be  taken  into  account  by  considering  an 
equivalent  equal  up-and-down  deflection  from  a mean 
upward  position  of  the  ailerons.  Thus,  deflections  of 
15°  up  and  5°  down  may  be  considered  as  equivalent 
to  10°  equal  up-and-down  from  a mean  position  5°  up. 
Inasmuch  as  a differential  deflection  of  the  ailerons 
changes  the  mean  lift  of  the  wing,  %ure  13  cannot  be 
used  without  correction  to  calculate  the  yawing  moment 
due  to  unequal  deflection.  As  was  brought  out  m the 
preceding  discussion,  the  yawing  moment  is  caused  by 
the  interaction  of  the  wing  lift  and  the  induced  flow 
caused  by  the  roUing  moment.  Hence,  the  yawing 
moment  incident  to  a given  rolling  moment  depends 
on  the  distribution  of  the  basic  or  symmetrical  part  of 
the  lift.  The  basic  lift  distribution  upon  which  the 
yawing  moment  depends  is,  then,  the  distribution  for 
a wing  with  both  ailerons  raised.  The  adverse  yawing 
moment  will,  in  this  case,  be  reduced  because  of  the 
lessened  lift  over  the  tip  portions.  For  the  conditions 
following  sudden  aileron  deflections  the  average  upward 
movement  of  both  ailerons  will  entail  an  actual  reduc- 
tion for  a short  time  of  the  lift  of  the  wing  without 
correspondingly  increasing  either  the  flight  speed  or 
the  angle  of  attack.  The  conditions  will,  of  course,  be 
different  for  steady  fl%ht  with  ailerons  held  over.  For 
practical  puiposes  it  is  sufficient  to  calculate  an  incre- 
ment of  CJOi  due  to  the  increment  of  lift  produced  by 
the  symmetrical  droop  or  uprigging  of  both  ailerons. 
This  increment  would  be  the  yawing  moment  incident 
to  a unit  rolling  moment  when  the  entire  lift  of  the  air- 
foil Was  due  to  the  droop  of  the  ailerons.  The  ratio  of 
yawing  to  roUing  moment  thus  found  will  be  a constant 
additive  contribution  to  equation  (5)  at  aU  lift  coeffi- 
cients. 

Figure  14  shows  the  reduction  of  the  ratio  of  adverse 
yawing  to  rolling  moment  in  terms  of  the  reduction  of 
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over-all  lift  coefficient  for  a rectangular  wing  of  aspect 
ratio  6.  The  experimental  points  indicated  were  de- 
rived by  taking  the  differences  of  yawing  moment 
measured  with  equal  up-and-down  deflections  and  up- 
only  deflections  and  dividing  these  differences  by  the 
measured  reduction  in  total  lift  coefficient  caused  by 
the  up-only  deflection. 

If  Cl  is  the  lift  of  the  wing  with  ailerons  undeflected 
and  is  the  ..equivalent  angle  of  washout  of  the 


of  the  flap.  It  should  be  remembered  that  droop  of 
the  outer  portions  (negative  Aa„)  increases  the  adverse 
(negative)  yawing  moment  while  washout  (positive 
Aa„,)  decreases  it. 

The  increment  of  yawing  moment  due  to  the  sum  of 
two  distributions  of  droop  or  washout  is  equal  to  the 
sum  of  the  increments  associated  with  each  separate 
distribution.  This  property  may  be  used  to  compute 
quite  accurately,  though  not  exactly,  the  yawing 


FiauBE  14.“Increment  of  induced  yawing  moment  due  to  differential  deflection  of 
ailerons;  ACz,  is  the  reduction  of  lift  coeflElcient  due  to  differential  deflection. 
Rectangular  wing;  bys=6. 

aileron  portions  introduced  by  the  unequal  aileron  de- 
flections, then 

A^^=KAa,«  (14) 

since  the  reduction  of  lift  is  proportional  to  Aa^.  The 
factor  K,  like  the  factor  isT,  depends  on  the  wing  plan 
form  and  the  relative  length  of  the  aileron  portion. 

Figure  15  shows  theoretical  values  of  k for  wings  of 
aspect  ratio  6 and  various  plan  forms.  It  should  be 
remembered  that  Gl  as  used  in  equation  (14)  is  the 
lift  coefficient  with  ailerons  undeflecte^.  Correction  of 
the  values  given  in  figure  15  for  wings  of  different  aspect 
ratio  may  be  made  by  considering  that  k is  very  nearly 
inversely  proportional  to  the  aspect  ratio. 

It  is  evident  that  the  foregoing  remarks  apply  equally 
as  weU  to  wings  having  washout  at  the  tips  or  to  wings 
with  partial-span  flaps.  For  wings  with  partial-span 
flaps  Aam  is  simply  the  reduction  of  the  effective  angle 
of  attack  at  the  tips  due  to  removal  of  the  tip  portions 


Fiqube  15,— Ratios  for  calculating  addition^  induced  yawing  moments  of  differen- 
tial ailerons  or  aiterons  on  wings  with  washout;  Aa»  is  in  degrees. 


moment  of  differential  ailerons  that  end  inboard  of  the 
wing  tip. 

CONTROL  FORCES 

Hinge  moment. — ^The  available  experimental  data 
indicate  that  the  hinge-moment  coefficient  On  of  an 
ordinary  aileron  can  be  treated  with  sufficient  accuracy 
as  a characteristic  of  the  wing  section,  that  is,  as  a 
characteristic  independent  of  the  plan  form  of  the 
aileron  or  the  wing.  An  average  experimental  value 
for  the  slope  of  the  hinge-moment  curve  against  deflec- 
tion is 

— 0.0085  per  degree  (15) 


for  sealed  ailerons  of  chord  and  span  &a,  where 

^ hinge  moment  of  aileron  element 
■ g.ca^ba 

Thus,  the  actual  hinge  moment  at  a given  deflection 
varies  as  the  aileron  span  and  as  the  square  of  the  aileron 
chord. 
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Strictly  speakmg,  the  hinge  moment  of  a deflected 
flap  should  be  calculated  in  two  parts.  The  primary 
part  arises  from  that  component  of  the  distributed 
pressure  change  which  does  not  contribute  to  the  lift  of 
the  airfoil  section.  Since  no  lift  is  involved,  this  com- 
ponent is  independent  of  the  aspect  ratio.  The  second 
component  of  the  hinge  moment,  proportional  to  the 
lift  change,  is  subject  to  the  ordinary  aspect-ratio  cor- 
rection. The  correction  is,  however,  small  except  for 
wide  flaps. 

Some  additional  considerations  arise  in  the  applica- 
tion of  aileron  hinge  moments  to  the  calculation  of 
control  force.  The  angular  travel  and  the  length  of  the 
control  stick  (or  radius  of  the  control  wheel)  are  limited 
in  practice.  Thus,  ailerons  requiring  large  deflections 
must  be  geared  to  the  control  stick  or  wheel  in  a high 
ratio.  In  the  case  of  the  average  airpiane  the  total  cir- 
cumferential movement  of  the  end  of  the  control  stick 
was  assumed  to  be  0.73  foot  in  the  case  of  each  of  the 
control  devices.  This  value  corresponds  to  a ±25° 
deflection  of  a 204nch  stick  corresponding  to  that  avail- 
able in  the  Fairchild  22  airplane. 

If  reference  is  made  to  the  tabulated  results  for 
aileron  1,  it  is  seen  that  the  total  deflection  necessary  to 
insure  the  assumed  satisfactory  degree  of  control  (<^i== 
22.5°  at  Ci=1.0,  in  this  case)  is  ±11.2^  The  work 
of  deflecting  ailerons  of  chord  Ca  and  span  ha  is 


dd 


11.2X11.2 


^ -0.0085X  — 


X9.4X(0.25X5.3)2X0.4X16 

=1.97  foot-pounds  (16) 

The  control  force  is  equal  to  twice  the  total  work  di- 
vided by  the  linear  travel  of  the  end  of  the  stick,  or 


Stick  force— 


3.94 

0.73 


=5.4  pounds 


(17) 


The  stick  force  at  the  partial  deflection  required  for 
01=15°  is 

2.31X  J^=2.31X^^==3.6  pounds  (18) 


These  simple  relations  apply,  of  course,  only  to  linear 
variation  of  the  hinge  moment  and  to  nondifferential 
gearing. 

Differential  linkages. — ^It  appears  that  a differential 
linkage  can,  when  properly  designed,  be  a very  effective 
means  of  reducing  the  operating  force  of  flap-type 
ailerons  (reference  11).  The  reduction  of  operating 
force  is  accomplished  by  taking  advantage  of  the  up- 
floating  tendency  of  the  ailerons.  With  differential 
linkage  the  ailerons  on  opposite  tips  of  the  wing  begin  to 
move  at  different  rates  immediately  after  they  are 
deflected  from  neutral,  the  downgoing  aileron  moving 
more  slowly  than  the  upgoing  one . The  upgoing  aileron 
thus  has  the  greater  mechanical  advantage  at  the  con- 
trol-stick connection.  It  is  evident  that  the  reduced 


upward  pressure  of  the  upgoing  aileron  is  partly  com- 
pensated by  its  increased  mechanical  advantage  and 
that  the  increased  upward  pressure  on  the  downgoing 
aileron  is  also  partly  compensated  by  its  reduced 
mechanical  advantage.  At  a certain  deflection  the 
downgoing  aileron  reaches  dead  center  and,  regardless 
of  its  aerodynamic  pressxire,  cannot  contribute  to  the 
stick  force ; if  the  upgoing  aileron  is  then  at  the  floating 
angle  (i.  e.,  angle  of  zero  hinge  moment),  the  stick  force 
will  be  zero. 

Ordinary  ailerons  show  nearly  straight-line  hinge- 
==  — O.O085 

balancing  effect  of  a given  differential  linkage  depends 
only  on  the  upfloating  angle.  A formula  for  a differ- 
ential motion  that  gives  zero  operating  force  over  a 
range  of  deflections  may  be  obtained  by  writing  the 
expression  for  the  work  of  deflection  of  the  ailerons  and 
equating  it  to  zero  at  every  point. 

(19) 

where  and  8^  are  the  upward  and  dbwnward  deflec- 
tions of  the  ailerons  and  is  the  floating  angle  meas- 
ured upward  from  the  neutral  position.  A practical 
limitation  of  this  formula  is  reached  when  dhajd^u 
approaches  —1,  for  then  both  ailerons  begin  to  move 
in  the  same  direction  and  at  the  same  rate. 

It  should  be  appreciated  that  a differential  designed 
in  accordance  with  equation  (19)  vrill  give  complete 
balance  at  the  specified  floating  angle.  It  is,  however, 
considered  desirable  not  to  eliminate  completely  the 
control  force  at  any  flight  condition,  as  the  pilots’  feel 
of  the  control  would  be  taken  away.  This  condition 
can  be  avoided  by  designing  the  linkage  for  a fictitious 
floating  angle  somewhat  higher  than  the  maximum 
actually  reached  in  flight.  If  A8„/  is  the  difference 
between  the  floating  an^le  at  which  the  differential 
gives  complete  balance  and  the  actual  floating  angle 
of  the  aileron  in  the  given  flight  condition,  the  resultant 
stick  coefficient  (7*,  will  be 

Stick  moment  ^ . . dCnf  dbu  ■ d8A 

j (20) 

where  d is  the  angular  deflection  of  the  control  stick. 

In  any  given  case  the  stick  force  can  be  balanced  out 
at  only  one  angle  of  attack  and,  in  general,  the  balancing 
effect  diminishes  as  the  angle  of  attack  is  reduced. 
Hence,  if  the  stick  force  is  made  to  become  xero  at  an 
angle  of  attack  above  maximum  lift,  overbalance  of 
the  control  in  normal  flight  will  be  avoided. 

A more  or  less  complicated  mechanical  linkage  that 
would  give  aileron  movements  approximating  equation 
(19)  could  be  devised.  The  ordinary  simple  linkage 
consisting  of  two  properly  set  cranks  connected  by  a rod 
can,  however,  be  arranged  to  give  the  desired  motion 
with  close  approximation,  and  such  an  arrangement  will 
be  given  primary  consideration. 


^ and  in  this  case  the 


moment  curves 
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Such  a simple  linkage  can  be  made  to  satisfy  two  con- 
ditions for  a minimum  stick  force.  Figure  16  shows  a 
type  of  stick-force  curve  that  satisfies  two  very  simple 
criterions.  First,  the  slope  of  the  curve  is  zero  at  the 
beginning  of  the  deflection  and,  second,  the  resultant 
stick  force  is  zero  at  a stick  deflection  corresponding  to 
the  floating  angle  of  the  up  aileron.  As  was  stated 
earlier,  the  latter  condition  is  satisfied  by  arran^g  for 
the  downgoing  aileron  to  reach  dead  center  when  the 
upgoing  aileron  reaches  the  floating  angle.  Figure  17 
shows  geometrical  arrangements  of  linkages  that  satisfy 
these  two  criterions  for  a minimum  stick  force.  If  the 
spacing  of  the  crank  centers  is  known  in  terms  of  the 
crank  radius,  the  figure  gives  directly  the  neutral  set- 
tings of  the  two  cranks.  The  differential  thus  chosen 
will  give  what  amounts  to  complete  balance  at  the 
specified  floating  angle.  The  maximum  downward 


Figure  16.-— Type  of  curve  that  satisfies  simple  criterion  for  minimum  stick  force. 

travel  of  the  aileron  is  shown  in  each  case  and  it  is  to 
be  noted  that,  if  the  maximum  deflection  of  the  upgoing 
aileron  exceeds  the  assumed  floating  angle,  the  down- 
going aileron  will  pass  dead  center  and  return  toward 
neutral. 

Since  the  floating  tendency  of  a given  aileron  has  a 
primary  influence  on  the  design  of  the  differential 
linkage,  it  will  be  necessary  to  devote  some  study  to 
this  aileron  characteristic.  It  appears  that  the  floating 
angle  of  a plain  flap-type  aileron  can  be  attributed  to 
two  effects:  (1)  a hinge  moment  proportional  to  the 
angle  of  attack  of  the  wing,  this  moment  being  greater 
for  large  flap  chords  but  independent  of  the  shape  of 
the  wing  section;  and  (2)  a hinge  moment  attributed  to 
the  camber  of  the  wing  section,  which  remains  constant 
as  the  angle  of  attack  is  changed.  This  second  moment 
is  primarily  influenced  by  the  camber  of  the  aileron  por- 
tion itself  and  is  greatly  affected  by  small  changes  at 
the  extreme  trailing  edge.  Thus,  a small  fixed  tab  can 
be  used  to  introduce  a large  constant  floating  moment. 

Figure  18  shows  the  variation  of  floating  angle  with 
flap  chord  and  hft  coefiflcient  for  the  Clark  Y wing  sec- 
tion. The  floating  angles  shown  were  indirectly  com- 


puted from  floating  moments  that  were  foimd  by  inte- 
gration of  pressure-distribution  diagrams  for  a smooth 
wing  (reference  20)  and  hence  correspond  to  smoothly 
sealed  flaps. 

For  the  comparisons  given  in  table  I,  infinite  linkages 
(S=0  in  fig.  17)  were  assumed  to  simplify  the  computa- 
tions of  control  force.  In  most  cases  of  differential 
ailerons  listed,  several  trial  computations  of  stick  force 
were  made  to  ascertain  the  optimum  differential  ar- 
rangement. These  trial  computations  included  the 


Figure  17.-^Speeificatioia  of  simple  differential  linkages  that  satisfy  criterions  for 
minimum  stick  force. 

/dCftA 

determination  of  the  curve  of  stick  force  against  deflec- 
tion to  insure  that  no  reversals  of  slope  of  the  stick- 
force  curve  occurred  at  any  point. 

Aileron  1 may  be  used  to  illustrate  the  use  of  figure 
17  in  the  selection  of  a differential.  Assuming  that  the 
greatest  possible  reduction  in  stick  force  is  desired,  a 
floating  angle  only  slightly  higher  than  the  maximum 
shown  by  figure  18  will  be  assumed.  On  the  assump- 
tion that  it  is  permissible  to  allow  the  control  force  to 
become  zero  at  (71,= 1.25  (5„/=ll°),  the  differential 
chosen  by  means  of  the  chart  will  have  neutral  settings 
of  and  5„=30°,  approximately.  As  indicated 

by  figure  17,  the  maximum  downward  deflection  obtain- 
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able  witb  this  arrangement  will  be  about  4K°  and  this 
angle  will  be  reached  when  the  upgoing  aileron  reaches 
11°  deflection.  For  greater  deflections  the  downgoing 
aileron  will  return,  reaching  neutral  when  the  up  aileron 
is  at  22°. 

Effect  of  a fixed  tab  used  in  conjunction  with  a 
differential  linkage. — ^Figure  18  shows  that  the  floating 
angles  of  plain  ailerons  are  reduced  as  the  lift  coefficient 
is  reduced.  It  is  on  this  account  that  the  balancing 
effect  of  the  differential  diminishes.  The  stick  forces 
tabulated  for  the  differentially  linked  aileron  1 show 
this  effect  as  an  increase  of  stick  force  at  high  speed. 
It  is  possible  to  introduce  a large  constant  floating  mo- 
ment by  means  of  a properly  formed  fixed  tab.  The 
effect  of  such  a tab  is  to  increase  the  floating  angle  at  all 
flight  speeds  by  a constant  amount  so  that  the  per- 


L ift  coeff/cienf, 

Figure  18— Floating  anglM  of  sealed  flaps  of  various  chords  on  a Clark  Y wing  as 
computed  from  pressure-distribution  data  (reference  ^}. 


centage  variation  with  flight  speed  is  reduced.  This 
effect  is  especially  pronounced  in  the  case  of  very  narrow 
ailerons,  which  do  not  show  a very  great  variation  of 
floating  angle  with  angle  of  attack. 

Furthermore,  the  maximum  floating  angle  shown  by 
very  narrow  ailerons  is  not  great  enough  to  permit  the 
use  of  a differential  to  the  best  advantage.  Thus,  if 
the  floating  angle  is  considerably  smaller  than  the 
maximum  upward  deflection  required  to  produce  suffi- 
cient control,  the  stick  force  may  rise  considerably  after 
this  point  is  reached  on  account  of  the  return  of  the 
dowi^oing  aileron  and  the  consequent  extra  deflection 
required  of  the  upgoing  aileron.  Advantageous  use  of 
a differential  in  such  cases  can  be  accomplished  by  in- 
corporating a fixed  tab  (or  a small  amount  of  camber) 
arranged  to  trim  both  ailerons  upward.  In  order  to 
secure  satisfactory  results  with  a tab,  a reasonably 
smooth  inset  type  with  a sealed  juncture  should  be  used. 
Attached  tabs  or  tabs  set  at  large  angles  (5«>db  l5°) 
have  been  found  to  cause  an  adverse  increase  in  the 
slope  of  the  hinge-moment  curve. 

Figure  19  shows  the  summarized  results  of  experi- 
ments with  tabs  made  in  the  7-  by  10-foot  wind  tunnel. 


As  was  stated  before,  the  tab  produces  an  essentially 
constant  change  in  floating  angle.  The  variation  of 
floating  angle  with  angle  of  attack  can  be  foimd  from 
figure  18.  Figure  19  gives  the  change  of  aileron  floating 
angle  with  tab  deflection.  (See  references  9 and  21.) 
The  experiments  indicated  that  this  ratio  depended 
primarily  on  the  ratio  of  tab  chord  to  aileron  chord  in- 
dependently of  the  chord  of  the  aileron,  although  this 
relation  can  not  be  expected  to  apply  as  the  aileron 
chord  is  indefinitely  increased.  At  the  Reynolds  Nmn- 
ber  of  the  tests  the  tabs  began  to  lose  effectiveness  when 


Figure  l9.^Eflect  of  inset  tabs  on  aileron  floating  angl^  (references  9 and  21); 


deflected  past  15°;  hence,  the  ratios  given  should  be 
considered  applicable  to  tab  deflections  not  exceeding 
this  angle.  Figure  19  may  also  be  used  to  estimate  the 
balancing  effect  of  a movable  tab. 

It  appears  from  figure  19  that  a very  large  floating 
angle  can  be  obtained  by  the  use  of  a relatively  small 
inset  tab  and  deflection.  Thus,  the  floating  angle  can 
very  easily  be  altered  to  suit  a given  set  of  conditions. 
It  has  been  pointed  out  that  it  is  desirable  to  have  the 
floating  angle  at  least  as  large  as  the  maximum  upward 
deflection  required  for  control  so  that  the  stick-force 
curve  wiQ  lie  reasonably  near  the  minimum  throughout 
the  range.  The  smaller  the  percentage  variation  of 
floating  angle  with  ai^le  of  attack,  the  smaller  will  be 
the  variation  of  the  actual  stick  force  with  flight  speed. 
It  would  therefore  appear  desirable  to  trim  the  ailerons 
up  as  far  as  possible  by  means  of  a tab.  On  the  other 
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hand,  inasmuch  as  the  deflected  tab  is  made  an  in- 
herent part  of  the  airfoil  camber,  the  size  and  deflection 
of  the  tab  cannot  be  indefinitely  increased  without  ad- 
versely affecting  the  pitching-moment  and  drag  char- 
acteristics of  the  airfoil. 

Reference  to  figure  19  shows  that  a 0.10  (?M  percent 

cj  tab  deflected  downward  10^  will  change  the  floating 
angles  of  aileron  1 by  approximately  9®,  raising  the 
maximum  floating  angle  to  about  20®.  This  tab  on  the 
average  airplane  would  be  only  1.6  inches  wide  and  the 
deflection  of  10®  would  displace  the  trailing  edge  of  the 
wing  section  by  only  one-third  inch  and  would  conse- 
quently not  be  expected  to  make  a noticeable  change  in 
the  drag  or  the  pitching  moment  of  the  wing  as  a whole. 
The  differential  linkage  giving  complete  balance  at  a= 
15®  with  this  floating  angle  can  be  found  from  figure  17. 
The  neutral  settings  of  the  cranks  are 

0«=28®,  5„=59®  (21) 

The  maximum  downward  deflection  found  on  the  chart 
is  about  8®,  but  in  this  case  the  aileron  is  not  required 
to  reach  this  deflection  (20®  up  and  8®  down)  to  produce 
a sufficient  bank.  Reference  to  figure  18  shows  that 
the  reduction  in  floating  angle  between  Cz,— 1.25 

(maximum)  and  (7i,— 1.0  is  2.5®  so  that,  with  the  tab 
assumed,  the  floating  angle  at  a =10®  (Ci,=  1.0)  will  be 

20®~2.5®=17.5®  (22) 

Similarly,  the  new  floating  angle  at  a=0®  ((7i=0.35) 
will  be 

20®—4.8®=15.2®  (23) 

These  values  indicate  that  the  balancing  effect  of  the 
differential  will  not  be  greatly  reduced  at  the  higher 
speeds.  Table  I gives  the  actual  stick  forces  as  com- 
puted at  these  lift  coeflicients  and  indicates  the  reduc- 
tion possible  with  a tab.  An  even  better  degree  and 
range  of  balance  could  be  attained  with  narrower 
ailerons  on  account  of  the  smaller  variation  of  floating 
angle  with  angle  of  attack. 

CONCLUDING  REMARKS 

The  provision  of  control  rolBng  moments  at  high 
angles  of  attack  or  beyond  the  stall  is  not  sufficient  to 
secure  control  in  flight  at  these  angles  unless  the  damp- 
ing in  rolling  is  retained.  This  requirement  necessitates 
that  at  least  the  tip  portions  of  the  wing  remain  un- 
stalled;  hence,  it  cannot  be  considered  a decided  ad- 
vantage to  retain  control  roUing  moments  far  above  the 
stall  with  conventional  wings. 

The  flight-testing  experience  gained  throughout  the 
course  of  the  lateral  control  investigation  has  led  to 
more  or  less  definitely  quantitative  ideas  regarding  the 
desired  effectiveness  of  the  lateral  control  and  the 
desirable  variation  of  the  control  forces  in  normal  flight. 


From  considerations  of  operating  force  required  for  a 
given  amount  of  control,  plain  narrow  sealed  ailerons 
with  deflections  limited  to  20®  seem  about  the  most 
efficient.  Very  great  taper,  or  change  of  aileron  chord 
along  the  span,  leads  to  inefficiency  whether  used  with  a 
straight  or  a tapered  wing.  A dffierential  linkage  can 
be  so  designed  as  to  reduce  considerably  the  operating 
force  of  ordinary  unbalanced  ailerons,  especially  if  a 
small  fixed  tab  is  used  to  increase  the  floating  angle. 

Several  devices,  notably  the  plain  ailerons  with  flap 
retracting  ahead,  and  the  retractable  aileron  or  spoiler 
located  at  0.80  have  been  developed  and  proved  in 
flight  to  be  suitable  for  use  with  full-span  flaps.  It  was 
found,  however,  that  the  maximum  lift  of  a tapered 
wing  with  split  flaps  was  reduced  less  than  10  percent 
by  the  removal  of  the  outer  0.30  6/2  portions  of  the  flap, 
so  that  a conventional  aileron  could  be  used  over  that 
portion  of  the  wing  without  great  loss. 

Aerodynamic  theory  can  be  successfully  applied  to 
the  calculation  of  roU^  and  yawing  moments  of  plain 
ailerons  provided  that  experimental  section  character- 
istics are  used  in  the  computation  of  the  local  changes  in 
angle  of  attack  along  the  wing  span  caused  by  the 
ailerons.  Further  calculations  involving  the  airplane 
stability  characteristics  can  be  applied  to  the  pre- 
diction of  the  actual  resultant  motions  caused  by  a given 
deflection  of  the  control,  thus  giving  a measure  of  ef- 
fectiveness in  controlling  the  movements  of  the  air- 
plane. 


Langley  Memokial  Aeeonautical  Labokatoey, 
National  Advisoey  Committee  foe  Aeeonautics, 
Langley  Field,  Ya.,  April,  20,  1937. 
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THEORETICAL  STABILITY  AND  CONTROL  CHARACTERISTICS  OF  WINGS  WITH 
VARIOUS  AMOUNTS  OF  TAPER  AND  TWIST 

By  Henry  A.  Pearson  and  Robert  T.  Jones 


SUMMARY 

BtcbbUity  derivaiwes  have  been  compvied  Jar  twisted 
wings  of  different  plan  forms  that  include  variations  in 
both  the  wing  taper  and  the  aspect  ratio.  Taper  ratios 
of  t.Oj  0.50j  and  0.25  are  considered  for  each  of  three 
aspect  ratios:  6^  10 ^ and  16,  The  specific  derivatives  for 
which  results  are  given  are  the  rolling-moment  and  the 
yawirig-moTrtent  derivatives  with  respect  to  {a)  rolling 
velocity f (b)  yawing  velocity^  and  (e)  angle  of  sideslip. 
These  results  are  given  in  such  a form  that  the  effect  of 
any  initial  symmetrical  wing  twist  {such  as  may  be 
produced  by  flaps)  on  the  derivatives  may  easily  be  taken 
into  account. 

In  addition  to  the  stability  derivatives  ^ results  are 
included  for  determining  the  theoretical  rolling  moment 
due  to  aileron  deflection  and  a series  of  influence  lines  is 
given  by  which  the  loading  across  the  span  may  be  de- 
termined for  any  angle-of-attack  distribution  that  may 
occur  on  the  wing  plan  forms  considered.  The  report  also 
includes  incidental  references  to  the  application  of  the 
results. 

INTRODUCTION 

Although  a formal  theory  for  the  dynamics  of  air- 
plane motions  has  been  available  for  many  years,  air- 
plane designers  have  not  been  in  a position  to  utilize 
this  theory  to  its  fullest  advantage  on  accoimt  of  lack 
of  knowledge  of  the  basic  physical  quantities  involved. 
It  is  true  that  the  physical  quantities,  or  stability 
derivatives,  have  been  determined  by  test  or  calcula- 
tion in  a number  of  instances,  but  there  exists  no  sys- 
tematic series  or  correlation  of  tests  sufficient  to  guide 
the  designer  in  the  prediction  of  these  factors. 

As  is  well  known,  the  calculations  involved  in  aero- 
dynamic wing  theory  have  been  developed  and  refined 
to  such  an  extent  that  it  is  possible  to  predict  quite  accur- 
ately the  air  moments  and  forces  on  the  isolated  wing 
at  a fixed  speed  and  incidence.  Since  several  of  the 
airplane  lateral-stability  derivatives  depend  almost 
entirely  on  the  aerodynamic  characteristics  of  the  wing 
and  since  it  would  be  desirable  in  any  case  to  know  the 
separate  effects  of  variation  of  wing  form  on  stability, 
it  was  thought  worth  while  to  extend  the  calculations 
to  the  determination  of  the  moments  developed  by  the 
wings  when  the  airplane  is  disturbed  from  steady  flight. 


This  report  gives  theoretical  stability  derivatives  for 
a variety  of  wing  shapes  including  nine  different  plan 
forms  and  covering,  in  most  cases,  an  arbitraiy  distri- 
bution of  twist. 

Past  work  on  the  stability  characteristics  of  wings  has, 
except  in  isolated  cases,  been  confined  to  analysis  by  the 
“strip  method, wherein  the  effects  of  aerodynamic  in- 
duction were  neglected.  The  main  effects  of  the  induc- 
tion are  included  in  the  present  computations,  although 
the  secondary  influence  of  distortion  or  curvature  of  the 
wake  is  neglected.  ^ 

DEFINITIONS 

The  axes  used  in  specifying  moments,  angular  veloci- 
ties, etc.,  are  fixed  in  the  wing  and  therefore  move  rela- 
tively to  the  air  and  to  the  earth.  The  X axis  passes 
through  the  wing  aerodynamic  center  in  the  plane  of 
symmetry  and  is  so  chosen  as  to  point  directly  into  the 
line  of  the  relative  wind  when  the  wing  is  moving  stead- 
ily. Otherwise  the  axes  form  an  orthogonal  system  as 
shown  in  the  back  cover  of  the  report. 

The  derivatives  that  may  be  obtained  enable  an  esti- 
mate to  be  made  of  the  variation  of  both  rolling  moment 
and  yawing  moment  with  (1)  rolling  velocity,  (2)  yaw- 
ing velocity,  and  (3)  sideslip  angle.  These  factors,  des- 
ignated by  (7ip,  (7n„  etc.,  are  to.be  used  in  the  following 
general  formulas  to  determine  the  wing  rolling  and  yaw- 
ing moment  in  combined  rolling,  yawing,  and  sideslip- 
ping motion: 

(1) 

Subscripts  p and  r are  used  to  designate  the  partial 
derivatives  of  the  well-known  wing  rolling-moment  and 
yawing-moment  coefficients,  Gi  and  (7„,  with  respect  to 
instantaneous  rolling  and  yawing  angular  velocities  (ex- 
pressed as  helix  angles)  and  ^ is  used  to  designate  the 
partial  derivatives  of  these  coefficients  with  respect  to 
instantaneous  sideslip  angles.  In  this  manner  the  no- 
tation is  considerably  shortened  from  the  usual  more 

cumbersome  expressions  d(7i/d 

Expressing  the  rolling  and  yawing  moments  as  the  sums 
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that  are  slow  relative  to  the  flight  speed  F and  for  small 
displacements,  such  as  occur  in  ordinary  unstalled 
maneuvers  and  such  as  are  considered  in  the  study  of 
stability. 

a,  angle  between  the  zero-lift  direction  of  the  wing 

section  and  the  air  velocity  at  infinity,  radians. 

Of  parameter  defining  spanwke  position,  ^ cos  0 

^when  9=0,  y = e=w, 

Co,  C2,  C4,  coefficients  of  cosine  series  expressing 
wing  plan  form. 

Oif  rolling-moment  coefficient. 

C„,  yawing-moment  coefficient. 

р,  angular  velocity  in  roll,  radians  per  sec. 

r,  angular  velocity  m yaw,  radians  per  sec. 

Vf  fl%ht  velocity  of  wing  along  X,i.  p.  s. 

ft  angle  of  sideslip,  radians. 

6,  aileron  deflection,  radians. 

C^,  rate  of  change  of  rolling-moment  coefficient  Oi 
with  the  helix  angle  phl2V. 

Orijfi  rate  of  change  of  yawing-moment  coefficient  C„ 
with  the  helix  angle  'pbj2V. 

Ci^f  rate  of  change  of  rolling-moment  coefficient  Ci 
with  the  helix  angle  rbl2V, 

Cn^f  rate  of  change  of  yawing-moment  coefficient  C„ 
with  the  helix  angle  rh  12V, 

Cipf  rate  of  change  of  rolling-moment  coefficient  Ci 
with  sideslip  angle 

Cnp,  rate  of  change  of  yawmg-moment  coefficient  (7„ 
with  sideslip  angle  /3. 

Ci,f  rate  of  change  of  rolling-moment  coefficient  Ci 
with  aileron  angle  5. 

(7„j,  rate  of  change  of  yawing-moment  coefficient  (7„ 
with  aileron  angle  8. 

Lf  total  wing  rolling  moment,  ft.-lb. 

Nf  total  wing  yawing  moment,  ft.-lb. 

g,  dynamic  pressure,  lb.  per  sq.  ft. 

8f  wing  area,  sq.  ft. 

с,  chord  length  at  any  section,  ft. 

Cgf  chord  length  at  plane  of  symmetry,  ft. 

mo,  section  slope  of  the  lift  curve,  per  radian, 

b,  wing  span,  ft. 

Aj  wing  aspect  ratio,  ¥[S, 

An,  Bn,  coefficients  of  Fourier  series.  (See 

reference  2.) 

Cl,  section  lift  coefficient,  section  Mft/gcdy. 

Cl,  wing  lift  coefficient,  wing  lif t/giS'. 

CtfQ,  section  profile-drag  coefficient. 

Cat,  section  induced-drag  coefficient. 

Odq,  wing  profile-drag  coefficient. 

X,  taper  ratio:  i.  e.,  ratio  of  the  fictitious  tip  chord, 
obtained  by  extending  the  wing  leading  and 
trailing  edges  to  the  tip,  to  the  root  chord. 

r,  dihedral  angle,  radians. 


PLAN  FORMS 

The  particular  chord  distributions  for  which  the  com- 
putatioim  were  made  are  illustrated  in  figure  1.  Tablo 
I gives  the  coefficients  of  the  cosine  series  used  to  express 
these  chord  distributions  in  terms  of  0,  Although  the 
quarter-chord  line  is  shown  to  be  straight,  it  is  permis- 
sible to  apply  the  resulte  to  wings  with  similar  chord 
distributions  but  with  the  different  plan  forms  that 


(a)  ^=6. 

(b)  A=1Q. 

<c)  A=16. 

Figure  1.— Wing  plan  forms  considered. 

may  be  obtained  by  small  alterations  of  the  shape  of 
the  quarter-chord  line.  The  computations  were  made 
for  three  aspect  ratios,  6, 10,  and  16,  and  for  three  taper 
ratios,  1.00,  0.50,  and  0.25.  The  wing  phin  forms  used 
only  approximate  those  oi  linearly  tapered  wings  with 
rounded  tips. 

LIFT  DISTRIBUTIONS 

Rolling,  yawing,  and  sideslipping  motions  introduce 
varying  resolutions  of  the  relative-wind  velocity  over 
the  wing.  It  is  evident  that  these  variations  can,  to  a 
certain  extent,  be  replaced  by  a fictitious  warp  or  twist 
of  the  wing  in  stra^ht  flight.  The  procedure  followed 
here  is  to  calculate  the  spanwise  lift  and  drag  distribu- 
tions for  the  fictitious  twist  (i.  e.,  that  replacing  the 
efiPect  of  motion)  in  the  ordinary  way,  but  to  incline  the 
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lift  and  drag  components  so  as  to  maintain  them  along 
the  perpendicular  and  the  parallel  to  the  actual  local 
relative-wind  velocity.  A further  refinement  of  the 
theory  would  involve  the  influence  of  the  curvature  of 
the  wing  wake.  Since  the  helix  angles  involved  in  the 
motions  are  small  0?^/2F<0.1  and  rhl2V<iOA)  and 
since  that  region  of  the  wake  nearest  the  wing  is  of 
predominant  influence,  this  correction  may  he  neglected. 

Inasmuch  as  the  various  stability  derivatives  thus 
depend  upon  a summation  of  appropriate  components 
of  the  lift  and  the  drag  loading  aloi^  the  span,  it  was 
necessary  to  determine  these  distributions  for  each  of 
the  wings  with  several  different  angle-of-attack  distri- 
butions. For  this  purpose  the  Lotz  method  of  calcula- 
tion (references  1 and  2)  was  used.  In  order  to  keep 
the  computations  from  becoming  too  lengthy,  the  chord- 
distribution  function  that  occurs  in  this  method  was 
expressed  by,  at  most,  three  terms  of  a cosine  series  (as 
in  table  I).  Although  this  expression  caused  the  chord 
distributions  of  the  actual  wings  (fig.  1)  to  differ  slightly 
from  those  for  linearly  tapered  wings  with  rounded  tips, 
such  a procedure  was  justified  because  these  slight  de- 
partures in  plan  form  had  only  a small  effect  on  the 
characteristics  but  permitted  a large  saving  in  the  com- 
putations required.  Thus  only  the  terms  near  the 
diagonal  running  through  equations  (19)  of  reference  2 
entered  into  the  computations.  As  the  various  deriva- 
tives for  the  elliptical  wing  could  be  obtained  relatively 
easily,  they  were  sometimes  computed  in  order  to  deter- 
mine the  shape  of  the  various  derivative  curves;  it  was 
therefore  possible  to  use  fewer  points  in  fairing  similar 
curves  for  the  tapered  wings. 

The  wing  theory  was  applied  in  a special  way  so  as 
to  obtain  results  applicable  to  any  arbitrary  twist  of 
the  wings.  The  theoretical  span  loading  being  a linear 
function  of  the  angle-of-attack  distribution,  the  loading 
due  to  arbitrary  twist  can  be  built  up,  as  will  be  indi- 
cated later,  from  certain  elementaiy  loadings  by  super- 
position. The  elementary  loadings  considered  were 
those  caused  by  simple  unit  jumps  of  angle  of  attack 
occurring  at  different  points  of  the  span. 

For  each  of  the  nine  tapered  wings,  the  first  20 
Fourier  coefiScients  determining  the  load  distributions 
were  computed  (10  odd  and  10  even)  for  the  cases  of 
unit  angles  of  attack  extending  inward  from  the  wing 
tip  and  covering  various  amounts  of  the  semispan. 
The  rest  of  the  wing  was  in  each  case  assumed  to  be  at 
zero  angle  of  attack.  The  portions  thus  covered  were 
0.25,  0.50,  0.75,  and  1.00  of  the  semispan. 

In  spite  of  the  great  number  of  harmonic  terms  re- 
tained, the  conditions  near  the  points  of  discontinuity 
in  the  angle  of  attack  required  special  treatment.  The 
problem  of  these  end  conditions  has  been  solved  by 
Betz  and  Petersohn  (reference  3)  and  their  results  were 
utilized  in  fairing  the  load  curves  through  this  region. 
Figure  2 shows  the  elementary  loadings  that  were  cal- 
culated, including  the  modified  fairing.  The  results 
pertain  specifically  to  the  chord  distributions  illustrated 


in  figure  1 but  interpolation  m%ht  be  made  for  inter- 
mediate plan  forms. 

It  is  evident  that  any  angle-of-attack  distribution, 
symmetrical  or  unsymmetrical,  may  be  built  up  of 
elemental  steps  of  the  type  used  in  deriving  figure  2. 
Figure  3 illustrates  the  procedure  of  finding  the  r^ultant 
load  distribution.  Thus,  the  loading  contributed  by 
element  10  of  figure  3 (a)  is  obtained  by  deducting  the 
load  curve  due  to  an  increment  of  angle  of  attack  extend- 
ing between  B and  C from  that  due  to  an  increment 
extending  between  A and  C.  Although  this  process 
could  be  continued  until  the  load  distribution  was  com- 
pletely detennined,  the  same  results  can  be  more  easily 
obtained  from  influence  lines,  which  give  the  load  at  a 
particular  spanwise  station  due  to  the  effect  of  unit 
ai^le-of-attack  changes  extending  inward  various 


Figure  3.—troad  components  for  an  element. 


amounts  from  the  right  wing  tip.  Such  influence  lines 
are  given  in  figures  4,  5,  and  6 for  eight  evenly  spaced 
points  across  the  wing  semispan.  Each  line  was  ob- 
tained by  cross-plotting  the  values  of  at  the  inter- 
sections of  the  loading  curves  of  figure  2 with  vertical 
lines  drawn  at  the  particular  stations.  (For  example, 
the  points  of  intersection  of  line  Z — Z,  fig.  2 (b),  with 
the  various  curves  represent  the  load  induced  at  the 
0.25-semispan  point  by  uniform  angle-of-attack  incre- 
ments that  extend  in  varying*  amounts  from  the  wing 
tip.  These  intersections  identify  the  corresponding 
curves  of  figs.  4 to  6.) 

In  order  to  illustrate  the  use  of  the  influence  lines  in 
determining  the  lift  distribution  aS"  well  as  to  show  the 
degree  of  accuracy  with  which  they  may  be  used,  the 
influence  lines  will  be  applied  to  predict  the  loading  for 
a tapered  wing  (X=G.25,  ril=6)  corresponding  to  the 
angle-of-attack  distribution  shown  in  figure  7 (a). 
The  particular  angle-of-attack  distribution  used  is 
defined  by  the  equation 
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(a)  X=1.00  (b)  X=0.50.  (c)  X=0.25. 

Figubs  5.— Influence  lin^  for  determining  the  load  distribution.  A~l^.  The  number  identifying  a given  line  refers  to  the  particular  spanwise  station  at  which  the 

load  is  to  be  computed. 
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(a)  X==1.00.  (b)X=0.50.  (c)  X*0.25. 

Figubb  6.---fcflu6nce  lines  for  determining  the  load  distribution.  -4=16.  The  number  identifying  a given  line  refers  to  the  particular  spanwise  station  at  whicb  the  load 

is  to  be  computed. 
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This  particular  distribution  is  employed  because  it  is 
possible  thereby  to  compute  exactly  the  corresponding 
theoretical  distribution  as  a check,  without  the  usual 
approximations  of  a Fourier  series.  The  following  pro- 
cedure  illustrates  the  use  of  the  influence  lines  to  deter- 
mine the  lift  at  the  0.75-semispan  point  due  to  this  dis- 
tribution of  twist:  (1)  The  influence  curve  labeled 
0.75  in  figure  4 (c)  is  reproduced  beneath  the  angle  dis- 


tribution to  the  same  spanwise  scale;  (2)  a base  line 
with  a range  from  cx^az^  to  amaz-t-  is  laid  out  as  in  figure 
7 (c)  with  the  origin  of  the  ordinates  at  a equal  to  zero; 
(3)  the  effect  of  any  length  of  elemental  angle-of-attack 
change,  da,  in  figure  7 (a)  is  found  by  projecting  the 
length  of  the  element  onto  figure  7 (b)  and  plotting  the 
increments  (Ai)  and  (A24-A20  at  the  angles  of  attack 


for  which  these  elements  are  drawn,  as  in  figure  7 (c). 
Because  a negative  an^le  would  induce  a n^ative  load 
at  the  point  in  question,  Ai  is  plotted  as  a negative 
value.  This  process  is  continued  from  amaz-  to 
and  the  resulting  curve  (fig.  7 (c))  is  integrated  to  obtain 
the  total  effect  at  0.75,  which  is  then  plotted  in  figure 
7 (d).  The  load  distribution  over  the  entire  span  is 
obtained  by  repeating  the  same  procedure  for  a number 
of  points  along  the  span. 

With  the  lift  loading  thus  determined,  the  induced- 
drag  distribution  may  be  found  by  a simple  operation, 
namely 

Figure  7 (d)  gives  the  comparison  of  the  load- 
distribution  curve  obtained  from  the  influence  fines 
with  that  computed  directly  by  the  wing  theory  using 
equation  (3).  Although  the  agreement  is  not  precise, 
it  must  be  remembered  that  the  solid  curve  represents 
a case  where  no  series  approximation  was  necessary; 
hence  it  may  be  concluded  that  the  influence-fine 
method  of  determining  the  lift  distribution  is  as  ac^ 
curate  as  any  other  for  practical  purposes. 

Aside  from  other  possible  applications,  the  load  dis- 
tribution may  be  used  to  determine  the  stability  deriva- 
tives for  certain  cases  not  specifically  covered  by  the  cal- 
culations. In  the  subsequent  charts,  it  is  sometimes 
necessary  to  stipulate  either  that  the  initial  angle-of- 
attack  distribution  be  symmetrical  about  the  wing 
center  line  or  that  the  dihedral  angle  be  constant  along 
the  span.  With  a knowledge  of  the  complete  load 
distribution,  however,  values  of  the  derivatives  or  their 
respective  moments  might  be  found  for  particular  cases 
where  the  charts  do  not  apply. 

STABILITY  DERIVATIVES 

Although  it  is  possible,  in  the  general  case,  to  obtain 
the  stability  derivatives  from  the  lift  distribution,  such 
a procedure  will  not  usually  be  necessary  because  the 
charts  to  be  presented  cover  all  cases  likely  to  be  of 
interest.  The  results  are  presented  in  such  a form  that 
the  effect  of  flaps  on  the  derivatives  may  easily  be 
determined. 

BOLLING  MOMENT  DUE  TO  BOLLING 

The  first  derivative  considered  is  the  rolling  moment 
due  to  rolling.  In  unstaUed  flight,  when  the  wing  rolls 
about  the  longitudinal  wind  axis,  a damping  or  restoring 
moment  is  set  up.  This  moment  Lromng  varies  directly 
with  the  angular  velocity  p and  is  defined  by  the 
equation 

LroUin,=C,^^qSb  (5) 

where  the  product  simply  a rolling-moment 

coefficient  that  varies  linearly  with  the  angular  velocity  . 
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The  computed  variation  of  the  derivative  (7^^  with 
aspect  ratio  and  taper  is  given  in  figure  8.  In  the  usual 
lift  range  below  the  stall,  this  derivative  may  be  con- 
sidered to  be  independent  of  either  initial  wing  twist  or 
angle  of  attack  and  of  the  wing  dihedral.  In  conven- 
tional cases,  practically  the  entire  damping  moment  for 
the  airplane  may  be  attributed  to  the  wings.  It  can  be 
seen  that  the  moment  contributed  by  a tail  surface, 
geometrically  similar  to  the  wing  but  with  only  one- 


fourth  the  span,  would  be  3^66  of  that  contributed  by 
the  wing,  inasmuch  as  LroiunQ  for  a given  angular  ve- 
locity varies  as  the  fourth  power  of  a linear  dimension. 

Reducing  the  aspect  ratio  or  increasing  the  taper 
tends  to  reduce  the  derivative  as  may  be  seen  from 
the  curves  given  in  figure  8.  Comparison  of  the  pres- 
ent values  of  Ci^  with  similarly  derived  values  given  in 
reference  4 indicates  that  the  effect  of  rounding  the 
wing  tips  is  to  reduce  the  theoretical  restoring  moment 
by  about  6 percent  for  wings  of  aspect  ratio  6. 

YAWING  MOMENT  DUE  TO  ROLLING 

During  a rolling  motion,  the  wing  experiences  a linear 
antisymmetrical  change  in  angle  of  attack  along  the 
span  and,  as  a result,  antisymmetrical  loadings  are 
added  to  those  that  originally  were  on  the  wing.  The 
resulting  yawing  moment  is  due  to  components  of  the 
lift  as  well  as  to  the  drag  along  the  span,  the  lift  com- 


ponents being  the  more  important.  With  the  specified 
system  of  axes,  poritive  rolling  produces  a negative 
yawing  moment  or,  for  any  case,  with  positive  lift  coef- 
ficients the  falling  wing  tends  to  advance  owing  to  the 
predominating  influence  of  the  lift  vectors. 

The  yawiog  moment  due  to  rolling,  unlike  the  rolling 
moment  due  to  roUiug,  depends  upon  both  the  initial 
wing  twist  and  the  angle  of  attack.  For  untwisted 
wiDgs,  however,  the  yawing  moment  is  zero  at  zero  lift 
and  increases  linearly  with  the  wing  lift  coefficient. 
For  a twisted  wing,  the  yawing  moment  due  to  rolling, 
although  varying  Hnearly  with  the  over-all  lift  coeffi- 
cient, is  not  necessarily  zero  when  Cl  is  zero  but  may 
have  either  a small  positive  or  a small  negative  value 
depending  upon  the  initial  angle-of-attack  distribution. 
Owing  to  this  circumstance,  it  is  most  convenient  to 
express  the  derivative  <7„p  as  a ratio  in  terms  of  unit 
partial-span  angle-of-attack  changes. 

Figure  9 shows  the  computed  variation  of  the  ratio 
Cnjoi  for  unit  symmetrical  angle-of-attack  changes  that 
extend  out  from  the  wing  center  so  as  to  cover  various 
amounts  of  the  wing  span.  Thus,  if  it  is  desired  to 
determine  Cn^  for  an  untwisted  rectangular  wing  of 
aspect  ratio  6 at  an  angle  of  attack  of  0.1  radian,  the 
value  0.195  (for  an  angle  of  attack  of  1 radian),  read 
from  the  solid  line  of  figure  9 (a)  at  the  relative  dis- 
tance of  1.0,  is  multiplied  by  0.1  to  give  a value  of 
equal  to  0.0195.  If,  now,  a half-span  flap  of  con- 
stant chord  ratio  were  displaced  an  amount  sufficient 
to  cause  an  additional  change  in  angle  equal  to  0.1 
radian  over  the  portion  with  flaps,  the  new  value  of 
Gn^  would  be 

(0.1X0.195)+(0.1X0.134)=0.0329 
This  value  of  On^,  is  then  inserted  into  the  equation 

NraUn,^On,-^q,Sb  (6) 

to  determine  the  yawing  moment  due  to  a rolling 
angular  velocity.  ^ 

Although  the  curves  given  in  figure  9 can  be  directly 
used  to  determine  the  effect  on  Cn^  of  deflecting  partial- 
span  flaps  of  constant  flap-chord  ratio,  they  are  also 
readily  adapted  to  the  determination  of  (7^  for  a wing 
with  any  initial  twist  provided  that  the  twist  distribu- 
tion is  symmetrical  about  the  wing  center  line.  The 
process  is  fllustrated  in  the  following  example  where  it 
is  desired  to  find  the  value  of  (7^^  for  a rounded-tip 
rectangular  wing  of  aspect  ratio  6 with  the  symmetrical 
angle-of-attack  distribution  shown  in  figure  10  (a). 
The  contribution  of  the  element  of  angle  of  attack  rfa, 
shown  at  the  point  a=0.15  radian,  to  the  total  value 
of  the  wing  Cup  is  equivalent  to  that  caused  by  a full- 
span  elemental  flap  minus  the  contribution  of  the 
cross-hatched  portions.  The  contribution  of  this 


element  da  is  denoted 


da  and  may  be  obtained 
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(a)  A=fi. 

(b)  ^=10. 

(c)  ^=16. 

Fiouee  9.— Yawing  derivative  due  to  rolling.  A^roUtns  = Cn^, 

by  projecting  the  various  small  flap  portions  onto  the 
appropriate  curve  (taken  from  fig.  9)  as  in  figure 


10  (b),  and  adding  the  increments  At  and  A2.  The 
sum  of  these  increments  is  then  plotted  in  figure  10  (e) 
at  the  value  of  a for  which  the  element  is  drawn.  The 
value  of  Gnj,  for  the  complete  wii^  is  obtained  by  per- 
forming the  integration 


(7) 


Figuee  10.— Application  of  Cn^  curves  to  an  example. 


These  curves  apply  to  wings  with  symmetrical  twist 
and  it  is  necessary  to  consider  only  half  the  wing,  the 
factor  2 being  included  in  the  curves.  The  evaluation 
in  the  case  of  figure  10  (c)  yields  0.0391. 
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The  curves  of  figure  9 indicate  that,  for  a given 
angle-of-attack  distribution,  there  is  relatively  little 
change  in  the  value  of  (7«p  with  the  taper  ratios  investi- 
gated. Changes  in  taper  ratio  did,  however,  have  an 
appreciable  effect  on  the  value  of  C7|p  (fig.  8)  with  the 
result  that  the  ratio  of  the  yawing  to  tjie  rolling  moment 
in  roll  will,  in  general,  increase  with  increase  in  taper. 

Inasmuch  as  the  inclination  of  the  lift  vectors  at  the 
outer  portions  of  the  span  has  such  a predomiuatmg 
effect  on  the  yawing  moment,  the  most  effective  means 
of  reducing  Onp  for  a given  wing  lift  coefficient  is  to 
give  the  wings  washout  toward  the  tips. 

The  yawing  moment  due  to  rolling  is,  in  conventional 
designs,  largely  due  to  the  wings.  The  tail  surfaces 
contribute  very  little  to  this  moment  both  because  of 


approximations  in  deriving  the  necessary  equations  for 
the  determination  of  the  yawing  derivative.  When 
these  approximations  are  used  and  the  velocity  along 
the  span  is  stressed  as  a variable,  the  new  downwash 
equation  become 


_ V 
4ir5 


X 


(cic)^sm  0 


cos  cos  00 


W (8) 


The  system  of  simultaneous  equations  derived  for  the 
approximate  solution  of  this  integral  equation  is 


X.C2n  COS  2n0  XAn  sin  n0+^^^An  ^ n0 


ORoof  .2  A .6  .8  TmORoof  ,2  A .6  .8  rip  0 Roof  ,2  .4  .6  .8  TfpW 

Exfenf  of  unit  symmefr/ca/  angle  of  af lock 


(a) 

(b)  A- 

(c)  A‘- 


6. 

=10. 

=16. 


FiGtJBE  11.— Rolling  derivative  due  to  yawing.  Lyavin,  - Ct,  ^qSb 


their  short  span  and  because  of  the  small  angles  of 
attack  relative  to  the  wing. 

ROLUNG  moment  DUE  TO  YAWING 

During  a yawing  motion,  increments  of  velocity  are 
added  along  the  forward-moving  half  of  the  wing  and 
similar  increments  are  deducted  along  the  rearward- 
moving  half.  The  difference  in  velocity  of  the  two 
halves  causes  a rolling  moment  which,  for  an  untwisted 
wing,  varies  directly  with  the  initial  angle  of  attack  as 
well  as  with  the  angular  velocity.  The  velocity  incre- 
ments vary  linearly  with  the  distance  from  the  wing 
center  line  and  are  small  relative  to  the  flight  speed ; 
it  is  therefore  permissible  to  make  certain  mathematical 


in  contrast  to  the  system  given  by  equation  (18)  of 
reference  2, 

By  means  of  equation  (9),  Fourier  coefficients  were 
computed  for  the  nine  tapered  wings  with  two  different 
initial  angle-of-attack  distributions:  (1)  a distribution 
due  to  a unit  angle  of  attack  extending  over  the  whole 
span,  and  (2)  a unit  angle  of  attack  at  the  wing  center 
covering  half  the  span.  In  order  to  obtain  the  correct 
fairing  of  the  final  curves  of  figure  11,  similar  results 
were  computed  for  elliptical  wings  with  six  angle-of- 
attack  distributions  covering  0,  H,  %,  and  all  of 
the  wing  span. 

As  was  the  case  with  the  derivative  0„j,,  it  is  most 
convenient  to  give  the  derivative  of  roUmg  moment 
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due  to  yawing  <7?^  as  a ratio  in  terms  of  a partial-span 
unit  angle  of  attack.  The  values  of  Gi^  may  be  ob- 
tained from  figure  11  and  are  to  be  inserted  into  the 
equation 

By  the  process  described  in  ihe  previous  section,  values 
of  G*r  niay  be  obtained  for  wings  with  any  initial  twist 
distribution  that  is  symmetrical  about  the  center  line. 


(a)  4«6. 

(b)  A^IO. 

(e)  ^*=16. 

Fiqttm  12.— Yawing  deriTative  due  to  yawing  for  partial-span  flap. 

The  curves  of  figure  11  fall  in  the  order  that  would 
be  expected  for  the  various  taper  ratios,  i.  e.,  the 
moment  for  an  untwisted  tapered  wing  would  be  ex- 
pected to  be  less  than  that  for  a rectangular  wing  of  the 
same  span  and  area  because  the  tapered  wings  have  a 
smaller  proportion  of  the  wing  area  at  the  tip.  On 
account  of  the  induced  velocities  along  the  span,  the 
reduction,  for  the  tapered  wings,  is  not  so  great  as 
would  be  obtained  by  an  application  of  the  ordinary 
strip  theory. 

The  direction  of  the  moment  is  such  that,  with  the 
system  of  axes  used,  a positive  rolling  moment  generally 


results  from  a positive  yawing  velocity  when  the  wing 
is  giving  positive  lift.  By  the  use  of  considerable 
washout,  such  as  is  obtained  with  partial-span  flaps, 
it  is  po^ble  not  only  to  reduce  the  value  of  this  moment 
but  also  to  make  it  slightly  negative  for  low  wing  lift 
coefficients. 

As  was  the  case  with  and  <7«p,  the  value  of 
for  the  entire  airplane  is  due  almost  wholly  to  the 
wings  because  the  side  area  of  the  airplane  contributes 
relatively  little  moment  as  compared  with  the  wings 
in  curvilinear  flight. 


YAWING  MOMENT  DUE  TO  YAWING 

A part  of  the  wing  yawing  moment  due  to  yawing 
results  from  the  change  in  the  induced-drag  distribution 
that  accompanies  the  chaise  in  the  lift  distribution 
across  the  span  of  a yawing  wing.  The  rest  of  the 
yawing  moment  is  due  to  the  difference  in  the  distribu- 
tion of  profile  drag  resulting  from  the  variation  in 
velocity  along  the  span.  Both  parts,  however,  pro- 
duce damping  moments  in  the  unstalied-flight  range. 

The  part  of  the  wing  yawing  moment  due  to  the 
induced  drag  is  defined  by  the  equation 

AT yawing  2^2®^  (1  ^ ) 

where  the  derivative  Cnr  niay  be  obtained  from  figure  12 
for  certain  types  of  angle-of-attack  distribution.  The 
special  distributions  for  which  the  derivatives  of  figure 
12  apply  are  both  uniform  and  symmetrical  about  the 
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wing  center  line.  Such  distributions  occur  only  when 
partial-span  flaps  of  constant-chord  ratio  are  deflected, 
the  rest  of  the  span  being  at  zero  angle  of  attack.  This 
limitation  in  the  applicability  of  these  curves  as  com- 
pared with  the  previous  ones  is  due  to  the  fact  that  the 
piinciple  of  superposition  does  not  apply  in  cases  where 
the  variation  is  not  linear  with  a.  The  computed 
results  may,  however,  be  used  to  determine  the  varia- 
tion of  Cnr  for  the  most  useful  case,  namely,  that  of  a 
wing  without  twist.  For  this  purpose,  the  proper 
values  of  obtained  from  figure  13,  which  is  a cross 
plot  of  the  end  points  of  figure  12,  are  multiplied  by  the 
square  of  the  actual  angle  of  attack. 

The  part  of  the  yawing  moment  due  to  the  profile 
drag  can  be  determined  from  the  easily  derived  equation 
6 

dy  (12) 

2 

where  Cdo  and  c are  functions  of  the  distance  y alor^  the 
span.  It  is  possible,  by  assuming  Ca^  constant  and  by 
neglecting  terms  of  the  second  order,  to  obtain  a coef- 
ficient A(7n^  that  may  be  used  with  the  equation 

(13) 

to  compute  the  part  of  the  yawing  moment  due  to  the 
profile  drag.  The  values  of  the  profile  yawing  mo- 
ment, as  given  by  equation  (13),  are  sufficiently 
accurate  for  most  wings  since  generally  varies  only 
slightly  across  the  span.  The  variation  of  the  coef- 
ficient LCnJCn^  with  taper  ratio  is  given  in  figure  14. 


The  total  wring  yawing  moment  due  to  yawing  is  the 
sum  of  the  moments  given  by  equations  (11)  and  (13). 
At  low  lift  coefficients,  the  profile  drag  contributes  the 
greater  portion  of  the  wing  damping  moment  in  yawing. 
At  moderate  or  Mgh  hft  coefficients,  however,  the  part 


due  to  the  induced  drag  exceeds  that  due  to  the  profile 
drag.  If  it  is  assumed  that  a= 0.3  and  Ct3o==0.01,  then 
the  respective  values  of  On^  and  A(7„/would  be  0.0522 
and  0.0031  for  a rectangular  wing  of  aspect  ratio  6. 

The  damping  moment  contributed  by  the  wrings  in 
yawir^  motion  is,  in  most  cases,  secondary  but  is  not 
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negligible  with  respect  to  the  damping  moment  con- 
tributed by  the  fuselage  and  the  vertical  tall  surfaces. 
The  damping  in  yawing  due  to  the  wings  depends  upon 
the  angle  of  attack  as  well  as  upon  the  plan  form; 
therefore  the  relative  amounts  contributed  by  the 
wings  and  tail  surfaces  may  vary  considerably. 

Although  it  was  not  possible  to  give  a general  chart 
for  determining  the  damping  in  yawing  for  symmetri- 
cally twisted  wrings  as  was  done  with  the  previous  deriva- 
tives, it  (ML  nevertheless  be  said  that  the  addition  of 
load  toward  the  tips,  whether  by  washing  or  by  an 
increase  in  taper  ratio,  would  increase  the  wii^  damping 
moment  due  to  a yawing  angular  velocity. 

ROLLING  MOMENT  DUE  TO  SIDESUP 

The  manner  in  which  the  changes  in  angle  of  attack 
that  cause  a rolHug  moment  are  brought  about  during 
a sideslipping  motion  is  shown  in  figure  15  by  a sketch 
of  a wing  having  positive,  negative,  and  zero  dihedral 
over  various  portions  of  the  span.  For  simplicity,  the 
wing  is  assumed  to  have  no  initial  twist  and  the  dihedral 
angles  are  assumed  constant  over  each  of  the  portions 
A,  B,  and  C.  For  small  angles  of  sideslip  the  in- 
crease in  ai^le  at  tip  A is,  to  a first  approximation, 
equal  to  Va^j  whereas,  at  the  opposite  tip  A',  there  is 
an  equal  decrease  of  the  angle  of  attack.  The  portions 
B — B',  having  no  dihedral,  contribute  no  change  in  angle 
of  attack  when  the  wing  is  sideslipping.  At  the  center. 
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however,  owing  to  the  n^ative  angle  of  dihedral  Pc, 
there  is  an  effective  decrease  in  angle  of  attack  over 
part  C equal  to  FcjS  and  on  C'  there  is  a sinular  increase 
in  angle.  Figure  15  shows  the  resulting  effective 
angle-of-attack  distribution  for  the  particular  shape  of 
dihedral  assumed. 

The  effect  of  this  distribution  is  similar  to  that  caused 
by  two  pairs  of  ailerons  equally  and  oppositely  deflected 
with  the  inner  pair  opposing  the  roiling  action  of 
those  at  the  tip.  Positive  areas  of  dihedral  on  the 
advancmg  wing  tend  to  add  load  onto  that  wii^.  For 
the  system  of  axes  chosen,  ail  areas  with  positive 
dihedral  produce  a n^ative  rolling  moment  with  a 
positive  angle  of  sideslip.  This  moment,  like  the  roiling 
moment  due  to  roll,  is  independent  of  the  initial  wing 
twist  as  long  as  no  portion  of  the  wing  becomes  stalled. 

The  rolling-moment  derivative  due  to  sideslip  C,, 
may  be  determmed  from  figure  16,  which  gives  the 
variation  of  CijT  for  various  unit  antisymmetrical 
angle-of-attack  distributions  (i.  e.,  symmetrical  portions 
with  constant  dihedral)  that  extend  out  from  the  wing 
center  and  cover  various  relative  amounts  of  the  wing 
semispan.  In  the  usual  case,  where  the  dihedral 
angle  T is  constant  along  each  semispan,  the  value  of 
the  rolling  moment  due  to  a sideslip  angle  p can  be 
obtained  from  the  equation 

^sidesHp~  (14) 

where  the  appropriate  values  of  CijT,  obtained  from 
figure  16  at  the  relative  distance  equal  to  1.0,  are  multi- 
plied by  the  dihedral  angle  in  radians.  In  more 
unusual  cases  as,  for  example,  where  only  the  tips  are 
turned  up  or  where  the  wing  is  given  a gull  shape  for 
any  reason,  it  is  still  possible  to  determine  a coefficient 
of  rolling  moment  due  to  sideslip  simply  by  adding  the 
effects  of  the  various  parts  in  the  way  previously  de- 
scribed. Thus,  for  the  wing  shown  in  figure  15,  let 
A=6y  X=1.0,  and  Vc—OA  radian  and  assume  that 
it  is  desired  to  find  the  proper  value  of  to  use  in 
equation  (14).  The  part  due  to  the  tip  portions  — A' 
is  Ai  (from  fig.  16  (a))  X r^=0.195  X 0.1=0.0195. 
The  part  due  to  the  center  portions  C— C'  is  A2  X 
0.065X0.1=0.0065.  The  resulting  value  of  Ci^  to 
be  used  in  equation  (14)  is  thus  0.0130.  The  extension 
of  this  method  to  a curvilinear  variation  of  r along 
the  span  may  be  easily  made  by  plotting  the  values  of 
r at  each  point  of  the  span  and  using  the  method  given 
in  a previous  section  for  integrating  for  the  total  effect. 

The  results  of  figure  16  indicate  that  equivalent 
angle-of-attack  changes  caused  by  unit  lengths  of 
dihedral  portion  near  six-tenths  of  the  relative  distance 
from  the  center  are,  in  general,  slightly  more  effective 
in  producing  rolling  moment  than  unit  lengths  of  di- 
hedral at  the  tips.  Such  a result  is  due  partly  to  the 
fact  that  the  load  curves  near  the  tips  are  rounded  and 
partly  to  the  fact  that,  for  the  tapered  wings,  the  larger 
areas  affected  by  lengths  of  dihedral  near  the  0.6  point 
tend  to  compensate  for  the  shorter  moment  arms 
through  which  the  change  in  loading  acts. 


(a)  (b)  ^*10.  (e)  X«16. 

Figtjbe  16.— Boning  derivative  due  tosideslip  with  dihedral. 
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Although,  during  a sideslippic^  motion,  positive 
dihedral  produces  a righting  moment,  a similar  though 
generally  smaller  effect  may  also  be  produced  by  the 
addition  of  vertical  area  above  the  longitudinal  wind 
axis.  Also,  on  account  of  interference  effects,  the 
proportion  of  the  airplane  rolling  moment  contributed 
by  the  wings  may  vary  considerably  with  the  external 
appearance  of  the  airplane. 

It  is  usually  considered,  in  practice,  that  a straight 
wing  will  have  some  dihedral  effect,  but  tests  of  wings 
with  well-rounded  tips  (reference  5)  do  not  support  this 
view.  In  cases  of  wings  with  blunt  tips  or  in  cases 
where  chords  of  the  sections  near  the  tip  do  not  lie  in 
one  plane,  some  dihedral  action  is  shown. 


It  will  have  been  apparent  from  the  preceding  dis- 
cussion that  the  results  of  figure  16  may  also  be  applied 
to  predict  the  roUmg  moment  caused  by  an  ai^ron 
deflection  in  unyawed  flight  since  ailerons,  equally  and 
oppositely  deflected,  cause  changes  in  the  angle-of- 
attack  distribution  that  are  similar  to  the  changes 
caused  by  dihedral.  Strictly  speaking,  however,  the 
change  in  angle  of  attack  due  to  dihedral  cannot  have 
quite  the  same  effect  as  a similar  change  produced  by 
ailerons  because  the  ordinary  lifting-line  theory,  when 
applied  to  yawed  or  sweptback  wings,  omits  the  effect 
of  the  stagger  of  the  trailing  vortices  and  the  inclination 
of  the  bound  vortex.  Although  the  present  theory  has 
not  been  modified  to  take  this  effect  into  account,  there 


Figube  17— Comparison  between  experimental  and  computed  values  of  Cip/r  (ex- 
perimental data  from  reference  5) . 

Figure  17  shows  a comparison  of  experimental  and 
computed  values  of  Gi^fV,  The  experimental  values 
have  been  obtained  from  figure  23  of  reference  5 and  the 
coefficients  given  therein  have  been  converted  to  the 
form  used  in  this  report.  In  the  tests  reported  in 
reference  5,  a rounded-tip  rectangular  wing  of  aspect 
ratio  6 was  given  various  lengths  of  dihedral  by  turning 
up  the  outer  portions  of  the  wing.  Each  wing  was  then 
tested  throughout  the  angle-of-attack  range  for  various 
sideslip  and  dihedral  angles. 


Fhp  or  aileron  chord/  Wing  chord 
Fiquke  18 — Variation  of  fc  with  ratio  of  flap  or  aileron  chord  to  wing  chord. 


is  ample  justification  for  omitting  it  in  the  computa- 
tions as  experiments  indicate  only  second-order  differ- 
ences (see  reference  5)  for  the  usual  angles  of  yaw  and 
sweepback. 

For  the  computation  of  the  rolling  mpment  due  to  an 
aileron  deflection  5,  the  appropriate  value  of  C^  io  be 
inserted  in  the  equation 

LaiUTons~  CiMSh  (15) 

may  also  be  found  from  figure  16.  The  derivative 
is  given  as  a ratio  in  terms  of  k,  the  theoretical  change 
of  a with  aileron  deflection.  Although  the  value  of  k 
has  been  theoretically  determined  for  thin  wings,  it  is 
better  to  use  values  of  ^ determined  from  an  analysis 
of  experimental  data.  For  this  purpose,  figure  18  is 
inclirded,  which  shows  the  variation  of  k for  values  of 
the  ratio  of  aileron  or  flap  chord  to  wing  chord  up  to 
0.3.  This  variation  of  k has  previously  been  given  in 
figure  1 1 of  reference  6 and  holds  for  sealed  flaps  deflected 
up  to  approximately  20°. 
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(a)  Ailerons  deflected  equally. 

Ailerons  deflected  different^liy. 

Fiquee  10.— Addition  of  effect  of  aileron  elements. 


Front  view 

EiouBB Action  of  dihedral  In  producing  sowing  moment  In  sideslip. 


If  the  aBgle-of~attack  change  caused  by  deflecting 
the  ailerons  k antisynoonetiical  about  the  wing  center 
line,  the  proper  value  of  Oi^  to  be  used  with  equation 
(15)  (for  the  ixiiling  moment  only)  can  be  found  by  an 


integration  or  summation  of  the  effects  of  elemental 
ailerons  of  various  lengths  and  portions  along  the  span 
as  indicated  in  figure  19  (a).  The  values  of  Oi^\k  are 
obtained  from  figure  16  for  the  wing  plan  form  used. 
If  the  ailerons  are  differentially  operated,  then  it  may 
be  better  to  divide  the  ordinates  of  figure  16  by  2 and 
to  determine  the  value  of  the  moment  given  by  each 
aileron  as  indicated  in  figure  19  (b). 

YAWING  MOMENT  DUE  TO  SIDESLIP 

The  yawing  moment  of  a wing  with  dihedral  in  side- 
slipping motion  may  be  conveniently  divided  into  two 
parts,  the  first  part  being  due  to  the  unsymmetrical 


(a)  ^-6. 

(b)  ^=10. 

(c) 

Fiqubb  21.— Yawing  derivative  due  to  sid«;lip  (dihedral  constant). 
Nh4»»U9- Cn/fiSSb 
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induced'drag  distribution  over  tbe  span  and  the  second 
part  due  to  a shift  of  the  lift  vectors  actii^  so  as  to  pro- 
duce a moment  about  the  vertical  axis.  Figure  20  illus- 
trates the  components  of  the  section  lift  and  drag 
vectors  that  produce  yawing  moments.  The  advanced 
wing  having  the  laiger  lift  will  also  have  a huger  induced 
drag  and  hence  a component  moment  is  set  up  that  tends 
to  turn  the  wing  so  as  to  reduce  the  sideslip;  at  the  same 
time,  however,  the  contrary  moment  due  to  the  com- 
ponents of  the  lift  acts  to  advance  the  forward  half  of 
the  wing  still  more.  As  was  the  case  \rith  the  yawing 
derivative  due  to  rolling,  the  moments  caused  by  the  lift 
components  predominate  and,  as  a result,  the  net 
theoretical  moment  is  an  unstable  one;  or,  in  other 
words,  with  the  system  of  ax^  chosen,  a negative 
yawing  moment  results  when  the  dihedral  and  sid^p 
angles  are  positive. 

The  explanations  advanced  in  some  textbooks  neglect 
the  inward  slope  of  the  lift  vectors  and  lead  to  an  incor- 
rect sign  of  the  yawing  moment. 

The  yawii^  moment  in  sideslip  is  given  by  the  equa- 
tion 

(16) 

The  derivative  (7„^  is  given  in  figure  21  as  a ratio  in 

terms  of  Pa  because  its  value  depends  linearly  upon  the 
magnitude  of  the  product  of  these  variables.  The 
values  of  CnJVa  have  been  computed  for  unit  symmetri- 
cal angle-of-attack  distributions  that  extend  out  on 
mther  side  of  the  center  fine  and  cover  0.25,  0.50,  0.75, 
and  all  of  the  wing  span.  These  curves  may  be  used  to 
determine  values  of  for  any  initial  angle-of-attack 
distribution  symmetrical  about  the  wing  center  line, 
provided  also  that  the  angle  of  dihedral  is  constant 
across  the  wing  span.  Although  the  rolling  derivative 
due  to  sideslip  can  be  obtained  (from  fig.  16)  for  a curvi- 
linear variation  of  dihedral  along  the  span,  itis  necessmy 
to  stipulate  tiiat  either  a or  V remain  constant  if  the 
principle  of  superposition  is  to  be  applied  in  the  deter- 
mination of  f7„  . The  combination  of  variable  symmet- 

p 

rical  twist  and  uniform  dihedral  being  more  common 
than  the  converse,  the  computations  were  shortened  by 
including  curves  for  only  the  case  of  uniform  dihedral. 

The  resultant  value  of  (7„^  (to  be  used  in  equation 
(16))  is  found  by  either  an  integration  or  a summation 
of  the  effects  of  elemente  of  angle  of  attack  extending 
along  the  span.  The  process  to  be  followed  where 
graphical  evaluation  is  necessary  has  been  illustrated 
in  figure  10,  wdth  the  ordinates  of  figure  10  (a)  changed 
to  Fa-  The  ordinates  and  abscissas  of  the  remaining 
parts  are  to  be  changed  as  required.  For  untwisted 
wings  with  uniform  dihedral,  the  value  of  Cn^jVa  is 
obtained  by  multiplying  the  value  read  at  a relative 
distance  of  1.0  by  the  wing  angle  of  attack  and,  in 
turn,  by  the  dihedral  angle. 

The  curves  of  figure  21  being  generally  steeper  be- 
yond the  0.6  point,  the  deduction  of  increments  of 


angle  of  attack  at  the  tip,  i.  e.,  giving  the  wii^  wash- 
out, would  be  the  simplest  means  of  decreasing  the 
unstable  yawii^  moment  caused  by  the  wings  in  a 
sideslipping  motion. 

Although  the  predicted  variation  of  the  yawing 
moment  with  dihedral  is  confirmed,  experiments  show 
a residual  stable  yawing  moment  at  zero  dihedral  that 
is  not  predicted  by  the  ordinary  theoiy . This  residual 
moment  is  greater  for  wings  with  blunt  tips  and  is 
greater  at  zero  or  negative  lifts.  It  will  be  noted  that 
the  theoretical  yawing  moment  is  itself  tiie  small  re- 
sultant of  two  large  contrary  effects  and  is  thus  of  the 
same  order  as  a number  of  possible  secondary  influences, 

Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  April  19,  1938. 
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Table  I.— VALUES  OF  COEFFICIENTS  DEFINING  WING 
CHORD  DISTRIBUTION 
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THE  INFLUENCE  OF  LATERAL  STABILITY  ON  DISTURBED  MOTIONS  OF  AN 
AIRPLANE  WITH  SPECIAL  REFERENCE  TO  THE 
MOTIONS  PRODUCED  BY  GUSTS 

By  Robert  T.  Jones 


SUMMARY 

Disturbed  lateral  motions  have  been  catcvlaled  for  a 
hypothetical  small  airplane  with  various  modifications  of 
fin  area  and  dihedral  setting.  Special  combinations  of 
disturbing  factors  to  simulate  gusts  are  considered  and 
the  influence  of  lateral  stability  on  the  motions  is  discussed. 

The  modifications  of  the  airplane  include  changes  of 
dihedral  from  0®  to  10°  and  changes  of  the  weathercock 
stability  from  zero  to  Cn^=0.137  (the  equivalent  of  a fin 
as  large  as  10  percent  of  the  wing  area).  The  positions  of 
the  modified  airplanes  on  the  lateral-stability  charts  are 
shown. 

Fin  area  and  wing  dihedral  were  found  to  be  of  primary 
importance  in  side  gusts.  It  was  found  that  the  rolling 
action  of  the  wing  with  as  much  as  5°  dihedral  was  dis- 
tinctly unfavorable,  especially  when  the  weathercock  sta- 
bility was  small.  It  is  pointed  out  that  the  greatest  sus- 
ceptibility to  lateral  disturbances  lies  in  the  inherent 
damping  and  coupling  moments  developed  by  the  wing. 

INTRODUCTION 

Inherent  stability,  as  defined  in  mathematical  treat- 
ment, must  be  considered  only  one  of  several  essential 
flying  qualities  of  an  airplane.  Other  important  qual- 
ities belonging  in  this  category  are  steadiness  in  rough 
air  and  responsiveness  to  control.  Although  the 
different  flying  qualities  depend  largely  on  the  same 
governing  factors,  they  may  not  call  for  similar  pro- 
portionings  of  the  factors.  It  is  known,  for  instance, 
that  the  requirements  for  stability  and  control  may 
conflict. 

What  is  ultimately  desired,  or  course,  is  a defimte 
understanding  of  the  individual  requirements  for  sta- 
bility, control,  and  steadiness  in  rough  air.  Most  of 
the  earlier  work  has  been  devoted  primarily  to  the  study 
of  stability  alone.  A noteworthy  early  work  on  the 
effects  of  gusts  is  that  of  Wilson  (reference  1).  More 
recently  the  results  of  an  investigation  dealing  with  the 
effects  of  different  degrees  of  stability  on  the  motions 
following  assumed  initial  conditions  have  been  pub- 
lished (reference  2).  The  purpose  of  the  present  work 
is  to  study  the  amplitudes  of  the  motions  set  up  by 
gusts  or  other  disturbances,  particularly  insofar  as  these 
motions  are  affected  by  the  lateral-stability  character- 
istics. It  is  hoped  that  the  study  will  be  useful  in 


indicating  combinations  of  stability  characteristics 
that  result  in  good  riding  qualities. 

The  mathematical  treatment  employed  is,  in  prin- 
ciple, an  extension  of  that  used  by  Wilson  and  other 
early  writers . The  methods  of  calculation  are , ho  we  vc  r, 
more  concise  and  the  development  is  not  restricted  to 
special  types  of  gust.  The  operational  method  of 
resolving  the  effects  of  disturbances  was  used.  (See 
reference  3.) 

According  to  the  theory,  the  motion  caused  by  any 
random  variation  or  sequence  of  the  disturbing  factors 
may  be  built  up  by  superposing  the  effects  of  abrupt 
unit  increases  of  the  disturbance,  which  corresponds,  in 
the  case  of  gusts,  to  the  effects  of  elementary  sharp-edge 
cross-currents.  Thus  the  effects  of  random  gusts  can  be 
largely  visualized  in  the  effect  of  a unit  sharp-edge  gust. 

STABILITY  FACTORS  ASSUMED 

The  chief  differences  of  lateral  stability  considered 
were  assumed  to  be  brought  about  by  changing  the  fin 
area  and  dihedral  of  a hypothetical  small  monoplane. 
Differences  in  other  proportions  of  most  airplanes  of 
conventional  form  have  only  secondary  effects  (in 
unstalled  flight)  and,  furthermore,  are  not  usually  dic- 
tated by  considerations  of  stability.  The  exact  arrange- 
ment of  the  hypothetical  airplane,  such  as  the  vertical 
disposition  of  the  wing  with  respect  to  the  fuselage, 
may  be  taken  as  indefinite.  Differences  of  arrange- 
ment can,  of  course,  have  large  secondary  influences  on 
the  action  of  the  fin  or  dihedral,  which  are  usually 
attributed  to  aerodynamic  interference.  It  is  reason- 
able to  assume  that  the  effects  of  such  interference  will 
be  similar  to  the  effects  of  actual  changes  in  the  size 
of  the  fin  or  the  amount  of  dihedral. 

The  airplane  assumed  in  the  calculations  is  a small 
1,600-pound  monoplane  having  rectangular  wings  with 
rounded  tips.  The  other  proportions,  including  the 
radii  of  gyration  about  various  axes,  the  tail  length,  etc., 
are  based  on  average  values  of  these  quantities  for  a 
number  of  conventional  machines.  The  stability  d e ri v- 
atives  and  other  characteristics  of  the  airplane  are 
essentially  the  same  as  those  used  in  reference  4,  except 
for  the  differences  of  fin  area  and  dihedral,  and  apply  to 
power-off  flight.  The  axes  and  symbols  employed 
throughout  are  given  in  detail  in  reference  4.  Addi- 
tional symbols  that  occur  in  this  report  are  given  in  the 
following  list: 
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X,  1",  and  Z,  axes  fixed  in  the  airplane  so  that  A" 
points  into  the  relative  wind  in  steady  flight.  (See 
report  cover.) 

f/oj  steady-flight  velocity. 

)3=tan“*  0- 

Derivatives  (see  report  cover  for  forimilation  of 
coefficients): 


(7r^=^^^rside  force  due  to  sideslip. 


rolling  moment  due  to  sideslip. 

d(7 

yawing  moment  due  to  sideslip, 
rolling  moment  due  to  rolling. 

^^0 


dC„ 

%r„ 


yawing  moment  due  to  rolling. 


rolling  moment  due  to  yawing, 
yawing  moment  due  to  yawing. 

T ~-L.  PJ;. 

® mkx^  bv 


N.= 


X 

I bN 
mkz^  bo 


It  was  found  convenient  to  designate  tlie  five  cases 
of  modification  by  symbols  representing  the  different 
front  views  of  the  airplane.  Table  1 gives  the  stability 
coefficients  assumed  in  each  case  for  flight  at  three 
different  lift  coefficients. 


TABLE  L— ASSUMED  STABILITY  COEFFICIENTS 


(6,  32  ft.;  m,  49  slugs;  S,  17!  sq.  ft.;  fex,  0.1506;  kz,  0.1836) 


Csi5e 

Ratio  of 
vertical 
fin  area  to 
wing  areti 

Oihedral 

angle 

(deg.) 

Cl 

Co  (f.  p.  s.) 

or, 

2Uo 

r,  fCi 

oc, 

f,  £>f'. 

**  0/3 



0.04 

5.0 

0. 35 

150.0 

-0.425 

0.086 

-0.067 

-0-022 

-0-078 

0 

-0.226 

1.00 

88.6 

-.420 

.250 

-.088 

-.055 

-.091 

0 

-.356 

1.80 

.35 

«i.O 

-.442 

.442 

~.  J30 

--.074 

-.  196 

0 

-.772 

^ j 

.(Mi 

5. 0 

150.0 

-.425 

.086 

-.007 

-.022 

-.097 

Am 

^.274 

I.OO 

88.5 

-.420 

.250 

-.088 

-.055 

109 

.067 

-.410 

1.80 

66. 0 

-.442 

.442 

-.130 

-.074 

220 

.080 

-.808 

.10 

5.0 

.35 

150.0 

-.425 

.086 

-.067 

-.022 

-.  130 

.102 

-.378 

— { 

1.00 

88.5 

-.420 

.250 

-.088 

-.055 

146 

,108 

-.464 

1.80 

66.0 

-.442 

.442 

130 

-.074 

-.246 

. 137 

-.920 

.06 

0 

.35 

150. 0 

-.  425 

.088 

0 

-.022 

-.097 

.064 

-.274 

1.00 

88.5 

-.420 

.250 

0 

-.055 

-.  109 

-067 

-.410 

i — 

1.80 

66.0 

442 

.442 

0 

-.074 

-.220 

.086 

-.808 

.06 

10.0 

.35 

150.0 

-.425 

.086 

137 

-.022 

-.097 

.064 

-.274 

1.00 

88.5 

-.420 

.250 

-.  177 

-.055 

-,  109 

.067 

-.410 

1,80 

66. 0 

-.442 

.442 

-.269 

-.074 

-.220 

.(»J8 

-.808 

These  coefficients  were  estimated  from  the  outward 
characteristics  of  the  airplane  by  methods  described  in 
reference  4 1 . The  derivatives  and  Cy^  (corre- 

sponding to  the  yawing  moments  in  sideslip  and  in 
yawing  and  to  the  side  force  in  sideslip)  were  assumed 
to  be  affected  by  the  changes  of  fin  area.  Only  the 
derivative  Ci^  (corresponding  to  the  rolling  moment  in 
sideslip)  was  assumed  to  be  affected  by  changes  of 
dihedral.  The  effect  of  dihedral  on  the  lateral  force  in 
sideslip  was  neglected  inasmuch  as  it  was  found  that  a 
compensating  error  was  introduced  by  the  absence  of 
the  side  force  due  to  rolling  in  the  equations  of  motion. 
Another  omission  is  the  small  adverse  effect  of  dihedral 
angle  on  the  weathercock-stability  factor  This 

effect  is  small,  particularly  in  view  of  the  wide  varia- 
tion of  On,  assumed.  At  a lift  coefficient  of  1.8,  repre- 
senting low-speed  flight,  a full-span  flap  was  assumed. 
Tests  show  that  the  effect  of  such  a flap  is  to  increase 
the  weathercock-stability  factor  somewhat  for  the  wing 
alone.  In  practice,  the  flap  might  interfere  with  the 


air  flow  over  the  fin  so  that  the  increase  of  assumed 
in  this  condition  would  not  be  realized. 

Figure  1 shows  the  positions  of  the  modified  airplanes 
on  the  lateral-stability, diagrams.  These  diagrams  are 
essentially  similar  to  tliose  given  in  reference  5 except 
that  a simultaneous  increase  of  with  was  assumed 
to  show  directly  the  eflTect  of  increasing  the  fin  area. 

The  value  recommended  by  Diehl  (reference  6)  for 
Onp  works  out  to  about  0.03  for  the  wing  loading 
assumed  here.  Limits  mentioned  by  Millikan  (refer- 
ence 7)  correspond  to  0.08>f7„^>0.05.  Nearly  all 
designei*s  are  familiar  with  tlie  limits  of  LJNj,  for  satis- 
factory lateral  stability  given  by  Korvin-Kroukovsky 
(reference  8).  Figure  1 (a)  shows  these  limits  in  terms 
of  ami  It  sliould  be  mentioned  that  Korvin- 

Kroukovsky 's  formulas  are  more  suited  to  the  empirical- 
statistical  analysis  in  wliicli  they  were  emj)ioye<l  than 
to  the  determination  of  absolute  values  of  C„JCt^  for 
this  stability  chart.  In  most  cases,  wind-tunnel  tests 
show  values  of  smaller  than  those  predicted  so  that 
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INFLUENCE  OF  LATERAL  STABILITY  ON  DISTURBED  MOTIONS  OF  AN  AIRPLANE 


(a)  Cl=Q.35;  Ub=150  f.p.s. 

(b)  <7i=1.0;  J7o=88.5  f.  p.  s. 

(c)  C7l=1.8;  J7«=66f.p.  s. 

Figure  i.— Stability  chart  showing  positions  of  the  assumed  airplanes. 


the  specified  range,  if  given  in  wind-tunnel  values, 
would  probably  fall  somewhat  lower  than  indicated  in 
figure  1. 

The  value  does  not,  of  course,  correspond  to 

an  airplane  with  no  vertical  tad  surface.  Experience 
has  shown  that  tlie  unstable  yawing  moment  of  a large 
well-streamlined  fuselage  may  entirely  offset  the  stabi- 
lizing action  of  a fair-size  fin.  This  occurrence  is  natu- 
rally more  probable  if  the  fin  area  is  originally  small; 
hence  the  smallest  area  likely  to  be  used  in  a modern 
design  (4  percent  of  the  wing  area)  was  chosen  to  repre- 
sent the  condition. 

It  is,  in  general,  difficult  to  predict  the  values  of 
either  Cn^  or  Ci^  for  a given  design.  It  will  be  realized 
that  the  corresponding  values  of  fin  area  and  dihedral,  as 
referred  to  in  this  report,  apply  only  under  certain 
idealized  conditions  and  are  employed  primarily  as  a 
matter  of  convenience  in  fixing  ideas  on  the  problem 
Reference  9 gives  a summary  of  test  values  of 
including  a discussion  of  pertinent  factors  and  drawings 
of  the  models  tested.  The  data  included  in  that  paper 
should  aid  the  designer  in  judging  the  weathercock 
stability.  ' 

INFLUENCE  OF  LATERAL  STABILITY  ON  MOTIONS  DUE 
TO  ARBITRARY  DISTURBANCES 

GENERAL  DESCRIPTION  OF  LATERAL  MOTIONS 

The  equations  of  lateral  stability  generally  sliow  two 
real  roots  together  with  one  conjugate  complex  pair, 
indicating  three  ^^modes”  of  motion.  Different  disturb- 
ances will  result  in  motions  compounded  of  these 
three  modes  in  different  proportions. 

Table  II  lists  the  roots,  or  stability  indices,  for  the 
various  cases  considered.  The  first  mode  (correspond- 
ing to  the  root  Xi),  represents  primarily  the  heavy  damp- 
ing of  any  movement  involving  rolling  of  the  wmgs  rela- 
tive to  the  air.  At  normal  flight  speeds,  this  damping 
is  such  that  the  wings  are  in  a large  measure  con- 
strained against  such  relative  movement  normal  to 
their  chords. 


TABLE  II.— STABILITY  INDICES,  RATES  OF  DAMPING,  AND  PERIODS 

[\z=a+bi] 


Case 

Cl 

Xi 

-0.69 

Xi 

(“) 

(0.095  or 
-0-1051 

a 

-0.69 

a 

b 

2b 

(0 

0.  35 

-5.477 

0.126 

-0. 4190 

•<1.645 

-0. 1720 

4.01 

0-708 

2.22 

1.0 

-3.255 

.212 

-.  2974 

•<2. 32 

-.  1386 

4.98 

.8241 

1.907 

1.8 

-2.533 

.273 

-.6080 

•»  1. 13 

-- 1794 

3. 85 

. 8568 

1.83 

^ 1 _ 

.35 

-5.472 

.126 

-.0070 

15.0 

-.495 

1.39 

2.  45 

.641 

' 

1.0 

-3.280 

.210 

, 0615 

1. 55 

-.3637 

1.90 

1.676 

.937 

1.8 

-2.633 

.262 

.0624 

1.53 

-.5247 

1.315 

1. 546 

1.02 

.35 

-5.466 

.126 

0 

ca  i 

-.  680 

1. 01 

3. 03  ; 

.518 

1 

1.0  1 

-3.294 

.209 

.0838 

1. 133 

-.4797 

1. 44 

2. 013 

.780 

1.8  I 

-2.670 

.258 

.1347 

.706 

-.6075 

1.14 

1. 829 

.858 

.35 

-5.369 

.129 

.0420 

2.27 

-.571 

1. 21 

2.35 

.668 

i 

l.D 

-3.070 

.225 

.1770 

.537 

-.529 

1.30 

1.519 

1.034 

1 

1.8 

-2.320 

,297 

.2900 

.328 

-.795 

.868 

1.415 

1,  no 

.35 

-5. 573 

.124 

-.0501 

2.08 

423 

1.63 

2.55 

.616 

1 

1.0 

-3. 460 

.199 

-.om 

5.71 

235 

2.94 

1-  S26 

. 8JiO 

1 

1.8 

-2.872 

.240 

-.1045 

1.005 

-.3219 

2. 14 

1.697 

. 92.') 

« The  value  — 0.68/X  represents  time  to  diminish  hyh- 

Use  — O.iOS/Xz  for  time  to  diminish  by  I/IO  when  M is  negative;  use  0.095/X2  for  time  to  increase  by  1/10  when  X2  is  positive. 
Quarter  period. 

* For  this  case,  — 0.69A*  bas  I)oeD  used. 
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The  second  mode  distinguishable  in  the  lateral 
motions  (corresponding  to  X2)  is  a practically  contin- 
uous turning  motion,  which  may  either  converge  or 
diverge.  Normal  stability  of  this  mode  represents  the 
slow  natural  recovery  from  a banked  turn.  The  rate 
of  increase  or  decrease  of  the  turning  motion  is  slow, 
primarily  on  account  of  the  insensitiveness  of  the  air- 
plane to  displacement  in  bank  and  the  strong  resistance 
to  rolling  motion.  The  slow  spiral  always  occurs  with 
inward  sideslip. 

The  third  mode  (X3)  is  the  familiar  oscillation,  con- 
sisting usually  of  a yawing  and  sideslipping  motion. 
Such  rolling  as  occurs  in  the  oscillation  is  determined 
by  the  tendency  of  the  wings  to  follow  a path  outlined 
by  the  dihedral  in  front  view.  The  wing,  when  side- 
slipping,  tends  strongly  to  roll  in  a way  involving  the 
least  angle-of-attack  change  along  the  span.  Thus  the 
oscillations  involve  a “weathercock”  motion  combined 
with  a rolling  nearly  in  phase  with  the  sideslip. 

With  fairly  large  fin  area,  the  oscillations  are  rapid 
and  are  quickly  damped.  Under  most  conditions  the 
amplitude  is  small.  As  the  fin  area  is  reduced,  how- 
ever, the  period  becomes  slower  and,  with  normal 
dihedral,  the  oscillation  takes  on  the  character  of  a 
swinging  in  bank  and  sideslip  under  the  action  of 
gravity.  The  point  of  instability  is  reached  when  the 
oscillation  degenerates  to  an  almost  pure  rolling  and 
sideslipping  motion,  so  that  the  damping  derivative  in 
yawing,  Cnr,  has  little  effect  on  the  occurrence  of 
undamped  oscillations.  As  has  been  shown  (reference 
4),  unstable  oscillations  can  readily  occur  if  the  airplane 
is  constrained  in  yawing. 

Although  both  the  oscillation  and  the  slow  mode  of 
convergence  are  largely  governed  by  the  fin  area  and 
the  dihedral,  the  rapid  convergence  Xi  is  practically 
independent  of  either  of  these  factors.  The  damping 
comes,  of  course,  from  the  wings  and  is  an  inherent 
characteristic  of  conventional  airplanes.  This  damp- 
ing is  excessive  and  is  undesirable,  since  it  indicates 
great  sensitiveness  to  rolling  gusts  or  to  vertical  gusts 
with  a gradient  along  the  wing  span.  The  damping  of 
rolling  can  be  reduced  by  increasing  the  lateral  moment 
of  inertia,  but  the  possible  improvement  appears  to  be 
small. 

CALCULATED  MOTIONS 

The  equations  of  motion  of  the  airplane  form  a linear 
system  so  that  the  effects  of  disturbances  can  be  com- 
pounded by  addition.  Thus,  if  any  sequence  of  appli- 
cation of  forces  or  couples  to  the  airplane  is  given,  it  is 
possible  to  compute  the  resultant  theoretical  motion  at 
any  instant  by  addition,  or  integration,  of  separate 
effects.  The  impressed  forces  or  couples  may  be  due 
to  control  manipulation  or  to  gusts,  alone  or  in  com- 
bination. 

The  foregoing  statement  refers  to  a resolution  of  the 
impressed  disturbances  along  the  axes  fixed  in  the  air- 
plane. The  disturbances  are  assumed  to  take  on  pre- 
assigned values  independent  of  the  movements  of  the 


airplane.  With  conventional  control  devices,  the  dis- 
turbances do  remain  practically  independent  of  the 
motions.  The  orientation  of  the  gusts  is  not  dependent 
on  the  mo  tion  of  the  airplane,  and  deviations  caused  by 
such  outside  disturbances  will  introduce  changes  in  the 
magnitudes  of  the  disturbing  factors  themselves.  For 
small  displacements,  these  changes  are  of  second  oixier 
and  are  negligible.  For  large  displacements  in  gusts  it 
may,  however,  be  necessaiy  to  cany  out  the  calculation 
in  several  steps,  altering  the  magnitude  of  the  disturb- 
ance as  the  oiientation  of  the  relative  wind  changes. 

The  data  needed  for  the  computation  of  motion  under 
any  given  set  of  conditions  are  the  histories  of  motions 
following  sudden  unit  disturbances.  Computations  of 
such  unit  motions  were  made  during  the  course  of  the 
investigation  reported  herein  and  the  results  were  used 
as  the  basis  for  the  more  complete  calculations  given 
later. 

Specifically,  the  unit  disturbance  referred  to  is  a 
force  (F)  or  a couple  {L  or  AO  having  the  value  zero 
up  to  the  time  t—0  and  maintaining  a constant  value 
thereafter.  The  magnitude  is  such  as  to  cause  a 
unit  linear  or  angular  acceleration  of  the  airplane. 
According  to  well-laiown  mathematical  rules,  the 
motions  under  such  conditions  are  given  by  equations 
of  the  form 

cos  b{t+tpY)  (1) 

wliere  pvo,  Pyu  tpy  are  constants,  calculated  values 
of  which  are  given  in  table  III,  and  Xi,  X2,  and 

a~ib  are  the  roots,  or  stability  indices.  (See  table 
II.)  Three  components  of  motion  for  each  of  three 
component  disturbances  are  given.  Thus,  pr(t)  denotes 
the  rolling  velocity  due  to  a unit  side  disturbance 
and  ri(f)  denotes  the  yawing  velocity  due  to  a unit 
rolling  disturbance. 


FifiiJRE  2.— Example  .showing  use  of  data  given  in  table  III  for  plotting  motions. 
p\<t)  =pnc^i‘+2>j  2e^2'+pv3e“'  cos  6{f+fpr) 

Plots  of  tliese  equations  were  made  with  scarcely 
any  additional  computation.  The  procedure  is  iUus- 
tratcd  by  figure  2.  First  the  coefficients,  as  given  in 
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TABLE  III.— EQUATIONS  OF  MOTION  FOR  UNIT  DISTURBANCES 

cos  60+Ll);  etc.] 


Sideslip 

Rolling 

Yawing 

Cl 

a— -Due  to  side  disturbance 

^Vo 

Vi 

V2 

Vs 

Py, 

Vo 

V, 

Vs 

Vs 

0. 35 

0. 

-0. 0041 

0. 5685 

-1. 6820 

1.735 

0 

-0. 00178 

-0. 00533 

0. 01683 

1.  600 

0 

-0. 00007 

0. 00380 

-0.00380 

0.284 

1.0 

0 

-.0237 

.5558 

-1. 3410 

1.413 

0 

-.  00374 

-.00408 

.01683 

1. 320 

0 

-.00041 

.00605 

—.00665 

-.080 

1.8 

0 

-.067 

.627 

-1.416 

1.  360 

0 

-.  00658 

00497 

. 02360 

1.  235 

0 

00113 

. 00777 

-. 00668 

.138 

.35 

0 

-. 0033 

.1390 

-.3980 

.500 

0 

-. 00171 

-. 00021 

.00393 

.433 

0 

-.00005 

.00581 

-.00589 

-.  088 

1.0 

0 

-.  021 

.274 

-.532 

.662 

0 

-.00414 

.00159 

.00804 

.743 

0 

-.00030 

,00878 

-.00888 

-.175 

1.8 

0 

-.053 

.446 

-.565 

.518 

0 

-, 00734 

. 001502 

. 0121 

.690 

0 

-.00060 

.00976 

-.0102 

-.297 

.35 

.1271 

~. 0027 

0 

-.3310 

.391 

-. 00015 

-.00169 

0 

. 00322 

.318 

. 00625 

-.00040 

0 

-.00638 

-.076 

1.0 

0 

-.  0199 

.2350 

-.4570 

.537 

0 

-. 00433 

.00224 

. 00698 

.629 

0 

00022 

.00908 

00930 

-.165 

1.8 

0 

-.048 

.342 

-.469 

.479 

0 

-.  00770 

. 00323 

.0110 

.629 

0 

-.00037 

,00970 

-.0103 

-.238 

.35 

0 

-.0005 

.1687 

-.  4200 

.493 

0 

-.00026 

.00128 

-. 00134 

-.302 

0 

-.00001 

. 00035 

-. 00656 

110 

1.0 

0 

-. 0087 

.3510 

-.5940 

.630 

0 

-.00153 

. 00480 

-.  00581 

-.641 

0 

-.00010 

.00864 

-.00939 

-.301 

1.8 

0 

—.044 

.489 

-.529 

.402 

0 

-.00485 

.00660 

-.0105 

-.993 

0 

-,  00035 

.00738 

-.00928 

-.502 

.36 

0 

-.0056 

.1293 

-. 3880 

.487 

0 

-. 00305 

00142 

. 00746 

.403 

0 

-.00010 

.00607 

00600 

-.069 

1.0 

0 

-.0278 

.2080 

-.5060 

.660 

0 

-.00801 

-.00044 

. 01236 

.557 

0 

-.00041 

.00846 

-. 00824 

116 

1.8 

0 

-.057 

.329 

-.  537 

.612 

0 

-.  00909 

00226 

. 01765 

.511 

0 

-.00075 

.00998 

-.00952 

149 

b— Due  to  rolling  disturbance 

Cl 

V 

LO 

V 

Lt 

V 

L2 

Vs 

t 

tL 

p 

•^z.0 

P 

L3 

t 

pL 

r 

LO 

T 

Ll 

r 

L3 

r 

L3 

t 

tL 

0.35 

18.490 

-0.  401 

2. 985 

-22.035 

-0. 419 

0 

-0. 17602 

-0. 02753 

0. 22000 

-0. 552 

0 

-0. 0074 

0.01959 

-0.04996 

-1.870 

1.0 

23. 809 

-1. 7368 

2,  2288 

-26.  332 

-.  480 

0 

-.  2787 

-.0163 

. 3338 

-.591 

0 

-.03029 

.02409 

-.11120 

-1.832 

1.8 

21.  688 

-3.452 

5.  385 

-26.  215 

-.  523 

0 

-.3341 

-.0431 

.4385 

-.625 

0 

-.0676 

.0672 

-.1257 

—1. 744 

.35 

114.003 

-.338 

-112.  570 

-1. 698 

-.355 

0 

-.  1769 

, 1659 

.0195 

-.  397 

4.682 

0050 

-4. 6992 

.02997 

.301 

1.0 

—32,  398 

-1. 4005 

37.3 

-5.98 

-.  563 

0 

-.2761 

.2186 

.0843 

-.490 

-1.  244 

-.  019 

1. 198 

.093 

.476 

1,8 

-66.  222 

-2.  236 

70. 067 

-7. 340 

-.874 

0 

-.3067 

.2338 

.1577 

-.705 

-1. 6167 

-.0248 

1. 6269 

. 1317 

.333 

.35 

.943 

-.314 

.732f 

-1. 138 

-.326 

,1732 

-.  1782 

0 

. 0108 

-.366 

01256 

-. 00398 

,0360t 

. 00226 

.247 

1.0 

-21, 747 

-1.  2602 

24.  768 

-3. 9301 

-.550 

0 

-.2736 

. 2368 

. 0805 

-.455 

-1.  0078 

-.0142 

. 9500 

. 0860 

.289 

1.8 

-24.096 

-1.873 

26.642 

-4.963 

-.784 

0 

-. 2979 

. 2514 

.1184 

-.638 

-.8434 

-.0142 

.7654 

.1107 

.215 

.35 

-22. 128 

-.3679 

23.  738 

-1.999 

-.383 

0 

-. 18612 

. 17915 

.00700 

.074 

-. 9088 

-.00530 

.8934 

.0310 

.357 

1.0 

-13.715 

-1. 8440 

18. 444 

-7. 4601 

-.773 

0 

-.3250 

.2521 

.0729 

.023 

-.5266 

0223 

.4493 

. 1177 

.370 

1.8 

-16. 375 

-3.485 

18.276 

8. 721 

.981 

0 

-.3911 

.2473 

.1726 

-.414 

4000 

-.0287 

.2751 

. 1545 

.078 

.35 

15.508 

-.313 

-14.  033 
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table  III,  were  marked  off  on  the  ordinate  scale.  The 
time  intervals  within  which  the  various  modes  diminish 
or  increase  by  one-half,  or  by  one-tenth  in  the  case  of 
X2  (see  table  11),  were  then  spaced  off  on  the  abscissa 
and  points  on  the  curves  were  found  by  diminishing 
or  increasing  the  ordinates  successively  as  indicated 
by  the  sign  of  the  root.  The  oscillatory  mode  was 
obtained  by  drawing  in  the  envelope  (given  by  ±2^73, 
say)  and  spacing  off  the  quarter  periods,  beginning  at 
the  point  indicated  by  the  phase  angle  of  this  mode. 
The  cosine  curve  was  then  simply  sketched  in  as  shown. 
The  final  curves  were  found  to  give  remarkably  good 
checks  when  applied  in  the  original  differential  equa- 
tions of  motion.  Such  a check  shows  the  correctness 
of  both  the  method  of  plotting  and  the  analytical 
solutions  (equation  (1)  and  table  III). 

If  the  impressed  disturbance  is  given  as  a function 
of  i by  a curve,  it  will  usually  be  sufficient  to  approxi- 
mate this  curve  by  the  addition  of  a number  of  succes- 
sive positive  and  negative  steps.  The  combination  of 
steps  necessary  to  reproduce  the  disturbance  leads 
directly  to  the  addition  of  the  elementary  motions  for 
the  resultant  motion.  Otherwise,  for  example,  if  the 
variation  of  disturbance  is  given  by  L{t)j  then  the  re- 
sultant motion  p{t)  at  any  time  t due  to  L{t)  beginning 
at  ^^0  may  be  found  by  Duhamers  theorem,  thus 

p(t)  due  to  variable  railing  moment  — PL(t)  Z(0) 

Z'  («i)  (2) 

where  2?z,(0  and  pLit—U)  are  obtained  from  table  III. 
An  explanation  and  a graphical  method  for  evaluation 
of  such  integrals  are  given  in  reference  3. 

MOTIONS  IN  SIDE  GUSTS 

The  motion  caused  by  a unit  increment  of  gust 
velocity  is  found  by  compounding  elementary  distur- 
bances in  such  a way  as  to  simulate  the  disturbing  action 
of  the  gust.  Thus,  in  a side  gust  of  velocity  Vq,  the  dis- 
turbing acceleration  along  Y will  be  VoY^,  and  angular 
disturbances  will  be  Vo  X„,  Vq  Nj,. 

As  explained  before,  the  effects  of  any  usual  variation 
of  gustiness  can  be  largely  foretold  from  the  effect  of  a 
unit  sharp-edge  gust.  The  variable  gust  can  be  built 
up  from  small  increment  jumps  of  gust  velocity  corre- 
sponding to  sharp-edge  cross-currents  and  the  final 
motion  will  approach  that  obtained  by  superposing  the 
motions  due  to  the  individual  elements. 

The  effect  of  a sharp  gust  from  the  side  is  similar  to, 
although  not  exactly  the  same  as,  the  effect  of  an  initial 
angle  of  sideslip.  For  the  side  gust,  it  is  necessary  to 
take  account  of  the  period  of  penetration  of  the  airplane 
into  the  current.  The  first  effect  will  be  to  push  the 
nose  of  the  airplane  downwind  whereas  an  instant  later 
the  current  will  strike  the  fin,  turning  the  machine  into 
the  gust.  The  action  of  dihedral  in  causing  the  ma- 
chine to  roll  away  from  the  gust  will  also  occur  before 
the  fin  is  affected.  These  effects  are,  however,  of  short 


duration  and  do  not  alter  the  motion  to  any  great  extent 
after  the  first  fraction  of  a second,  except  in  cases  of 
small  weathercock  stability  where  the  fuselage  con- 
tribute a large  unstable  yawing  moment. 

The  computations  that  follow  are  based  on  the  as- 
sumption that  the  rolling  action  of  the  gust  begins  at 
#=0  and  that  the  yawing  action  be^s  when  the  air- 
plane has  traveled  far  enough  to  carry  the  fin  into  the 
current.  The  case  of  was  treated  by  assuming 

a yawing  couple  equal  and  opposite  to  that  of  the  4-per- 
cent fin  applied  when  f=0,  this  couple  being  neutral- 
ized at  the  instant  the  fin  entered  the  gust. 

A possible  further  refinement  of  the  calculations 
would  involve  the  delay  in  building  up  the  full  lift  forces 
on  the  various  surfaces.  Mathematical  methods  for 
dealing  with  various  lags  or  rates  of  growth  of  the  aero- 
dynamic reactions  have  been  developed,  but  their 
description  is  beyond  the  intended  scope  of  the  present 
report.  It  may  be  said,  however,  that,  for  motions  as 
slow  as  the  natural  oscillations  of  a rigid  airplane,  this 
effect  (judging  by  the  theoretical  predictions)  is  quite 
negligible. 

Figure  3 illustrates  the  results  of  the  calculations 
based  on  a 10-foot-per-second  sharp-edge  side  gust. 
The  curves  shown  are  for  flight  at  Cl=1.Q  but  the 
same  general  trends  appeared  in  the  calculations  made 
for  other  lift  coefficients. 

The  most  noteworthy  difference  shown  is  the  effect 
of  deficiency  of  fin  area  on  the  banking  motion  (figs,  3 
(a)  and  3 (b)).  The  airplane  with  10^  dihedral  and 
average  fin  was  not  displaced  so  much  in  bank  by  the 
side  gust  as  was  the  airplane  with  5°  dihedral  and  a 
small  fin.  The  initial  rate  of  rolling,  however,  was 
greater  with  the  greater  dihedral. 

With  a given  dihedral  an  increase  of  fin  area  cuts 
down  the  banking  motion  although,  after  a certain 
size  is  reached,  the  gain  becomes  slight,  as  is  illustrated 
by  figure  3 (a).  With  neutral  weathercock  stability 
(fig.  3 (c))  the  change  of  heading  on  entering  the  gust 
is  at  first  small  and,  although  the  motion  is  stable,  the 
oscillation  in  azimuth  seems  to  be  reinforced  for  a 
time  by  the  rolling.  This  action  is  to  be  attributed  to 
the  phase  lag  between  the  roiling  and  the  yawing  effects 
upon  penetrating  the  sharp-edge  current.  It  seems 
probable  that  an  appearance  of  inherent  instability 
may  be  reached  at  a point  considerably  above  the 
mathematical  limit  for  undamped  oscillations.  (See 
fig.  1.)  It  is  known,  for  instance,  that  unstable  oscil- 
lations may  result  from  an  attempt  to  hold  the  wings 
level  with  ordinary  ailerons  unless  has  a definite 
positive  value. 

The  side  gust  is  equivalent  to  a sudden  shift  m the 
wind  direction,  corresponding  to  a change  in  azimuth 
\pQ  as  indicated  in  figure  3 (c).  The  normal  airplane 
swings  about  and  toruls  to  approach  this  heading.  It 
will  be  noted  that  the  airplane  with  the  large  fin  turns 
fairly  sharply  into  the  wind  and,  since  tlie  banking 
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motion  is  small,  tends  to  keep  the  same  flight  path 
relative  to  the  earth  for  a short  time.  After  about  6 
seconds,  however,  the  spiral  divergence  begins  to  be 
apparent  and  the  motion  finally  results  in  turning 
downwind. 

An  example  of  extreme  spiral  divergence  is  illustrated 
by  the  airplane  with  no  diliedral.  In  this  case,  how- 
ever, the  airplane  banks  and  turns  directly  upwind. 
The  airplane  with  large  dihedral  illustrates  the  oppo- 
site condition  and  shows  the  predominance  of  oscilla- 
tions that  generally  characterizes  the  effect  of  dihedral. 
Here  the  airplane  tends  back  toward  its  original  azi- 
muth heading,  drifting  sidewise  with  the  gust. 

The  airplane  with  5°  dihedral  banked  rather  sharply 
away  from  the  gust,  whereas  the  airplane  with  zero 
dihedral  showed  an  undesirable  tendency  to  bank  and 
slide  into  the  gust.  It  was  therefore  a matter  of 
interest  to  try  some  modifications  lying  in  between 
these  two  conditions.  It  was  realized  that  the  rolling 
could  not  be  entirely  suppressed  by  such  modifications 
on  account  of  the  phase  relationships  involved  in  the 
motions. 

It  appeared  that  1°  or  2°  of  effective  dihedral  would 
give  about  the  least  banking  motion  in  the  side  gust 
and  hence  this  condition  was  investigated.  Inasmuch 
as  the  airplane  might  have  shown  a noticeable  spiral 
divergence  at  low  speeds  with  the  normal  fin  area,  this 
area  was  arbitrarily  reduced,  bringing  the  weathercock- 
stability  factor  Cn^  down  in  about  the  safne  proportion 
as  the  dihedral  factor  Ci^.  The  values  selected  were 
f^7ij3=0.025  and  0.035,  which  corresponds  to 

2°  effective  dihedral.  The  position  of  this  airplane  on 
the  lateral-stability  chart  is  denoted  by  the  point  A 
in  figure  1 (b). 

The  results  for  airplane  A are  compared  with  the 
others  in  figures  3 (a)  and  3 (b).  It  will  be  noted  that 
the  bank  is  somewhat  smaller  than  in  the  case  with  5° 
dihedral  and  a large  fin  but  that  the  bank  persists  for  a 
longer  time.  The  difference  made  by  the  change  from 
5°  dihedral  to  2°  seems  surprisingly  small.  A some- 
what greater  difference  would  be  expected  if  the  fin 
had  not  been  reduced.  It  should  be  borne  in  mind 
that  the  yawing  disturbance  is  reduced  by  cutting  down 
the  fin. 

The  curve  for  airplane  B (fig.  3 (a))  shows  the  result 
of  attempting  to  secure  spiral  stability  (at  I7i,=  1.0) 
by  cutting  down  the  fin  of  the  airplane  with  5°  dihedral. 
(Note  that  airplane  A is  slightly  unstable.)  The  value 
of  Cn^  in  this  case  is  about  half  that  assumed  for  the 
mean  condition.  (See  fig.  1 (b).)  The  banking  dis- 
placement seems  undesirably  large  (comparatively)  in 
til  is  case. 

OTHER  TYPES  OF  GUST 

The  flight  velocity  of  the  airplane  being  normally 
large  with  respect  to  gust  velocities,  it  is  permissible  to 
consider  the  gusts  as  being  stationary  in  time  with 
respect  to  the  flight  path.  Thus  the  gusts  are  con- 


sidered to  exist  as  a fixed  pa  ttern  in  the  air  ahead  of  the 
airplane  and  not  to  vary  in  time  within  the  short  space 
required  for  the  machine  to  travel  its  own  length. 

As  mentioned  before,  when  the  airplane  enters  a 
cross-current  in  level  flight,  a gradient  of  sidewise 
velocity  along  the  length  of  the  fuselage  will  exist. 
The  effect  of  this  gradient  is  similar  to  the  effect  of  a 
relative  yawing  motion  superposed  on  the  side  velocity. 
For  a uniform  gradient  the  additional  yawing  moment 
would  be  (~dvJdx)'>iNr.  The  calculations  involved 
this  factor  by  virtue  of  the  time  lag  assumed  in  applica- 
tion of  the  yawing  moment  due  to  the  fin,  and  upon 
this  basis  they  should  be  applicable  to  any  reasonable 
variation  or  gradient  of  sidewise  velocity. 

A somewhat  different  situation  arises  when  the  air- 
plane is  climbing  or  descending  through  a cross  wind 
that  varies  with  height,  as,  for  instance,  when  descend- 
ing through  the  earth  boundary  layer  for  a cross-wind 
landing,  for  then  no  perceptible  gradient  of  sidewise 
velocity  along  the  length  of  the  airplane  will  exist. 
The  motions  that  arise  in  these  cases  can  be  compounded 
by  integration  from  the  motion  following  an  initial 
angle  of  sideslip.  This  motion  is?  not  greatly  different 
from  that  caused  by  entering  a sharp  cross-current  and 
the  same  general  conclusions  will  apply. 

It  appears  that  a true  yawing  gust,  consisting  of  pure 
angular  relative  motion  of  the  air,  could  act  only 
momentarily  on  the  airplane.  The  sidewise  velocity 
would  predominate  after  the  first  two-  or  three-tenths 
of  a second  with  the  airplane  flying  at  normal  speed. 
Gradients  of  velocity  along  the  wing  span,  however, 
might  persist  for  longer  periods. 

Away  from  the  ground  influence,  gradients  of  for- 
ward velocity  and  of  vertical  velocity  along  the  wing 
span  must  be  considered  as  being  about  equally  prob- 
able. At  normal  flight  speeds,  the  vertical  gradients 
produce  by  far  the  greater  effects.  As  was  mentioned 
before,  the  damping  of  relative  rolling  motion  is  such 
that  the  airplane  very  quickly  takes  on  the  angular 
velocity  of  the  gust  gradient. 

Figure  4 shows  the  rolling  motion  calculated  for  the 
medium  airplane  (5°  dihedral  and  6 percent  fin)  in  a 
momentary  rolling  gust  po&/2t/o— 0*05.  It  will  be 
noted  that  the  airplane  takes  on  approximately  half 
the  rolling  velocity  of  the  gust  within  one-fifth  second. 

As  might  be  expected,  observations  have  shown  that 
vertical  currents  tend  to  diminish  near  flat  ground. 
Thus  side  gusts  and  yawing  gradients  are  more  likely  to 
affect  the  airplane  while  it  is  landing  and  taking  off.  At 
very  low  speeds  with  flaps  down,  the  rolling  derivative 
due  to  yawing  bcGomos  ns  great  as  that  due  to  rolling 
(sec  table  I)  so  that  in  this  condition  the  airplane  is 
aircctcd  as  much  by  span  wise  gradients  of  longitudinal 
velocity  as  it  would  be  by  the  rolling  gradients.  (Note 
also  that  the  effect  of  the  rolling  gradients  is  less  at 
low  speed.) 

Figure  5 shows  the  banldng  reactions  of  the  various 
airplanes  in  a sudden,  persistent  yawing-gradient  gust. 
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|^“0.05(f>0);  J7o=88.5  f.  p.  s. 


^ y^“0.05«>0);  0^j=88.5  f.  p.  s. 


Tlie  gust  assumed  corresponded  to  a difference  of  longi- 
tudinal yelocity  between  the  two  wing  tips  of  about  9 
feet  per  second  (ro6/2Z7o=0.05).  All  the  examples 
show  roughly  the  same  banking  tendency  within  the 


first  second,  since  the  disturbing  factors  (rolling 
moments  due  to  yawing  velocity)  are  the  same  in  all 
cases.  The  subsequent  motions  show  the  influence  of 
different  degrees  of  spiral  stability  and  instability. 

The  primary  disturbing  factor  in  the  yawing-gradient 
gust  being  proportional  to  the  derivative  Xr  (rolling 
moment  due  to  yawing),  the  greatest  room  for  improve- 
ment Would  be  to  reduce  this  derivative.  Taper  and 
washout  (such  as  are  attained  with  a partial-span  flap) 
are  beneficial  in  this  respect.  It  is  estimated  that 
might  have  been  reduced  by  one-tliird  of  the  given 
value  (see  table  I)  at  (7i=1.8  if  a 50-percent-span  flap 
had  been  assumed.  The  effect  of  plan  form  is  not  so 
pronounced,  leading  to  a reduction  of  one-sixth  for  a 
4:1  taper. 

In  general,  a reduction  of  the  rolling  moment  due  to 
yawing  seems  desirable  from  considerations  of  lateral 
stability.  The  magnitude  of  this  derivative  with  con- 
trols fixed  is,  like  that  due  to  rolling,  primarily  a con- 
sequence of  the  general  lay-out  of  the  airplane  and  is 
not  dictated  by  considerations  of  stability.  It  appears, 
however,  that  the  magnitude  of  Lr  with  controls  free 
(or  loosely  held)  could  be  reduced  or  reversed  by  mak- 
ing use  of  an  appropriate  combination  of  ailerons  with 
increased  upward  pressure  (attained  by  cambering  the 
ailerons)  and  a differential  linkage,  as  described  in 
reference  10.  An  appropriate  linkage  would  eliminate 
the  necessity  of  applying  contrary  aOeron  pressure 
during  steady*  turns  and  would  also  eliminate  the  spiral 
instability  with  controls  free. 

CONCLUDING  REMARKS 

A study  of  the  effects  of  gusts  gives  difrerent  indica- 
tions depending  on  the  interval  of  time  considered. 
During  the  first  stages,  the  upsetting  movements  of  the 
stable  airplane  may  be  more  severe  than  those  of  a 
slightly  unstable  one.  If  the  airplane  is  under  control 
and  if  the  gusts  are  of  noticeable  magnitude,  then  the 
motion  during  the  first  2^  or  3 seconds  is  of  primary 
concern.  For  uncontrolled  flight  or  for  flight  in  rela- 
tively calm  air  where  disturbances  could  become  ap- 
parent only  through  introducing  a divergence,  the  later 
stages  of  the  motion  are  of  interest. 

In  a consideration  of  the  early  stages  of  the  motion, 
it  is  evident  that  the  requirements  of  fin  area  and 
dihedral  for  spiral  stability  at  low  speed  conflict  some- 
what with  the  requirements  for  steadiness  in  side  gusts. 
If  spiral  instability  is  present,  the  rates  of  divergence 
introduced  by  various  disturbances  appear  to  be  small 
as  long  as  there  is  a moderate  dihedral  action  present. 
The  condition  of  zero  (effective)  dihedral  leads,  how- 
ever, to  definitely  undesirable  rates  of  divergence. 

If  average  weathercock  stability  ((7„^— 0.05  to  0.07) 
is  assumed,  the  optimum  magnitude  of  the  rolling  de- 
rivative due  to  sideslip  for  steadiness  in  side  gusts 
appears  to  be  about  .01  to  —0.04,  correspond- 

ing to  an  effective  dihedral  of  1°  or  2®.  Spiral  stability 
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throughout  the  flight  range  could  be  secured  with  this 
dihedral  by  cutting  down  the  fin  effect.  The  latter 
change  would  lead  to  somewhat  greater  banking  dis- 
placements in  the  gusts  and  would  also  be  detrimental 
to  aileron  control,  unless  such  control  were  obtained 
without  adverse  yawing  moments. 

The  damping  of  rolling  is  such  that  the  airplane  very 
quickly  takes  on  any  roiling  component  of  gust  velocity. 
The  usual  modifications  of  the  lateral-stability  factors 
have  but  little  influence  on  the  immediate  effects  of  the 
rolhng  gust.  An  automatic  device,  acting  so  as  to  cut 
down  the  damping  of  rolling  (relative  to  the  air), 
should  be  advantageous  from  considerations  of  riding 
comfort. 

The  effects  of  longitudinal  gradients  of  gust  velocity 
become  fairly  large  at  low  flight  speeds.  Noticeable 
improvement  can  be  obtained  by  the  use  of  partial- 
span  flaps  or  by  otherwise  concentrating  the  lift  toward 
the  center  of  the  wing,  but  this  conclusion  applies,  of 
course,  only  as  long  as  no  portion  of  the  wing  is  brought 
near  the  stalling  point. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  8,  1938. 
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OPERATIONAL  TREATMENT  OF  THE  NONUNIFORM-LIFT  THEORY 
IN  AIRPLANE  DYNAMICS 
By  Robert  T,  Jones 


SUMMARY 


The  method  of  operators  is  used  in  the  application  of 
nonuniform-lift  theory  to  problems  of  airplane  dynamics. 

The  method  is  adapted  to  the  determination  of  the  lift  under 
prescribed  conditions  of  motion  or  to  the  determination  of 
the  motions  with  prescribed  disturbing  forces.  ' 


INTRODUCTION 


Problems  in  airplane  dynamics  are  usually  treated  on 
the  assumption  that  the  air  forces  are  instantly  adjusted 
to  each  motion  of  the  airplane.  Since  the  development  of 
recent  theories  for  the  nonunlform  motion  of  airfoils,  it 
has  become  possible  to  consider  more  exact  laws  for  the  ad- 
justment of  the  lift. 

The  nonuniform-lift  theory  has  already  been  applied  to 
certain  dynamical  problems,  notably  to  the  problem  of  flut- 
ter. These  applications  have,  however,  been  confined  either 
to  approximate  solutions  or  to  cases  in  which  the  type  of 
motion  is  prescribed  beforehand.  The  more  usual  problem, 
in  which  the  resulting  motion  is  unknown,  requires  the  so- 
lution of  integral  equations.  The  present  paper  shows  how 
solutions  of  these  equations  may  be  obtained  fairly  simply 
by  operational  methods. 


SUPERPOSITION  OF  LIFTS 


In  nearly  every  aerodynamic  problem,  the  approximations 
that  must  be  made  to  effect  solutions  are  such  as  to  lead  to 
linear  relations.  Thus,  in  the  case  of  the  unsteady  lift  of 
a wing,  Laplace's  equation  combined  with  the  assumption  of 
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an  undlstorted  wake  leads  to  a linear  relation  between  the 
lift  and  the  angle  of  attack.  Such  a relation  means  that 
the  lift  due  to  the  sum  of  two  variable  motions  Is  equal 
to  the  sum  of  the  lifts  for  the  two  motions  taken  Independ- 
ently. 

In  particular.  If  the  lift  following  a sudden  unit 
jump  of  angle  of  attack  Is  known  (see  reference  1),  then 
the  lift  for  any  variable  motion  Is  easily  obtained  by 
breaking  the  given  motion  down  Into  a succession  of  small 
jumps  or  steps  and  adding  the  lifts  Incident  to  each  one. 
The  case  treated  by  Wagner  thus  becomes  the  key  to  the 
calculation  of  lift  for  any  variable  motion. 

Wagner's  function  (reference  1)  giving  the  lift  after 
a sudden  unit  jump  of  angle  of  attack  (two-dimensional 
case)  may  be  denoted  by  cj^(s).  The  superposition  of 

lifts  for  any  variable  motion  a(s),  as  previously  ex- 
plained, Is  accomplished  by  the  Integration  of  Duhamel's 
Integral 


- ®o)  “'<®o^  ^®o 


(See  reference  2.) 


(1) 


OPERATIONAL  SOLUTION  OF  INTEGRAL  EQUATIONS 


It  Is  evident  that.  In  order  to  take  account  of  un- 
steady air-flow  phenomena  In  the  theory  of  airplane  dynam- 
ics (Including  stability  and  related  problems)  the  custom- 
ary Instantaneous  equations  of  motion  must  be  replaced  by 
equations  Involving  the  Integral  (1).  The  equations  of 
motion  then  become  linear  Integral  equations.  Solutions 
of  these  equations  may  be  conveniently  obtained  by  opera- 
tional methods. 

Let  D represent  the  operator  d/ds  and  let  1 » l(s) 
represent  the  unit  jump  function,  that  Is,  a function  of  s 
having  the  value  I at  s > 0 and  having  the  value  0 at 
s < 0.  Then  a function  of  s may  be  represented  by  a com- 
bination of  operations  on  the  unit  jump  function 

(j.(s)=?(D)l  (2) 
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The  combination  of  operations  ^CD)  on  1 necessary 
to  reproduce  the  function  <|>(s)  is  called  the  "operational 
equlval^ent"  of  the  function  (j)(s).  The  operational  equiva- 
lent of  a given  function  <j)  may  be  found  by  the  infi- 
nite-integral theorem  (reference  2) 


4>(a)  = a (}i(x)  e dx  (3) 

•'o 

A general  operational  equivalent  is 


s“  ^ r (1  + n)  d"“  1(s)  (4) 


(See  Peirce’s  table,  p.  63,  no.  493.) 

The  operational  treatment  of  integral  equations  is 
based  on  the  proposition  that  an  integral  of  the  form 


(p(s)  * Z(s)  X(0)  + Z(s  - Sq)  X’(So)  dSp  (5) 

•’o 


may  be  regarded  as  the  solution  of  a linear  differential 
equation.  As  such,  its  operational  equivalent  is 


4>(s)  = Z(D)  X(s)  = Z(D)  X(D)  l(s)  (6) 


where  Z and  X are  the  operational  equivalents  of  the 
functions  Z and  X. 

In  order  to  illustrate  the  operational  solution,  let 
it  be  required  to  find  the  function  X(s)  from 


X’  (sq) 
o »^s  - s.^ 


dso  — 2X(s)  = 3®^  “ 


(7) 
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assuming  that  X(0)  » 0.  Here  the  function  corresponding 
to  Z(s)  In  equation  (5)  Is  1/V^.  With  the  aid  of  equa- 
tion (4),  the  various  components  are  written  In  operational 
form 

Z(s)  = r(l/2)  l(s)  (8) 


+ Ks) 


(9) 


Equation  (6)  becomes 


r(l/2)  /d  X(s)  - 2X(s)  = 

I D /D 


Ks) 


r(l/2)  ^ _2_ 

Dv^  D^ 

or  X(s)  l(s) 

r(l/2)  S ^ 2 


Simplifying! 


X(s) 


1 r(l/2)  - ^ ^ i 

dV,(,/2)  2 2 


(10) 


It  will  be  helpful  to  review  certain  aspects  of  the 
theory  of  unsteady  lift  before  proceeding  to  the  applica- 
tion of  this  theory  in  airplane  dynamics.  It  is  found 
convenient  to  think  of  the  lift  on  the  airfoil  as  composed 
of  three  parts:  (1)  A part  due  to  instantaneous  acceler- 

ation of  the  noncirculatory  potential  flow.  This  lift  is 

equal  to  the  virtual  additional  mass  of  the  wing 

(.2 

(ir  p per  unit  span,  for  infinite  aspect  ratio)  times 

the  rate  of  increase  of  the  relative  wind  velocity  normal 
to  the  chord.  (2)  A part  due  to  the  circulatory  flow 
and  dependent  on  the  angle-of -attack  variation,  i.e. , the 
lift  given  by  c-^  (s) . (3)  A part  due  to  the  circulatory 
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flow  and  ascribed  to  a relative  curvature  or  camber  of 
the  airfoil  in  pitching  motion.  The  third  component  will 
be  automatically  included  with  the  second  if  the  angle  of 
attack  is  obtained  by  resolving  velocities  at  the  75-per- 
cent-chord point. 

With  these  provisions,  the  instantaneous  lift  of  an 
airfoil  in  combined  pitching  and  vertical  motion  may  be 
written  (see  fig.  1) 


c^(s)  = y[a'(s)  + Z.50  8"(s)] 


+ [a(0)  + ^750’(O)]cj  (s)  + f c^  (s  - Sq)[o'(Sq)  + ^750"(so)lds 

‘ ° * (11) 


where  p is  a coefficient  for  the  virtual  additional  mass 
of  the  wing  (p  = it  for  infinite  aspect  ratio).  Now  let 
cl  be  the  operational  equivalent  of  Wagner's  function  ci  : 


cj(s)  » p[Do  + Z5oD203  + c^^(D)[a  + (12) 

No  concise  formula  for  cj  (s)  is  known  although  it 
is  found  that  Wagner's  curve  is ^reproduced  almost  exactly 
by  the  equation 


cj^ (s)  = Cq  + Gie^^®  + Cge^^® 


(13) 


where 


Cq  — 2tt 

Cl  = -0.330  IT 
C2  = -0.670  IT 
Ai  » -0.0455 
A2  = -0.300 


and  where  s refers  to  the  half-chord  as  unit,  that  is 


N.A.C.A.  Technical  Note  No.  667 


s 


Vt 

c/2 


In  this  form,  the  operational  equivalent  Is  readily 
found  from  the  relation 


reference  2)  (14) 


whence 

cj^(D)  - c„  + c,  5^^  + ca  (15) 


The  calculation  of  lift  under  a prescribed  variation 
of  angle  of  attack  can  be  Illustrated  by  assuming  that  the 
airfoil  is  given  a sinusoidal  motion 


o(r(s)  (or  0(s))  R.P.  or  I.P,  of  e^*^® 


(16) 


This  variation  Is  reduced  to  operational  form  (see  equation 
(14)): 


D-Ai  D-ln  ^ 

(See  equations  (12)  and  (15).) 

The  resulting  operator  may  be  evaluated  by  the  Heavi- 
side expansion  theorem: 


V D 


D - in 


1 + 


f(D)  1 _ IM.  4.  2 f(A)  As 
F(D)  ~ F(0)  A AF’(A) 


(19) 


where  the  A's  are  the  roots  of  F(D)  ® 0. 
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- u ine^“®  + 


Co  + Cl 


in 


in  - X i 


+ C2 


in 

in  - X2. 


ins 


* X,  - In  “2 


(20) 


X o - in 


Xs 

The  terns  involving  e disappear  in  time  and  hence 
may  be  disregarded  in  a continuous  oscillation.  The  terms 


C„  + Cl  + C2]  . 2,tF  + IG]  (21) 


yield  approximate  expressions  of  the  lift  functions  fot 
the  oscillating  airfoil  introduced  by  Theodorsen  (refer- 
ence 3): 


2irF(n)  = Cq  + Ci 


Xi^  + n^ 


C2 


n‘ 


X2^^  + iir 


(22) 


2ttG  (n) 


Xj2  + n2 


C2 


As  pointed  out  by  Garrick  (reference  4) Theodorsen 's 
function  for  sinusoidal  motion 


C(in)  = F(n)  + iG(n)  (equation  (21)) 

may  be  regarded  as  the  operatioxial  equivalent  of  Wagner's 
curve,  i.e. , 


2ttC(D)1  = c^(D)  1 c^^(s)  (23) 

This  fact  may  be  verified  by  referring  to  equation  (15). 

This  relation  is  especially  interesting  because  it  shows  a 
connection  between  the  Fourier  and  the  operational  analyses. 
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Thus,  if  the  response  of  a linear  system  to  a continuous 
sinusoidal  excitation  Is  known. 


R„(s)  = f(ln)  e^“®  (24) 

Then  the  function  f furnishes  Immediately  the  operational 
equivalent  of  the  unit  response  so  that  for  any  variable 
excitation  Z(s), 

R(s)  * f(D)  Z(s)  = f(D)  Z(D)  1 (25) 


In  general,  the  motion  of  the  airfoil  or  airplane 
will  not  be  prescribed  beforehand  but  must  be  determined 
from  dynamical  equations.  This  type  of  problem  can  be  Il- 
lustrated simply  by  considering  the  disturbed  vertical  mo- 
tion of  the  airplane  without  pitching.  The  dynamical 
equation  In  this  case  Is 


m - resisting  force  = Impressed  force,  Z (26) 

where  w Is  the  vertical  velocity  of  the  airplane  and  m 
Is  the  mass  Including  the  virtual  additional  mass  of  the 
wing . Since 


dw  ^ da 
dt  c/2  ds 


(27) 


dw  2m 
dt  S p/2  c 


X 


S p/2  c/2  X 


da 

c/2  ds 


(28) 


Making  the  substitution 


2m 


S p /2  c 


= 0 


(29) 


and  writing  the  equation  In  coefficient  form. 


aDa  + c^^ (D)  a = 


(30) 
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where  is  the  lift  coefficient  of  the  given  disturb- 

ing force.  The  operational  solution  is 

«1) 

Again,  as  in  the  case  of  the  lift,  the  solution  for  the 
elementary  jump  is  the  key  to  solutions  for  variable  con- 
ditions. 


oi  (s) 


1 

oD  + F7  (D) 
‘'1 


1 


(32) 


Replacing 


% ®) 


by  (15)  and  simplifying: 


ai(s) 


(D  - Xi)  (D  - X2)  , ^ f (D)  , 
aD^  + bD^  + cD  + d ~ ^(D) 


i 


(33) 


which  is  in  standard  form  for  evaluation  by  the  expansion 
theorem  (19).  Finally, 


a(s)  = 


c7o(o) 


aj(s)  +1  ai  (s  - So)  cjf^’(so)  ds. 


(34) 


The  extension  of  this  treatment  to  problems  involv- 
ing the  number  of  degrees  of  freedom  will  be  evident. 


Langley  Memorial  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  September  12,  1938. 
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Page  3,  equation  (10): 

Last  term  should  read: 


1 


X 


Page  4 , equation  (13) : 

Second  integral  sign  should  read: 


should  read: 


Page  4,  equation  (14):  ^ 

Second  line  should  read:  + — E(k) 

Page  8,  equation  (49)  should  read: 

liDa  + Cl^  (D)a  = (D)ag 
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THE  UNSTEADY  LIFT  OF  A WING  OF  FINITE  ASPECT  RATIO 

By  Eobebt  T.  Jones 


SUMMARY 

Umteady4ifi  functions  for  wings  of  finite  aspect  ratio 
have  been  calcvlaied  by  correcting  the  aerodynamic  inertia 
and  the  angle  of  aMack  of  the  infinite  wing.  The  cahfda- 
tions  are  based  on  the  operational  method. 

The  starting  lift  of  the  finite  wing  is  found  to  be  only 
slightly  less  than  that  of  the  infinite  wing;  whereas  the 
final  lift  may  be  considerably  less.  The  theory,  indicates 
that  the  initial  distribution  of  lift  is  similar  to  the  fined 
distrihution. 

Curves  showing  the  variation  of  lift  after  a sudden  unit 
change  in  an^  of  attack,  during  penetration  of  a sharp- 
edge  gust,and  during  a continuous  oscillation  are  given. 
Operational  equivalents  of  these  functions  have  been  devised 
to  facilitate  the  calculation  of  lift  under  various  conditions 
of  motion.  As  an  application  of  these  formulae,  the 
vertical  acceleration  of  a loaded  wing  caused  by  penetrating 
a gust  has  been  calculated. 

INTRODUCTION 

The  two-diihensional  potential  theory  of  airfoils  in 
nonunifonn  motion  was  given  by  Wagner  (reference  1) 
and  has  been  ^^tended  to  problems  involving  the  motion 
of  hinged  or  flexible  airfoils  by  Theodorsen  (reference  2) 
and  E^ussner  (reference  3). 

In  the  case  of  steady  motion,  a correction  is  known  to 
be  necessary  before  liie  results  of  the  two-dimensional 
theory  can  be  applied  to  wings  of  finite  aspect  ratio. 
A theory  for  the  unsteady  lift  of  finite  wings  was  devel- 
oped in  reference  4.  This  theory  has  since  been  some- 
what improved  mathematically  by  making  use  of 
operational  methods  in  the  solution  of  the  integral 
equations.  (See  reference  5.)  The  pr^ent  report 
combines  this  previous  work  and  extends  the  theory  to 
show  the  effects  of  gusts. 

THE  INDICEAL  LIFT 

INFLUENCE  OP  THE  WAKE 

Owing  to  the  presence  of  circulation,  the  lifting  wing 
leaves  in  its  path  a surface  of  dkcontinuity,  the  local 
vortex  strength  of  which  is  detemuned  by  the  rate  of 
change  of  circulation  taken  both  across  the  span  and 
along  the  flight  path.  (See  fig.  1.)  The  distribution 
of  vorticity  in  the  wake  is  determined  by  the  assump- 
tion that  the  flow  field  at  each  instant  conforms  to  the 


Kutta  condition.  An  essential  feature  of  the  problem 
is  the  determination  of  the  influence  of  this  wake  on 
the  flow  at  the  wing. 

It  is  important  to  note  that  the  wake  is  supposed 
to  remam  plane  and  imdistorted.  As  a consequence  of 
this  assumption,  the  effects  of  different  wakes  are 
additive,  permitting  the  various  flows  to  be  built  up  by 
superposition.  Thus,  if  the  solution  for  the  growth  of 
the  increment  of  lift  following  a sudden  chaise  of  nor- 
mal velocity— or,  what  amounts  to  the  same  thing 
under  the  assumptions  involved,  a sudden  change  in 
the  angle  of  attack— is  known,  this  solution  may  be 
used  as  the  element  in  an  integral  that  gives  the  lift  in 
any  variable  motion.  With  this  point  in  mind,  atten- 
tion will  at  first  be  directed  to  the  special  case  in  which 
the  wing  starts  suddenly  from  rest  at  t =0  with  the 


normal  velocity  w and  the  flight  velocity  Uo,  the 
velocities  remaining  coi^tant  thereafter. 

MPT  NEAB  THE  START 

The  starting  lift  of  any  wing  may  be  expressed  by  a 
simple  theorem  based  directly  on  the  Eutta  condition. 
As  a consequence  of  this  condition,  the  portion  of  the 
wake  adjacent  to  the  trailing  edge  must  move  as  an 
impermeable  extension  of  the  wing  surface.  Thus,  the 
first  element  of  wake  formed  must  move  with  the  same 
normal  velocity  as  the  wing.  The  flow  produced  at 
the  first  instant  is  what  might  be  caused  by  the  wing 
in  process  of  growing  wider  at  the  rate  Uq  while  moving 
downward  with  the  velocity  w.  The  starting  lift  may 
then  be  thought  of  as  the  reaction  to  uniform  motion 
of  the  wing  as  a body  with  increasing  mass: 
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where  m'  is  the  mass  representii^  the  aerodynamic 
inertia  of  the  wing  in  normal  motion. 

In  order  to  apply  equation  (1)  to  the  finite  wing, 
the  inertia  factor  for  such  a wing  must  be  known  as  a 
function  of  the  width.  Solutions  for  elliptic  plates  are 
given  by  the  classical  hydrodynamic  theory,  and  these 
solutions  can  be  used  to  represent  approximately  the 
initial  rates  of  increase  of  inertia  of  wings  of  oval  or 
elliptic  plan  form. 

The  distribution  of  potential  over  each  chordwise 
section  of  an  elliptic  plate  in  normal  motion  has  the 
same  form  as  the  corresponding  two-dimensional 
potential.  Thus 

(2) 

where  E is  the  elliptic  integral  giving  the  ratio  of  the 
semiperimeter  to  the  span.  At  the  normal  velocity 
the  potential  distribution  over  any  chord  is 
represented  by  a circle  having  the  chord  as  diameter, 
(See  fig.  2.)  If  the  edge  of  the  plate  distorts  into  a 
slightly  wider  ellipse,  the  change  in  potential  arising  at 
any  point  wiU  be  measured  by  the  difPerence  between 
the  original  and  the  slightly  expanded  circles.  (The 
change  in  the  factor  E during  widening  may  be  neg- 
lected for  ordinary  aspect  ratios.)  The  pressure  dif 
ference  across  the  plate  with  changing  potential  is  given 
by  the  formula 

J.— (3) 

Uo  Uo 


Figube  2.— The  wake  and  the  distribution  of  potential  over  the  chord  shortly  after 
the  start. 


For  w—E 


^==,^1  -~  a^==:sin  0 
50_  —X 


(4) 


= — cot  $ 


and,  from  the  geometry  of  the  circle, 


b<f> 


50  dAc 
~dAc  dt 


-r/Mi 


(Ac«=0 


= Z7oicot|  (5) 


The  pressure  across  the  plate  with  the  normal  velocity 
w=E  and  the  flight  velocity  Uq  is,  therefore, 


Integration  of  this  pressure  over  any  section  giv^  the 
lift  coefficient  for  angle  of  attack  a of  the  plate. 


_ 7T  W _ 


E^ 


(7) 


with  each  local  center  of  pressure  at  the  quarter-chord 
point. 

The  start  of  the  plane  elliptic  wing  being  equivalent 
to  a uniform  lengthening  of  each  chord,  the  true  elliptic 
outline  is  not  preserved.  Such  a change,  however,  may 
be  shown  to  conform  very  nearly  to  a change  into 
another,  slightly  larger,  eJHpse  at  all  points  except  those 
very  near  the  tips.  Furthermore,  if  the  wing  is  assumed 
to  distort  in  any  of  a number  of  ways  into  a slightly 
different  elliptical  plan  form,  the  change  of  aerody- 
namic inertia  will  be  found  to  be  but  little  affected  by 
the  change  in  shape  and  to  depend  primarily  on  the 
over-all  change  in  size.  Each  such  distortion  can  be 
thought  of  as  Tepresentmg  a certam  distribution  of  the 
starting  velocity  U around  the  edge  of  the  wing. 
Equation  (5)  is  exact  for  all  distortions  of  this  class. 
Inasmuch  as  they  may  be  made  to  fall  on  either  side  of 
the  distortion  represented  by  Z7=  constant  (represent- 
ing the  start  of  the  rigid  wing),  the  equation  is  also 
considered  appHcable  to  this  case. 


THE  DOWNWASH  COHBEGTION 

A reasonably  accurate  curve  of  the  growth  of  lift 
might  now  be  drawn  by  connecting  the  starting  value 


cot  0—cot 


(6) 


(equation  (7))  asymptotically  to  the  knovm  steady 
value  given  by  the  Prandtl  theory.  Calculations  have 
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showa,  however,  that,  after  the  wing  has  progressed  a 
distance  of  the  order  of  one  semispan,  the  effect  of 
finite  width  of  the  wake  can  he  treated  simply  as  a 
modification  of  the  angle  of  attack  of  the  entire  wii^, 
as  in  the  steady-lift  theory.  A closer  approach  to  the 
true  form  of  the  curve  may  be  obtaiued  by  proceedii^ 
on  this  basis. 

Before  the  three-dimensional  problem  is  considered, 
it  will  be  helpful  to  review  certain  aspects  of  the  two- 
dim^ional  theory  (reference  1).  In  order  to  make 
the  analysis  nondimensional,  all  velocities  are  expressed 
in  terms  of  the  flight  velocity  Uq  and  all  lengths,  in 
terms  of  the  half  chord. 

Figure  3 shows  the  elementary  two-dim^isional  flow 
used  as  a starting  point  by  Wagner  (reference  1). 
This  flow  is  caused  by  two  vortices,  representing,  re- 
spectively, an  element  of  circulation  aroimd  the  wing 
and  the  vortex  left  in  the  wake  when  this  circulation 
originated.  The  streamlines  of  this  flow  are  eccentric 
circles.  One  such  circle  (of  unit  radius)  is  chosen  to 
represent  the  wing  section  and  the  axes  are  so  placed 
that  this  circle  has  its  center  at  the  origin.  The  geom- 
etry of  the  resulting  pattern  is  such  that,  when  the 
wake  vortex  is  at  0,  the  wing  vortex  will  be  at  I/2. 
This  spacing  preserves  the  unit  circle  as  a streamline 
of  the  flow. 

Transformation  of  the  pattern  by  the  formula 

2f=z+^  (8) 

flattens  the  unit  circle  into  a thin-lme  wing  section  and 
distorts  the  originally  circular  streamlines  into  oval 
Joukowski  figures.  The  transformed  pattern  thus  rep- 
resents the  circulatory  flow  around  a flat  wing  section 
with  an  associated  coimtervortex  in  the  wake.  In  the 
transformation,  the  centroid  of  wing  vorticity  remains 
at  the  position  of  the  original  bound  vortex  while  the 
wake  vortex  is  shifted  forward  somewhat  as  shown 
(fig.  3). 

Each  elementary  flow  of  the  type  shown  contributes 
a certain  velocity  around  the  trailing  edge  of  the  airfoil. 
The  flow  due  to  an  instantaneous  change  of  ai^le  of 
attack  of  the  airfoil  may  be  superposed  on  these  flows 
and  will  contribute  a trailing-edge  velocity  of  opposite 
sense.  On  this  basis,  the  problem  of  circulation  with 
varying  angle  of  attack  may  be  solved  by  an  inverse 
procedure.  Assume  some  convenient  distribution  of 
wake  vorticity  and  calculate  (by  iategration)  the  trail- 
ing-edge  velocity  at  each  point  along  the  flight  path 
corresponding  to  the  prescribed  wake.  The  particular 
variation  of  angle  of  attack  necessary  to  cancel  this 
trailmg-edge  flow  at  each  instant  (Kutta  condition)  can 
then  be  determined.  If  a number  of  such  carves  are 
found,  they  may  be  added  in  various  ratios  so  as  to 
approximate  some  prescribed  variation  of  angle  of 
attack;  the  corresponding  circulation  Cuiwes  are  added 
in  like  ratios. 


In  essentially  the  manner  described,  Wagner  (refer- 
ence 1)  calculated  the  two-dimensional  flow  around  a 
wing  section  following  a sudden  unit  change  in  angle  of 
attack.  The  integrated  pressures  over  the  airfoil  ^ve 
a lift  coefficient  that  asymptotically  approaches  the 
known  steady  value  2ir;  whereas  the  starting  lift 
coefficient  is  found  to  be  exactly  one-half  this  value. 
The  center  of  pressure  remains  at  the  quarter-chord 
point  throughout  the  motion. 

In  the  ca^e  of  the  finite  wii^,  an  element  of  tbe  wake 
win  be  as  depicted  in  figure  3 but  will,  in  addition, 
contain  vortices  completing  each  circuit  to  the  wing 
through  the  tips.  The  length  of  the  tip  vortices  may 
be  approximated  by  assuming  that  they  extend  to  the 
chordwise  centroid  of  the  wing  circulation.  After  some 


r — — ^ ^ — 1 


Figure  Position  of  the  centroid  of  discontinuity  in  the  wing  for  different  positions 

of  the  wake  vortex. 


calculation,  the  equivalent  length  x of  the  tip  vortices 
in  terms  of  the  distance  traveled  s reduces  to 

S=-Vs(s+2)  (9) 

Figure  4 illustrates  the  rapid  travel  of  the  centroid  of 
discontinuity  within  the  wing  subsequent  to  its  initial 
position  at  the  trailing  edge.^  It  is  seen  that,  after  a 
travel  of  several  chord  lengths,  the  centroid  may  be 
taken  at  the  middle  of  the  wing  section.  This  assump- 
tion will  latei  be  used. 

Figure  5 shows  how  an  elementary  loop  vortex  in  the 
wake  of  a finite  wing  can  be  formed  by  cancelation  from 
an  element  of  the  wake  of  an  infinite  wing.  The 
downwash  induced  by  segments  CD  and  FH  accounts 
for  the  aspect-ratio  effect.  Since  a uniform  distribu- 
tion of  the  downwash  flow  is  assumed,  the  calculations 
will  be  restricted  to  the  center  of  the  wing.  By  the 
application  of  Biot-Savartis  rule,  the  downwash  velocity 
due  to  elements  CD  and  FH  is  found  to  be 

This  expression  for  downwash  may  be  int^ated  in 

* At  3=0,  the  tip  vortiees  are  lengtheuing  at  an  infinite  rate  and,  aUhough  the  voi^ 
strength  is  zero  at  the  b^inning  of  the  motton,  the  limiting  calculation  ^ows  that  tp 
induced  downw^  flow  has  a certain  rate  of  acceleration  at  this  instant.  As  are^t, 
the  storting  lift  of  the  finite  wing  is  diminishedj  in  accordance  with  the  result  of  the 
previous  calrailation. 
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FiGtmB  5.— Superpi^ition  of  vortices  to  obtain  finite  loop. 


the  case  of  elliptic  spanwise  loading.  Let  7 represent 
the  circulation  around  any  chordwise  section;  tiien 

y~Vmid  (11) 


where  2 cos  By  and  T is  the  value  of  7 at  the  center 
section. 

2/2+x2=(|)  +(5^)  ] (12) 


where  k^= 


1 + 


iwJ 


Then  the  induced  velocity  due  to  a series  of  finite  loops 
of  the  form  CEF  (fig.  5)  is  given  by 


6/2  cos^^ 


Trb 


1 T'/y 

V‘+(p)’i  V 


dd 


®_Y 

’'VJL  ^ 

6/2+  X 


where  K (k)  and  E (k)  are  the  complete  elliptic  integrals. 
(See  Peirce^s  table.) 

Subtracting  the  two-dimensional  vortex  E gives  the 
effect  of  a series  of  segments  of  the  form  of  D C and  F H , 
distributed  along  the  span  according  to  the  elliptic 
loadiii^. 


(14) 


Figure  6 shows  the  variation  of  downwash  velocity 
with  increasing  length  of  the  wake  as  determined  by 
this  formula.  Some  additional  rough  calculations  have 
shown  that  the  downVash  becomes  practically  uniform 
over  the  entire  wing  before  the  wake  has  attained  a 
leng^  of  one  semispan. 

Figure  7 shows  downwash  curves  derived  from  equa- 
tion (14)  for  elliptic  wings  of  aspect  ratios  A of  3 and  6. 
In  this  derivation,  the  unit  of  length  was  taken  as  half 
the  central  chord  of  the  wing.  Thus,  the  wings  have 
the  same  chords  (e„aa;=2)  but  are  of  different  spans.  In 
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order  to  define  the  later  portions  of  the  curve,  the  wake 
was  assumed  to  start  with  length  equal  to  the  mean 
chord  hlA  in  each  case.  This  assumption,  though 
somewhat  arbiti:aiy,  makes  allowance  for  the  curvature 
of  the  trailing  edges  of  the  wings. 
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Figitbe  7.— Downwa^ftinctidm3,Wj,(«). 


The  induced  downwash  Wi  with  any  variation  of 
circulation  r (s)  aloi^  the  flight  path  may  be  deter- 
mined from  the  curves given  m figure  7 by  superposition; 
thus 

Wi»(s)=Wr(s)r„(0)+  PwrCs— So)r/(so)<feo  (15) 


The  growth  of  circulation  following  a sudden  start  of 
the  motion  will  be  determined  from  the  two-dimen- 
sional theory  by  using  the  effective  normal  velocity 


(16) 

Let  Tow  be  the  rise  of  circulation  following  a sudden 
start  with  unit  normal  velocity  as  given  by  the  two- 
dimei^ional  theory.  Then,  for  the  finite  wing, 


r«(s) = ro„(s) — ro„(s) w<(0) — ro„(s— So) w/ («o)<feo  (17) 

The  deterrnination  of  the  effective  normal  velocity 
and  the  circulation  for  the  finite  wir^  thus  depends  on 
the  simultaneous  solution  of  integral  equations  (15) 
and  (17).  This  solution  may  be  conveniently  obtained 
by  operational  methods. 
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OPFRATIONiUC.  SOLBTION  OF  INTBGBAL  EQUATIONS 

Let  D xepresent  the  operator  and  let  1^1  (s) 
represent  the  unit  jump  function,  that  is,  a function  of 
8 having  the  value  z&ro  at  s<[0  and  having  the  value 
1 at  a>0.  A . function  of  s may  be  represented  by  a 
combination  of  operations  on  the  unit  jump  function  ^ 

(18) 


or,  in  operational  form: 

(2^ 

Substitution  of  the  expression  ior  wuoiD)  froin  equation 
(22)  gives  the  operational  form  of  the  lift  function  for 
the  finite  wing  in  terms  of  the  known  functions 

Wi{s),  TobCs),  and 


The  combination  of  operations  5(Z?)  necessary  to 
reproduce  the  function  #(a)  is  called  the  operational 
equivalent  of  the  function  #(a)> 

Eules  for  finding  such  equivalents  are  discussed  in 
reference  6.  The  most  general  rule  for  proceeding 
either  from  5 to  #,  or  vide  versa,  is: 

5(a)— a ^{z)e~^dz 

— eoi 

The  rule  needed  in  the  following  development  is 
the  Heaviside  expansion  theorem: 


(19) 


where  f ^d  F are  algebraic  polynomials  and  the  X's 
are  the  roots  of  f^(X)=0. 

The  operational  treatment  of  integral  equations  is 
based  on  the  proposition  that  an  integral  of  the  form 
of  (15)  may  be  regarded  as  the  linear  superposition  of 
the  effects  of  a succession  of  small  jump  functions. 
The  operational  form  of  (15)  is 

and  that  of  (17) 

r„(Z?)^fo„(D>[l^Wi„(P)] 

Solving  algebraically  for  (D): 

— ^D)^ow(D) 

l+Wr{D)TM 

The  induced  velocity  w#w(s)  gives  the  variation  of 
the  effective  angle  of  attack  of  the  finite  wing  when  the 
geometric  angle  of  attack  is  held  constant.  The  lift  at 
later  stages  of  the  motion  is  then  found  by  combining 
the  effective  angle-of-attack  variation 


(20) 

(21) 

(22) 


w«,,(s)=l— Wf„(s)  (23) 


Because  no  condse  expressions  of  the  required  funcf 
tions  are  known,  approximate  formulas  must  be  devised. 
The  function  has  a simple  operational  equivalent, 
namely, 

eM=±=^^^l  (26) 


and,  since  the  curves  to  be  fitted  are  asymptotic  in 
character,  series  of  such  functions  were  chosen  4s 
follows: 


ro«(s)  ==5.75-3.75«-:®-23®*-1  .50e-i*®^o» 
0^^(s)  ===27r-0.330ireT<»v^^ 
wr(s)4»3=0.096-0.063e-®-^'* 
tt^(s)^^6=0.045-^0.0326-®-^» 


Figures  7 and  8 shoW  the  degree  of  e:factness  attained 
with  these  expressions.  It  was  considered  not  im-* 
portant  to  fit  the  curves  accurately  near  the  ori^. 
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Fiourb  8.— Orowth  of  circulatiop  to  two-dimensional  flow,  ro«(s). 


The  operational  equivalents  rowfi^),  w<«(P),  etc., 
are  easily  written  down'  from  (26).  The  substitution 
of  these  equivalents  into  equations  (22)  and  (25)  and 
the  evaluation  of  the  resulting  operators  by  the  Heavi- 
side expansion  theorem  are  quite  lengthy  and  will  not  be 
reproduced.  The  resulting  expressions  for  Cl„(s) 
were  found  to  be 


ir[l .288  - 0.  me-^  + 0.055e-«  ] 

+6.043e“2  °^'*+0.915e"®-^^*  cos  0.095(s-19.135)]j 
C.  =ir[1.589-0.242e-®°«*-0.403e-^’^« 
+0.008e-i  «®8«+0.872e-<^  -23^  cos  0.0724 (s-21 .1 17)]J 


(28) 


with  the  two-dimensional  indicial-lift  function  given 
by  Wagner.  Let  (oo^(s)=(7x^^(s)  be  the  lift  in  two- 
dimensional  flow  following  a sudden  unit  jump  of  angle 
(the  curve  given  by  Wagner  is  for  a=l/2ir);  then,  for 
the  finite  wing: 

Ol.(s)  =Ct^(s)  - (7ij.(s)Wto(0)  - r<7ij„(8-So)Wto'(s„)<feo 

(24) 


Because  the  curves  given  by  these  formulas  are 
considered  invalid  near  the  start  of  the  motion,  new 
curves  having  the. correct  starting  values  given  by 
equation  (7)  were  drawn  in  as  shown  (fig.  9).  These 
final  cmves  have  the  useful  approximate  expressions: 

(s)  = 1.2007r(l  .000-0,2836”®'®^*) 

J \ / Y29) 

(s) =1.48ir(1.000-0.36l6-®®«*) 
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Ar  analogous  expression  for  infinite  aspect  ratio  is 
=2ir(l.G00--0.165e-‘>'«««*-^0.335e“^  (30J 
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Fiqubk  9.— ludicial  lift.fanctioiis,  and  C£,ff(9). 

LIFT  IN  VARIABLE  MOTION 

In  addition  to  the  lift  given  by  the  lift  function 
the  airfoil  experiences  a reaction  equal  to  the 
instantaneous  rate  of  change  of  the  normal-velocity 
component  times  the  virtual  additional  mass  of  the 
wing  in  normal  motion.  In  coefficient  form: 

tr  da 


'^inertia  E ds 


(31) 


Furthermore,  if  the  wing  is  rotating  in  pitch,  the  effect 
of  an  additional  relative  camber  is  introduced,  A 
simple  integration,  making  use  of  well-known  results 
of  thin-airfoil  theory,  shows 

^^pUehino^  ^ ^ (^^) 

where  the  factor  I is  K for  a straight  rectangular  wn^. 

For  the  elliptic  wing,  ^ being 

somewhat  smaller  than  % because  the  rotation  intro- 
duces a smaller  relative  camber  at  the  narrower  sections 
toward  the  tip. 

The  effects  of  combined  vertical  motion 

and  rotation  (a— 0)  may  be  conveniently  treated  by  the 
use  of  moving  axes  as  shown  in  figure  10.  With  these 
points  in  mind,  the  following  operational  formula  for 
the  total  lift  may  be  derived: 


Cds)-^Da{^+CaD)H^+ims)] 

Uo' 


w 

FiaimE  10.— Moving  axes, 


(33) 


LIFT  FUNCTIONS  FOR  AN  OSGOIATING  AIRFOIL 

The  lift  in  sinusoidal  motion  where 
and  0=0 


is  given  by 
Since 


D 


D—in 


(34) 

(35) 

(36) 


Expansion  of  this  operator  gives,  with  the  exception  of 
transient  terms, 


OL„(s)=Ci,^iin)e*^ 


(37) 


The  function  C&a  (m)  corresponds  to  the  lift  func- 
tion C(n)  introduced  by  Theodorsen  (reference  2)  for 
the  oscillating  two-dimensional  airfoil,  that  is,  in 
Theodorsen -s  terminology 

Q:«(w)  =2irC(n)  —2ir[F{n)  +i^(n)]  (38) 

The  expressions  for  F+iG  found  from  the  operational 
equivalents  of  (29)  are: 


(E+ie)..,=^.600-0.170^^:j^ 


(E+f<?)  a-»=0.740-0.267 


m+0.381 


(39) 


Figure  11  shows  these  functions  plotted  against  the 
wave  length  2ir/n  of  the  oscillation. 


Figure  11.— Oscfllating-lift  functions,  CLai^n)=2iriF+iQ)  and  Ci"(in)=P+»Q. 

Eelation  (37)  is  especially  interesting  (see  reference 
7)  because  it  shows  a connection  between  the  Fourier 
and  the  operational  analyses.  Thus,  if  the  response  of 
a linear  system  to  a continuous  sinusoidal  excitation  is 
known, 

(40) 

then,  the  function  / immediately  furnishes  the  opera- 
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tional  equivalent  of  the  unit  response  so  that,  for  any 
variable  excitarion  2(s), 


B{s^=mz{s)=f(p)z{D)l  (41) 


MFT  IN  GUSTS 

The  foregoing  calculations  i>rovide  the  basis  for  the 
determination  of  lift  under  any  prescribed  conchtions 
of  motion  of  the  wing.  These  results  may  also  be  used 
in  conjunction  with  the  equations  given  by  Theodorsen 
(reference  2)  to  predict  the  air  forces  on  wings  with 
hingedflaps. 

In  all  cases  treated,  the  airfoil  has  been  considered 
as  moving  in  air  that  would  otherwise  be  at  rest.  An- 
other problem  of  considerable  interest  is  the  prediction 
of  lift  during  passage  of  the  airfoil  through  gusts. 
The  two-dimensional  theory  for  this  case  was  developed 
by  Ktissner  (reference  3)  and  has  since  been  corrected  in 
certain  details  by  von  Kdrmdn  and  Sears  (reference  8). 

The  basic  solution  required  m the  gust  problem  is 
the  solution  for  a unit  sharp-edge  gust  of  uniform  up- 
ward velocity.  In  order  to  obtain  this  solution,  it  is 
useful  to  substitute  for  the  change  in  direction  of  the 
relative  air  velocity  an  equivalent  fictitious  bending  of 
the  airfoil  in  still  air  such  that  it  has  at  every  point  an 
angle  of  attack  equal  to  the  angle  that  would  otherwise 
be  produced  by  the  gust. 

The  effect  of  a bend  progressing  along  the  chord  of 
the  airfoil  may  be  calculated  by  thin-airfoil  theory 
(reference  9,  chs.  Ill  and  IV).  A part  of  the  effect 
appears  as  a change  in  angle  of  attack  of  the  airfoil  as 
a whole,  namely: 


—I  cos~Ks"~l)+Vs(2— s) 

9~~  7T 


(42) 


The  corresponding  part  of  the  lift  is  obtained  from  the 
indicial-lift  function  by  superposition.  In 

addition,  a reaction  caused  by  acceleration  of  the  non- 
circiilatory  potential  flow  exists  during  the  time  the 
airfoil  is  partly  immersed  in  the  gust.  In  two-dimen- 
sional flow,  the  additional  reaction  is 

A(7£^=2Vs(2— s)  (43) 

No  corresponding  expression  for  the  finite  wing  is 
known,  but  it  may  be  reasoned  that  the  maximum  cor- 
rection will  be  no  greater  than  that  indicated  by  the 
inertia  factor  of  the  rigid  elliptic  disk,  1/E.  Hence,  the 
formula 

A6x^==^^s(2— s)  (44) 

was  used  for  the  finite  wings  as  an  approximation. 

The  consideration  of  wings  with  curvature  or  sweep- 
back  introduces  another  difficulty  into  the  analysis, 
since  the  sections  of  such  wings  wiU  not  strike  the  edge 
of  the  gust  simultaneously.  It  is  obviously  impractical 
to  attempt  to  include  in  the  analysis  the  effects  of  the 
many  possible  variations  of  plan  form,  and  the  calcula- 

180817-40- — 2 


tions  were  therefore  made  on  the  assumption  that  idl 
sections  entered  the  gust  rimultaneoiMy.  Such  an 
analysis  may  be  considered  sufficiently  exact  for  the 
ususi  variations  of  plan  form  but  is,  of  course,  not  ap- 
plicable to  wings  with  considerable  sweep. 

Figure  9 shows  the  functions,  designated  Cl^  (a),  thus 
calculated.  These  curves  have  the  useful  approximate 
expressions: 


<^^(s)a-3-=  1 .200ir(l  .000--0.679a’-®*«5**--0.227e-8“0 

-0.272e-»-'“'-0.193e-»*>*)i 

=2.0005r(1.000-0.236e-»«^  ' 

O 5^-0.364#  - A i »71/»-2.42A 


(45) 


As  in  the  case  of  the  functions  (7r„(a),  the  expon^tial 
forms  were  used  to  give  simple  operational  equivalents. 
The  Operational  equivalente  of  the  indiciatgust  func- 
tions, OLff,  give  directly  functions  determining  tiie  al- 
ternating lift  of  a stationary  wing  in  an  oscOlating  air 
stream.  Thus 


(m)e*«*=:[P(n)  +iQ{n)W^  (46) 

Figure  11  shows  these  functions  in  comparison  with  the 
corresponding  functions  for  the  oscillating  airfoil. 


MOTION  OF  AIRPLANE  IN  GUST 

In  most  problems  that  arise  in  practice,  the  motion 
of  the  airfoil,  or  airplane,  will  not  be  prescribed  before- 
hand but  must  be  detenmned  from  dynamical  equa- 
tions. The  rising  motion  of  an  airplane  (or,  as  it  shall 
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be  considered  here,  a loaded  wing)  while  entering  a 
sharp-edge  gust  presents  such  a problem  and  will  be  used 
to  illustrate  the  application  of  the  operational  formulas. 

The  dynamical  equation  for  this  case  (n^lecting 
pitching  motion)  is: 

m^+resistii^  foree—hnpr^sed  force  (47) 

where  the  impressed  for^  is  that  part  of  the  lift  caused 
by  the  gust.  Since 

dw_U^  ^ 
dt'^  cl2  ds 


dw  2m  p c Uq  dcL 
^ dt^ ^£^2  c/2  ds^^^  ^ ds 


where  /*==■ — "*  lu  coefficient  form, 

pDa-Vj,,(D)a^^^AD)a, 


(48) 


(49) 


where  is  the  change  in  angle  of  attack  represented  by 
the  gust. 

For  a unit  sharp-edge  gust,  a^=l;  then  (solving 
for  a), 


a(s)« 


^D+Vr.„{D) 


(50) 


By  the  Use  of  the  approximate  expression  given  for 
Cx^  and  Gz,g  (equations  (29)  and  (45)  ),  this  operator  may 
be  reduced  to  the  form  (19). 

Figure  12  shows  the  lift  coefficient  Cx,{s)^pDa{s) 
computed  from  equation  (50)  for  several  values  of  the 
density  ratio  p and  for  A ==  6.  F%ure  13,  derived  from 
similar  calculations,  gives  maximum  lift  loads  attained 
in  the  sharp-e<^e  gust  as  fxmctions  of  the  relative 
density. 


Fiqttbx  ineremetnts  devtioped  in  ihzcmgb  a unit  sbaip^ge 

gust. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Apvisory  Committee  for  Aeronautigs, 
Langley  Field,  Ya.,  June  15 j 1939, 
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TRANSIENT  EFFECTS  OF  THE  WING  WAKE 
ON  THE  HORIZONTAL  TAIL 
By  Robert  T.  Jones  and  Leo  F.  Fehlner 


SUMMARY 


An  investigation  was  made  of  the  effect  of  the  wing 
wake  on  the  lift  of  the  horizontal  tall  surfaces.  In  the 
development  of  expressions  for  this  effect,  the  growth  of 
wing  circulation  and  wing  wake,  the  time  interval  repre- 
sented by  the  tail  length,  and  the  development  of  lift  ' 
by  the  tail  were  considered.  The  theory  has  been  applied 
to  a specific  case  to  show  the  magnitude  of  the  effect  to 
be  expected. 


It  is  shown  that,  for  motions  below  a certain  fre- 
quency, the  development  of  lift  by  the  tail  may  be  repre- 
sented by  a simple  lag  function.  The  lag  is,  however, 
somewhat  greater  than  that  indicated  by  the  tail  length. 


INTRODUCTION 


During  unsteady  motions  of  the  airplane,  the  wing 
leaves  in  its  wake  a sheet  of  vortices  of  varying  strength. 
The  velocity  induced  by  these  vortices  may  have  a pro- 
nounced effect  on  the  direction  of  the  air  flow  near  the 
tail,  particularly  during  motions  Involving  rapid  changes 
of  lift  such  as  oscillations  of  short  period  or  passage 
through  gusts. 

An  approximation  to  the  effect  of  the  wing  wake  has 
been  used  by  Cowley  and  Glauert  (reference  1),  They  as- 
sumed that  the  downwash  associated  with  a change  in  lift 
is  equal  to  the  corresponding  steady  value  but  that  the 
effect  at  the  tail  is  delayed  by  the  time  required  for  the 
airplane  to  travel  a distance  equal  to  the  tail  length. 

It  is  known,  however,  that  during  increases  of  circulation 
the  wing  develops  counterrotating  vortices  which  must,  for 
a time,  at  least,  induce  a strong  upwash,  increasing  the 
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lift  of  the  tail.  In  addition  to  the  time  lag  considered 
by  Cowley  and  Glauert,  both  the  variation  of  vertical  ve- 
locity and  the  delay  in  the  development  of  lift  by  the  tail 
are  considered  in  the  present  paper. 

The  flow  around  the  wing,  hence  the  wake  produced  by 
the  wing,  is  asstuned  to  be  uninfluenced  by  the  presence  of 
the  tail  surface.  The  interference  is  thus  confined  to 
the  effect  of  the  wing  on  the  tail  and,  since  the  wake 
formed  by  an  Isolated  wing  is  known,  the  Interference  can 
be  directly  calculated  for  any  relative  position  of  the 
two  surfaces. 

Although  the  theory  is  thus  applicable  to  a variety 
of  arrangements,  computations  to  cover  all  conditions  were 
not  considered  to  be  worth  while.  In  particular,  the  exact 
vertical  location  of  the  tail  surface  (within  the  usuai}. 
range)  was  not  expected  to  be  critical.  The  tall  surface 
was  therefore  considered  to  be  located  directly  in  the 
wake  where  the  effect  is  a maximum.  The  effect  of  tail 
length  was  investigated  and  it  was  found  that  the  results 
obtained  from  computations  covering  a typical  case  could 
be  extrapolated  to  take  account  of  this  factor  in  a sat- 
isfactory manner. 


LIFT  FUNCTIONS 


As  in  other  problems  involving  unsteady  flow,  it  is 
convenient  to  assume  at  first  a sudden  unit  jump  in  the 
angle  of  attack  of  the  wing  and  to  develop  more  general 
solutions  by  operational  methods  (reference  2) . The  lift 
of  the  tail  surface  under  these  conditions  is  due  solely 
to  interference  from  the  wing  and  is  to  be  added  to  the 
lift  independently  developed. 
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Figure  1 shows  the  notation  used  in  the  development. 
Variable  quantities  are  expressed  in  terms  of  the  distance 

Ugt 

along  the  flight  path,  s = where  t represents  time. 

The  analysis  is  kept  nondimenslonal  by  expressing  all  veloc- 
ities in  terms  of  the  flight  velocity,  U^,  and  all  lengths 
in  terms  of  the  half  chord,  c/2. 

The  rate  of  development  of  vorticity  by  the  wing  fol- 
lowing a sudden  unit  Increase  in  angle  of  attack  a 
(a  = l(s))  is  given  in  reference  3 and  shows  directly  the 
distribution  of  vortices  in  the  wake.  The  total  circula- 
tion  at  any  instant  after  such  a change  is  denoted  by 
FqjCs)  . The  vertical  velocity  of  air  in  the  vicinity  of 
the  tail  Induced  by  a unit  wake  vortex,  Wp(s),  (fig.  2) 

may  be  calculated  from  the  Biot-Savart  rule.  The  result- 
ant variation  of  vertical  velocity  following  a unit  change 
of  angle  of  attack  of  the  wing  follows  from  the  combina- 
tion of  these  two  functions,  i.e.. 


w^(s)  = Wp(s)  r^(0)  + f Wp(s  - Sq) 


I’a’<«o) 


ds. 


(1) 


The  effect  of  the  vertical  velocity,  w^,  on  the  tail 
surface  may  be  treated  as  the  effect  of  a varying  gust. 

The  lift  on  an  airfoil  penetrating  this  gust  is  given  by 


w 


w^CO)  + 


CLg<s-So) 


w. 


r’ 


ds, 


(2) 


where  (s)  is  the  gust  lift  function  for  the  tail  sur- 
face  (reference  3) . 

The  integrations  (1)  and  (2)  may  be  carried  out  in  a 
single  Step  by  using  the  operational  equivalents  of  the 
functions  involved.  Thus 

Cl  (s)  = \ (D)  Ks)  = Cl^(D)  T„(D)  Wp(D)  l(s)  (3) 

w *^w  ® 


The  function  (s)  is  the  lift  on  the  tail  surface  due 

^w 

solely  to  a unit  change  in  the  angle  of  attack  of  the  wing 
and  is  to  be  added  to  the  lift  developed  independently  by 
the  tail  surface. 
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The  function  r(s)  denotes  the  circulation  around 
the  wing  (or  the  equal  and  opposite  circulation  measured 
around  the  wake)  in  the  plane  of  S3ramietry.  The  spanwlse 
distribution  of  vortlcity  is  assumed  to  remain  elliptical. 
A unit  increment  of  r(s)  thus  Involves  a single  wing  and 
wake  vortex  of  unit  strength  at  the  center,  the  strength 
falling  off  toward  the  tips  in  accordance  with  the  ellip- 
tic loading.  The  two  vortices  are  connected  by  a sheet 
containing  only  the  spanwlse  component  of  discontinuity. 
This  arrangement  can  be  derived  by  the  superposition  of 
vortices  of  the  type  shown  in  figure  3. 


The  centroid  of  wing  circulation  is  assumed  to  remain 
stationary  at  the  center  of  the  wing  chord.  Although  the 
wing  circulation  originates  at  the  trailing  edge,  little 
error  is  incurred  through  this  assumption  because  the  trav- 
el of  the  centroid  to  the  center  of  the  chord  is  very  rapid 
(reference  3).  If  the  wing  circulation  is  replaced  by 'a 
single  vortex  A (fig.  3) , the  vertical  velocity  at  the 
tail  due  to  vortices  A and  B is  given  by 


wr^(s) 


_1_ 

ZlT 


(4) 


The  operational  equivalent  of  this  function  is 

1 


w- 


rAB 


(D)  = 


2tt 


D e”^®  Ei(^D)  - 


(5) 


where  the  S3mibol  Ei  represents  the  exponential  Integral 
function,  i.e.,  ’ 


El(x) 


-u 

e 

u 


du 


The  downwash  due  to  the  spanwlse  component  of  discon- 
tinuity (vortices  C and  D,  fig.  3)  may  be  determined 
from  figure  6 of  reference  3,  which  shows  the  downwash  at 
the  edge  of  a sheet  of  discontinuity  of  varying  length. 

The  downwash  in  the  region  of  the  tail  corresponding  to 
any  position  or  extent  of  the  wake  may  be  obtained  by  add- 
ing the  effects  of  two  sheets  of  different  lengths,  as  in- 
dicated in  figure  4. 
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APPLICATION  OF  THEORY 


In  order  to  illustrate  the  application  of  the  theory 
and  to  show  the  order  of  magnitude  of  the  results  to  be 
expected,  the  lift  functions  are  determined  for  a specific 
example.  The  proportions  considered  are  as  follows.  (See 
fig.  1.) 


Aspect  ratio  of  wing  - - - - - _ g 
Aspect  ratio  of  tail  surface  ^ ^ 3 

I ^ ^ ^ _ 5.54 

Zj  ^ ^ _ 6.54 

Chord  of  tail  surface  -----  1.0 


The  effect  of  the  noncirculatory  component  of  the  flow 
about  the  wing  is  neglected,  its  influence  at  the  tail 
being  small  and  constant  in  value. 


_ The  approximate  expressions  used  for  the  functions 
C^  (D)  and  faCO)  are: 

o 


Cl-(O)  = 3-77 

o 


2.56  D 
D + 1.116 


1.044  D 
D + 6.40 


(6) 


T a A 71  2.11  D 1.25  D _ 0.800  D 

‘i./i  - Q 290  ” D + 0.690  D + 0.276 


(7) 


It  should  be  noted  that  the  function  Ct  is  in 

terms  of  the  half-wing  chord  which,  in  the  example  chosen, 
is  twice  the  corresponding  dimension  of  the  tail  surface 
itself.  There  is  a slight  change  in  the  expression  as 
given  in  reference  3 to  make  it  more  closely  approximate 
the  starting  value. 

If  the  proper  values  are  substituted  in  equations  (4) 
and  (5) , the  function  becomes 


”rAB<=)  ■ -ST 


5.54  - s 6.54 


(8) 


and 
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2tt 


D Ei(5.54D) 


1 

6.54 


(9) 


No  concise  expression  for  the  spanwlse  component  of 
the  downwash,  '^rcD*  given.  The  curve  can  be  ap- 

proximated, however,  by  a series  of  exponential  terms  of 
Xs 

the  fom  Ae  . For  the  proportions  considered 


''rcD<®> 


0.083  + 0.047e 


-0.067S 


+ 0.145e 


-0.354S 


- -0.742S  . n n/7  -1*45S 

- 0.156e  + 0.047e 


(10) 


wp^jj(D)  = - 0,083  + 


0.047  D 
D + 0.067 


(11) 


These  expressions  are  to  be  added  to  equations  (8)  and  (9), 
respectively,  to  give  the  function  Wj,(D)  required  in  the 
evaluation  of  equation  (3). 

The  calculation  of  Cj^.  according  to  equation  (3) 

results  in  the  lift  of  the  tall  surface,  as  a function  of 
the  distance  traveled  following  a sudden  unit  Jump  in  the 
angle  of  attack  of  the  wing,  i.e.,  the  "indicial  lift"; 
it  is  shown  in  figure  5. 

For  a unit  change  in  angle  of  attack  of  'the  airplane 
as  a whole,  the  lift  developed  independently  by  the  tail 
must  be  added.  This  lift  increment  is  given  by  equation 
(29)  of  reference  3 for  an  airfoil  of  aspect  ratio  3 but 
it  must  be  expressed  in  terms  of  the  wing  cord.  The 
function  Cj^  (s)  (fig.  6)  shows  the  lift  resulting  from 

the  unit  change  of  angle  of  attack  of  the  entire  airplane. 

Although  the  indicial  lift  curves  (figs.  5 and  6) 
show  infinite  values,  it  is  to  be  noted  that  the  integra- 
tion of  the  expressions  by  superposition  for  any  probable 
disturbance  results  in  finite  lift  at  all  points.  Fur- 
thermore, when  the  effects  of  moderate  rates  of  change  in 
the  angle  of  attack  are  integrated,  the  exact  form  of  the 
indicial  response  curve  is  not  critical. 
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This  point  is  best  illustrated  by  integrating  the  re- 
sponse to  a continuous  oscillatory  variation  of  angle  of 

attack.  If  a = e^^®, 

CL(a=ei»S)^®)  = Cl(D)  e^’^®  = CL(in)  e^’^®  = [A(n)+iB(n)]  e^“® 

The  real  part.  A,  is  the  component  of  the  response  in 
phase  with  the  disturbance,  and  the  imaginary  part,  B, 
is  the  component  90®  out  of  phase  with  the  disturbance. 

The  evaluation  of  the  exponential  integral  with  an 
imaginary  argument  is  given  in  reference  4,  page  80. 

Ei(in)  = Ci(n)  + i Sl(n)  + |j 

where  Ci  and  Si  are,  respectively,  the  cosine-integral 
and  the  sine- integral  functions. 

Figure  7 shows  the  A and  the  B components  of  the 
oscillatory  lift  function,  Cj^  (in),  the  lift  on  the 

*^w 

tail  surface  induced  by  a continuous  sinusoidal  oscilla- 
tion of  the  wing.  For  a continuous  vertical  oscillation 
of  the  airplane  as  a whole  (changes  of  angle  of  attack 
without  rotation),  the  function  (in)  (fig*  8)  shows 

the  resulting  lift.  n 

If  the  oscillatory  lift  functions  are  approximated  by 
a Fourier  series,  this  series  will  be  found  to  correspond 
to  an  approximation  of  the  Indlclal  lift  function  in  the 
form  of  steps.  Thus  the  function  Cj^  (in)  is  closely 

‘"w 

approximated,  as  shown  by  broken  lines  in  figure  7,  by  the 
expression 

Cl  (in)  = 0.30  - 2.20  (12) 

’"w 

for  values  of  n less  than  0.35.  If  the  argument  (in) 
is  replaced  by  the  operator  D,  the  resulting  function 
is  the  operational  equivalent  of  a simple  step  function, 
which  is  an  approximation  of  the  corresponding  indlclal 
lift  function.  Thus 

Clt  (s)  = [o.30  - 2.20  l(s)  = 

” 0.30  - 2.20  [l(s  - 7.14)]  (13) 
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This  approximation  is  shown  by  the  broken  line  in  figure  5. 

Similarly,  the  approximation  shown  by  the  broken  line 
in  figure  8 is 


(in)  s 3.85  - 1.98  e 


-7.48in 


(14) 


and 


Cl.  (s)  £ [3.85  - 1.98  e l(s)  = 3.85  - 1.98  U(s  - 7. 

'"a 

(15) 


and  is  shown  by  the  broken  line  in  figure  6. 

In  the  case  of  an  airplane  executing  pitching  motions 
during  which  the  angle  of  attack  of  the  wing  does  not 
change,  the  component  of  response  out  of  phase  with  tl^e 
disturbance  is  insignificant.  The  response  may  therefore 
be  considered  Instantaneous.  Although  the  general  case  in- 
volves motions  that  combine  changes  ef  angle  of  attack, 
a,  and  of  angular  displacement,  9,  the  lift  increments 
resulting  from  each  motion  have  been  separately  treated. 

In  this  form.,  the  results  are  directly  applicable  to  the 
differential  equations  of  motion  of  the  airplane. 


CONCLUDING  REMARKS 


Although  the  indicial  lift  of  the  tail  surface  actu- 
ally shows  a pronounced  variation,  it  is  permissible  to 
consider  the  effect  of  a simple  lag  if  only  moderate  rates 
of  motion  are  involved.  The  lag  functions  shown  in  fig- 
ures 5 and  6 give  the  lift  quite  accurately  during  any  mo- 
tion that  can  be  compounded  of  frequencies  lower  than  one 
cycle  in  18  half  chords  (n  < 0.35). 

It  will  be  noted  that  these  expressions  differ  from 
those  assumed  by  Cowley  and  Glauert  in  two  ways.  First, 
the  value  of  the  function  from  0 to  Z is  not  zero  but 
is  a positive  value,  which  accounts  for  the  upwash  that 
the  tail  initially  encounters.  Second,  the  distance  after 
which  the  value  of  the  function  becomes  negative  is  not 
equal  to  the  tail  length,  Z,  but  occurs  at  a distance 
somewhat  greater  than  the  tail  length.  This  distance  ac- 
counts for  the  lag  in  the  growth  of  downwash  and  the  lag 
in  the  development  of  lift  by  the  tail  and  may  be  called 
the  effective  tail  length. 
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Although  the  results  thus  far  have  been  obtained  for 
one  specific  wing  and  tail  arrangement,  the  effective  tail 
length  and  the  magnitude  of  the  effect  to  be  expected  may 
be  determined  for  other  cases. 

According  to  the  theory,  the  pattern  of  the  wake 
formed  by  the  wing  remains  unchanged  as  it  passes  down- 
stream. In  addition,  the  rapid  changes  of  induced  veloci- 
ty at  the  tail  occupy  a fairly  short  distance  immediately 
ahead  of  and  back  of  the  edge  of  the  wake.  For  any  usual 
tail  length,  therefore,  the  time  history  of  the  lift  on  the 
tall  is  not  substantially  altered  in  relation  to  the  in- 
stant at  which  the  wake  strikes  the  tail.  This  point  is 
illustrated  by  figure  9,  where  the  induced  vertical  veloc- 
ity, Wp,  following  a unit  change  in  wing  circulation 
(r  = l(s))  is  shown  for  different  positions  of  the  wing 
ahead  of  the  tail  surface.  The  principal  effect  of  a 
change  in  tail  length  is  to  shift  the  origin  along  the  , 
relatively  flat  portion  of  the  indicial  lift  curves  shown 
in  figures  5 and  6.  This  change  in  tail  length  then  cor- 
responds to  an  equal  change  in  effective  tail  length.  The 
effective  tall  length  for  any  case  is  thus  determined. 

If  the  wing  wake  passes  either  above  or  below  the 
tail  surface,  the  lift  functions  will  not  show  infinite 
values  as  they  do  in  the  case  considered.  The  peak  value 
of  the  lift  function  is  lowest  when  the  wake  passes  below 
the  tail  surface.  The  final  value  of  the  lift  is  but  lit- 
tle affected  by  the  vertical  displacement  as  long  as  this 
displacement  is  small  relative  to  the  span. 

The  theory  may  be  extended  to  show  the  effects  of 
vertical  gusts.  The  lift  of  the  tall  surface  due  to  in- 
terference from  the  wing  during  penetration  of  the  gust 
may  be  calculated  with  the  aid  of  the  curves  of  figure  5, 
provided  that  the  variation  of  the  angle  of  attack  of  the 
wing  is  known.  A close  approximation  to  this  variation 
of  angle  of  attack  during  penetration  of  a varying  gust  is 
obtained  by  measuring  the  angle  of  attack  with  respect  to 
the  relative  wind  direction  at  a point  one-fourth  of  the 
chord  ahead  of  the  trailing  edge  of  the  wing.  This  approx- 
imation is  based  on  a well-known  result  of  the  thln-alrfoil 
theory  and  is  valid  as  long  as  the  rate  of  change  of  gust 
velocity  along  the  flight  path  is  less  than  that  repre- 
sented by  an  oscillation  of  one  cycle  in  18  chord  lengths. 
The  lift  independently  developed  by  the  action  of  the  gust 
on  the  tail  surface  may  be  determined  from  reference  3. 

This  lift  is  directly  added  to  that  developed  by  interfer- 
ence from  the  wing. 
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As  noted  earlier,  only  in  cases  of  extremely  rapid 
changes  in  wing  lift  (n  > 0,35)  is  the  exact  form  of  the 
indicial  lift  curve  important.  Such  changes  may  occur, 
however,  in  sharp  gusts  and  it  is  believed  that  the  exten- 
sion of  the  present  investigation  to  cover  the  effect  of 
vertical  position  of  the  tail  surface  in  these  cases  would 
be  worth  while. 


Langley  Memorial  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va, , July  23,  1940. 
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Figure  7,-  Influence  of  wing  oscillation  on  the  lift  of  the  hori- 
aontal  tail.  Gt  (in)  =A(n)  +iB(n) 
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AN  ANALYSIS  OF  THE  STABILITY  OF  AN  AIRPLANE  WITH  FREE  CONTROLS 
By  Robert  T.  Jones  & Doris  Cohen 

Page  7,  Figures  10  to  13:  All  values,  of  Cng  given  in  figures  10  through 
13  should  be  reduced  by  dividing  by  6;  that  is,  the  values  on  the 
curves  should  read  C^g  = .102,  .064,  and  .026  instead  of  .612, 

.384,  and  .156. 

Page  8:  In  the  second  equation  of  the  two  bracketed  as  (12),  the  sign  of  the 

third  term  should  be  changed  from  minus  to  plus;  thus  the  equation  should 
read: 


maka" 


d^d 

dt^ 


m 

3p 


^(mayx  + 


Pages  8 and  9:  Figure  14,  containing  the  aileron-free  stability  boundaries, 
has  been  found  to  be  incorrect  and  should  not  be  used.  The  paragraph 
referring  to  this  figure,  beginning  at  the  bottom  of  page  8 and  con- 
tinuing through  equation  (15)  on  page  9,  is  therefore  also  in  error. 

The  correct  boundaries  for  oscillatory  stability  with  ailerons  free  are 
given  in  the  enclosed  new  figure  14.  The  boundary  for  divergence  is 
that  given  by  equation  (16).  Statement  3 under  ^’Concluding  Remarks,” 
page  9,  no  longer  applies  to  ailerons. 


Figure  14.-  Ailercn-free  stability.  Boundaries  for  oscillatory 
stability.  , 45;  , 1.80. 
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AN  ANALYSIS  OF  THE  STABILITY  OF  AN  AIRPLANE  WITH  FREE  CONTROLS 


By  Robert  T,  Jones  and  Doris  Cohen 


SUMMARY 

An  investigation  is  made  of  the  conditions  essential  to 
the  stability  of  an  airplane  with  free  control  surfaces. 
Calculations  are  based  on  typical  airplane  characteristics 
with  certain  factors  varied  to  cover  a range  of  current 
designs.  Stability  charts  are  included  to  show  the  limiting 
values  of  the  aerodynamic  hinge  moments  and  the  weight 
hinge  moments  of  the  control  surf  aces  for  various  positions 
of  the  center  of  gravity  of  the  airplane  and  for  control 
systems  with  various  moments  of  inertia.  The  effects  of 
reducing  the  chord  and  of  eliminating  the  floating  tendency 
of  the  surfacCj  of  changing  the  wing  loading^  and  of 
decreasing  the  radius  of  gyration  of  the  airplane  are  also 
indicated.  An  investigation  has  also  been  made  of  the 
nature  of  the  motion  of  the  airplane  with  controls  free  and 
of  the  modes  of  instability  that  may  occur. 

Stability  with  the  controls  free  generally  depends  more 
critically  on  the  design  of  the  control  system  than  on  the 
stability  characteristics  of  the  airplane.  In  particular j 
too  great  a weight  moment^  combined  with  a high  degree  of 
aerodynamic  balancCj  may  cause  undamped  oscillations. 
Regardless  of  the  weight  moment^  it  appears  difficult  to 
secure  stability  when  the  aerodynamic  balance  exceeds  76 
percent  of  the  hinge  moment. 

INTRODUCTION 

During  recent  investigations  by  the  NACA  of 
the  flying  qualities  of  several  airplanes  of  different 
types,  a tendency  toward  longitudinal  instability  was 
noted  that  involved  pitching  of  the  airplane  reinforced 
by  movements  of  the  elevator.  In  other  flight  tests, 
lateral  instability  accompanied  by  oscillations  of  the 
rudder  or  of  the  ailerons  has  been  noticed.  The 
oscillations  observed  were  rapid  enough  to  be  influenced 
by  the  inertia  of  the  control  surfaces  but  were  not 
believed  to  be  sufficiently  rapid  to  involve  the  elasticity 
of  the  structure.  The  problem  is  thus  concerned  with 
motions  intermediate  between  flutter  and  movements 
of  the  airplane  as  a rigid  body. 

It  was  thought  that  a theoretical  analysis  of  the 
stability  of  an  airplane  with  the  controls  free  might 
shed  some  light  on  the  cause  of  these  undesirable 
motions  and  might  indicate  how  they  could  be  avoided 
in  design.  Of  the  previous  publications  on  the  subject, 


the  most  detailed  is  that  of  E.  Bartsch  on  lateral 
motions  of  an  airplane  with  free  rudder  and  ailerons 
(reference  1).  In  order  to  make  specific  recommenda- 
tions applicable  to  modern  design,  a study  of  stabflity 
more  complete  and  detailed  than  any  available  was 
imdertaken.  Calculations  were  made  covering  both 
longitudinal  and  lateral  motions  and  the  elevator-free, 
the  rudder-free,  and  the  afleron-free  conditions.  The 
computations  were  based  on  a set  of  typical  airplane 
characteristics,  except  for  parameters  introduced  to 
cover  such  variations  in  control-surface  design  as  seem 
most  likely  to  affect  stability.  The  results  that  might 
be  expected  under  corresponding  conditions  in  airplanes 
with  different  over-all  mass  characteristics  have  also 
been  indicated  . 

SYMBOLS  AND  COEFFICIENTS 

The  following  symbols  are  used  in  addition  to  those 
defined  in  the  report  covers.  (See  figs.  1 and  2.) 

The  subscript  c refers  to  a control-surface  character- 
istic and  is  replaced  in  the  various  sections  of  the 
report  by  e for  elevator,  r for  rudder,  and  a for  ailerons; 
the  subscript  s refers  to  the  control  stick  or  wheel 
mechanism. 

A length  equal  to  one-half  the  mean  wing  chord  is 
used  as  the  fundamental  unit  of  length  in  order  to  obtain 
the  results  in  a form  applicable  to  geometrically  similar 
airplanes  of  any  size  or  loading.  Conversion  to  this 
system  is  made  by  dividing  all  lengths  measured  in 
ordinary  units  by  the  length  of  the  half-wing  chord. 
Quantities  entering  into  nondimensional  expressions  do 
not,  of  course,  require  such  conversion. 

Do  steady-flight  speed 

iS  angle  of  sideslip 

kc  radius  of  gyration  of  control  mechanism  about 
control-surface  hinge  axis 

Xc  moment  arm  of  center  of  gravity  of  control 
system  about  hinge  axis,  positive  when  center 
of  gravity  is  behind  hinge 

y distance  from  center  of  gravity  of  aileron  to  plane 
of  symmetry 

A aspect  ratio 
I tail  length  of  airplane 
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Xax.  projectioa  on  X axis  of  distance  between 
center  of  gravity  of  airplane  and  its  aero- 
dynamic center  (with  controls  fixed) 

M —-^airplane  density  ratio 


^control-surface  density  ratio 

^ aileron  weight-moment  parameter, 
equation  (14).) 

H control-surface  hinge  moment 
•q  control  gearir^  ratio 

Sc^WCc 

s = Uot  distance  along  flight  path 

^ dw  d5  ^ 

etc. 

. ••  ^ de  cPd  , 

0,  S,  etc.-  etc. 

D ==^  differential  operator 


(See 


n ^ ^ On,  ^ 

da"  d/3" 


d/3" 


STABILITY  WITH  ELEVATOR  FREE 

Pitching  motions  sufficiently  rapid  to  he  affected 
by  the  inertia  of  the  elevator  control  probably  will  not 
involve  sensible  changes  in  the  forward  speed  of  the 
airplane.  Accelerations  of  the  airplane  along  the  flight 
path  will  therefore  be  neglected.  The  rapidity  of  the 
oscillations  makes  it  advisable,  on  the  other  hand,  to 
include  certain  aerodynamic  effects  not  retained  in  the 
equations  of  motion  in  their  usual  form.  In  addition 
to  the  moments  developed  in  response  to  the  displace- 


ments of  the  tail  surfaces,  moments  due  to  angular 
velocities  of  these  surfaces  are  also  considered.  Thus, 
the  pitching  moment  due  to  angular  velocity  of  the 
elevator  about  its  hinge  dAf/d5,  the  pitching  moment 


due  to  the  aerodynamic  inertia  of  the  surfaces  dM/dih, 
and  the  aerodynamic  damping  of  the  elevator  dH/d5  will 
be  included  in  the  present  analysis.  Secondary  factors 
entering  into  the  equations,  such  as  the  vertical  acceler- 


ation at  the  center  of  gravity  due  to  the  lift  of  the 
horizontal  tail,  are  neglected.  The  equations  of  motion 
take  the  following  form: 


m{w~  U(0)  —w 
J>M 


bw 


J 2a  bM  .bM  bM  -bM 

rnky^e—Q — —5^:^ —5^ 

5 0 bw  bw  bb  55 

5/7'  .5// 

niekl  (5  + 0)  + {te  ^w—  Uq&)  — 

d5  bb 


be 


-a- 


=0 

=0 


(1) 


If  the  following  substitutions  are  made 


M«= 


t = 


SBc 

2 

, me 
s 


_ 1 d 

^ ds~~Uo  dt 

W=aUo 
2 ^ 


and  the  stability  derivatives  are  replaced  by  the 
equivalent  coefficients,  equations  (1)  are  reduced  to  the 
following  nondimensional  form: 
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- iu.ky^D-  C^^)DB 


=01 


=0 


(2) 


00«  + [M.(^e^+Ar/)Z)-MA-  Onj,^]De 

^{y,X^U^~Onj,fl-Ond^  =0. 


It  is  to  bo  noted  that,  with  the  exception  of  the  inde- 
pendent variable  5,  equations  (2)  involve  no  quantities 
dependent  on  the  steady-flight  speed.  Motions  plotted 
against  the  distance  s are  therefore  applicable  to  any 
initial  flight  condition  within  the  unstalled  range. 

The  equations  of  motion  are  based  on  the  assumption 
of  a constant  forward  velocity  and  therefore  do  not 
show  the  possibility  of  a phugoid  oscillation  of  in- 
creasing amplitude  or  the  possibility  of  a certain  type 
of  slow  divergence  from  the  steady-flight  attitude. 
Experience  has  shown  that  the  unstable  phugoid  motion 
is  not  likely  to  cause  trouble  under  ordinary  operating 
conditions  because  its  period  is  of  the  order  of  2500 
chord  lengths;  the  oscillations  of  interest  in  control-free 
stability  have  periods  of  the  order  of  50  chord  lengths. 
The  slow  divergence  corresponds  simply  to  a loss  of 
static  stability  when  the  control  is  free.  Static  stability 
with  the  elevator  free  is  assured  if  the  following  con- 
dition is  fulfilled: 

(3) 


In  this  paper  the  divergence  treated  is  of  a more  rapid 
type. 

Because  the  pitching  that  enters  into  the  equations  of 
motion  was  expected  to  be  quite  rapid,  it  was  thought 
that  the  lag  in  the  effect  of  the  wing  wake  at  the  tail 
would  be  an  important  factor.  Under  steady  condi- 
tions, the  wing  wake  diminishes  the  relative  angle  of 
attack  at  the  tail  to  about  one-half.  After  a sudden 
change  of  angle,  however,  the  tail  will  at  first  receive  a 
strong  upwash  due  to  vortices  shed  by  the  wing  in 
consequence  of  its  additional  circulation.  The  result 
is  a rather  complex  transient  variation  of  the  vertical 
velocity.  This  variation  affects  both  the  lift  of  the 
horizontal  tail  and  the  floating  moment  of  the  elevator. 

The  possible  effect  of  the  transient-flow  phenomenon 
at  the  tail  was  estimated  by  making  several  calculations 
in  which  a simple  fixed  lag  in  the  action  of  the  downwash 
was  assumed,  expressed  by  setting  ^ 


~-Cra 


(4) 


(5) 


A comparison  of  the  resulting  motions  with  corre- 
sponding results  obtained  when  the  lag  function  was 


1 For  tbe  use  of  the  operator  e-kn  to  show  the  effect  of  lag,  see  reference  2,  page  26. 
Subsequent  investigation  (reference  3)  has  shown  the  complex  transient  effect  to  be 
more  nearly  approximated  by  the  operator  «««- 


entirely  omitted  showed  that  the  lag,  although  having 
a noticeable  effect  on  certain  stable  modes  of  osciQation, 
caused  only  a small  change  in  the  slower  type  of  oscilla- 
tion in  which  instability  occurs  first.  Kevision  of  the 
computations  to  include  a more  accurate  representation 
of  the  lag  was  therefore  considered  not  worth  while  and 
all  calculations  were  allowed  to  stand  with  as 

the  lag  operator.  In  order  to  combine  this  operator 
with  other  terms  of  the  equations,  the  expression  was 
expanded  into  a power  series  in  D, 

The  stability  of  the  motions  is  indicated  by  the  nature 
of  the  roots  of  the  characteristic  equation,  which  is 
obtained  from  equations  (2)  by  setting  the  determinant 
formed  from  the  coefficients  equal  to  zero.  If  DB, 
rather  than  0,  is  considered  one  of  the  variables,  this 
equation  is 


— M 


0 


-0  (6) 


P-ekW^ 

Oil  jT)fl  Oh  (7ft  j 


The  equation  is  thus  a quartic,  and  terms  introduced 
by  the  expansion  of  CU^(Z>)  and  Gh^{D)  that  would 
increase  its  degree  were  discarded  because  the  roots  are 
always  small  and  higher  powers  are  negligible  in  value. 

The  roots  of  the  stability  equation  were  found  for 
several  typical  cases.  Apparently,  in  the  usual  case  the 
motion  is  oscillatory  and  of  two  fairly  distinct  modes. 
One  of  the  modes  of  oscillation,  although  more  rapid 
than  the  modes’  encountered  with  the  controls  fixed,  is 
nevertheless  slow  enough  (with  a period  of  the  order  of 
60  chord  lengths)  to  involve  coupling  and  reinforcing 
movements  of  the  airplane.  The  damping  is  conse- 
quently light,  and  instability  wfll  occur  first  in  this  slower 
mode.  It  is  undoubtedly  this  mode  that  has  been  ob- 
served in  flight  in  the  ca^es  mentioned  in  the  introduc- 
tion. The  second  mode  is  much  more  rapid  but  heavily 
damped.  The  short  period  (about  15  chord  lengths) 
suggests  that  the  motion  is  essentially  limited  to  a 
flapping  of  the  elevator  and  may  become  unstable  only 
as  flutter  involving  elastic  deformations  of  the  structure. 

It  was  expected  that  variations  in  the  aerodynamic 
hinge-moment  slope  67,5,  the  mass-moment  coefficient 
the  moment-of-inertia  coefficient  iijcey  and  the 
static  stability  coefficient  (7^^  would  be  most  important 
from  the  designer’s  point  of  view.  These  quantities 
were  therefore  retained  in  the  equations  as  parameters, 
and  numerical  values  were  substituted  for  the  remaining 
quantities.  Limiting  conditions  for  stability  are  then 
in  the  form  of  relations  connecting  the  four  variables. 

Of  the  conditions  for  stability,  only  two  were  found 
to  be  effective  within  the  practical  range  of  the  param- 
eters. A boundary  beyond  which  straight  divergence 
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occurs  K obtained  by  setting  the  constant  term  of  the 
stability  equation 

(7) 

equal  to  zero.  This  expression  is  independent  of  the 
elevator  moment  of  inertia.  The  second  boundary  is 
the  limit  for  osciQatory  stability  and  is  obtained  by 
applying  Routh’s  discnminant  to  the  stability  quartic. 
This  boundary  was  found  to  shift  only  a negligible 
amount  with  a large  change  in  the  static-stability  co- 
efficient and  was  therefore  considered  to  be  inde- 
pendent of  Partial  elimination  of  the  parameters 

in  this  way  made  possible  the  presentation  of  the  results 
in  a simplified  form. 

The  computations  of  figure  3 were  based  on  the  char- 
acteristics of  generally  used  types  of  balance  and  on  a set 


FiGiTRE  3.— Elevator-free  stability  regions.  SO-percent-chord  elevator;  ft,  45;  Ay,  1. 79. 

of  typical  airplane  characteristics.  (See  table  I of  the 
appendix.)  The  effect  of  variation  of  the  moment  of 
inertia  was  subsequently  investigated.  Figure  4 covers 
the  case  of  an  airplane  with  the  radius  of  gyration  re- 
duced to  make  the  moment  of  inertia  half  the  average 
assumed  for  figure  3 . An  investigation  was  also  made  of 
the  stability  of  a more  heavily  loaded  airplane  by  dou- 
bling the  density  factor  and  comparing  (fig.  5)  a repre- 
sentative stability  boundary  (in  terms  of  and 
with  the  corresponding  curve  for  the  conditions  of 
figure  3.  The  particular  variations  chosen  were  con- 
sidered representative  of  the  trends  in  modern  airplane 
design. 

Of  the  over-all  characteristics  of  an  airplane,  the 
radius  of  gyration  seems  most  likely  to  affect  its 
stability.  The  results  show  that  an  airplane  with  a 
small  radius  of  gyration  will  not  permit  so  wide  a range 
of  the  elevator  design  parameters  as  will  the  assumed 
average  airplane.  Its  greater  responsiveness  to  elevator 
deflection  will  cause  it  to  reinforce  more  readily  the 


movements  of  the  elevator  leading  to  oscillatory  in- 
stabihty.  The  boundary  for  divergence  (equation  (7)) 
is  independent  of  variations  in  the  radius  of  gyration. 
As  shown  in  %ure  5,  the  relative  density  or  loading 


Figure  4.— Elevator-free  stability.  Regions  for  reduced  airplane  moment  of  inertia. 
50-percent-chord  elevator;  m,  45;  ky,  1.27. 


of  the  airplane  is  not  a critical  factor,  which  may  be 
attributed  to  the  fact  that  the  normal  relation  between 
the  lift-curve  slope  and  the  loading  is  such  that  the 
airplane  is  effectively  constrained  against  relative 
motions  normal  to  the  wing  surface.  Differences  in  the 
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Figure  5.— -Elevator-free  stability.  Effect  of  increasing  density  factor.  C*.,  —0.3; 
ta-c.,  0.12;  fcy,  1.79. 


degree  of  this  constraint,  as  caused  by  ordinary  varia- 
tions in  either  or  /z,  are  unimportant. 

In  general,  it  may  be  concluded  that  the  design  of 
the  elevator  itself  is  of  critical  importance  in  obtaining 
control-free  stability.  A large  mass  moment  or  moment 
of  inertia  of  the  control  surface  is  seen  to  be  unfavorable 
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to  stability.  Of  primary  concern,  however,  is  the  ad- 
verse effect  of  aerodynamic  balance,  especially  because 
it  is  found  necessary  to  resort  to  a high  degree  of  balance 
with  many  modern  airplanes. 


Figure  6— Typical  variation  of  and  with  aerodynamic  balance  area  for  small 

deflections  (from  reference  4). 

Figure  6 (taken  from  data  of  reference  4)  shows  typical 
hinge-moment-coefficient  curves  for  a control  flap  having 
the  inset-hinge  type  of  balance  used  in  most  modern 
control  systems.  In  these  experiments,  the  hinge  mo- 
ment due  to  a unit  change  in  the  angle  of  attack 


Figure  7.— Elevator-free  stability.  Regions  for  nonfloating  elevator.  50-percent- 
chord  elevator;  /x,  46;  Ar,  1.79. 

remained  practically  constant  as  the  balance  area  was 
increased.  This  form  of  balance  thus  would  not  provide 
compensation  for  the  floating  moment  <7*^  in  the  same 
proportion  as  for  the  restoring  moment  and,  as  the 
degree  of  balance  was  increased,  the  equilibrium  floating 


angles  would  become  increasingly  large,  so  that  there 
would  be  greater  danger  of  static  instability  with  controls 
free,  as  shown  in  equation  (3),  The  same  considerations 
apply  to  the  balancing  tab. 

On  the  other  hand,  it  should  be  possible  to  com- 
pensate for  the  floating  pressure  in  the  same  or,  perhaps, 
in  a greater  proportion  than  the  proportion  of  reduc- 
tion of  the  restoring  moment.  Thus,  with  a horn  type 
of  balance,  for  example,  the  equilibrium  floating  angles 
may  be  held  constant  or  may  even  be  reduced,  which 
results  in  greater  static  stability.^  A comparison  of 
figures  ^=—0.24)  with  figure  7 ((7*^^  ^^=0)  shows 

that  decreasing  the  floating  moment  also  decreases  the 
likelihood  of  rapid  divergence.  The  boundary  for 
oscillatory  stability  is  hardly  influenced  by  this  factor. 

The  computations  for  either  type  of  balance  apply 
to  an  elevator  operated  by  a servo  tab,  provided  that 


Figure  8.--Elevator-free  stability.  Regions  for  reduced  elevator  chord.  25-perccnt- 
chord  elevajtor;  fi,  45;  kr,  1.79. 

the  tab  remains  fixed  relative  to  the  elevator  dming  the 
oscillations.  Thus,  as  far  as  stability  is  concerned, 
servo  operation  with  controls  fiixed  corresponds  to  the 
ordinary  control-free  condition.  The  stability  with 
both  elevator  and  servo  tab  free  is  not  covered  in  the 
present  study. 

Future  designs  will  probably,  show  a trend  toward 
narrower  control  surfaces,  whether  balanced  or  not, 
because  the  basic  hinge  moments  can  be  markedly 
reduced  with  a small  loss  of  effectiveness.  If  the  chord 
of  the  elevator  is  reduced  from  50  percent  to  25  percent 
of  that  of  the  horizontal  tail  surface,  its  effectiveness  is 
reduced  by  only  30  percent;  whereas,  the  basic  hinge 
moment  is  divided  by  4. 

Figure  8 shows  the  regions  of  stability  with  a reduced 

* Anotber  advantage  of  tbe  horn  type  of  balance  is  that  the  hinge  pip  may  be 
sealed.  The  subject  of  horn  balances  is  discussed  further  by  Hemphill  in  reference  5. 
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elevator  chord.  The  differences  between  these  regions 
and  those  of  fignre  3 are  principally  dne  to  changes  in 
the  coefficients  d(7*/da,  d(7ft/di?3,  and  bCnl^D8.  As 
previously  noted,  the  control  moment  (proportional  to 
bCml^d)  is  reduced  by  only  30  percent.  In  the  inter- 
pretation of  this  figure,  it  should  be  boime  in  mind  that 
the  ratios  % and  ke  would  naturally  be  smaller  for  the 
narrower  elevator.  If  account  were  taken  of  this  scale 
factor,  the  region  of  stability  would  appear  much  wider 
than  the  region  for  the  50-percent  elevator. 

An  effective  method  of  obtaining  greater  stability  in 
the  control-surface  motions  is  the  introduction  of 
additional  damping  into  the  system.  If  the  responsive- 
ness of  the  control  surface  is  reduced,  a considerably 
larger  degree  of  aerodynamic  balance  may  be  used 
(fig.  9).  The  permissible  mass  unbalance  is  also 
increased,  although  to  a lesser  extent.  The  results 


Figubb  9.— Elevator-free  stability  regions.  Effect  of  additional  damping  in  the 
control  system.  50-percent-chord  elevator;  45;  ftr,  1.79. 

shown  are  for  a comparatively  small  amount  of  damping 
(ACa^3=  — 1.0),  which  corresponds,  for  a rate  of 
deflection  of  20®  per  second,  to  the  force  required  of 
the  pilot  to  maintain  1®  of  elevator  deflection. 

STABILITY  WITH  RUDDER  FREE 
Because  the  lateral  motions  involve  two  controls  and 
five  degrees  of  freedom,  the  analysis  is  more  complex 
than  for  the  longitudinal  motion,  which  has  one  control 
and  three  degrees  of  freedom.  Fortunately,  the 
rudder  and  the  ailerons  exert  their  principal  influences 
on  different  modes  and  only  a slight  loss  in  accuracy  is 
incurred  if  each  mode  is  treated  separately. 

Oscillation  of  the  rudder  control  will  be  primarily 
influenced  by  coupling  with  the  yawing  oscillations  of 
the  airplane.  The  small  rolling  oscillations  simul- 
taneously induced  will  generate  neither  very  strong 
yawing  moments  nor  very  strong  rudder  hinge  moments ; 


hence,  the  rolling  degree  of  freedom  will  be  neglected 
in  the  examination  of  rudder-free  stability.  This 
assumption,  which  has  been  checked  quantitatively  by 
Bartsch  (reference  1),  reduces  the  simultaneous  equa- 
tions of  motion  to  the  following  form: 


=0| 

, .bN  ^bN  -diV 

^ ^ ^b^  d/3  bb  bh 

. . ..  bH  bH 

mrkr^yk+  5)  —m^rUM+0)  +lmrXr4^— 


(8) 


58  b^ 


=0 


If  substitutions  corresponding  to  those  introduced  in 
the  elevator  calculations  are  made,  the  equations  are 
reduced  to  the  following  nondimensional  form: 


=0 

— C»^)  p+ln,(kr^+x^)D—  (CiDi+ii^,)]D>k 


(9) 


The  stability  equation  is 

Grg 


On, 

Mi$rO  + C»;3 


nkjD 


■O, 


lXr{k/+Xrt)D 


0 

Uirkr^D^ 


= 0 (10) 


This  equation  is  closely  analogous  to  equation  (6)  for 
longitudinal  motion.  The  corresponding  coefficients 
have  similar  values  with  the  exception  of  <7r^,  which  is 
much  smaller  than  the  corresponding  term  <7z,^  because 
the  normal  force  that  is  developed  by  the  wing  in 
pitching  is  absent  in  the  lateral  motions. 

The  roots  of  the  stability  equation  again  indicate  two 
modes  of  motion.  Thus,  in  a typical  case,  the  roots 
are  — 0.008  ±0.035'i  and  — 0.25db0.28i  In  this  in- 
stance, the  modes  are  both  oscillatory.  The  first 
pair  of  roots  indicates  a lightly  damped  oscillation  of 
such  a frequency  (period=90  chord  lengths)  as  tojnvolve 
sensible  coupling  between  the  yawing  of  the  airplane 
and  the  swinging  of  the  rudder.  The  second  mode  is  of 
much  higher  frequency  and  undoubtedly  represents  the 
natural  oscfllation  of  the  rudder  with  the  airplane  acting 
as  a practically  rigid  support.  When  the  restoring 
moment  is  reduced,  the  second  mode  becomes 
aperiodic  and  eventually  divergent  as  the  motion  be- 
comes less  rapid.  Oscillatory  instability  appears  first 
n the  slower  mode,  as  in  the  case  of  the  elevator. 
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The  calculations  of  the  stability  boundaries  covered 
changes  in  rudder  chord,  changes  in  the  airplane 
moment  of  inertia  mJcz^,  and  changes  in  the  weather- 
cock stability  factor  Additional  calculations  were 
made  to  show  the  action  of  a nonfloating  type  of  rudder. 


Moss  ~ moment  paramefer, 


Figure  10. — Rudder-free  stability.  Minimum  regions  (0<#»rfcr*<8).  SOrpcrccnt* 
chord  rudder;  n,  45. 


system.  Since  the  permissible  mass  moment  is 
smaller  for  larger  values  of  Hrk/,  an  upper  practical 
limit  was  assumed  for  this  parameter  and  the 

resulting  famOy  of  curves  was  plotted  to  give  the 
minimum  regions  for  stability  in  terms  of 


Figure  12.— Rudder-free  stability.  Minimum  regions  for  reduced  rudder  chord 
(OOrfcrKS) . 25-percent-chord  rudder;  m,  45;  Az,  2.20. 


Variations  in  the  density  factor  were  considered  in- 
significant, this  quantity  entering  the  equations  inde- 
pendently only  in  conjunction  with  the  small  side-force 
derivative  (7r^. 

A simplification  corresponding  to  the  elimination  of 


and  Cn^  (figs,  10,  12,  and  13).  The  margin  beyond 
these  minimum  regions,  for  values  of  less  than  8, 
is  indicated  by  figure  11,  in  which  the  corresponding 
curves  for  8 and  nrkr^—2  are  plotted. 

The  charts  show  the  weathercock  stability  of  the  air- 


/71  I I i I I I I I I I I I I 

-4  0 4 6 12  /6  20 

Moss  - moment  parameter, 

Figure  n.— Rudder-free  stability.  Variation  of  boundaries  with  moment  of  inertia 
of  rudder.  50-percent-chord  rudder;  45;  kz,  2.20. 

as  a parameter  of  the  oscillatory  stability  boundary 
was  not  found  possible  in  these  equations.  Plots  of 
Ro util's  discriminant  for  rudder-free  motion  show  it  to 
be  noticeably  dependent  on  all  four  parameters,  the 
least  effective  being  the  moment  of  inertia  of  the  rudder 


Moss  -moment  porameter, 

Figure  13.— Rudder-free  stability.  Minimum  regions  for  nonfloating  radder. 
(OOrfcr*<8).  50-percent-chprd  rudder;  45;  kz,  2.20. 


plane  to  be  of  greater  importance  in  the  case  of  lateral 
motion  than  in  the  case  of  longitudinal  motion.  The 
effect  of  the  moment  of  inertia  of  the  control  surface, 
which  determined  the  degree  of  oscillatory  stability  in 
longitudinal  motion,  is  small  relative  to  the  effect  of 
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Ou^  The  greater  the  value  of  the  less  is  the 
aRowable  mass  moment  with  any  given  amount  of 
aerod3mamic  balance.  On  the  other  hand,  if  the 
mass  moment  is  small  enough  to  insure  damping  of 
the  osciEations,  a larger  value  of  C„^  wOl  increase  the 
aerodynamic  balance  that  may  be  introduced  without 
causing  divergence.  The  radius  of  gyration  of  the 
airplane  is  of  considerable  importance,  shifting  the 
boundary  for  oscillatory  stability  so  as  very  nearly  to 
double  the  stable  region  when  the  moment  of  inertia  is 
doubled*  (See  fig.  1 0 .) 

InstabHity  with  the  rudder  free  is  likely  to  occur  in 
the  form  of  a divergence.  The  criterion  is  practically 
the  same  as  the  condition  for  weathercock  stability 
with  the  control  free,  which  is 

0 (11) 

This  criterion  is  independent  of  the  moments  of  inertia 
of  the  airplane  and  of  the  control  surface.  The  greatest 


Figure  14.-“Aileron<-free  stability  boundaries,  /i,  45;  1.80. 

gain  in  this  margin  of  stability  is  obtained  by  increasing 
On^  and  reducing  the  floating  tendency  of  the  rudder. 
Keducing  the  chord  of  the  rudder  decreases  both 
and  and  hence  considerably  widens  the  margin  of 
stability.  (See  fig.  12.)  Complete  elimination  of 
by  the  use  of  a nonfloating  type  of  balance  eliminates  the 
likelihood  of  divergence  within  the  normal  range  of 
weight  distribution  (fig.  13).  Such  a gain,  however, 
would  be  achieved  only  by  sacrificing  some  margin  of 
osciflatory  stability. 

The  lateral  oscillations  of  an  airplane  with  controls 
fixed  are  known  to  be  influenced  by  coupling  between 
the  rolling  and  the  yawing  motions.  These  oscillations 
tend  to  become  undamped  when  the  weathercock 
stability  approaches  zero.  Freeing  the  rudder 
control  diminishes  and  may  thus  lead  to  this  type 
of  oscillatory  instability.  The  condition  for  zero 
weathercock  stability  is  approximately  that  for  straight 


divergence  in  the  control-free  condition  (equation  (11); 
and  the  boundaries  for  divergence  (figs.  10  to  13)  can 
therefore  be  interpreted  also  as  boundaries  for  stability 
of  the  slow  lateral  osdHation,  when  the  airplane  is  free 
to  roM.  The  absence  in  the  criterion  of  terms  involving 
the  mass  of  the  rudder  may  be  explained  by  the  fact 
that,  as  the  limit  of  stability  is  approached,  the  oscilla- 
tion becomes  very  slow  and  the  yawing  component  tends 
to  disappear. 

STABILITY  WITH  AILERONS  FREE 


The  stability  of  an  airplane  with  the  ailerons  free  is 
examined  by  including  in  the  equations  the  interaction 
between  rolling  motions  of  the  airplane  and  movements 
of  the  ailerons.  Small  simultaneous  yawing  and  side- 
slipping motions  wfll  also  occur  but,  because  their 
reactions  on  the  rolling  and  the  hinge  moments  are 
small,  they  may  be  neglected.  The  resulting  equations 
are: 


, ^dp  bL  ^bL 


bd 


=0 


bH  dp 


or,  in  nondimensional  form, 

(^f^  “ Gh “k  — ChP  = 0^ 

In  the  aileron  control,  a part  of  the  mechanism 
normally  rotates  about  an  axis  at  right  angles  to  the 
aileron  hinge  axis.  As  a result,  a part  of  the  aileron 
torque  produced  by  angular  acceleration  of  the  air- 
plane is  proportional  to  the  product  of  inertia  of  the 
aileron  itself  and  another  part  is  proportional  to  the 
moment  of  inertia  of  the  control  stick  or  wheel.  Both 
quantities  are  included  in , the  parameter  Thus: 


bH  MI 


(12) 


(13) 


(14) 


where  the  subscript  s refers  to  the  control  stick  and  tj 
is  a constant  inserted  to  take  account  of  any  difference 
of  gearing  between  the  control  and  the  aileron. 

The  calculations,  based  on  values  of  the  derivatives 
given  in  the  appendix,  cover  two  aileron  widths:  15 
percent  and  30  percent  of  the  wing  chord.  In  both 
cases,  the  ailerons  were  assumed  to  cover  50  percent 
of  the  wing  semispan. 

Variations  in  the  floating  tendency  of  the  aileron 
were  also  considered  but  were  found  to  have  little  effect 
on  the  stability.  The  results  given  may  therefore  be 
applied  to  any  of  the  existing  types  of  balance  that 
give  smooth  hinge-moment  curves.^ 

The  boundaries  for  stability  in  the  two  possible 
modes  are  presented  in  figure  14.  Instability  appears 

s Certain  ailerons  of  the  Frise  type  that  show  a reversal  of  the  hinge-moment  slope 
may  develop  uncontrollable  oscillations  of  fixed  amplitude.  This  condition  is  dis- 
cussed in  reference  6. 
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in  the  form  of  increasing  oscillations  and  ^ most  likely 
to  occur  when  the  ailerons  have  a high  degree  of  aero- 
dynamic balance  and  too  great  a mass  moment  or 
moment  of  inertia.  As  the  moment  of  inertia  decreases, 
the  boundary  for  undamped  oscillations  approaches 
that  for  straight  divergence  (which  is  itself  independent 
of  the  moment  of  inertia),  and  it  becomes  possible  for 
both  types  of  instability  to  exist  simultaneously.  The 
condition  to  prevent  stra^ht  divergence, 

Ci^  On^iikx^'>0  (15) 

is,  however,  always  satisfied  when  there  is  damping  of 
the  oscillations. 

Straight  divergence,  as  encountered  in  the  elevator- 
free  and  the  rudder-free  conditions,  is  indicated  when 
the  constant  term  of  the  stability  equation  is  negative, 
that  is,  when 

(16) 

This  condition  is  not  likely  to  occur  unless  the  aero- 
dynamic balance  is  nearly  complete. 

CONCLUDING  REMARKS 

Experience  has  shown  that,  before  the  actual  limit 
of  stability  is  reached,  the  airplane  undergoes  oscilla- 
tions which,  although  damped,  are  still  persistent 
enough  to  be  undesirable.  The  boundaries  given  in 
the  stability  charts  are  therefore  of  value  chiefly  as 
indications  of  the  effect  of  certain  design  factors;  they 
are  useful  quantitatively  only  as  outside  limits,  not  to 
be  approached  too  closely.  Further  experiments  will 
be  necessary  to  determine  the  margin  of  stability  re- 
quired for  smooth  operation  in  gusty  air. 

On  the  other  hand,  the  charts  are  to  a certain  extent 
conservative  because  they  do  not  take  into  account  the 
possibility  of  friction  of  the  control  system,  a factor 
that  would  widen  the  margin  of  stability. 

The  indications  of  the  present  study  may  be  sum- 
marized as  follows: 

1.  There  is  a limit  to  the  effectiveness  of  the  aero- 
dynamic balance  that  may  be  safely  employed  with 
any  conventional  control  system.  In  most  cases,  it 
appears  difficult  to  secure  stability  with  the  hinge 
moment  reduced  to  less  than  25  percent  of  its  value 
for  the  unbalanced  surface. 


2.  Reduction  of  the  floating  moment  if  it  can 
be  brought  about  independently  of  a r^ucHon  of  the 
aerodynamic  balance,  causes  a shift  of  the  boandaiy 
for  divergence.  (Cf . figs.  3 and  7 and  12  and  13.) 
The  effect  is  particularly  noticeable  in  Ihe  case  of 
rudder,  where  the  likelihood  of  this  form  of  instability 
is  materially  decreased. 

3.  WitMn  the  usual  range  of  eharacteistics,  the 
elevator  and  the  aileron  controls  are  more  susceptible 
to  oscillatory  instability  than  to  the  mpid  form  of 
divergent  instability.  The  stability  wilJi  ^ther  of 
these  controls  free  may  be  improved  by  (a)  imng  a less 
effective  aerodynamic  balance,  (5)  decreasing  the  mass 
moment  and  the  moment  of  inertia  of  the  control,  or 
(c)  using  a control  surface  of  narrow  chord. 

4.  Divergence  is  a more  likely  form  of  inst^bihty  for 
the  rudder  control  (figs.  10  and  11)  and  may  be  avoided 
by  reducing  the  effectiveness  of  the  aerodynamic  bal- 
ance or,  as  has  been  suggested,  by  using  a balance  that 
reduces  the  floating  tendency  of  the  rudder^  although  a 
highly  effective  balance  of  a type  that  reduces  the 
floating  tendency  may  result  in  oscillatory  instability. 

5.  The  oscillatory  stability  qf  the  elevator-free 
system  is  but  little  affected  by  the  restoring  moment  of 
the  airplane  in  pitch  (Ci„  J.  In  the  case  of  the  yawing 
motions,  however,  the  existence  of  a strong  restoiiiig 
moment  ((7„^)  increases  the  likelihood  of  osciUatory 
instability.  (See,  for  example,  fig.  10.) 

6.  In  all  cases,  an  increase  in  the  relative  radius  of 
gyration  of  the  airplane  results  in  an  increased  range  of 
stability  (cf.  figs,  3 and  4;  see  also  fig.  10),  but  changes 
in  weight  without  corresponding  changes  in  the  rotary 
inertia  have  little  effect.  (See  fig.  5.) 

7.  The  use  of  a narrow  control  surface  is  recom- 
mended as  a means  of  increasing  the  control-free 
stability  as  well  as  from  other  considerations.  The 
marked  effect  of  reducing  the  chord  is  shown  by  a 
comparison  of  figure  8 with  figure  3 and  of  figure  12 
with  figure  10. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  August  IS,  194^, 
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APPENDIX 


STABILITY  DERIVATIVES 

The  geometric  and  the  aerodynamic  characteristics 
used  in  the  stability  calculations  are  given  in  tables  I 
to  IV. 


Table  I.— GENERAL  AIRPLANE  CHARACTERISTICS 


Tail  length 
Wing  chord 
Horizontal-tail  area 
Wing  area 
Vertical-tail  area 
Wing  area 

Horizontal-tail  chord 
Wing  chord 
Vertical-tail  chord 
Wing  chord 

Aileron  chord 

Wing  chord 
Aileron  span 
Wing  semispan 

Wing  aspect  ratio 

Horizontal-tail  aspect  ratio 
Vertical-tail  aspect  ratio 


2. 75 
.153 


.333 


.50 

6 

3,75 

3.00 


The  aerodynamic  coefficients  are,  in  most  cases, 
based  on  experimental  results;  theoretical  values  arc 
used  only  where  such  results  were  not  established. 
Discussions  of  the  more  commonly  used  derivatives  will 
be  found  in  references  7,  8,  and  9.  Several  of  the 
unfamiliar  coefficients  are  developed  in  the  following 
paragraphs. 

Damping  in  pitching  — The  principal  com- 

ponent of  damping  in  pitching,  furnished  by  the  horizon- 
tal tail,  is 


Id  Stiff 


In  addition,  the  pitching  motion  Introduces  a relative 
camber  of  the  wing  section,  giving  rise  to  a moment 
coefficient 


Table  IL— ELEVATOR-FREE  STABILITY 
COEFFICIENTS 


50-percent-chord 

elevator 

25-perc«nt-chord 

elevator 

Cl^ 

4.3 

4.3 



-9.26 

-9.26 

Cm. 

4.3(0.135~a:a.e.) 

4. 3(0. 135-r«.c.) 

.... 

-1. 121 

-1.121 

-1. 450 

—1. 450 





-.960 

672 

^"*DS. 

-.57 

-.23 



-1.00 

-.50 



-1.  33 

-.406 

^iail - 

—0.24  and  0 

-.075 

Table  III.— RUDDER-FREE  STABILITY  COEFFICIENTS 


7T  6C 

4 2 C/0 


Thus 


Id  / Stlfy 


X C \ 

4 22/ 


Then,  since 


C 





50-percent- 
chord  rudder 

25-percent- 
chord  rudder 

-0.  274 

-0. 274 



<... 

-.582 

582 

c./ 

—.0567 

—.0397 

.J 

-.0460 

-.0175 

-.883 

276 

.123 

.075 



-1.00 

-.50 



Table  IV.— AILERON-FREE  STABILITY  COEFFICIENTS 


15-percent- 
chord  aiteron 

30-percent- 
chord  aileron 

-2. 94 

-2. 94 

— . 229 

—.352 

c'lps : 

-.110 

—.295 

-.184  i 

-.322 

—.650 

-1.587 

...... 

Pitching-moment  slope  — The  pitching-moment 

slope  is  given  by 

ft  ff  ^g-g-  I n ^g-g- 

where  Xa.c,  and  Za,c,  arc  the  distances  of  the  aero- 
dynamic center  of  the  complete  airplane  behind  and 
below  the  center  of  gravity.  The  location  of  the  aero- 
dynamic center  for  the  airplane  as  a whole  is  estimated 
by  taking  the  centroid  of  the  aerodynamic  centers  of  the 
various  components.  Thus,  if  terms  in  Za.c.  (which  is 
usually  small)  are  neglected, 

a^o.c.— + ^ g ’•■‘■tall 
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Pitching-moment  coef^cient  due  to  vertical  accelera- 
tion — The  pitching-momeiit  coefficient  due  to 

vertical  acceleration  arises  from  the  aerodynamic 
inertia  of  the  wing  and  the  horizontal  tail  surfaces  in 
motion  normal  to  their  chords.  The  force  on  each 
surface  is  equal  to  the  reaction  of  a body  of  air  described 
by  rotating  the  surface  about  its  midchord  line.  Thus, 
the  pitching  moment 

and 

where  2:50  is  the  distance  from  the  50-percent-chord 
point  of  the  wing  to  the  center  of  gravity  of  the  airplane 
and  is  the  same  distance  measured  from  the  cor- 
responding point  of  the  horizontal  tafi. 

Pitching  moment  due  to  elevator  deflection  Cm^. — 
The  pitchii^  moment  due  to  elevator  deflection  is 
given  by  the  formula 

/"ir  ^ 

55  C 

where  is  the  angle  of  zero  lift  of  the  elevator. 

Theoretical  and  experimental  values  for  5ag/55,  for 
flaps  with  sealed  hinges,  are  given  in  figure  1 5.  The  co  - 
efficients  used  in  these  calculations  and  Ci^  as  well 
s<s  were,  however,  based  on  the  experimentally  de- 
termined changes  of  lift  produced  by  a flap  with  open 
gaps  at  the  binges.  The  effect  of  a small  gap  is  to  reduce 
the  effectiveness  of  the  flap  by  about  30  percent.  At  a 
large  deflection,  the  flap  with  inset-hinge  balance  shows 
a still  greater  loss  because  of  the  protruding  balance 
portion. 

Pitching-moment  coefficient  due  to  angular  velocity 
of  the  elevator  The  pitching-moment  coeffi- 

cient due  to  angular  velocity  of  the  elevator  is 

^ _d0.,  8.  I 
dDSS  c 

where 

dO,, 

dD6  5Z)5  5Z?5  dat 

The  parameters  ^Gi,JbDh  and  ^otej^Db  may  be  found  as 
functions  of  the  chordwise  position  of  the  hinge  from 
figure  15.  The  figure  is  based  on  the  theoretical  treat- 
ment of  Theodorsen  (reference  7),  with  the  assumption 
of  long  oscillations  greater  than  20  chord  lengths).  It 
must  be  remembered  that  Db  involves  the  distance 
traveled  by  the  airplane  measured  in  terms  of  its  half- 
wing  chord,  and  the  quantities  given  must  be  multiplied 
by  the  ratio  to  convert  them  to  half-wing  chord 
lengths. 

Damping  moment  of  elevator  — ^The  hinge  mo- 

ment due  to  angular  velocity  is  treated  theoretically 
by  Theodorsen  in  reference  7.  Figure  16,  derived  from 


the  theory,  gives  the  component  parameters  of  the 
damping  moment  as  functions  of  the  chordwise  position 
of  the  hinge.  The  same  considerations  are  effective 
here  as  in  the  application  of  figure  15. 

Hinge  moment  due  to  pitching  , — ^Positive  pitch- 


FiGURjE  15 —Parameters  for  detenniniiig  the  effects  of  angular  velocity  and  deflection 
of  flaps  on  the  lift. 


ing  motion  causes  an  increase  in  the  angle  of  attack  of 
the  tail  surface  equal  to  lejUo^  The  resulting  hinge- 
moment  coefficient  is 


and,  since 


tail 


M. 

Uo 


tail 


Inasmuch  as  rotation  of  the  airplane  about  its  center  of 
gravity  does  not  appreciably  change  the  lift  of  the 
wing,  the  downwash  correction  may  be  neglected. 
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Hinge  moment  due  to  change  in  angle  of  attack 
In  accordance  with  the  indications  of  tests  by 
Goett  and  Beeder  (reference  4),  the  aerodynamic  float- 
ing moment  was  assumed  independent  of  the 

d^ee  of  aerodynamic  balance  of  the  control  surface 


FiauRE  16.— Parameters  for  determining  the  damping  moments  of  flaps. 
\ bDS  J A da  \bD&  ) a 


(fig.  6).  The  assumption  is  valid  for  the  inset-hinge 
type  of  balanced  flap  shown  in  this  figure.  The  floating 
moment  will  vary  with  the  type  of  balance,  however, 
as  discussed  in  the  text,  and  additional  computations 
were  therefore  made  in  which  (7*^  was  assumed  equal 


a 


The  lateral-stability 
Wn  Wt 


^2Uo 


and  Gt, 


2Uo 


derivatives  Gyp,  Gn^^ 
are  discussed  in  refer- 


ences 8 and  9. . The  other  coefficients  for  the  lateral 
motions  are  derived  in  a manner  closely  analogous  to 
the  derivation  of  the  corresponding  longitudinal 
coefficients. 

The  values  of  the  mass  moment  and  the  moment-of- 
inertia  coefficients  of  several  representative  elevator- 
control  systems  were  determined  experimentally  in 
order  to  find  the  magnitude  and  the  range  to  be  expected 
in  practice.  The  experiments  were  made  by  attaching 
a spring  of  known  stiffness  to  the  control  column,  oscil- 
lating the  system,  and  recording  the  frequency  and  the 
damping.  The  mass  moment  was  measured  directly 
with  a spring  scale.  The  interpreted  results  are  given 
in  the  following  table: 


Airplane 

North  American  BT-9 

2.70 

1.35 

Curtiss  P-36 

0 

.90 

Lockheed  12 

4.5 

Fairchild  22. 

3.0 

1.1 
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A GRAPHICAL  METHOD  OF  DETERMINING  PRESSURE  DISTRIBUTION  IN 

TWO-DIMENSIONAL  FLOW 

By  Robert  T.  Jones  and  Doris  Cohen 


SUMMARY 

By  a generalization  of  the  Joukowski  method , a pro- 
cedure is  developed  for  effecting  localized  modifications  oi 
airjoil  shapes  and  for  determining  graphically  the  resultant 
changes  in  the  pressure  distribution.  The  application  oj 
the  procedure  to  the  determination  oj  the  pressure  distri- 
bution over  airjoUs  oj  original  design  is  demonstroied . 
Formulas  for  the  liftj  the  moment,  and  the  aerodynawAc 
center  are  also  given, 

INTRODUCTION 

It  is  possible,  by  a simple  geometric  construction, 
to  modify  any  given  streamline  shape  in  such  a way 
that  the  effect  of  the  modification  on  the  pressure  dis~ 
tribution,  the  lift,  and  the  moment  can  be  readily 
determined.  The  construction  is  essentially  that  used 
in  deriving  the  familiar  Joukowski  airfoils  from  a circle 
(reference  1)  although  it  may  be  applied  to  an  airfoil 
shape  to  introduce  modifications  of  the  outline.  The 
method  is  based  on  the  concept  of  complex  numbers 
but  its  application  requires  no  familiarity  with  them. 

By  two  or  more  successive  applications  of  the  con- 
struction to  a circle,  it  is  possible  to  derive  shapes  of 
such  diversity  as  to  permit  the  approximation  of  nearly 
any  airfoil  of  current  design.  For  the  airfoil  derived 
in  this  way  the  pressure  distribution  can  be  determined 
exactly  , so  that  the  only  error  likelj^  to  occur  is  in  the 
reprod  uc  tion  of  th  e exac  t airf  o il  shap  e . Any  inacc  uracy 
in  this  approximation  is  immediately  apparent  and  can 
be  made  as  small  as  is  considered  desirable. 

MODIFICATION  OF  AN  AIRFOIL 

The  method  consists  entirely  in  applications  of  a 
single  construction;  desired  effects  are  obtained  by  the 
proper  choice  of  a parameter  k and  of  the  location  pf 
the  axes  with  respect  to  the  figure  to  be  transformed. 
This  basic  construction  applied  to  an  airfoil  surface  is 
demonstrated  in  figure  1.  In  order  to  find  the  point 
Za  on  the  modified  airfoil  to  correspond  to  a point  z 
on  the  original  airfoil,  the  vector  Oz  is  drawn  from  the 

origin  and  the  vector  0~  is  added  to  it.  The  vector 

0—,  which  will  be  termed  the  “reciprocal*’  vector, is  con- 
structed with  its  length  equal  to  ¥ times  the  reciprocal 
of  the  length  of  Oz  and  at  an  angle  —4>  with  the  x-axis, 
where  is  the  angle  made  with  this  axis  by  Oz.  A 


point  of  the  modified  airfoil,  then,  is  located  by  the 
resultant  of  the  vector  Oz  and  its  reciprocal  vector. 

The  construction  by  which  a figure  is  modified  ap- 
plies equally  well  to  all  its  streamlines,  altering  them 
to  conform  to  the  distortion.  The  change  in  spacing 
of  the  streamlines  near  the  boundary  of  the  figure  will 
show  directly  the  effect  of  the  transformation  on  the 
velocity  in  that  region  because  the  velocity  varies 
inversely  with  the  spacing.  The  factor  by  which  the 
elements  of  length  near  a point  z are  changed  may  be 
shown  to  be  the  ratio  of  the  length  of  the  diagonal  from 


Figure  1.— Construction  to  determine  a point  on  the  modified  airfoil. 


k^jz  to  z (the  vector  z— k^/z)  to  the  vector  Oz,  Then  the 
ratio  of  the  velocity  at  a point  z-^k^z  to  the  velocity 
at  the  corresponding  point  z of  the  original  figure  is 
the  inverse  of  this  factor. 

The  problem  of  determining  the  pressure  distribu- 
tion is  reduced  by  Bernoulli’s  relation  P—Pq—pV^I2 
to  that  of  finding  the  distribution  of  the  velocity.  If 
the  velocity  distribution  over  the  original  figure  is 
known,  the  velocity  distribution  over  the  modified 


figure  may  then  be  found  by  applying  the  ratio 


N 


1^-- 
I 2 


at  each  point  used  in  the  construction.  The  vectors 
z and  z—¥jz  have  already  been  used  in  transforming 
these  points  and  are  therefore  directly  measurable. 

Strictly  speaking,  the  method  as  outlined  is  applica- 
ble only  to  potential  flows.  It  is  reasonable  to  suppose, 
however,  that  the  actual  velocity  distribution  over  the 
modified  airfoil  may  be  obtained  with  good  accuracy 
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from  a distribution  experimentally  determined  for  the 
original  airfoil,  provided  that:  (I)  the  experimental  and 
the  theoretical  distributions  do  not  differ  too  greatly 
and  (2)  the  modification  itself  does  not  introduce  too 
great  a change  in  the  distribution. 

The  requirements  of  each  problem  will  suggest  the 
proper  choice  of  the  axes  and  of  k,  A few  general 
observations  may  be  helpful  in  this  connection.  It  is 
evident  that  the  origin  must  be  in  the  neighborhood  of 


FtGuaE  2.— The  effect  of  varymg  the  parameters  of  the  construction. 


the  section  to  be  modified  since  the  point  nearest  the 
ongin  is  shifted  the  greatest  distance.  The  direction 
in  which  a point  is  shifted  depends  on  the  inclination  of 
its  vector  to  the  axes,  and  the  shift  may  have  a relatively 
small  component  normal  to  the  airfoil  boundary.  If 
one  axis  is  roughly  parallel  to  the  section  of  the  surface 
to  be  modified,  the  point  of  greatest  deviation  will 
usually  be  very  near  the  intersection  of  the  surface' 
with  the  other  axis.  It  will  therefore  be  useful  to  note 
that  the  displacement  of  a point  on  either  axis  is 
P/d,  where  d is  the  distance  of  the  origin  from  the  point. 
Points  on  or  near  the  aj-axis  are  shifted  outward  from 
the  origin;  points  near  the  y-axis  are  moved  inward. 
The  transformations  of  figure  2 show  the  nature  of  the 
modifications  to  be  obtained  by  various  choices  of  the 
axes  and  of  k.  Sharp  modifications  occur  when  the 
airfoil  intersects  either  axis  at  a distance  from  the 
origin  only  slightly  greater  than  k. 


It  is  expected  that  the  method  as  outlined  will  be 
useful  in  ascertaining  the  effect  on  the  velocity  distri- 
bution of  a localized  modification  of  an  airfoil.  It  is 
possible,  however,  to  approximate  a more  extensive 
modification  to  any  desired  degree  of  accuracy  by 
successive  applications  of  the  same  transformation,  the 
velocity  being  calculated  at  each  stage  by  the  rule 
already  given. 

APPEOXIMATIGN  OF  A GIVEN  AIRFOIL 

The  foregoing  discussion  is  concerned  with  the 
problem  of  effecting  small  modifications  of  existent  air- 
foils for  which  the  velocity  distribution  is  known.  It 
is  sometimes  required  to  predict  the  theoretical  charac- 
teristics of  an  airfoil  not  derived  in  this  way.  In  such 
a case,  it  is  customaiy  to  use  the  known  flow  around  a 
circle  as  a starting  point.  If  the  transformation 
discussed  here  is  applied  to  a circle,  the  result  is  an 
oval  shape  with  circular-arc  camber,  as  demonstrated 
by  Joukowski.  (See  reference  1 .)  It  should  be  possible 
to  proceetl  to  modify  this  figure  (or  its  special  form,  a 
Joukowski  airfoil)  as  was  done  in  the  preceding  section 
to  an  experimentally  known  airfoil.  In  general,  how- 
ever, it  would  require  many  steps  to  reproduce  an 
arbitrary  airfoil  in  this  way  because  modifications  of 
the  shape  already  approaching  an  airfoil  would,  of 
necessity,  be  small  and  localized.  On  the  other  hand, 
if  the  procedure  were  reversed,  it  would  be  found  that 
any  airfoil  may  be  derived  by  a single  step  from  a 
figure  closely  approximating  a circle,  a figure  which 
will  hereinafter  be  called  the  “distorted  circle”  of  the 
airfoil.  The  distorted  circle  may  then  be  considered 
the  result  of  modifying  a circle,  a result  obtained  in 
the  same  way  as  were  the  slightly  modified  airfoils  of 
the  preceding  section. 

For  tlie  first  step  in  this  process,  the  determination 
of  the  distorted  circle  corresponding  to  the  desired 
airfoil,  reference  could  be  made  to  Theodorsen  and 
Ganick  (reference  2)  or  von  KAiman  and  Burgers 
(reference  3),  who  give  exact  formulas  for  the  distorte<l 
circle  in  terms  of  the  airfoil  coordinates.  A graphical 
method  based  on  the  simpler  transformation  that  is 
b('ing  used  in  this  paper  makes  it  possible,  however,  to 
obtain  the  distorted  circle  merely  by  trial. 

The  entire  procedure  is  illustrated  step  by  step  in 
figure  3.  In  ordt'r  to  achi<'ve  a considerable  simplifica- 
tion of  th<‘  construction,  tlie  airfoil  is  considered  in  this 
figure  and  in  the  following  discussion  to  have  been 
drawn  through  tlu'  midpoints  rather  than  through  tlie 
terminals  of  the  vectors  z-[  k'-l2,  so  that  tluy  appear 
here  as  if  to  half  scale. 

The  axes  and  the  parami'ter  k for  the  fimt  step  are 
found  from  the  airfoil  dimensions  according  to  the 
relations  given  in  figure  3(a).  The  x-axis  is  made  to 
pass  through  the  leading  and  the  trailing  edges  to 
re<luce  to  a minimum  the  distortion  that  will  later  have 
to  be  repi*oduced. 

The  axes  and  k having  been  chosen,  the  intei-sections 
of  the  distorted  circle  with  the  axes,  AV,  AV,  Vua  And 
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F4,  are  easily  calculated  (fig.  3(b)).  The  construction 
then  proceeds  as  follows: 

In  order  to  serve  as  a first  approximation  of  the 
distorted  circle,  a circle  is  drawn  to  fit  the  four  inter- 
sections with  the  axes  as  closely  as  possible.  It  should 
be  remembered  that,  because  this  step  is  a first  approxi- 
mation, great  accurac}^  is  not  a consideration.  Wlien 
the  vectors  2 follow  this  circle,  the  vectors  con- 
structed as  previously  described,  are  found  to  terminate 
in  a smaller  circle,  which  is  termed  for  convenience  the 
‘ ‘reciprocal ' ’ circle . This  reciprocal  circle  may  be  easily 
located  from  its  intersections  with  the  axes  (fig.  3 (c)). 

Vectors  Oz  and  0—  are  then  drawn  from  the  origin 

to  the  circle  and  to  the  reciprocal  circle  at  equal  angles 
below  and  above  the  x-axis  (fig.  3(d)).  The  midpoint 
Za  of  the  diagonal  z—Pjz  connecting  the  ends  of  these 
vectors  will  not,  in  general,  fall  exactly  on  the  airfoil. 
A point  of  the  distorted  circle  2*  is  located  by  adjusting 
with  dividers  the  length  of  Ozf,  along  Oz  so  that  tlie 
diagonal  to  its  reciprocal  is  bisected  by  the  airfoil. 
The  point  of  the  airfoil  Za  at  w hich  this  bisection  occurs 
will  actually  be  indistinguishable  from  the  intersection 
of  the  first  diagonal  with  the  airfoil:  this  fact  is  useful 
in  making  the  correction.  Because  the  corrections  to 
k^  . 

the  vectors  Oz  and  0—  are  in  approximately  the  same 

ratio  as  the  vectors,  the  decrease  in  k‘\jz  that  corres- 
ponds to  an  increase  in  the  length  of  Oz  may  be  esti- 
mated and  the  reciprocal  relation  be  maintained  by 
eye.  Any  desired  degree  of  accuracy  may  be  obtained 
by  cheeking  numerically  the  lengths  of  the  v('ctors. 

The  distorted  circle  obtained  in  this  way  must  now^ 
be  approximated  by  applying  a transformation  of  the 
form  z-\-¥jz  to  the  circle  most  nearly  approximating  it. 
For  this  purpose  the  circle  already  drawn  for  the  pre- 
ceding step  will  usually  be  satisfactory,  although  it 
may  have  to  be  shifted  slightly  to  obtain  a more  con- 
venient distribution  of  the  distortion.  Depressions 
should  occur  as  nearly  as  possible  on  opposite  sides  of 
the  circle,  with  distended  portions  between  them. 
(See  fig.  3(e).)  The  a:-axis  should  then  be  passed 
through  the  distended  portions  and  the  y-axis,  through 
the  depressions.  Some  adjustment  will  be  needed  to 
satisfy  the  condition  that  the  segments  of  the  axes  cut 
off  by  the  circle  and  the  corresponding  distortions  be 
approximately  in  inverse  proportion,  that  is,  that  their 
product  at  each  intersection  be  constant.  The  param- 
eter k for  the  transformation  is  then  the  square  root 
of  this  product. 

Carrying  out  the  transformation  of  the  circle  at 
this  point  serves  at  once  to  chock  the  estimated  param- 
eters or  to  suggest  an  adjustment  and  to  provide  the 
construction  lines  that  will  be  needed  to  determine  the 
velocity  distribution.  Similarly,  the  distorted  circle 
thus  obtained  from  the  circle  should  be  reduced  to  the 
desired  airfoil. 

In  figure  3(f)  the  complete  double  transformation 
and  the  lines  necessary  for  the  computation  of  the  veloc- 


ity distribution  arc  ^lown  applied  to  a point  of  the 
circle  of  figure  3(e). 

Occasionally  an  airfod  wiU  give  rise  to  a distorted 
circle  that  cannot  be  obtained  by  a single  modification 
of  a circle.  In  such  a case  an  additional  transforma- 
tion may  be  applied  cither  to  achieve  the  desired 
distortion  of  the  circle  or  to  modify  locally  an  airfoil 
that  can  be  derived  by  two  transformations. 


VELOCITY  DISTRIBUTION  OVER  AN  AIRFOIL  DERIVED 
FROM  A CIRCLE 


It  is  apparent  that  a large  variety  of  useful  airfoil 
shapes  can  be  obtained  by  two  or  more  successive  appli- 
cations to  a circle  of  the  transformation  z-i-k^/z. 
(Two  typical  examples  are  shown  in  fig,  4.)  The  first 
transformation  primarOy  determines  the  general  outline 
of  the  airfoil.  The  second  transformation  reduces  the 
figure  to  the  dimensions  of  an  airfoil  and  determines 
the  nose  radius,  the  thickness,  and  the  camber.  It 
may  be  of  interest  to  note  that  in  the  first  transforma- 
tion k is  small  relative  to  the  radius  of  the  circle;  in 
the  second  transformation  the  ratio  of  k to  the  radius 
of  the  circle  is  only  slightly  less  than  1 . 

The  method  of  finding  the  velocity  at  a point  on  an 
airfoil  derived  in  this  manner  is  deduced  from  the 
following  considerations: 

The  velocity  at  a point  2 on  the  circle  is  given  by 
the  formula 


sin  6+^ 
2x/' 


where T is  the  radius  of  the  circle,  Fq  i^  the  wind  veloc- 
ity, and  6 is  the  angle  that  the  radius  to  the  j)oint  s 
makes  with  the  <lir{>ction  of  the  air  stream.  Tin*  circu- 
lation r is  determined  by  the  Kutta  condition.  Then 

Fg— 2 Fo(sin  sin  6q) 

wh(»re  00  equals  the  angle  b('twuHm  the  air  stream  and 
the  radius  to'  the  point  of  the  circle  that  trans- 
forms to  the  trailing  edge  of  the  airfoil.  This  expri‘s- 
sion  for  Vz  lends  itsdf  readily  to  graplucal  evaluation 
as  a part  of  the  construction;  the  velocity  factor 
(sin  0— sin  0q)  is  proportional  to  the  ordinate  of  the 
circle  measured  from  a line  drawn  through  Zt.  e.  and 
parallel  to  the  wind  velocity  Vq. 

The  velocity  at  tlie  corresponding  point  of  the  trans- 
formed figurt*  has  been  showm  in  a preceding  section  to 

have 

% ^ ! 

to  be  applied  again  to  the  velocities  ov^  the  (listoi*ted 
circle  to  transform  the  flow  to  that  over  tlie  airfoil. 
A simple  procedure  is  to  plot  the  str(‘tching  factor  alone 
for  the  first  transformation,  as  a function  of  the  angular 
position  of  the  transfonncal  point,  with  the  lengths 
1 k^\ 

\z\  and  z measured  from  the  construction.  The 

\ z\ 

stretching  factor  for  the  second  transformation  could 
then  be  applied  at  convenient  points  to  values  of  the 


be 


Vz.  The  “stretching  factor” 
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Figure  4.— Airfoils  derived  by  two  applications  of  transformation  to  circle.  Airfoils  are  shown  half  scale  with  respect  to  circles. 


stretching  factor  for  the  fii-st  transformation  road  from 
the  plot..  The  resultant  stretchuig  factor  obtained  in 
this  way  can  be  directly  applied  to  the  velocity  at 
points  of  the  circle  to  give  the  velocity  distribution 
over  the  airfoil  at  any  angle  of  attack. 

Figure  5 shows  a sample  pressure  distribution  ovei 
an  airfoil  (the  NACA  4412  airfoil)  approximated  by 
two  transformations  of  a circle.  Comparison  is  made 
with  the  distribution  derived  by  the  theory  of  reference 
2 and  with  experimental  results  taken  from  reference  4. 
The  theoretical  distributions  were  computed  at  an 
angle  of  attack  of  6.4°,  which  corresponds  to  a geomet- 
ric angle  of  attack  of  8.5°  for  the  finite-span  airfoil  of 
reference  4. 

CONCLUSION 

The  method  of  this  paper  has  been  found  useful  in 
determining  the  effect  of  small  modifications  of  airfoil 
shapes  on  the  pressure  distribution.  It  is  apparent 
that  a family  of  related  shapes  can  be  derived  in  this 
way  with  greater  simplicity  than  by  standard  methods 
because  the  effect  of  the  modification  alone  can  be 
calculated  for  each  shape.  It  is  also  possible  to  foresee 
the  manner  in  which  a shape  must  be  modified  to 
produce  a desired  change  in  the  pressure  distribution. 
The  method  is,  in  fact,  reversible  and  by  it  an  airfoil 
may  be  designed  to  have  a predetermined  pressure 


Figure  5.— Theoretical  and  experimental  pressure  distributions  over  NACA  4412 
airfoil.  «.=6.4®. 


distribution,  provided  that  a somewhat  similar  airfoil 
is  already  known.  The  modified  pressure  distributions 
obtained  in  this  way  have  closely  checked  with  ex- 
periment. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  November  12,  1940. 
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APPENDIX 

FORMULAS  FOE  LIFT  AND  MOMENT 


In  the  case  of  an  airfoil  derived  from  a circle,  the 
method  of  derivation,  interpreted  in  terms  of  complex 
numbers,  makes  it  possible  to  give  concise  formulas  for 
the  lift  and  the  moment  in  terms  of  the  parameters 
used  in  the  construction  and  to  locate  by  simple  geo- 
metric methods  the  theoretical  aerodynamic  center. 
The  general  theory  for  a transformation  of  the  form 


Za'  = {2a—2i)e 

and  the  inverse  transformation  is 


Then 


3 few 


(6) 

(7) 

(8) 


Za==Z+^+%+-  ■ ■ (1) 

has  been  developed  by  von  Mises  (reference  5,  ch.  VII). 
In  order  to  apply  the  formulas  of  von  Mises,  it  is  neces- 
sary to  express  the  resultant  of  two  successive  trans- 
formations in  a series  of  the  foregoing  form. 

Let  Zj,=z-\-ki-lz  express  the  first  transformation,  z 
being  a point  on  the  circle  or  one  of  its  streamlines 
and  the  corresponding  point  associated  with  the 
distorted  circle.  The  axes  for  the  second  transforma- 
tion are  described  by  the  complex  parameter  Zij  which 
locates  the  origin,  and  j3,  the  angle  between  the  two  sets 
of  axes. 

Then,  if  primes  denote  the  vectors  drawn  to  the  now 
origin, 

(2) 

Substitute 


Then 

(3) 

which  is  the  point  on  the  distorted  chcle  located  with 
respect  to  the  axes  for  the  second  transformation. 
Apply  the  second  transformation  to  ; then 

zd —Zi!  (4) 

gives  the  corresponding  point  associated  with  the  air- 
foil. Substitute  for  zd  fi'om  equation  (3).  Equation 
(4)  then  becomes 


In  order  to  restore  the  wind  velocity  Fq  to  its  original 
magnitude  and  direction,  it  is  necessary  to  return  to 
the  original  axes. 


This  expression  for  the  complete  transformation  can  be 
expanded,  by  carrying  out  the  division  of  the  last  term, 
into  the  series 


2a=  2 + + -^  + 


(9) 


which  is  in  the  form  of  equation  (1),  where 


(10) 


The  formulas  for  the  lift  and  the  moment  as  given  by 
Glauert  (reference  5,  pp.  84  and  85)  may  now  be  applied. 
The  circulation,  and  consequently  the  lift,  is  unchanged 
by  the  transformation.  Thus  the  lift  depends  only  on 
the  radius  of  the  ordinal  circle. 


L = pFor  ==  87rr| Vd  sin  Oq  (1 1 ) 

or  4?rr|Fo^  sin  6q  for  the  half-scale  airfoil.  The  value 

of  Mo,  the  moment  about  0 (fig.  6),  is  given  by  the 
imaginary  part  of  the  expression  (reference  5,  p.  84) 

TP  (12) 

where  the  quantities  not  already  defined  are  as  defined 
by  the  figure.  Substitution  for  ai  from  equation  (10) 
gives 

TP  J (13) 

for  expression  (12),  or 

MQ=2TcpVo^[kd  sin  2a+fe^  sin  2(a-f /3)] 

— mpVoT  cos  (a—d)  (14) 

Since 

r=4TrFo  sin  {a — oq)  (15) 

MQ=^2TrpVfd[kd  sin  2a-\-k2^  sin 

—2rm  cos  («— 5)  sin  (a— oq)]  (16) 
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In  general,  the  moment  about  any  point  z (see  fig.  6) 
is  given  by 


sin  sin  2{a-^0) 

-i~2rd  cos  (a— <^)  sin  (a—oo)] 


(17) 


M 

2irpV ^ ~ 2j8+r<^  cos  (<^+«q)]  sin  2a 

sin  2^~rd  sin  (<^+oo)]  cos  2a 
+ rdf  sin  (0— ceq)  (18) 

The  location  of  the  aerodynamic  center  (or  focus)  is 
determined  by  the  condition  that  the  moment  about 
that  point  be  independent  of  the  angle  of  attack.  In 
order  to  satisfy  this  condition,  the  coefficients  of 
cos  2a  and  of  sin  2a  in  equation  (18)  must  vanish 
simultaneously. 

Thus 

cos  2fi)  = —d  cos  {<f>+oo) 


1 


-At2^  sin  2j8=d  sin  (<^+ob) 
r 


and 


(<^+ao)=tan”l 


~k2^  sin  2j3 


cos  2/3 

\(ki*Y^ki^k2^  cos  2/3-|-iy) 

I 


(19) 

(20) 

(21) 


Equations  (21)  are  found  to  have  a simple  geometric 
representation.  If  ki^/r  and  k2^lr  are  two  sides  of  a 
triangle  and  (180® --2/3)  is  the  angle  between  them,  then 
d is  the  length  of  the  third  side  and  (<^+a^)  Is  the 
supplement  of  the  angle  opposite  ki^/r.  This  triangle 
may  be  used  to  locate  the  aerodynamic  center  directly 
on  the  construction,  as  shown  in  figure  7.  As  in  the 
preceding  illustrations,  this  airfoil  has  been  drawn  to 
half  scale  wdth  respect  to  the  circle  and  the  distance  d 
has  therefore  been  bisected.  The  moment  about  the 
aerodynamic  center 


Mq— 27TpFoVd  sin  (</>— oo)  (22) 

is  obtained  directly  from  equation  (IS).  The  moment 
for  the  half-scale  airfoil  is  one-’quarter  of  this  value. 
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Theoretical  Correction  for  the  Lift 
of  Elliptic  Wings 


ROBERT  T.  JONESt 

National  Advisory  Committee  Jor  Aeronautics 


IN  THE  WING  section  theory  the  magnitude  of  the 
circulation,  and  hence  of  the  lift,  is  determined  by 
the  velocity  that  would  be  induced  near  the  trailing 
edge  of  the  section  in  a non-lifting  potential  flow.  In 
three-dimensional  flow  the  problem  is  complicated  by 
the  presence  of  the  wake  and  no  simple  basic  solution 
has  been  found.  Treatment  of  the  problem  of  a wing  of 
finite  span  has  therefore  been  on  the  basis  of  the  two- 
dimensional  theory,  corrected  for  the  effect  of  the 
wake.* 

The  correction  commonly  applied  is  that  introduced 
by  Prandtl  and  known  as  the  lifting-line  theory.  The 
downflow  induced  by  the  wake  is  considered,  in  this 
theory,  to  reduce  the  rdative  normal  velocity  and  hence 
the  edge  velocity  of  the  wing.  It  is  assumed,  however, 
that  once  the  true  angle  of  attack  is  determined  for  any 
section  of  the  wing  its  effect  in  producing  circulation  and 
lift  is  the  same  as  in  two-dimensional  flow.  This  as- 
sumption is  expressed  by  the  equation 

Cl  = 2ir(a  — a,)  (1) 

where  2ir  is  the  slope  of  the  lift  curve  for  the  thin  wing 
of  infinite  aspect  ratio,  a is  the  angle  of  attack  of  the 
section,  and  is  the  induced  angle  of  downflow. 

Eq.  (1)  takes  into  account  the  effect  of  the  wake  in 
diminishing  the  relative  normal  velocity  of  the  wing.  A 
further  correction  is  indicated  by  the  fact,  established  in 
hydrodynamic  theory,  that  the  surface  velocities  in- 
duced by  a given  relative  motion  of  a body  in  three- 
dimensional  flow  are  generally  smaller  than  those  in 
two.  For  example,  the  maximum,  or  ''edge''  velocity 
around  an  infinite  cylinder  is  1,  while  that  around  a 
sphere  of  the  same  cross-section  is  Va-  Similarly,  if  the 
velocity  arotmd  the  edge  of  an  endless  thin  plate  is 
taken  as  unity,  the  corresponding  velocity  around  the 
edge  of  a circular  disc  is  found  to  be  2/7t,  or  0.637. 

In  the  ease  of  an  ^ptic  disc  the  velocity  at  every 
point  is  reduced  by  the  factor  1/E,  where  E is  the  ratio 
of  the  semiperimeter  of  the  ellipse  to  the  span.  (See 
appendix.)  Further  investigation  shows  that  the 
chordwise  cross-sections  of  the  non-lifting  potential 
flow  are  similar  all  along  the  span  of  the  elliptic  plate 
and  are  the  same  as  those  obtained  from  the  wing-sec- 
tion theory  except  for  this  constant  reduction  factor. 

Recdved  July  31,  1941. 
f Assistant  Aeronautical  Engineer, 

* More  recently  the  problem  has  been  treated  on  the  basis  of 
the  a(xela:ation  potential,  which  vanishes  in  the  wake  J The 
method  is  still  one  of  considerable  difficulty,  however. 


If  the  velocity  distributions  of  the  circulatory  flow 
are  also  assumed  to  be  similar  to  those  given  by  the 
wing-section  theory,  the  circuktion  required  to  satisfy 
the  Kutta  condition  at  each  section  should  be  reduc^ 
by  the  same  factor.  The  corrected  formula  for  the 
lift  is  then 

Ct  = (2V£)(a  - a,)  (2) 

This  correction  may  be  given  a physical  interpreta- 
tion by  considering  that  a finite  wing  offers  a longer 
edge  around  which  the  air  may  escape  (see  Fig.  1), 


Fig.  1.  Correction  factor  E for  the  effect  of  the 
perimeter  ratio  on  the  lift:  Cl  *=  (2ip/E)(a  ^ a,*). 


and  that  the  air  velocities  are  therefore  less  in  the  pro- 
portion that  the  length  of  the  edge  is  greater.  The  rule 
is  not  exact  for  plan  forms  other  than  the  elliptical. 

Since  the  velocity  of  the  non-lifting  potential  flow 
is  constant  all  around  the  edge  of  the  elliptic  plate,  the 
circulation  required  will  be  proportional  to  the  chord  at 
each  section.  The  circulation  is  thus  eUiptically  dis- 
tributed spanwise.  Such  a distribution,  wiUi  the  chord- 
wise  distribution  assumed  earlier,  leads,  as  in  the  lifting- 
line  theory,  to  the  relation 

oti  = ClHA  (3) 

where  A is  the  aspect  ratio. 

Substitution  of  this  value  into  Eq.  (2)  gives 

Cj^  = 27rocAI[EA  -I-  2)  (4) 

Since  the  chordwise  distribution  of  the  circulation  in 
three-dimensional  flow  is  assumed  similar  to  that  in 
two,  and  since  the  similarity  is  only  proved  for  the  non- 
circulatory  flow,  Eq.  (4)  must  be  considered  a correc- 
tion of  the  wing-section  theory  rather  than  a solution 
of  the  three-dimensional  problem.  The  assumption  of 
similarity,  although  its  validity  is  subject  to  somewhat 
the  same  limitations  in  general,  appears  to  be  a more 
justifiable  one  than  the  assumption  of  equality  made 
in  the  lifting-line  theory. 

The  problem  of  three-dimensional  flow  arotmd  a lift- 
ing elliptical  plate  has  been  treated  by  Krienes^  uring 
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Fig.  2.  Theoretical  variations  of  lift-curve  slope  with 
aspect  ratio. 

Prandtl's  concept  of  the  acceleration  potential.  The 
calculations  involve  the  superposition  of  a series  of 
solutions  of  = 0 in  ellipsoidal  coordinates  (Lam4 
functions),  the  coefficients  of  the  series  being  obtained 
from  simultaneous  equations.  Although  the  overall 
lift  depends  on  only  one  coefficient,  calculations  of  the 
span  loading  and  the  drag  would  require  all  the  terms 
of  the  infinite  series  and  was  therefore  not  considered 
practicable. 

The  lift  coefficients  obtained  by  Krienes*  method  are 
shown  in  Fig.  2.  Results  obtained  by  correcting  the 
wing-section  theory  in  accordance  with  Eq.  (4)  are 
compared  with  Krienes’,  and  the  agreement  is  seen  to  be 
good  for  ordinary  aspect  ratios. 

A curve  derived  from  Blenk’s  calculation  of  the  vortex 
distribution  in  a rectangular  plate®  also  agrees  closely 
with  Eq.  (4)  . 

It  is  found  that  the  additional  correction  to  the  wing- 
section  theory  accounts  for  an  appreciable  fraction  of 
the  loss  in  lift  that  is  usually  attributed  to  viscosity.  It 
has  been  difficult  to  reconcile  the  magnitude  of  the  in- 
efficiency with  the  observed  dimensions  of  the  wake, 
which  in  the  case  of  smooth  wings,  is  extremely  narrow 
at  the  trailing  edge.  The  foregoing  correction  accounts 
for  as  much  as  half  of  this  discrepancy  in  cases  of  wings 
with  sharp  trailing  edges.  (See  Fig.  3.) 

According  to  Munk^s  theorem,  the  induced  drag  is 
not  affected  by  a displacement  of  the  lifting  elements 
in  the  direction  of  the  chord;  hence  the  relation  be- 
tween the  lift  and  the  induced  drag  may  be  derived  on 
the  basis  of  the  lifting-line  theory.  Also,  since  the  pitch- 
ing moment  of  the  elliptic  wing  involves  the  same  cor- 
rection as  the  lift,  no  change  of  aerodynamic  center 
location  with  aspect  ratio  is  indicated. 

The  three-dimensional  potential  flow  around  the 
elliptic  disc  may  be  used  also  as  the  basis  for  calculating 
the  lift  of  an  elliptic  wing  with  varying  angle  of  attack. 
On  account  of  the  linearity  of  the  equations,  the  gen- 
eral problem  may  be  reduced  to  a determination  of  the 
growth  of  lift  following  a sudden  start  of  the  motion  with 
the  flight  velocity  F and  the  normal  velocity  w = Va* 

* The  infinite  force  implied  by  the  sudden  start  leads,  in  prac- 
tice, to  a finite  value  during  the  continuous  motions  to  which  the 
formulas  are  applied. 


PTIG  WINGS 


Fig.  3.  Experimental  and  theoretical  lift-curve  slopes. 
Aspect  ratiQ,  6. 


Since  the  steady  or  as3rmptotic  value  of  the  hft  is 
already  known,  the  most  important  point  is  the  deter- 
mination of  the  hft  near  the  start  of  the  motion. 

As  a consequence  of  the  Kutta  condition,  the  layer  of 
air  leaving  the  wing  at  the  trading  edge  must  satisfy 
the  same  boundary  condition  as  the  adjacent  wing  sur- 
face for  a short  distance  downstream.  Thus  the  layer 
of  air  in  contact  with  the  wing  retains  the  motion  im- 
parted by  the  wing  and  for  a short  distance  after  the 
start  this  layer  (the  vortex  wake)  behaves  as  an  im- 
permeable extension  of  the  wing  surface.*  The  flow  at 
the  first  instant  after^  the  start  is  thus  what  might  be 
caused  by  the  wing  in  process  of  growing  wider  at  the 
rate  V while  moving  with  the  normal  velocity  w.  The 
starting  lift  Lt^Q  may  then  be  thought  of  as  the  reac- 
tion to  uniform  motion  of  the  wing  acting  as  a body  with 
increasing  mass: 

A=o  = w (dm'ldt)  = w {dm^Jdc)V  (5) 

where  w'  is  the  mass  representing  the  aerod3mamic 
inertia  of  the  flow  and  c is  the  apparent  length  of  the 
chord.  In  two-dimensional  flow 

= 7t(^V4)p  (6) 

so  that 

In  the  case  of  the  elliptic  wing  the  starting  process 
is  pictured  as  a change  into  a similar  but  shghtly  wider 
eUipse.  For  normal  aspect  ratios  this  change  fulfills 
the  required  conditions  everywhere  except  near  the 
extreme  tips.  The  aerodynamic  inertia  of  the  elliptic 
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wing  is  the  same  as  if  the  sections  were  in  two-dimem 
sional  flow  except  for  the  factor  E.  Hence  : 

Cx^^o  == 

According  to  some  approximate  calculations  (based 
on  the  Hfting~line  theory)  made  by  the  author/  the 
lift  of  the  elliptic  wing  approaches  its  final  value  more 
rapidly  than  would  be  suggested  by  the  two-dimensional 
theory. 

In  the  case  of  = 3,  or  in  the  equivalent  ease  of 
A ^ Q with  the  wing  vibrating  S3unmetrically  in  torsion, 
the  development  of  lift  appears  to  be  nearly  instan- 
taneous. 


Appendix 

The  problem  of  the  fluid  motion  produced  by  trans- 
lation of  a solid  ellipsoid  was  first  solved  by  Green  in 
an  investigation  of  the  vibration  of  pendulums.  For- 
mulas given  for  this  problem  in  textbooks  on  hydro- 
dynamics become  indeterminate  when  applied  to  the 
case  of  an  elliptic  disc.  The  following  short  discussion 
is  therefore  presented  to  show  the  application  to  the 
present  problem. 

As  explained  in  ref.  5,  the  surface  potential  of  an 
ellipsoid  can  be  given  by  a very  simple  formula.  For 
motion  along  a principal  axis,  the  potential  at  any 
point  on  the  surface  is  proportional  to  the  coordinate 
of  the  point  in  the  direction  of  motion.  Thus,  if  the 
ellipsoid  with  semiaxes  a > b > c along  y,  and  0, 
respectively,  is  moving  with  unit  velocity  in  the  direc- 
tion of  2,  the  surface  potential  is  simply 

<l>  = Cz  (3) 


The  equipotential  lines  are  the  similar  ellipses  formed 
by  the  intersection  of  the  ellipsoidal  surface  with  a series 
of  equidistant  parallel  planes  perpendicular  to  z.  The 
constant  C depends  on  the  axis  ratio  and  its  evaluation 
involves  a special  class  of  transcendental  function 
known  as  “Green's  Integrals.”  The  solution  for  the 
surface  potential  appears  in  the  form  : 


where 

7. 


= abc  I ■ 
Jo 


4>  = - %)]  z 

d\ 


(4) 


{c^+  + X)(6^  + X)  + X) 


to  the  perimeter  of  a quadrant  of  the  ellipse  ab  divided 
by  the  semiaxis  a.^ 

2 [1  ~ ic/b)E] 

As  c 0 


Since  Eq.  (4)  becomes  indeterminate  (0  — ^ 0 and 
7p  — ^ 2),  it  is  necessary  to  express  the  solution  in 
terms  of  x and  7i  which  are  related  to  0 through  the 
equation  of  the  ellipsoidal  surface : 


^ b^^  c 


(5) 


= cJl  -t-t 


Substitution  for  7^  and  s in  Eq.  (4)  gives 
b 


1 ~ - ?L 


{xHa^)  + Wb^)  -h  W/{b/En  = 1 


(6) 


(7) 

(8) 


Hence  the  distribution  of  the  surface  potential  over 
the  disc  may  be  represented  by  the  ordinates  of  a cir- 
cumscribed ellipsoid  having  the  vertical  axis  2b /E, 
For  infinite  axis  ratio,  E = 1 and  the  chordwise  cross- 
sections  of  the  potential  distribution  are  circles  of 
radius  b. 

In  order  to  illustrate  the  analogy  to  two-dimensional 
flow,  it  is  convenient  to  introduce  the  angle  B defined, 
at  a particular  value  of  x^  by 


COS  0 ^ y lye  (9) 

where  y^  = b y/\  {x^la^')  is  the  ordinate  of  the  edge 

of  the  disc.  Then,  from  Eq.  (8), 

= iy  JE)  sin  Q (10) 

which  is  the  potential  function  of  the  two-dimensional 
case  except  for  the  factor  1/E.  It  follows  then  that 
the  edge  velocity  is  also  reduced  from  that  in  two- 
dimensional  flow  by  the  factor  1/E. 
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TECHNICAL  NOTE  NO.  837 

NOTES  ON  THE  STABILITY  AND  CONTROL 
OF  TAILLESS  AIRPLANES 
By  Robert  T.  Jones 


SUMMARY 


Problems  involved  in  the  stability  and  control  of 
tailless  airplanes  are  discussed.  Such  factors  as  the  lo- 
cation of  the  aerodynamic  center  and  its  effect  on  the 
longitudinal  stability,  longitudinal  trim  with  high-lift 
devices,  the  effects  of  various  changes  in  the  shape  of  ,the 
wing  on  lateral  stability,  and  the  effects  of  nacelles  are 
covered . 

It  appears  that  sufficient  stability  and  controllabil- 
ity can  be  secured  without  sweepback.  With  sweepback,  a 
flap  over  the  center  section  of  the  wing  may  be  used  to 
serve  the  dual  purpose  of  elevator  control  and  high-lift 
device.  Sweepback  introduces  undesirable  stalling  charac- 
teristics, however,  and  may  require  auxiliary  devices  to 
prevent  stalling  of  the  tips. 


INTRODUCTION 


The  advantage  in  arrangement  and  performance  that  the 
tailless  airplane  has  over  the  conventional  type  has  al- 
ready been  the  subject  of  considerable  discussion.  The 
present  paper  is  chiefly  concerned  with  aerodynamic  fac- 
tors as  they  affect  the  stability  and  control  of  tailless 
airplanes . 

With  the  aerodynamic  information  available  at  pres- 
ent, the  designer  should  be  able  to  predict  with  confi- 
dence the  behavior  of  an  airplane  that  resembles  in  design 
a reasonably  conventional  wing.  There  is  still,  however, 
a lack  of  information  on  the  loading  of  wings  with  large 
angles  of  sweepback  and  on  the  loading  of  wings  of  very 
low  aspect  ratio. 
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SYMBOLS 


aspect  ratio 
angle  of  attack 
wing  span 
angle  of  sideslip 
wing  chord 


Lift 


s — u ^ 

“w  2 


L 

Sw  I b 

M 

I V <= 


lift  coefficient 


rolling-moment  coefficient 


pitching-moment  coefficient 


N 


Sw  f b 


S — U 2 
2 


yawing-moment  coefficient 


side-force  coefficient 


3Cl 

9Gm 

9a  ’ 

- ^ 
9De 

— etc. 

9Cj 

rb’  ^^p 

"9^’ 

P _ 

93  ■ 

Uo 

Uo 

derivative  with  respect  to  distance 
along  flight  path 


_dL 

ds 
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LONGITUDINAL  STABILITY  AND  CONTROL 


An  ordinary  wing  with  a slight  reflex  camber  and  dihe- 
dral has  all  the  aerodynamic  characteristics  necessary 
for  both  lateral  and  longitudinal  stability.  As  in  the 
conventional  airplane,  longitudinal  stability  in  gliding 
flight  is  practically  assured  if  the  center  of  .gravity  is 
located  slightly  ahead  of  the  aerodynamic  center  of  the 
wing  (fig.  1).  For  wings  of  normal  aspect  ratio  and  di- 
mensions the  aerodynamic  center  is  located  at  about  24 
percent  of  the  mean  chord.  At  very  low  aspect  ratios  the 
aerodynamic  center  moves  ahead  and  upward,  and  the  attain- 
ment of  stability  and  balance  becomes  more  difficult.  The 
location  is  also  appreciably  changed  by  the  addition  of  a 
streamline  nacelle  or  by  sweepback.  Changes  in  wing  sec- 
tion generally  have  only  a slight  effect.  An  extreme  re- 
duction in  thickness  toward  the  trailing  edge  may  cause  a 
backward  displacement  of  2 or  3 percent.  Conversely,  it 
is  possible  to  produce  a forward  shift  of  the  same  amount 
by  abnormal  thickening  of  the  rear  portion. 

The  addition  of  a streamline  fuselage  or  nacelle 
causes  a forward  shift  of  the  aerodynamic  center,  thus  ne- 
cessitating a more  forward  location  of  the  center  of  grav- 
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ity.  Figure  2 (plotted  from  data  given  in  reference  1) 
shows  the  movement  of  the  aerodynamic  center  actually 
caused  by  a relatively  large  fuselage  in  combination  with 
the  wing.  It  will  be  noted  that,  when  the  wing  intersec- 
tion was  near  the  nose  of  the  fuselage,  the  interference 
was  sufficient  to  nullify  the  unstable  moment;  that  is, 
the  aerodynamic  center  was  not  shifted.  A comprehensive 
analysis  of  the  effects  of  the  fuselage  and  nacelles  on 
both  the  longitudinal  and  the  lateral  stability  parameters 
will  be  found  in  a recent  article  by  Multhopp  (reference  2) . 


The  stability  characteristics  of  a tailless  airplane 
differ  from  those  of  a conventional  airplane  chiefly  in 
the  reduced  kinematic  damping  of  the  pitching  motion. 
Figure  3 shows  the  estimated  damping  coefficients 


^8 


8D8 


(3) 


for  several  airfoil  arrangements.  It  is  to  be  noted  that 
the  addition  of  the  tail  surface  increases  the  kinematic 
damping  nearly  10  times.  Both  theory  and  experiment  indi- 
cate that  the  effect  of  the  fuselage  on  the  damping  is 
not  important.  (The  value  of  3.S  of  the  order  of 

-0.2  for  a fuselage  of  the  proportions  Illustrated  in 
fig.  2). 

If  the  tailless  airplane  is  statically  stable  (that 
is,  has  its  center  of  gravity  ahead  of  the  aerodynamic 
center) , the  free  rotations  in  pitch  will  be  coupled  with 
motions  normal  to  the  chord  and  the  damping  of  these  mo- 
tions will  be  effective  in  reducing  the  pitching. 


Figure  4 shows  the  calculated  periods  and  rates  of 
damping  of  the  short-period  longitudinal  oscillations,  for 
varying  degrees  of  static  stability.  In  addition  to  the 


reduced  damping  coefficient  Gm_.Q  = ~ ■:r 

■ Dy  2 , 


the  all-wing 


airplane  was  assumed  to  have  a reduced  moment  of  inertia 

in  pitch  ^ky  ~ "2  ^]  • curves  shown  apply  to  a wing 

chord  of  10  feet  at  a loading  of  20  pounds  per  square  foot 
and  are  typical  of  the  results  of  an  extensive  series  of 
calculations • The  dotted  lines  indicate  locations  of  the 
center  of  gravity  for  aperiodic  motion  in  this  mode. 
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It  is  remarkable  that,  although  the  rotary  damping 
coefficient  ^0^0  tailless  airplane  is  only  one- 

tenth  that  of  the  conventional  airplane,  the  resultant 
damping  of  oscillations  in  flight  is  nearly  as  great.  The 
additional  damping  is  obtained  through  coupling  with  the 
vertical  motion.  The  lack  of  direct  damping  appears  to 
alter  the  sequence  of  the  motions  in  such  a way  as  to  make 
this  coupling  more  effective  in  the  case  of  the  tailless 
airplane. 

In  slow  longitudinal  motions  involving  changes  of 
flight  speed,  the  stability  of  the  conventional  airplane 
is  usually  impaired  by  the  action  of  the  slipstream  on  the 
tail  surface.  In  the  usual  arrangement,  the  lift  of  the 
wings  acts  behind  the  center  of  gravity  and  a downward 
trimming  load  is  carried  by  the  tail  surface,  which  is  in 
the  slipstream.  Since  the  velocity  in  the  slipstream  . 
tends  to  remain  more  nearly  constant  than  the  flight  ve- 
locity, the  forces  on  the  wing  and  on  the  tail  surfaces 
will  not  vary  with  flight  speed  in  the  same  proportion. 
Thus  if  the  airplane  noses  up  and  loses  flying  speed,  the 
wings,  having  most  of  their  area  outside  the  slipstream, 
will  lose  lift  at  a rate  greater  than  the  rate  of  reduc- 
tion of  the  downward  trimming  load  and  the  airplane  may 
continue  to  nose  up  in  an  unstable  manner.  The  tailless 
arrangement  affords  a definite  advantage  in  that  such  ad- 
verse effects  can  be  easily  eliminated. 

In  the  gliding  condition,  the  damping  of  the  phugoid 
motion  of  a tailless  airplane  is  less  than  that  of  a con- 
ventional airplane  and  there  is,  in  general,  somewhat 
greater  likelihood  of  phugoid  instability  with  the  tail- 
less airplane.  (See  fig.  5.)  With  power  on,  the  conven- 
tional airplane  is  more  unstable  because  of  the  destabil- 
izing influence  of  the  slipstream.  Inasmuch  as  the  period 
of  this  oscillation  is  very  long  and  the  damping  slight  in 
any  case,  the  differences  shown  are  considered  unimportant 

A decided  change  in  the  character  of  the  longitudi- 
nal motion  will  occur  if  the  center  of  gravity  is  allowed 
to  shift  to  a position  behind  the  aerodynamic  center.  In 
this  condition  the  rate  of  divergence  of  the  tailless 
airplane  is  much  more  rapid  than  that  of  the  conventional 
type  and  may  become  uncontrollable  at  relatively  small 
negative  values  of  *x.  Figure  6 shows  typical  variations 
of  the  damping  factors  at  small  values  of  "x.  As  the  con- 
dition of  neutral  static  stability  (x  = 0)  is  approached 
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the  complex  roots  are  replaced  by  real  roots,  one  of  which 
becomes  positive  at  x = 0,  indicating  a rapid  divergence 
of  the  tailless  airplane  in  the  region  of  static  instabil- 
ity. 


It  should  be  possible  to  secure  satisfactory  longitudi- 
nal control  with  a straight  wing  simply  by  utilizing  the 
pitching  action  of  narrow  flaps.  Because  trim  at  higher 
angles  of  attack  would  be  attained  by  raising  the  flap  and 
thus  reducing  the  camber,  the  arrangement  would  entail  some 
reduction  in  maximum  lift,  the  amount  depending  on  the  de- 
gree of  static  stability.  Figure  7 shows  the  elevator  an- 
gles and  corresponding  reductions  in  for  several 

flaps  with  a straight  wing.  The  curves  were  based  on  the 
reductions  in  (below  and  the  pitching  moments 

obtained  in  experiments  with  flaps.  It  is  to  be  noted 
that  the  narrower  flap  is  the  more  efficient  (though  less 
powerful)  elevator.  The  computations  were  made  for  a rec- 
tangular wing  of  aspect  ratio  6.  Very  high  lift  coeffi- 
cients could  be  attained  only  with  the  aid  of  some  device 
that  did  not  displace  the  center  of  pressure. 

Figure  8 shows  elevator  deflections  necessary  to  pro- 
duce a specified  curvature  of  the  flight  path  and  illus- 
trates the  increased  maneuverability  of  the  tailless  air- 
plane. The  elevators  are  designed  to  give  equal  pitching 
moments  in  order  that  both  the  conventional  and  the  tail- 
less airplanes  would  require  the  same  elevator  deflections 
to  produce  equal  changes  in  trim.  The  increased  path  cur- 
vature or  normal  acceleration  possible  with  the  tailless 
airplane  is  a consequence  of  the  smaller  damping  in  pitch- 
ing. 


If  sufficient  sweepback  is  employed,  it  becomes  pos- 
sible to  use  cambered  sections  or  sections  with  flaps 
designed  to  increase  the  lift  over  the  center  sections  of 
the  wing.  In  such  an  arrangement  the  lift  developed  by 
the  flap  or  by  the  camber  is  placed  sufficiently  far  ahead 
to  offset  the  pitching  moment.  Furthermore,  if  the  flapped 
portion  of  the  wing  is  placed  somewhat  farther  ahead,  so  as 
to  bring  the  centroid  of  its  load  forward  of  the  center  of 
gravity,  the  flap  may  be  used  directly  as  an  elevator. 

(See  fig.  9.)  Downward  deflection  of  the  flap  will  then 
increase  the  lift  and  the  angle  of  attack  simultaneously, 
as  illustrated  in  figure  10. 

If  the  angle  of  sweepback  is  small,  it  may  be  assumed 
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that  the  spanwlse  loading  is  not  altered  but  is  merely  ro- 
tated backward  through  the  angle  of  sweep.  The  pitching 
moment  due  to  a small  amount  of  sweep  thus  depends  on  the 
spanwise  location  of  the  load  centroid  of  the  straight 
wing.  Figure  11  shows  the  calculated  locations  of  this 
centroid  corresponding  to  flaps  of  various  lengths  extend- 
ing from  the  middle  of  the  wing.  The  centroid  for  a flap 
of  100-percent  span  is  the  same  as  that  for  a change  in 
angle  of  attack  of  the  wing  as  a whole  and  thus  locates 
the  spanwise  position  of  the  aerodynamic  center.  It  is 
preferable  to  assume  that  the  lift  loads  act  along  the 
quarter-chord  line  and  to  take  account  of  the  backward 
displacement  of  the  flap  lift  load  by  calculating  the  in- 
tegrated pitching  moment  of  the  flapped  sections,  because 
this  moment  is  more  independent  of  aspect-ratio  effects 
than  is  the  lift.  For  rough  estimates,  the  lift  added  by 
the  flap  may  be  assumed  to  act  at  about  45  percent  of  the 
chord  of  those  sections  inboard  of  the  flap  tip  and  along 
the  quarter-chord  line  outboard  of  the  flap  tip. 

A small  damping  coefficient  is  a definite  ad- 

vantage in  that  the  pitching  disturbances  produced  by 
gusts  are  smaller.  According  to  calculations  made  by 
KUssner  (reference  3) , a straight  wing  moving  into  an  in- 
creasing gust  will  experience  no  pitching  moment  what- 
ever about  the  quarter-chord  line.  Although  it  might  be 
expected  that  the  nose  of  the  wing,  being  in  a region  of 
greater  velocity  than  the  rest  of  the  wing,  would  be  de- 
flected upward,  there  will  he  at  the  same  time  an  acceler- 
ation of  the  average  normal  velocity  over  the  entire  chord, 
which  will  lead  to  an  aerodynamic  inertia  force  acting  at 
the  50-percent-chord  point  and  which,  calculations  show, 
is  just  sufficient  to  balance  the  moments  about  the  aero- 
dynamic center.  The  argument  may  be  extended  to  include 
any  arbitrary  variation  of  vertical  velocity  along  the 
path  of  the  airplane. 

Because  the  wing  will  actually  have  its  center  of 
gravity  ahead  of  the  aerodynamic  center  for  stability,  it 
follows  that  the  action  of  a rising  gust  will  be  to  reduce 
the  angle  of  attack  and  thus  automatically  to  diminish  the 
force  of  the  gust.  In  figure  12  are  plotted  some  curves, 
calculated  by  the  method  of  reference  4,  to  show  the  ef- 
fect of  a gust  on  tailless  and  conventional  airplanes. 

The  gust  was  assumed  to  have  uniformly  increasing  velocity. 
In  the  case  of  the  conventional  airplane,  the  Initial 
pitching  motion  is  in  a direction  that  increases  the  angle 
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of  attack  because  of  the  difference  in  the  gust  veloci- 
ties at  the  wing  and  at  the  tail. 


LATERAL  STABILITY  AND  CONTROL 


With  careful  design,  the  tailless  airplane  should  be 
able  to  approach  the  conventional  airplane  in  its  lateral 
stability  and  control  characteristics.  The  main  diffi- 
culty is  undoubtedly  in  the  provision  of  sufficient  weath- 
ercock stability  and  damping  in  yawing.  The  required  de- 
gree of  such  stability  is  essentially  the  same  as  that  for 
a conventional  airplane  and  in  either  case  is  greatly  re- 
duced if  the  adverse  yaw  of  the  ailerons  is  eliminated. 

For  this  reason  it  seems  desirable  to  use  a lateral  con- 
trol having  a zero  or  a slightly  favorable  yawing  action. 
Favorable  action  is  probably  best  achieved  by  a linkage 
between  the  aileron  and  the  rudder  controls  or  by  a link- 
age between  the  ailerons  and  a servo  tab  on  the  rudder. 

With  the  aileron  yaw  compensated,  the  fin  area  required 
will  be  about  in  proportion  to  the  size  of  the  nacelles 
because  the  wing  alone  has  marginal  weathercock  stability 
and  damping.  The  unstable  moment  of  the  nacelles  may  be 
estimated  by  Hunk's  formulas  (reference  5). 

Different  static  yawing-moment  characteristics  may  be 
obtained  by  altering  the  plan  and  elevation  shapes  of  the 
wing.  Changes  of  plan  form  alone  do  not,  however,  have  a 
pronounced  effect  on  the  lateral-stability  characteristics 
except  Insofar  as  they  modify  the  stalling  behavior  of  the 
wing.  Weathercock  stability  may  be  secured  by  the  use  of 
sweepback  combined  with  negative  dihedral  or  with  end 
plates  at  the  tips.  The  negative-dihedral  arrangement  re- 
sults in  a favorable  combination  of  rolling  and  yawing 
moments  if  the  control  is  made  to  act  on  the  turned-down 
tips.  The  yawing  moment  due  to  the  rolling  motion  produced 
is  adverse,  however,  and  of  such  magnitude  as  to  counter- 
act the  favorable  effect,  unless  extreme  negative  dihedral 
is  employed.  If  extreme  negative  dihedral  is  used,  the 
controllers  on  the  tips  act  primarily  as  rudders  and  sep- 
arate ailerons  must  be  provided  on  the  main  wing  surface. 
The  tips  then  correspond  to  end  plates  on  the  under  side 
of  the  wing. 

End  plates  on  the  under  side  of  the  wing  will  expe- 
rience an  outward  force  as  a continuation  of  the  lift  of 
the  wing.  It  might  be  thought  that  the  outward  lift  of 
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such  end  plates  would  be  unfavorable  to  weathercock  stabil- 
ity, because  a sideslip  would  increase  the  lift,  and  hence 
the  drag,  on  the  down-wind  plate.  In  the  true  resolution 
of  forces,  however,  it  is  found  that  the  resultant  tends 
to  turn,  maintaining  a direction  nearly  enough  at  right 
angles  to  the  wind  to  outweigh  the  drag  increase.  There 
is,  therefore,  actually  a favorable  weathercock  action,  as 
shown  in  figure  13.  Similar  considerations  apply  in  de- 
termining the  yawing  moment  of  a wing  with  dihedral.  In 
this  case  the  customary  setting,  which  inclines  the  lift 
inward,  results  in  adverse  weathercock  action.  For  a more 
complete  analysis  of  the  lateral-stability  characteris- 
tics of  wings,  the  reader  is  referred  to  reference  6. 

The  requirement  of  dihedral  for  stability  is  essen- 
tially the  same  for  a tailless  airplane  as  for  a conven- 
tional airplane.  If  spiral  stability  is  not  considered 
essential  at  all  speeds  (as  is  usually  the  case) , it  se,ems 
advisable  to  limit  the  dihedral  to  1°  or  2°  in  order  to 
reduce  lateral  oscillations  in  rough  air. 

As  in  the  case  of  pitching  motion,  elimination  of  the 
tail  greatly  reduces  the  rotational  damping.  Figure  14 
shows  the  estimated  damping  coefficients  of  yawing  motion 

Cjjr  = for  some  typical  arrangements.  The  damping  of 

% 

a well-streamlined  fuselage  of  round  or  oval  cross  section 
will  be  very  small.  One  set  of  oscillation  experiments 
gave  a value  equivalent  to  = -0.005  for  a fuselage 

having  a length  equal  to  two-thirds  the  wing  span.  In 
this  case,  however,  the  fuselage  terminated  in  a vertical 
wedge,  a feature  which  may  well  have  accounted  for  the 
greater  part  of  its  damping.  The  damping  of  the  wing  is 
due  to  the  distribution  of  drag  along  the  span  and  becomes 
greater  at  higher  lift  coefficients.  Within  the  usual 
limits  of  dihedral  and  weathercock  effects,  the  damping  of 
the  free  lateral  oscillations  is  invariably  greater  than 
is  indicated  by  the  damping  of  pure  yawing  motion  alone 

The  additional  damping  is  provided  by  and  C% 

and  is  introduced  through  the  coupling  of  these  motions 
(sideslipping  and  rolling)  with  the  yawing  motion.  Be- 
cause both  Cyo  and  C„  as  well  as  the  coupling  between 

yawing  and  rolling  motions  tend  to  diminish  at  lower  an- 
gles of  attack,  the  lateral  oscillation  is  more  likely  to 
be  troublesome  at  high  speed.  Figure  15  shows  calculated 
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rates  of  damping  of  the  free  lateral  oscillations  for  typ- 
ical values  of  the  stability  derivatives.  The  value  of 


% 


used  corresponds  to  a dihedral  angle  of  approximately 


2 . An  indication  of  the  variation  of  lateral  stability 
with  and  at  low  values  of  may  be  ob- 

tained from  the  charts  given  in  reference 


If  sweepback  is  employed,  the  fact  should  be  borne  in 
mind  that  a pronounced  rolling  or  pitching  instability  may 
develop  at  high  angles  of  attack  because  of  premature  tip 
stalling  associated  with  a lateral  flow  of  the  boundary 
layer.  The  effect  of  sweep  is  to  introduce  a component  of 
the  relatively  great  chordwise  pressure  gradient  into  a 
direction  at  right  angles  to  the  main  stream  velocity  over 
the  wing.  The  viscous  drag  of  the  stream  then  cannot  act 
to  prevent  flow  of  the  boundary  layer  laterally  into  re- 
gions of  lower  pressure  over  the  forward  portions  of  ad- 
jacent wing  sections.  The  result  is  that  the  boundary 
layer  flows  toward  the  tips  of  a swept-back  wing  and  prema- 
ture separation  occurs.  Figure  16,  plotted  from  data  given 
in  reference  8,  shows  this  effect  on  sections  near  the  tips 
of  two  rectangular  wings  with  sweep.  The  existence  of  this 
effect  may  also  be  inferred  from  the  tests  of  reference  9, 
in  which  the  swept-back  wings  tended  to  nose  up  when 
stalled.  (See  fig.  17.)  With  30^  sweepback  this  tendency 
persisted  even  when  the  wing  was  given  8.5°  washout  . Little 
is  know  about  the  variation  with  angle  of  sweep,  although 
the  tests  of  reference  9 showed  an  appreciable  effect  at 
an  angle  of  15°.  From  these  indications,  it  would  seem  ad- 
visable to  incorporate  some  auxiliary  boundary-layer  con- 
trol device,  such  as  leading-edge  slots,  in  the  design  of 
a tailless  airplane  having  considerable  sweepback. 


CONCLUSIONS 


1.  With  careful  design  it  should  be  possible  to  se- 
cure satisfactory  stability  and  control  in  a tailless  air- 
plane. The  small  rotational  damping  hardly  affects  the 
short-period  longitudinal  oscillations,  although  the  damp- 
ing of  the  stable  lateral  oscillation  is  likely  to  be  re- 
duced somewhat,  particularly  at  high  speeds. 

2.  Although  the  damping  in  pitching  has  a small  ef- 
fect on  the  stability  with  normal  center -of -gravity  loca- 
tions, the  tailless  airplane  is  in  greater  danger  of  in- 
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stability  due  to  an  abnormal  backward  shift  of  the  center 
of  gravity  because  this  instability  becomes  more  serious 
as  the  damping  is  reduced. 

3.  As  the  weathercock  stability  or  the  damping  in 
yawing  is  reduced  by  elimination  of  the  tail  surfaces , it 
becomes  more  important  to  overcome  the  aileron  yaw  and 
the  yaw  due  to  rolling. 

4.  A considerable  reduction  of  the  disturbances  pro- 
duced by  vertical  gusts  is  possible  in  the  case  of  a tail- 
less airplane  without  sweepback.  This  effect,  which  is 
due  to  a favorable  pitching  motion,  depends  on  the  static 
stability  and  the  moment  of  inertia  of  the  airplane. 

5.  The  use  of  sweepback  makes  it  possible  to  employ 
a partial-span  flap  as  a high-lift  device.  It  also  sim- 
plifies the  problem  of  securing  weathercock  stability  dnd 
damping  in  yawing.  Wind-tunnel  tests  of  wings  with  sweep- 
back  show,  however,  that  it  is  necessary  to  guard  against 
a pronounced  rolling  and  pitching  instability  near  the 
Stall. 


Langley  Memorial  Aeronautical  Laboratory, 
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Position  along  fuseleige 


Figure  2.-  Forward  displac<^ent  of  the  aerodynamic  eentor 
caused  "by  the  fusolago  in  comibination  with  tho 
wing.  Wing  span,  1.5.  Data  from  reference  1. 
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Displacement  of  c.g.  ahead  of  aerodynamic  center,  x/c 


Figure  7.-  Elevator  deflections  and  corresponding  redactions 
in  Ci^ay  for  trim  at  a = 20°.  Rectangular  wing, 
aspect  ratio,  6. 


ITACA  Technical  Note  No.  837 


Figure  9,-  Diagram  illustrating  the  use  of  sweephack  to 
secure  trim  with  a partial- span  flap. 
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Extent  of  flap  from  center  lino,  percent  semi span 

Figure  11.-  Spanwise  location  of  the  centroid  of  tho  loading 
due  to  deflection  of  partial-span  flaps. 

(Loading  A,  figure  9.) 
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Pigore  12.-  Gust-alleviating  action  due  to  pitching  motion  and  to 
lag  in  the  development  of  lift. 
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Figure  13.-  Weathercock  action  of  end  plates  set  to  give  outward  lift 
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Figure  16*-  Effect  of  sweep  on  the  lift  of  a wing  section  near  the  tip  (80 
percent  semispan  stations),  Bata  from  reference  8. 
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Figure  17,-  Test  results  showing  pitching  instability  of 
swept-back  wing  at  Ct  > Data  from 
reference  9.  ^ 
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WIND-TUNNEL  INVESTIGATION  OF  CONTROL-SURFACE  CHARACTERISTICS 


V - THE  USE  OF  A BEVELED  TRAILING  EDGE  TO  REDUCE 
THE  HINGE  MOMENT  OF  A CONTROL  SURFACE 
By  Robert  T.  Jones  and  Milton  B.  Ames,  Jr. 


SUMMARY 


Wind-tunnel  tests  have  been  made  to  Investigate  the 
possibility  of  reducing  the  hinge  moments  of  a control 
surface  by  beveling  the  trailing  edge.  The  tests  were  made 
with  a 9-percent- thick  airfoil  having  a 30-percent-chord 
plain  flap.  A faired  beveled  shape,  5 percent  of  the  air- 
foil chord  in  width  and  having  a thickness  of  2J5  percent 
of  the  airfoil  chord,  was  found  to  give  approximately  50- 
percent  reduction  in  the  hinge  moment  caused  by  a given 
deflection  of  the  flap  and  80-percent  reduction  in  the 
hinge  moment  due  to  the  angle  of  attack  of  this  airfoil 
for  a wide  range  of  angles.  A blunter  beveled  portion  of 
the  same  thickness  gave  overbalance  and  reversal  of  the 
floating  tendency  over  a small  angular  range.  Elliptical 
trailing-edge  shapes  were  also  tried  but  were  found  to  be 
somewhat  less  effective  than  the  shapes  ending  in  an  acute 
angle.  A semicircular  trailing  edge  produced  only  a slight 
change  in  the  hinge  moments  but  caused  a drag  increment  much 
greater  than  that  of  an  efficient  beveled  shape. 


INTRODUCTION 


The  hinge  moments  obtained  in  tests  of  airfoils  with 
plain  flaps  have  often  been  observed  to  fall  considerably 
below  the  values  predicted  by  the  potential-flow  theory.  It 
has  also  been  noted  that  the  hinge  moments  obtained  in 
different  tests  show  wider  discrepancies  than  do  other  air- 
foil characteristics. 

Several  years  ago  the  NACA  had  occasion  to  test  a flap 
with  a particularly  thin,  sharp  trailing  edge.  In  this  case 
the  hinge  moments  were  higher  than  usual  and  agreed  better 
with  the  theory.  Thus,  it  appeared  that  the  discrepancies 
in  the  hinge  moments  obtained  in  the  usual  tests  might  have 
been  due  to  minor  differences  in  the  shapes  of  the  trailing 
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edge.  This  phenomenon  led  to  speculation  concerning  the 
nature  of  the  flow  near  the  trailing  edge  and  the  effect 
of  small  departures  from  the  Kutta  condition. 

In  the  ideal  flow,  the  Kutta  condition  requires  that 
the  air  leaving  the  trailing  edge  maintain  the  direction  of 
the  mean  camber  for  a short  distance  downstream.  The 
velocities  on  the  upper  and  lower  surfaces  approach  the 
same  value  with  the  result  that  the  pressure  difference  or 
lift  vanishes  at  the  trailing  edge.  The  curve  marked  "a" 
in  figure  1 shows  the  lift  distribution  over  an  airfoil 
section  with  the  flow  conforming  perfectly  to  this  condition. 
The  guiding  action  of  a slightly  blunt  or  beveled  trailing 
edge  will  not  be  perfect,  however,  and  in  such  a case  a re- 
latively great  negative  lift  will  be  developed  across  the 
edge,  as  shown  by  curve  "b"  in  figure  1.  A deliberate 
thickening  of  the  airfoil,  designed  to  permit  further 
deviation  from  the  Kutta  condition,  might  therefore  lead  to 
the  type  of  pressure  distribution  represented  by  curve  "b" 
in  figure  1.  It  was  thought  that  the  effect  might  be  used 
to  provide  aerodynamic  balance  for  a control  surface  and 
in  order  to  test  this  theory  a series  of  wind-tunnel  exper- 
iments was  planned.  These  tests  have  recently  been  made 
and  form  the  subject  of  the  present  paper. 


TESTS 


Apparatus  and  Models 


In  figure  2 are  shown  the  shapes  tested.  These  shapes 
are  of  two  types  - beveled  and  elliptical.  In  the  case  of 
the  beveled  flap,  the  point  at  which  the  beveling  of  the 
flap  began  was  faired  into  an  arc  in  order  to  allow  smooth 
flow.  The  portion  of  the  flap  extending  from  the  center 
of  this  arc  to  the  trailing  edge  will  be  referred  to  here- 
inafter as  the  "bevel."  Because  the  action  of  the  blunt 
trailing  edge  is  in  some  ways  similar  to  that  of  an  auto- 
matic balancing  tab  (see  fig.  3),  the  beveled  shapes  were 
designed  to  approximate  the  outline  of  such  tabs  in  the 
balancing  position.  The  20-percent  bevel  corresponds  to  a 
20-percent  cf  tab  deflected  10°.  The  elliptical  shapes 

are  of  somewhat  similar  proportions.  A flap  having  a bulged 
portion  near  the  hinge  was  also  tried.  With  the  exception 
of  the  bulged  flap,  all  shapes  tested  were  obtained  by  in- 
terchanging trailing— edge  blocks  having  these  shapes  on  a 
standard  2-foot-chord  by  4-foot-span  model  of  laminated 
mahogany . 
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Table  I gives  the  ordinates  of  the  standard  section 
(derived  from  the  NACA  0009  airfoil  by  drawing  straight 
lines  from  the  55-percent  station  back  to  the  removable 
tail  block).  The  dimensions  of  the  removable  tail  portions 
are  shown  in  figure  2 and  the  ordinates  of  the  bulged  flap 
are  given  in  table  II.  As  shown  in  figure  2,  the  flap  was 
of  the  plain  unbalanced  type,  30  percent  of  the  airfoil  chord 
in  width.  The  tests  were  made  with  the  gap  both  sealed  and 
open. 

The  procedure  of  the  tests  was  similar  to  that  followed 
in  reference  1.  They  were  made  in  the  NACA  4-foot  by  6-foot 
vertical  tunnel,  modified  as  described  in  reference  2.  The 
lift,  the  drag,  and  the  pitching  moments  were  measured  on 
a three-component  balance,  The  hinge  moments  were  measured 
electrically  with  a calibrated  torque  rod  built  into  the 
model.  The  model  extended  completely  across  the  closed 
test  section  of  the  tunnel,  so  that  the  flow  was  very  nearly 
two-dimensional.  The  tests  were  made  at  a dynamic  pressure 
of  15  pounds  per  square  foot,  corresponding  to  a velocity 
of  about  76  miles  per  hour  and  a test  Reynolds  number  of 
1,430,000.  The  flap  deflection  was  varied  in  5°  increments 
from  0°  to  30°.  In  some  cases  check  points  at  ±2°  from 
neutral  were  obtained.  Lift,  drag,  airfoil  pitching  moment, 
and  flap  hinge  moments  were  measured  throughout  the  angle- 
of-attack  range,  from  positive  to  negative  stall  of  the 
airfoil,  at  2°  intervals  of  angle  of  attack. 


Precision 

The  maximum  error  in  the  angle  of  attack  or  in  flap 
setting  appears  to  be  about  ±0.2°.  An  experimentally 
determined  correction  has  been  applied  to  the  lift  but  not 
to  the  hinge  moments.  The  hinge  moments  are  probably 
slightly  higher  than  would  be  obtained  in  free  air.  It 
should  be  noted  that  the  drag  of  the  basic  0009  airfoil 
is  somewhat  higher  than  is  obtained  in  other  tests  at  the 
same  Reynolds  number. 

RESULTS  AND  DISCUSSION 
Symbols 

c^  airfoil  section  lift  coefficient  (Z/qc) 

C(Jq  airfoil  section  profile-drag  coefficient  (do/qc) 
c^jj  airfoil  section  pitching-moment  coefficient  (m/qc^) 
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C|j  flap  section  hinge-monient  coefficient  (h/qcf^) 

Oq  angle  of  attack  of  infinite  aspect  ratio 
tte  equivalent  angle  of  attack 
6f  flap  angle  with  respect  to  airfoil 

t airfoil  section  lift 

do  airfoil  section  profile  drag 

m airfoil  section  pitching  moment  about  quarter-chord 

point  of  airfoil 

h flap  section  hinge  moment 

c chord  of  airfoil  with  flaps  neutral 

C£  flap  chord  ' 

Cb  chord  of  beveled  portion  of  flap 

Section  data  are  plotted  in  figure  4,  Figures  5 and 
6,  cross-plotted  from  the  section  data»  show  typical  varia- 
tions of  lift  and  hinge  moment  and  Illustrate  the  magnitude 
of  the  effect  obtainable  with  a moderate  and  with  an  extremely 
blunt  bevel.  It  will  be  noted  that  the  reduction  in  hinge 
moment  outweighs  the  loss  in  lift  and  also  that  the  reduction 
in  9cjj/9aQ  is  greater  than  the  reduction  in  9ch/35£. 

The  lift  of  the  airfoil  with  the  control  free  is  therefore 
actually  greater  for  the  blunt  trailing  edge  than  for  the 
plain  flap.  The  results  for  the  plain  flap  are  taken  from 
reference  1,  part  I. 

The  results  given  for  the  flap  with  beveled  trailing 
edge  are  for  the  gap-sealed  condition.  The  tests  with  the 
gap  open  showed  no  noteworthy  results  beyond  the  loss  in 
efficiency  usually  associated  with  this  condition. 

Table  III  summarizes  several  important  characteristics 
of  the  shapes  tested.  The’ values  given  in  the  table  apply 
to  a fairly  wide  angular  range.  An  idea  of  the  deviations 
from  linearity  may  be  obtained  by  inspection  of  figure  4. 

The  results  show  an  interesting  difference  in  the 
behavior  of  the  elliptical  and  the  beveled  trailing  edges. 

The  bluntest  elliptical  shape,  which  was  simply  a circular 


286 


rounding,  increased  the  floating  tendency  and  the  drag  but 
had  no  appreeiable  effect  on  Bch/95f  or  dci/da^.  In 

this  case  the  curvature  of  the  surface  is  so  great  that 
the  flow  apparently  leaves  the  airfoil  as  if  the  end  ha4 
been  cut  off  square.  The  increment  of  drag  coefficient  in 
this  case  is  approximately  0.0028,  The  moderately  beveled 
or  tapered  shapes , the  0.20  cf  and  0.15  c^  bevels , on 
the  other  hand,  showed  less  than  0.0004  increase  in  drag 
coefficient,  indicating  fairly  complete  closure  of  the  flow 
behind  the  airfoil.  This  small  drag  increase,  together 
with  the  regularity  of  the  hinge-moment  variation,  indicates 
that  the  balancing  action  of  the  moderate  shapes  does  not 
depend  on  a pronounced  separation  of  flow  but  on  more  or 
less  progressive  changes  in  the  boundary-layer  thickness 
on  the  two  sides  of  the  bevel.  As  the  angle  of  the  bevel 
becomes  steeper,  the  closure  of  the  flow  becomes  less  com- 
plete and  the  balancing  action  becomes  more  pronounced 
though  somewhat  irregular  and  may  involve  complete  separa- 
tion on  one  side  or  the  other.  The  critical  angle  in  the 
present  tests  was  that  of  the  0.13  cf  bevel. 

As  will  be  noted  in  table  III,  the  airfoil  pitching 
moments  follow  the  variation  that  might  be  expected  from  the 
hinge  moments-  In  the  most  extreme  case  (0.10  Cf  bevel), 
the  aerodynamic  center  was  shifted  0.051c  ahead  of  the 
quarter-chord  point . 

From  a practical  standpoint  the  most  interesting  re- 
sults are  those  obtained  with  the  moderately  beveled  and 
elliptical  shapes  (0.15  cg  to  0.20  Cf  bevels).  Thus 
the  0.20  Cf  bevel  shows  nearly  50-percent  reduction  in 
9cj^/9(Sf  and  more  than  50-percent  reduction  in  9ch/9ao> 
as  compared  with  the  plain  flap . The  drag  increments 
are  not  so  great  as  those  obtained  in  comparable  tests 
(reference  1)  of  the  conventional  inset-hinge  balance  with 
the  medium  or  tapered  nose  but  are  greater  than  those  ob- 
tained with  the  blunt  nose  balance.  Inasmuch  as  the 
beveled  trailing  edge  is  ef f active  in  reducing  the  float- 
ing moment,  the  lift  of  the  airfoil  is  greater  with  the 
control  free  than  with  the  plain  or  the  inset-hinge  flap. 

It  is  frequently  found  that  full  balance  cannot  be 
obtained  in  a satisfactory  manner  by  the  use  of  a single 
device;  for  example,  a large  degree  of  balance  with  the 
inset-hinge  type  of  control  surface  requires  such  a long 
overhang  that  the  permissible  deflection  of  the  flap  is 
limited.  The  use  of  a large  horn  balance  introduces 
structural  difficulties.  It  is  helpful,  therefore,  to 
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have  available  several  Independent  means  of  reducing  hinge 
moments.  The  beveled  trailing  edge  should  be  especially 
useful  in  combination  with  other  types  of  balance,  because 
it  involves  no  additional  linkages.  Also,  it  is  occasion- 
ally found  desirable  to  increase  the  hinge  moments  slightly 
as  a final  adjustment  during  flight  tests.  Such  an  adjust- 
ment might  be  provided  by  the  addition  of  a thin,  sharp 
edge. 

The  present  tests  are  too  limited  to  furnish  more 
than  very  general  information  on  the  effects  of  traillng- 
edge  shape.  Thus,  the  variations  with  flap  chord,  Reynolds 
number,  or  airfoil  section  have  not  been  explored.  In  any 
event,  it  is  to  be  expected  that  the  effect  of  tralling-edge 
shape  will  be  greatly  magnified  as  the  chord  of  the  flap  is 
reduced  - a fact  that  makes  it  necessary  to  employ  a certain 
amount  of  care  in  the  construction  of  the  trailing  edge. 


CONCLUSIONS 


The  beveled  trailing  edge  provides  a convenient  means 
of  reducing  the  hinge  moments  of  control  surfaces.  In  the 
present  tests,  a moderate  bevel  on  a 30-percent-chord  flap 
produced  a 50-percent  reduction  in  the  hinge  moment  cause 
by  a given  deflection  of  the  flap.  This  balancing  effect 
extended  over  a wide  angular  range  and  showed  a smooth 
variation  with  angle  of  attack  and  with  flap  deflection. 

The  profile-drag  coefficient  showed  an  increase  of  0.0004. 

Overbalance  and  reversal  of  the  floating  tendency  over 
a small  angular  range  were  obtained  when  rather  blunt  bevels 
were  tested.  The  effect  of  tralling-edge  shape  is  expected 
to  be  even  more  pronounced  as  the  chord  of  the  flap  is  re- 
duced, indicating  the  necessity  for  careful  construction 
of  narrow  flaps. 


National  Advisory  Committee  for  Aeronautics, 
Langley  Memorial  Aeronautical  Laboratory 
Langley  Field,  Va. 
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TABLE  I 


ORDINATES  OF  MODIFIED  NACA  0009  AIRFOIL 
[Stations  and  ordinates  in  percent  airfoil  chord] 


Stations 

Ordinates 

^ 0 

0 

1.25 

±1.42 

NACA 

2.5 

±1 . 96 

0009 

5.0 

±2.67 

airfoil 

7.5 

±3.15 

section  J 

10 

±3 . 51 

15 

±4.01 

20 

±4.3  0 

25 

±4.4  6 

30 

±4.50 

40 

±4.35 

50 

±3.97 

^ 60 

±3.42 

Straight 

7 0 

±2.83 

portion  ^ 

80 

±2.25 

90 

±1 . 67 

100 

±1.08 

L.  E.  radius:  0.89 
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XABIE  III  .<  SUMMARY  OF  CHARACTERISTICS  OF  TRAILinG>EDaE  SHARES  TESTED 


Figure  1.-  The  effect  of  flow  aroxmd  the  trailing  edge  on  the  lift 
distrihution. 
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Flaps  with  ellipfical  f railing  edges 


Flaps  with  beveled  trailing  edges 


Figure  2.*  Traillng-edge  modlflcatione.  Dimensions  are  in  percent  of  airfoil  chord. 
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Angle  of  attack,  «^o  > ^o<9  coe  fficient,  Flop  section  hinge - moment  coefficient, 


Airfoil  section  pitching -moment 

Angle  of  attack,  deg  coefficient,  Hap  section  hinge- moment  coefficient,  Cf^ 


i^CA 


Fiaiire  5.-  Typical  variations  of  lift  and  hinge  moment  with  angle  of 
attack.  6^=0°. 
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IIACA 


Pigure  6,-  Typical  variatioas  of  lift  said  hinge  mcanent  with  flap 
deflection,  a = 0°. 
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DETERMINATION  OF  OPTIMUM  PLAN  FORMS  FOR  CONTROL  SURFACES 


By  Robert  T.  Jones  and  Doris  Cohen 


SUMMARY 

A theoretical  analysis  is  made  to  determine  the  optimum 
chord  distribution,  location,  and  extent  oj  control  surfaces, 
with  the  ratio  of  hinge  moment  to  effectiveness  as  the  cri- 
terion. Expressions  for  the  effectiveness  — - for  ailerons, 
the  rolling  moment,  and  for  tail  surfaces,  the  change  of 
lift  on  the  tail  due  to  deflection  of  the  surface — were 
derived  from  lifting-line  theory. 

Solutions  found  for  a range  of  airfoil  plan  forms  indi- 
cate that,  regardless  of  the  characteristics  of  the  tail  sur- 
face, the  chord  of  the  rudder  or  of  the  elevator  should  he 
very  nearly  constant  over  its  span.  The  optimum  ailerons 
are  also  of  a characteristic  shape,  varying  little  with  the 
plan  form  of  the  wing. 

INTRODUCTION 

One  of  the  primary  difficulties  in  airplane  desi^  has 
been  to  keep  the  stick  forces  required  to  deflect  the 
control  surfaces  at  reasonably  low  values.  This  prob- 
lem has  inevitably  increased  in  seriousness  with  the 
size  and  the  speed  of  modem  airplanes.  There  is  as 
yet,  however,  no  basic  principle  of  control-surface 
design  that  engineers  will  agree  minimizes  the  ratio  of 
stick  force  to  effectiveness.  Examination  of  typical 
designs  indicates  that  hinge-moment  reductions  as 
great  as  40  percent  may  be  achieved  in  some  cases 
without  lowering  the  effectiveness  of  the  flap;  that  is, 
the  efficiency  may  be  increased  by  two-thirds. 

The  present  study,  which  neglects  structural  and 
similar  considerations,  is  a mathematical  analysis  lead- 
ing to  the  plan  forms  for  rudder,  elevator,  and  ailerons 
that  will  be  most  effective  in  producing  a given  amount 
of  control  with  the  least  operating  force.  The  solutions 
are  applicable  to  any  airfoil  of  conventional  plan  form 
to  the  same  extent  as  are  the  usual  assumptions  of  the 
aerodynamic  theory  of  airfoils,  on  which  the  analysis 
is  based.  Further  discussion  covers  the  extent,  the 
location,  and  the  shape  of  partial-span  control  surfaces 
to  give  the  greatest  efficiency. 

THEORETICAL  ANALYSIS 

It  is  required  to  find  the  plan  forms  for  rudder, 
elevator,  and  ailerons  that  will  require  the  least  stick 
force  to  produce  a fixed  amount  of  control  per  unit 


deflection  of  the  surface.  This  is  a problem  in  the 
calculus  of  variations,  in  which  the  expression  for  the 
effectiveness  is  the  integral  to  be  kept  constant;  the 
expression  for  the  hinge  moment  is  the  integral  to  be 
minimized;  and  the  hinge  line,  defined  by  a relation 
between  the  spanwise  station  and  the  ratio  of  flap 
chord  to  airfoil  chord,  may  be  considered  the  path  of 
integration  to  be  determined  so  as  to  satisfy  the  fore- 
going conditions.  In  the  case  of  a rudder  or  an  elevator, 
the  effectiveness  is  measured  by  the  change  of  lift  on 
the  tail  surface  produced  by  deflection,  of  the  flap ; in 
the  case  of  ailerons,  it  is  measured  by  the  rolling  mo- 
ment produced. 

It  will  be  seen  in  the  course  of  the  discussion  that 
all  constant  factors  may  be  combined  in  the  final  result 
into  a single  factor  of  proportionality.  All  the  func- 
tions and  relations  discussed  hereinafter  will  therefore 
be  treated  without  regard  to  such  factors. 

The  following  symbols  will  be  used  in  the  develop- 
ment: 

b span  of  airfoil 

V spanwise  station  measured  from  plane  of 

symmetry 


$—QOS 

Ah 


-iJL 

6/2 


Acci 


Cl 

c 


parameter  indicating  spanwise  station 

lift  per  unit  span  at  any  section  due  to  unit 
flap  deflection 

change  in  effective  angle  of  attack  at  any 
section  due  to  unit  flap  deflection 
section  lift  coefficient 
chord  of  airfoil 


Cf 

r 

Cs 

h 

a^ 

H 

Ai,Bj,Cjc 

Ai 

A2 

Kn 

X 


chord  of  flap 

ratio  of  flap  chord  to  airfoil  chord  (c//c) 
chord  of  airfoil  at  plane  of  symmetry 
angle  of  flap  deflection 
section  lift-curve  slope 
aspect-ratio  parameter 
hinge  moment 
Fourier  series  coefficients 
Fourier  series  coefficient  proportional  to  lift 
Fourier  series  coefficient  proportional  to 
moment 

constants  determined  by  0"s  and  y. 
arbitrary  proportionality  factor 
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The  expression  for  effectiveness  is  obtained  with  the 
aid  of  the  Lotz  method,  an  outline  of  which  is  found 
in  reference  1.  Results  obtained  by  this  method  check 

reasonably  well  with  experiment  except  for  aspect 

ratios  less  than  2. 

If  the  lift  distribution  over  the  airfoil  is  given  by  the 
Fourier  series 

CO 

AlrOcy^Ai  sin  id  (1) 

i=l 

the  angle-of-attack  distribution,  by  the  series 

Gp 

Aai  sin  B oc^Bj  sin  jd  (2) 

and  the  chord  distribution  of  the  airfoil,  by 

— cos  2Ar9  (3) 

c k=l 

then  the  coefheients  of  the  series  are  connected  by  the 
relation 


Xlftfccos  2kdy^.A f sin id-\- uLy^.iAi  sin  id sin  id  (4) 

k i i j 

or 

S2^f<^2fc[sin  {i-i-2k)d-\-sin  ii—2k)d] 

k i 

sin  id^2Y^Bj  sin  jd  (5) 

i j 

This  identity  is  equivalent  to  tlie  set  of  simultaneous 
equations  obtained  by  equating  coefficients  of  terms  in 
the  same  multiple  of  d ; thus,  for  each  value  of  jj 

(_  i:A,ak+ ia-^2jfj)Aj=2Bj  (6) 

A=0  i = l 

where  i and  k are  limited  to  values  such  that  2^—  ±j. 

The  plan  form  of  the  airfoil  under  consideration  will 

determine  the  values  for  and  will  probably  be 

approximated  closely  enough  with  a series  of  two  or 
three  terms.  (It  should  be  noted  that  the  values  of 
0-21:  depend  only  on  the  distribution  of  the  chord  length 
rather  than  on  the  actual  plan  form.)  The  B's  can 
be  expressed  as  functions  of  the  ratio  r of  flap  cliord  to 
airfoil  chord.  This  ratio  will  be  considered  the  depend- 
ent variable,  to  be  found  as  a function  of  the  spanwise 


station 


6/2’ 


or  of  6. 


The  set  of  simultaneous  equations 


may  now  be  solved  for  Ai^  which  is  proportional  to  the 
total  change  in  lift  due  to  deflection  of  the  flap,  and  for 
A2,  which  is  proportional  to  the  rolling  moment. 

It  should  be  possible  to  limit  the  number  of  equations 
to  six  or  eight  without  introducing  any  noticeable  inac- 
curacies. Only  odd  values  of  .7,  mOT^over,  are  involved 
in  the  solution  for  Ai  and  only  even  values  are  involved 
in  the  solution  for  A2.  The  value  of  Ai  will  be  found 
to  be  proportional  to  an  expression  of  the  form 

KiBi-\- K^BzA-  , . .-\-K2n~1B2n-1  • • • (7) 

and  A2  will  be  proportional  to  Y^^^nBonj  where  Kn  is  a 
constant  determined  by  the  C's  and  ju.  From  equation 
(2) 


BnCC 


sin  d sin  nd  dB 


(8) 


Substitute 

in  expression  (7) ; then 

xdiocj*  A«i(r)  sin  d Fi0)  dd 

(9) 

where 

FAd)  = Y^K2n~\  sin  (271—1)0 

(10) 

Similarly, 

.A2OC J*  A«i(r)  sin  0 Ft{d)  dd 

(11) 

where 

F2 (0)  —^Kzn  sin  2ri0 
n 

(12) 

A curve  for  Aai  as  a function  of  r,  representing  a 
summary  of  avaflable  experimental  data  on  sealed- 
hinge  flaps,  is  given  in  %ure  1.  (A  theoretical  curve 

Figure  1.— Flap-effect  curves  for  flaps  with  sealed  hinges.  (Theoretical  curve  from 
reference  2.)  5/<±20*^. 


taken  from  reference  2 has  been  included  in  fig.  1 for 
comparison.)  This  empirical  curve  is  closely  approxi- 
mated, for  flaps  up  to  70-percent  chord,  by  the  equation 


Aai  = l.lV  r 

(13) 

Then 

AiOC  J*  -y/r  sin  0 F\(0)  dd 

(14) 

and 

A20C  J*  ^/r  sin  0 i^2(0)  dd 

(15) 

The  expressions  for  the  lift  and  the  rolling  moment 
obtained  by  this  method  take  into  accoimt  the  impor- 
tant effect  of  the  aerodynamic  induction  associated 
with  airfoils  of  finite  span.  In  the  expression  for  the 
hinge  moment,  this  factor  will  be  neglected;  that  is, 
the  end  loss  in  aerodynamic  loading  and  a variation, 
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caused  by  the  floating  tendency  of  the  flap,  in  the  hinge 
moment  developed  by  the  induced  downwash  will  be 
omitted.  Both  of  these  effects  are  small  for  narrow- 
chord  flaps.  Without  these  effects  the  hinge  moment 
is  simply  proportional  to  the  square  of  the  flap  chord 
at  each  section.  Thus, 

Hoc  ^ sin  d dd  (16) 

This  assumption  checks  reasonably  well  with  experi- 
ments. 

The  problem  may  now  be  restated  in  more  specific 
terms:  to  find  r as  a function  of  0 so  that  H is  a minimum 
for  a fixed  value  of  Ai  (or  ,^2).  Clearly,  an  equivalent 
condition  would  be  that  be  rendered  a mini- 

mum, where  X is  a parameter  associated  with  the  value 
of  A required.  This  condition  is  satisfied  only  if  the 
variation  of  the  integTand  of  the  sum  with  the  depend- 
ent variable  is  equal  to  zero. 


Thus, 

■^[rVsin  sin  0 F(0)  =O] 

(17) 

Then 

sin  sin  $ F{d)  =0 

2Vr 

(18) 

or 

4 2 

rocc  3[F(0)]3 

(19) 

and 

(20) 

which  is  the  most  general  form  of  the  desired  solution. 
In  particular,  if  airfoils  defined  by  two  coefficients  Cq 
and  C2  are  considered, 


^ G)+A  cos  2d 

/^>=[(a,+7M)(C„+5M)«7„+3M)-^(q,+5M)]  sin  6 

- f [(<7o+ 7(x)  ia+  5m)  -(f  y]  sin  30 

+(y)  (C)+7m)  sin  50— (y)  sin  70  (22) 

and 

f’2=[«?o+  8m)  (C„+  6m)  «7„+ 4m)  - ~«7„+6m)]  sin  20 

-f  [(<^o+8m)  (a+6M)  -(f  J]  sin  40 

+(y)  (C>+8m)  sin  60— (y)  sin  80  (23) 

RESULTS  AND  DISCUSSION 
The  method  just  developed  has  been  applied  to  air- 
foils with  the  following  chord  distributions: 

?5^=2.071  -0.6004  cos  20  (blunt) 

^^=2.356  ((‘lliptical) 

^1^=2.926+0.0755  cos  20  (tepemi) 


The  elliptical  distribution  and  the  degrees  of  taper  repre- 
sented by  the  relations  C2/C0  — dbl/3  were  chosen  to 
give  an  inclusive  indication  of  the  range  and  the  man- 
ner of  variation  of  the  solutions.  Particular  values  of 
Co  were  determined  by  the  condition  that  the  airfoils 


FjauBE  2.— Airfoil  plan  forms  defined  by  the  two-term  series:  ~^>=^C(i+Ctfios^. 
Aspect  ratio,  6. 


be  of  unit  semispan  and  aspect  ratio  6.  The  resulting 
chord  distributions,  plotted  about  a straight  50-percent 
chord  line,  are  shown  in  figure  2. 

The  solutions  were  found  to  be  strikingly  independent 
of  the  form  of  the  airfoil.  In  figure  3,  the  shapes  for 
the  movable  surfaces  are  shown  for  the  three  airfoils 
just  described.  The  optimum  ailerons  are  seen  to  vary 
hardly  at  all  from  airfoil  to  airfoil.  The  outlines  for 
maximum  lift  efficiency,  although  differing  slightly, 
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nevertheless  suggest  the  general  conclusion  that  the 
most  desirable  control  surfaces  in  this  respect  are  of 
nearly  constant  chord. 

From  this  result  it  follows  that  the  most  efficient 
airfoil  plan  form  for  longitudinal  control  is  also  one  of 
nearly  constant  chord,  because  such  a combination  of 
airfoil  and  flap  wiU  have  a nearly  uniform  distribution 


Figure  4.~Airfoils  of  figure  3 with  flaps  of  optimum  plan  form  for  lift.  Average 
chord  ratio,  20  percent. 


of  effective  angle  of  attack.  Calculations  also  show 
that,  if  each  of  the  airfoils  given  by  the  foregoing  distri- 
butions were  provided  with  a flap  of  optimum  shape,  a 
somewhat  smaller  movable  surface,  and  hence  a smaller 
hinge  moment,  would  be  required  to  increase  the  lift 
on  the  blunt  wing  a given  amount  per  unit  deflection 
than  on  either  of  the  other  two.  Gn  the  other  hand, 
since  aileron  effectiveness  depends  on  the  ratio  of  rolling 
moment  to  damping  moment,  a tapered  wing  is  seen  to 
be  most  efficient  for  lateral  control. 

In  figure  4 the  flaps  are  plotted  in  relation  to  the 
airfoils.  The  flaps  as  drawn  are  20  percent  of  the  mean 
chord  of  the  airfoil.  It  will  be  noted  that,  for  the 
tapered  airfoil,  this  is  the  maximum  width  at  which  the 
shape  of  the  flap  can  be  maintained.  Ordinarily  as 
high  a taper  as  shown  would  not  be  used  and  a 20-percent 
or  wider  flap  would  be  possible.  It  is  not  important. 


in  any  case,  to  hold  rigidly  to  the  optimum  shape  at 
the  extreme  tip  if  such  a design  introduces  a cusp  in 
the  fixed  portion  of  the  surface. 

The  corresponding  presentation  of  the  solution  for 
the  aileroi^  is  given  in  figure  5.  The  ailerons  shown 
are  approximately  15  percent  of  the  mean  chord  of  the 
airfoO.  Seen  in  this  aspect  ratio,  the  ailerons  appear 
not  to  vary  greatly  in  width  over  theh  span.  As  is  to 
be  expected,  however,  they  do  taper  off  somewhat 
toward  the  center  where  the  small  moment  arm  would 
obviously  make  a larger  area  inefficient. 

The  choice  of  a straight  hinge  line  has  led  to  the  intro- 
duction of  sweepback  in  these  plan  forms.  It  should 
be  remembered,  however,  that  the  solutions  as  expressed 
by  figure  3 are  mathematically  very  general  ones  and 
cover,  within  the  limits  of  accuracy  of  the  lifting-line 
theory,  any  width  of  flap,  any  shape  of  hinge  line  or 
quarter-chord  line,  and  any  normal  aspect  ratio.  The 


Figure  6.— AirioQs  of  fi^e  3 with  ailerons  of  optimum  plan  form.  Average  Chord 
ratio,  15  percent. 


aspect  ratio,  in  jLi,  affects  the  expressions  for  F (6)  in  equa- 
tions (22)  and  (23),  but  calculations  made  for  an  aspect 
ratio  of  2 resulted  in  outlines  that  could  not  be  differen- 
tiated in  plotting  from  those  given  in  figure  3 . Thus,  the 
aspect  ratio  enters  the  solutions  only  in  so  far  as  it  limits 
the  applicability  of  the  lifting-line  theory.  The  solu- 
tions are  also  expected  to  apply  in  a general  way  to 
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unsealed  flaps  which.,  although  less  effective  than  sealed 
flaps,  may  be  supposed  to  show  similar  variations  of 
effectiveness  with  chord, 

A separate  investigation  was  made  to  determine  on 
which  of  the  airfoils  considered  the  derived  control 
surfaces  would  produce  the  most  hft  for  a given  hinge 
moment,  with  a view  to  estimating  the  loss  resulting 
from  the  use  of  a tapered  stabilizer.  The  calculated 
difference  of  8 percent  between  the  tapered  and  the 
blunt  airfoils  was  not  so  great  as  might  have  been 
expected.  It  is  supplemented,  however,  by  other  aero- 
dynamic effects  such  as  fuselage  interference,  which 
may  make  the  use  of  area  near  the  fuselage  inefficient. 

Ailerons  on  a blunt  wing  would  similarly  give  more 
rolling  moment  for  a certain  hinge  moment  than  on  a 
more  tapered  wing.  Since  the  tapered  wing  requires 
less  powerful  ailerons  because  of  the  small  damping 
moment,  the  actual  rate  of  rolling  would  be  definitely 
greater  for  a given  hinge  moment;  thus  in  the  last 
analysis,  the  tapered  wing  must  be  considered  the  most 
efficient  from  considerations  of  aileron  control. 

PARTIAL-SPAN  FLAPS 

At  this  point  a question  arises  as  to  the  design  of 
partial-span  flaps,  their  shape,  optimum  length,  and 
location.  The  most  efficient  shape  for  such  flaps  can 
be  deduced  from  a review  of  the  preceding  develop- 
ment. If  a portion  of  the  airfoil  span  has  no  movable 
area,  the  value  of  Aai  will  be  zero  over  that  region  and 
the  expressions  for  Ay  and  A2  given  in  equations  (14) 
and  (15)  wOl  reduce  to  integrals  covering  only  flapped 
portions  of  the  span.  The  limits  for  H given  in  equa- 
tion (16)  may  be  similarly  changed.  Then  the  reason- 
ing remains  the  same  ; only  the  limits  of  integration  are 
changed  to  agree  with  the  extent  of  the  flap  and,  these 
limits  being  identical  for  the  functions  involved,  the 
relations  between  the  integrands  may  be  expressed  as 
before  and  the  same  solutions  wOl  be  obtained.  It 
follows  that  flaps  extending  over  a part  of  the  span  of 
an  airfoil  should  have  the  same  shape  as  the  portion  of 
a flap  of  optimum  shape  covering  that  same  part  of 
the  span. 

Another  interesting  characteristic  of  these  shapes, 
one  from  which  further  deductions  concerning  partial- 
span  flaps  may  be  made,  appears  when  the  solution 
given  in  equation  (19)  is  substituted  m expressions 
(14),  (15),  and  (16)  for  the  effectiveness  and  the  hinge 
moment.  It  is  seen  that  the  integrands  of  these  expres- 
sions are  identical  except  for  the  discarded  factors  of 
proportionality.  This  fact  may  be  interpreted  as 
meaning  that  the  surfaces  foundhave,  for  any  partic- 
ular solution,  a constant  ratio  of  effectiveness  to  hinge 
moment  all  along  the  span,  or  that  any  portion  of  a 
given  flap  of  optimum  shape  is  as  efficient  as  any  other 
portion. 

This  characteristic  leads  again  to  the  conclusion  that 
partial-span  flaps  should  be  segments  of  the  optimum 
full-span  shapes.  The  extent  and  the  location  of  the 


flaps  for  greatest  efficiency  are  also  indicated  by  these 
considerations.  If  the  ratio  for  a given  shape  is  eveiy- 
where  the  same,  the  greatest  lift  or  rolling  moment  must 
be  contributed  by  the  element  of  the  flap  that  has  the 
maximum  chord  (and  therefore  the  maximum  hinge 
moment) . If  any  other  element  of  equal  span  is  to  be 
used  to  develop  the  same  lift,  that  element  must  either 
be  deflected  through  a greater  angle  or  increased  in 
width.  It  is  assumed  that  the  maximum  degree  of 
control  possible  within  the  efficient  range  of  flap  deflec- 
tion, which  is  about  ±20°,  is  desired,  and  the  control 
should  therefore  not  be  increased  at  the  expense  of 


Figure  6,— Rolling-moment  and  hinge-moment  curves  for  partial-span  ailerons. 

Elliptical  wing;  aspect  ratio,  6. 

flap  deflection.  If  the  chord  is  increased,  it  will  be 
with  the  square  of  the  lift  (equation  (13))  and  the 
hinge  moment  will  then  be  increased  with  the  square  of 
the  chord  (equation  (16))  or  the  fourth  power  of  the 
lift.  The  conclusion  is  obvious:  The  most  efficient 
flap  of  a given  span  will  cover  the  portion  over  which 
the  ordinates  of  figure  3 are  the  greatest.  This  result 
is  of  particular  significance  as  apphed  to  ailerons,  which 
should  therefore  extend  inward  from  the  tips. 

It  also  foUows  that  the  greatest  efficiency  is  obtained 
by  using  the  longest  possible  control  surfaces.  Shorter 
flaps  must  of  necessity  be  wider  to  produce  the  same 
effect,  and  the  increase  in  chord  causes  a sharp  drop 
in  efficiency.  This  consideration  should  influence  not 
only  the  design  of  the  flaps  but  also  the  design  of  the 
tail  surfaces  themselves. 

Figures  6 and  7 are  a quantitative  representation  of 
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the  situation.  In  these  figures,  tbe  ‘‘hinge-moment 
factor”  is  the  number  by  which  the  hinge  moment  of 
the  partial-span  control  surfaces  would  be  multiplied  if 
their  effectiveness  were  increased  (by  increasing  the 
chord)  to  equal  that  of  the  full-span  surfaces.  The 
“rolling-moment  factor”  is  the  rolling  moment  devel- 
oped by  partial-span  ailei-ons  (to  the  tip)  of  optimum 
shape,  expressed  as  a fraction  of  the  moment  developed 
by  the  full-span  ailerons  of  which  they  are  a part. 

In  the  case  of  ailerons,  the  loss  of  efficiency  is  not 
very  great  if  the  extreme  inboard  portion  is  dispensed 
with,  but  the  rate  at  which  the  efficiency  drops  increases 
rapidly  as  the  span  of  the  ailerons  is  lessened.  For 
example,  if  on  a particular  wing  only  the  outer  60  percent 
of  the  optimum  ailerons  of  a certain  percentage  chord 
were  used,  approximately  16  percent  of  the  rolling  mo- 
ment would  be  sacrificed.  If  it  were  desired,  however, 
to  retain  the  full  power  of  the  control,  a 60-percent 
increase  in  hinge  moment  would  be  incurred;  or,  from 


Fi  c.  u R E 7 . — H inge-moment  and  ofTecti  vencss  curves  for  partial-span  flaps . ElHpl  ieal 
tail  surface;  aspect  ratio,  6. 

another  point  of  view,  a 60-percent  aileron  will  always 
require  an  operating  force  60  percent  greater  than  is 
entirely  necessary  for  tlie  same  effectiveness.  If  only 
40  percent  of  the  span  is  used  for  control,  the  hinge 
moment  required  will  be  almost  three  times  as  great  as 
for  equally  effective  60-percent-span  ailerons  and  4.4 
times  as  great  as  for  full-span  ailerons. 

The  corresponding  curves  for  the  elevator  (fig.  7) 
show  a much  sharper  decline  in  efficiency  as  the  flaps 
are  shortened  along  the  span.  Because  the  fixed  surface 
between  flaps  (or  the  cut-out)  is  seldom  more  than  15 


percent,  however,  the  resultant  increase  of  control  force 
is  not  so  great  as  for  partial-span  ailerons. 

Application  of  the  principles  outlined  has  been  made 
to  a modern  airplane,  with  ailerons  as  shown  in  figure  8. 
Calculations  indicate  a 30-percent  reduction  in  hinge 
moment  (with  no  loss  of  rolling  moment)  due  to  im- 
provement of  the  plan  form  of  the  ailerons  alone.  If 
an  additional  10  percent  of  the  semispan  were  allotted 
to  each  aileron,  the  required  operating  force  would  be 
reduced  to  45  percent  of  that  for  tlu‘  original  ailerons, 
and  the  efficiency  would  be  more  than  doubled. 


CONCLUSIONS 

Control  surfaces  of  maximum  efficiency  (requiring  a 
minimum  operating  force  to  achieve  a given  amount  of 
control)  may  be  designed  almost  without  regard  to  the 
characteristics  of  the  wings  or  tail  surfaces  to  which 
they  are  to  be  attached.  Except,  peahaps,  on  very 
low-aspect-ratio  tail  surfaces  (asp<T-t  ratio  less  than  2) , 
flaps  should  be  of  almost  constant  chord  over  the  span. 
The  optimum  shape  for  ailerons  is  of  maximum  width 
near  the  tip  of  the  wing  and  has  a sliglitly  convex 
curvature  as  it  tapers  toward  the  center.  Partial-span 
control  surfaces  should  be  sections  of  these  optimum 
shapes  and  should  include  the  regions  of  maximum 
chord.  For  maximum  efficiency,  however,  because  the 
hinge  moment  increases  as  the  fourth  power  of  the  lift 
when  the  gain  in  lift  must  be  achieved  by  increasing 
the  chord,  flaps  and  ailerons  should  be  as  long  and 
narrow  as  is  com])atible  with  structural  and  other  de- 
sign considerations. 
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EMERGENCY  MEASURES  FOR  INCREASING 
THE  RANGE  OF  FIGHTER  AIRPLANES 
By  Robert  T.  Jones  and  Joseph  W.  Wetmore 


SUMMARY 


An  analysis  was  made  to  show  the  relative  effective- 
ness of  streamline  external  fuel  tanks,  a fuel  tank  in 
the  form  of  a wing  mounted  in  a biplane  position,  and 
auxiliary  wing  panels  attached  at  the  wing  tips  to  in- 
crease the  span  as  temporary  means  for  increasing  the  f 
range  of  a fighter-type  airplane.  The  airplane  con- 
sidered is  representative  of  either  an  Army  or  Navy 
single-engine  heavy  fighter.  Figures  and  charts  for  the 
various  devices  considered  show  the  results  of  calcula- 
tions of  range,  duration  of  flight,  and  take-off  distance 
for  both  land-base  and  carrier  operation. 

The  results  indicated  that  the  wing-tip  extensions 
were  the  most  promising  of  the  devices  considered.  It 
was  estimated  that  10-foot  tip  extensions  - that  is,  an 
increase  in  span  of  20  feet  - used  in  conjunction  with  a 
streamline  external  fuel  tank  would  increase  the  range 
of  the  airplane  125  to  130  percent  without  any  increase 
in  the  distance  required  to  take  off  from  eithdr  a land 
base  or  a carrier.  With  5-foot  tip  extensions,  the  range 
would  be  increased  65  to  70  percent,  under  the  same  limi- 
tations. The  tank  wing  was  found  to  cause  some  reduction 
in  the  efficiency  of  the  airplane  in  terms  of  miles  per 
gallon.  The  added  area  would  permit  a greater  fuel  load 
to  be  carried,  however,  for  a given  take-off  distance  and 
the  range  would  thereby  be  increased.  For  a given  take- 
off  distance  from  a land  base,  the  calculated  increase  in 
range  due  to  the  tank  wing  was  about  45  percent.  The  in- 
crease for  a given  carrier  take-off  would  be  about  20 
percent.  Increasing  the  range  50  percent  by  carrying 
extra  fuel  in  a streamline  external  tank  without  any 
other  modifications  to  the  airplane  would  require  an 


increase  of  20  percent  in  take-off  distance  from  a land 
base  and  32  percent  from  a carrier. 


INTRODUCTION 


The  range  of  fighter-type  airplanes  is  ordinarily 
relatively  short  because  of  high  span  loading  and  limita- 
tions on  the  space  available  for  fuel.  Permanent  modi- 
fications in  the  design  of  the  airplane  to  achieve  longer 
ranges  would  not  be  acceptable  because  of  the  consequent 
impairment  of  other  characteristics  that  are  ordinarily 
of  greater  importance.  Under  certain  circumstances,  how- 
ever - for  example,  for  ferrying  purposes  - it  would  be 
of  great  value  to  increase  the  range  of  fighter  airplanes 
by  temporary  devices,  despite  sacrifices  in  other  perform- 
ance characteristics . ^ 

Considerable  increases  in  range  may  be  obtained  by 
carrying  streamline  external  fuel  tanks  but  only  at  the 
cost  of  a possibly  prohibitive  increase  in  take-off  dis- 
tance. Several  methods,  designed  to  increase  the  range 
without  increasing  the  take-off  distance,  have  been  sug- 
gested. One  of  these  methods  consists  essentially  in 
making  the  external  tank  in  the  shape  of  an  airfoil  to 
increase  the  total  wing  area.  Another  method  consists 
in  adding  area  at  the  wing  tips,  which  has  the  advantage 
of  increasing  not  only  the  wing  area  for  take-off  but 
also  the  span  and,  thereby,  the  efficiency  in  terms  of 
miles  per  gallon  of  fuel.  Such  area  might  be  added  in 
the  form  of  temporary  extensions  attached  in  place  of  the 
removable  fairings  on  the  original  wings. 

Determination  of  the  most  expedient  method  will  de- 
pend on  a number  of  factors  outside  the  field  of  the 
present  investigation,  such  as  pilot  endurance,  area 
available  for  take-off,  and  structural  considerations. 

The  following  analysis  is  intended  to  provide  a compar- 
ison of  the  suggested  methods  on  the  basis  of  maximum  at- 
tainable range,  flying  time  required,  and  take-off  dis- 
tances from  either  a land  base  or  a carrier.  The  cal- 
culations were  made  for  an  airplane  the  characteristics 
of  which  may  be  considered  representative  of  either  an 
Army  or  Navy  single-engine  heavy  fighter. 


ANALYSIS 


Airplane.-  The  characteristics  of  the  airplane  con- 


sidered in  the  analysis  are: 

Wing  area,  square  feet  .....  310 

Wing  span,  feet  ...................  41 

Wing  incidence  angle,  degrees  ............  2 

Ground  angle  (longitudinal  axis),  degrees  . . . . . . 12 

Empty  weight  (design  gross  weight  less 


normal  fuel  load),  pounds  . . . . 11,000 

f 

Engine  displacement,  cubic  inches  2800 

Supercharger  ...........  two-stage,  gear-driven 

Propeller  ...........  three-blade,  constant-speed 

Propeller  gear  ratio  ................  2:1 

Maximum  speed  at  sea  level,  miles  per  hour  .....  317 

Capacity  of  Internal  fuel  tank,  gallons  .......  300 


A sketch  of  the  airplane  with  a tank  wing'  of  300- 
gallon  capacity  (4-ft  chord  by  20-ft  span)  is  shown  in 
figure  1.  In  figure  2 the  airplane  is  shown  with  10-foot 
wing-tip  extensions  (area  Increase,  approx.  80  sq  ft)  and 
a 300-gallon  streamline  external  tank. 

Calculation  of  range.-  The  range  was  calculated  by 
the  Breguet  formula,  which  takes  account  of  the  continu- 
ous reduction  in  power  required  to  operate  at  constant 
lift-drag  ratio.  The  equation  is 

^ CD  ^°®e  w“ 
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where 


R range,  miles 

X]  average  propulsive  efficiency  during  flight 

C average  specific  fuel  consumption  during  flight, 
pounds  per  horsepower-hour 

L/D  lift-drag  ratio  of  airplane 

weight  of  airplane  at  take-off 

weight  of  airplane  with  tanks  empty 

Calculation  of  aerodynamic  efficiency  L/D,-  The 
values  of  aerodynamic  efficiency  L/D  for  use  in  the  ? 
range  equation  were  computed  from  the  relation 


L 

D 


1 

l,075f  . W/pV^ 
W/pV2  1.075  7Tb^2 


where 

f parasite  area  of  airplane 

W weight  of  airplane 

p mass  density  of  air 

V true  airspeed,  miles  per  hour 

effective  span 

For  the  original  airplane,  the  value  of  f was  calcu- 
lated from  consideration  of  the  maximum  speed  and  corre- 
sponding power  output  of  the  engine.  Increments  in  para- 
site area  due  to  the  external  tanks,  the  tank  wing,  and  the 
wing-tip  extensions  were  estimated  by  determining  the  wetted 
areas  of  these  additions  and  multiplying  by  a skin-friction 
coefficient  of  0.005,  representative  of  a turbulent  boundary 
layer.  For  the  streamline  external  tanks,  the  wetted  area 
was  assumed  to  be  that  of  an  ellipsoid  of  revolution  having 
a fineness  ratio  of  5 and  providing  the  desired  volume.  The 


drag  of  a faired  tank  has  been  found  to  be  slightly  less 
than  that  obtained  by  this  method. 

For  the  normal  airplane  and  the  airplane  with  wing- 
tip  extensions,  the  effective  span  b^  was  assumed  to  be 
90  percent  of  the  actual  span.  For  the  tank  wing,  the 
effective  span  was  taken  as  the  effective  span  of  the 
original  airplane  multiplied  by  Munkls  span  factor;  the 
value  of  the  factor  for  the  configuration  assumed  (fig.  1) 
was  taken  from  reference  1;  and  the  assumption  that  the 
lift  would  be  distributed  between  the  two  wings  in  pro- 
portion to  their  respective  areas  was  used. 

V 

The  curves  of  L/D  against  , where  W is 

/w/Wg 

the  airplane  weight  with  any  fuel  load  and  V is  the  true 
airspeed  at  an  altitude  of  10,000  feet,  are  plotted  in  fig- 
ure 3(a)  for  the  various  modifications  of  the  airplane. 

The  curve  for  a given  airplane  configuration  is  independent 
of  loading  when  plotted  in  this  manner. 

Calculation  of  engine-propeller  efficiency  n/C.- 
Values  of  propulsive  efficiency  n were  computed  from  full- 
scale  test  data  on  a suitable  propeller-nacelle  combination. 
Specific  fuel  consumption  C was  determined  from  manufac- 
turerls  performance  charts  for  the  engine  considered.  It 
was  assumed  that  the  engine  was  operating  in  low  blower  and 
subject  to  the  limitations  on  engine  speed  and  manifold 
pressure  specified  for  the  cruising  power  condition.  The 
values  of  C were  increased  5 percent  to  take  account  of 
oil  consumption.  The  maximum  value  of  the  ratio  n/C  was 
determined  for  several  values  of  brake  horsepower  at  each 
of  a number  of  airspeeds;  an  altitude  of  10,000  feet  was 
assumed.  It  was  found  that  the  maximum  value  of  n/C  at 
a given  airspeed  is  practically  unaffected  by  considerable 
variations  in  power,  with  the  result  that  a single  curve 
of  n/G  against  true  airspeed,  given  in  figure  3(b), 
could  be  used  for  all  the  airplane  modifications  considered. 

Betermination  of  loading.-  The  weight  of  fuel  carried 
was  estimated  on  the  basis  of  6 pounds  per  gallon.  This 
value  was  increased  5 percent  to  allow  for  oil  consumption. 
The  weight  of  the  streamline  external  fuel  tanks  and  the 
weight  of  the  tank  wing  were  assumed  to  be  15/85  of  the 
weight  of  the  fuel  the  tanks  are  capable  of  carrying.  The 
weight  of  the  wing-tip  extensions  was  taken  as  3 pounds  per 
square  foot  of  area  added.  The  loadings  used  for  the  sev- 
eral modifications  of  the  airplane  that  were  considered  in 


the  calculations  are  given  in  the  following  table: 


Condition 

Total  fuel 
capacity 
(gal) 

Empty 

weight 

(lb) 

Take-off 

weight 

(lb) 

W^/Wg 

Normal  airplane 

300 

11,000 

12,890 

1.172 

300-gallon  external 
tank  added 

600 

11,319 

15,092 

1.333 

5-foot  wing  tips 
added 

300 

11,155 

13,043 

1.168 

5-foot  wing  tips  and 
300-gallon  external 
tank  added 

600 

11,474 

15,247 

ll328 

10-foot  wing  tips 
added 

300 

11,300 

13,188 

1.166 

10-foot  wing  tips  and 
300-gallon  external 
tank  added 

600 

11,619 

15,392 

1.324 

Calculation  of  take-off  distance.^  Take-off  distances 
from  both  a land  base  and  a carrier  were  computed  for  the 
various  airplane  conditions.  For  the  land-base  take-offs, 
the  distance  required  to  clear  a 50-foot  obstacle  was  in- 
cluded. It  was  assumed  that  flaps  would  not  be  used  and 
that  there  was  no  wind.  The  ground-run  distances  were 
computed  by  the  method  of  reference  2.  The  take-off  speed 
was  taken  as  5 percent  in  excess  of  the  power-off  stalling 
speed  and  the  rolling-friction  coefficient,  as  0.05.  Air- 
run  distances  were  estimated  from  the  results  of  step-by- 
step  integrations  of  the  air-run  flight  path,  based  on 
the  assumption  that  the  lift  coefficient  at  which  the  air- 
plane takes  off  would  be  maintained  up  to  the  50-foot 
height.  For  the  carrier  take-offs,  only  the  distance  re- 
quired to  attain  take-off  speed  was  calculated.  Estimation 
of  take-off  speed  was  based  on  the  assumption  that  the  tail 
wheel  would  be  in  contact  with  the  deck  at  take-off.  The 
airplane  was  assumed  to  be  equipped  with  partial-span 
slotted  flaps  that  would  be  deflected  30°  for  carrier  take- 
offs. The  deck-wind  velocity  was  taken  as  25  knots  and  the 
rolling-friction  coefficient,  as  0.02,  The  method  of  refer- 


ence  2 was  used  for  the  calculation  of  the  take-off  dis- 
tances • 

For  both  land-base  and  carrier  take-offs,  account 
was  taken,  as  well  as  possible,  of  the  effects  of  slipstreaia 
and  proximity  of  the  ground.  Lift  increments  due  to  the 
slipstream  were  estimated  from  the  semiempirical  formulas 
given  in  reference  3,  The  parasite  drag  of  parts  of  the 
airplane  in  the  slipstream  was  assumed  to  be  increased  in 
proportion  to  the  increase  in  dynamic  pressure  in  the  slip- 
stream, It  was  assumed  that  the  induced  drag  associated 
with  the  lift  increment  due  to  the  slipstream  would  be  the 
same  as  though  this  lift  increment  were  obtained  with  a 
flap  having  a span  equal  to  the  slipstream  diameter.  The 
effects  of  ground  interference  on  the  lift-curve  slope  and 
induced  drag  were  estimated  on  the  basis  of  Wieselsberger Vs 
adaptation  of  biplane  theory  (reference  4). 


RESULTS  AND  DISCUSSION 


Chart  for  range  and  take-off  distance.-  A chart,  from 
which  the  range,  mean  speed  or  duration  of  flight,  and  take- 
off distances  from  a land  base  or  a carrier  may  be  estimated 
for  any  of  the  cases  considered,  has  been  constructed  from 
the  results  of  the  calculations  of  range  and  take-off  dis- 
tance and  is  given  in  figure  4.  Values  of  the  range  effi- 
ciency factor  are  plotted  in  the  upper  left-hand 

section  of  the  chart  against  a variable  speed  scale  just 
below.  This  plot  shows  lines  of  constant  mean  speed 
sloping  to  the  left  with  increasing  values  of  the  ratio  of 
take-off  weight  to  empty  weight,  given  on  the  diagonal  scale 
to  the  right,  and  thereby  takes  account  of  the  fact  that 

T1  L 

the  speed  corresponding  to  a given  point  on  the  ■ curve 

for  a given  condition  increases  with  increasing  weight. 
Inasmuch  as  the  value  of  n/C  (fig.  3)  for  a given  speed 
is  found  to  be  practically  independent  of  loading  for  the 
engine-operating  conditions  assumed,  the  value  corresponding 
to  a given  value  of  L/D  will  vary  somewhat  with  loading. 
The  variation,  however,  is  small  and  values  of  n/C  for 
the  airspeed  corresponding  to  the  average  of  the  full  and 
empty  loading  for  each  airplane  condition  were  therefore 

used  in  determining  the  ^ — 


curves . 


In  the  upper  right-hand  section  of  the  chart,  curves 
defining  the  relation  between  ^ ^ and  Wj./Wg  for  con- 
stant values  of  range  are  plotted.  The  lower  part  of 
the  chart  shows  the  variation  with  W^/Wg  of  take-off 
distance  from  a land  base  or  a carrier  for  the  various 
airplane  configurations. 


The  method  of  using  the  chart  is  indicated  in  fig- 
ure 4 by  the  dashed  lines  drawn  between  the  small  circles 
on  the  curves  and  scales.  The  case  illustrated  is  that  of 
estimating  the  maximum  range  and  duration  of  flight  of  the 
normal  airplane  for  which  the  take-off  distance  from  a land 
base  is  limited  to  2500  feet.  A line  is  drawn  vertically 
from  the  2500-foot  point  on  the  land-base  take-off  curve 
for  the  normal  airplane  through  the  W|./Wg  scale  and  up 
to  the  range  section.  Another  line  is  drawn  horizontally 

from  the  peak  of  the  proper  ^ curve  to  intersect  the 

vertical  line.  (It  will  be  noted  that  the  value  of  ^ — 

O 1/ 


is  between  the  peaks  of  the  no-external-tank  and  the  300- 
gallon-external-tank  curves  to  take  account  of  the  fact 
that  an  intermediate  external-tank  size  is  required  for 
the  case  assumed  in  the  example.)  The  intersection  of 
the  horizontal  and  vertical  lines  gives  the  value  of 
maximum  range  - about  2050  miles  for  the  example*  In 
order  to  estimate  the  mean  velocity,  a vertical  line  is 

„ Ij 

drawn  down  from  the  point  corresponding  to  the  value  of  r- 


used  in  determining  the  range.  The  point  of  intersection 
of  this  line  with  a horizontal  line  drawn  from  the  previously 
established  point  on  the  scale  gives  the  mean  speed 

of  the  flight  - about  206  miles  per  hour  for  the  example. 

The  duration  of  the  flight  is  given  by  dividing  the  range 
by  the  mean  speed  and  is  found  to  be  about  9.95  hours. 

The  same  procedure  would  be  followed  for  the  case  of  take- 
off from  a carrier,  using  the  carrier  take-off  curves  in- 
stead of  the  land-base  curves. 


Figures  5 and  6 have  been  prepared  from  the  chart  in 
figure  4 to  provide  a more  direct  comparison  of  the  various 
means  for  increasing  the  range.  Figure  5 shows  the  minimum 
take-off  distances  and  the  corresponding  duration  of  flight 
plotted  against  range.  Figure  6 gives  the  variation  of 
take-off  distances  with  range  when  the  duration  of  flight 
for  a given  range  is  the  same  for  all  cases  as  that  for  the 
original  airplane  operating  at  maximum  efficiency. 


Streamline  external  tank^-  In  figure  5 it  is  shown 
that,  by  increasing  the  fuel  capacity  of  the  airplane  from 
300  to  600  gallons  through  the  use  of  a streamline  external 
tank,  the  maximum  range  would  be  increased  from  about  1450 
to  2600  miles  or  about  80  percent*  The  take-off  distance 
from  a land  base  would  be  increased  from  2160  feet  to 
2960  feet  or  about  35  percent.  From  a carrier,  the  take- 
off distance  would  be  increased  from  308  to  500  feet  or 
about  62  percent.  The  extent  to  which  an  increase  in 
take-off  distance  from  a land  base  would  be  acceptable 
depends,  of  course,  on  the  size  of  airfield  available. 

For  carrier  operation,  however,  any  material  increase  in 
take-off  distance  would  probably  be  a serious  disadvantage. 

Tank  wing.-  The  tank  wing  is  essentially  a temporary 
means  of  providing  added  wing  area  in  order  that  the 
airplane  may  take  off  with  a greater  fuel  load  for  certain 
long-range  missions  and,  at  the  same  time,  provides  tank 
space  for  this  extra  fuel.  This  auxiliary  wing  would 
probably  be  mounted  as  the  upper  wing  of  a biplane  as 
shown  in  figure  1.  With  such  an  arrangement,  it  would  be 
theoretically  possible  to  increase  the  effective  span  of 
the  airplane  to  some  extent  but  the  high  aspect  ratio  that 
would  be  required  for  the  auxiliary  wing  would  probably 
unduly  complicate  the  structural  problems.  For  the  pur- 
poses of  this  analysis,  it  was  assumed  that  a tank  wing 
of  aspect  ratio  5 with  an  area  of  80  square  feet  and 
a fuel  capacity  of  300  gallons  would  represent  a reasonably 
practicable  case.  This  arrangement  entails  a reduction  in 
the  effective  span  of  the  combination  of  about  2 percent  in 
comparison  with  the  original  airplane.  The  wetted  area  and 
hence  the  parasite-drag  increase  due  to  the  tank  wing, 
furthermore,  is  about  twice  that  of  a body  of  revolution  of 
equal  volume.  As  a result,  the  airplane  with  the  tank  wing 
is  somewhat  less  efficient  than  the  airplane  with  a stream- 
line external  tank.  (See  figs.  3 and  4.) 

The  effect  of  this  reduced  efficiency  shows  in  figure  5 
as  a reduction  in  range  from  2600  to  2440  miles  with  a 600- 
gallon  fuel  load.  The  tank  wing  does,  however,  give  an 
increase  in  range  for  a given  take-off  distance,  because  of 
the  greater  fuel  load  that  can  be  carried.  For  land-base 
operation,  the  tank  wing  increases  the  range  from  1440  to 
2100  miles  or  about  45  percent  for  the  same  take-off  dis- 
tance as  for  the  original  airplane  with  the  normal  full  fuel 
load  of  300  gallons.  For  carrier  operation,  the  range  would 
be  increased  to  1750  miles  or  about  20  percent.  The  effec- 
tiveness of  the  tank  wing  for  carrier  operation  in  comparison 


with  that  for  land-base  operation  is  reduced  because  the 
flap  on  the  original  wing  is  used  for  the  carrier  take-offs 
and  the  added  wing  area  due  to  the  tank  wing  does  not,  in 
this  case,  proportionately  increase  the  take-off  lift. 

Wing-tip  extensions.-  Increasing  the  span  of  an  air- 
plane, other  things  remaining  equal,  will  proportionately 
increase  the  maximum  range  attainable  with  a given  fuel 
load.  This  fact  suggests  the  use  of  auxiliary  panels, 
attached  to  the  wing  tips  in  place  of  the  removable  tip 
fairings  (see  fig.  2),  as  a promising  means  for  increasing 
the  range. 

Inasmuch  as  the  greatest  range  is  attained  at  moderate 
speeds,  it  is  possible  that  these  temporary  tip  extensions 
could  be  constructed  of  fairly  light  wood  or  plastic.  Fur- 
thermore, because  the  wing  of  a fighter  airplane  is  designed 
for  loadings  much  greater  than  those  encountered  in  level 
flight,  major  changes  in  the  main  wing  structure  might  not 
be  necessary.  It  is  suggested  that,  by  using  a greater 
taper  in  the  tip  extensions  as  shown  in  figure  2 and  at 
the  same  time  suitably  increasing  the  camber  of  the  air- 
foil sections,  the  gust  loads  imposed  on  the  main  wing 
structure  by  the  tip  extensions  can  be  considerably  reduced 
without  materially  affecting  the  range  or  the  take-off 
distance. 

The  tip  extensions  would  considerably  reduce  the 
lateral  maneuverability  of  the  airplane.  For  the  airplane 
considered,  it  is  estimated  that  tip  extensions  of  10-foot 
span  (over-all  span  increased  from  41  to  61  ft)  would  de- 
crease the  maximum  value  of  the  tip  helix  angle  pb/2V 
attainable  with  the  ailerons  about  30  percent.  It  is 
believed  that  this  loss  in  control  effectiveness  would  not 
be  too  serious  for  the  maneuvers  which  might  be  required 
in  a long-range  flight.  Flight  tests  have  shown  that  the 
moment  of  inertia  of  an  airplane  about  its  longitudinal 
axis  can  be  at  least  doubled  without  materially  affecting 
lateral  maneuverability;  accordingly,  the  added  moment  of 
inertia  due  to  the  tip  extensions  should  have  no  noticeable 
effect  on  the  response  to  aileron  control. 

The  relatively  low  stability  that  is  normally  character- 
istic of  fighter-type  airplanes  would  tend  to  increase  pilot 
fatigue  on  a long-range  flight.  The  temporary  devices  used 
for  increasing  the  range  should  therefore  be  designed,  in- 
sofar as  possible,  to  improve  the  stability.  Increased 
longitudinal  stability  could  be  obtained  by  providing  sweep- 


back  in  the  wing-tip  extensions  or  by  properly  disposing 
the  fuel  load  carried  in  external  tanks.  Wing-tip  exten- 
sions might  be  designed  with  sufficient  dihedral  angle  to 
improve  spiral  stability,  if  necessary,  in  order  that  the 
pilot  could  fly  with  rudder  alone  in  smooth  air. 

The  use  of  wing-tip  extensions,  either  alone  or  in 
conjunction  with  streamline  external  fuel  tanks,  appears  to 
be  the  most  effective  of  the  means  considered  for  increasing 
the  range  attainable  with  fighter  airplanes.  Not  only  is 
the  efficiency  of  the  airplane  increased,  as  shown  in  fig- 
ures 3 and  4,  with  the  result  that  the  range  with  a given 
fuel  load  is  greater,  but  also  the  added  wing  area  will 
give  a substantial  improvement  in  take-off  distance.  In 
figure  5,  the  maximum  range  of  the  airplane  with  600  gallons 
of  fuel  is  shown  to  be  increased  from  2600  to  3030  miles 
with  5-foot  tip  extensions  and  to  3450  miles  with  10-foot 
tip  extensions.  It  is  also  shown  that,  without  exceeding 
take-off  distance  of  the  original  airplane  from  either  a 
land  base  or  a carrier,  the  range  is  increased  from  1440 
to  about  2400  miles  or  almost  70  percent  with  5-foot  tip 
extensions  and  to  about  3300  miles  or  between  125  and  130 
percent  with  10-foot  tip  extensions.  The  wing-tip  exten- 
sions, in  contrast  with  the  tank  wing,  appear  equally 
effective  in  increasing  the  range  for  a given  take-off 
distance  from  either  a land  base  or  a carrier  because  the 
increased  lift-curve  slope  with  the  wing-tip  extensions 
gives  a relatively  higher  take-off  lift  for  the  fixed 
angle  of  attack  of  the  carrier  take-offs  than  is  obtained 
with  the  tank  wing. 

Inasmuch  as  an  increase  in  span  reduces  the  airspeed 
at  which  maximum  efficiency  is  attained,  the  time  of 
flight  over  a given  distance  will  be  greater  with  the 
wing-tip  extensions  than  with  the  original  airplane  or 
with  the  tank  wing,  if  the  primary  consideration  is  the 
attainment  of  a given  range  with  the  least  possible  fuel 
load  or  take-off  distance.  This  case  is  represented  in 
figure  5.  When  the  distance  to  be  flown  is  so  great  as 
to  tax  the  pilot’s  endurance,  it  may  be  desirable  to  fly 
at  speeds  higher  than  those  at  which  maximum  efficiency 
occurs,  even  though  a greater  fuel  load  and  take-off  dis- 
tance will  be  required.  Comparison  of  figures  5 and  6 
shows  that  the  flying  speed  for  the  airplane  equipped  with 
wing-tip  extensions  could  be  increased  to  the  extent  that 
the  duration  of  flight  for  a given  range  is  the  same  as  for 
the  original  airplane  without  seriously  increasing  the  take- 
off distances  for  a given  range  or,  conversely,  without  greatly 
reducing  the  range  attainable  for  a given  take-off  distance. 


CONCLUDING  REMARKS 


Of  the  methods  considered  for  temporarily  increasing 
the  range  of  fighter- type  airplanes,  the  use  of  auxiliary 
wing-tip  extensions  appears  the  most  promising.  For  the 
airplane  considered,  it  was  estimated  that  10-foot  exten- 
sions - that  is,  an  increase  in  span  of  20  feet  - used  in 
conjunction  with  an  external  fuel  tank  would  increase  the 
range  of  the  airplane  125  to  130  percent  without  any  in- 
crease in  the  distances  required  to  take  off  from  either  a 
land  base  or  a carrier.  With  5-foot  tip  extensions,  the 
range  would  be  increased  65  to  70  percent,  under  the  same 
limitations . 

An  auxiliary  wing  of  4-foot  chord  and  20-foot  span 
mounted  above  the  main  wing  and  providing  tank  capacity 
for  300  gallons  of  extra  fuel,  was  shown  to  give  somewhat 
lower  efficiency  in  terms  of  miles  per  gallon  than  the 
original  airplane  with  the  extra  fuel  carried  in  a stream- 
line external  tank.  The  tank  wing  would  permit  a greater 
fuel  load  to  be  carried  for  a given  take-off  distance 
because  of  the  added  wing  area,  and  the  range  would  thereby 
be  increased.  For  a given  take-off  distance  from  a land 
base,  the  Increase  in  range  was  estimated  to  be  about  45 
percent.  The  increase  for  a given  carrier  take-off  would 
be  about  20  percent. 

Increasing  the  range  50  percent  by  carrying  extra 
fuel  in  streamline  external  tanks  without  any  other  modi- 
fications to  the  airplane  would  entail  an  increase  of 
20  percent  in  take-off  distance  from  a land  base  and 
32  percent  from  a carrier. 

Selection  of  the  most  suitable  method  for  a particular 
application  will  of  course  depend  on  other  factors  besides 
the  attainable  range  and  take-off  performance,  such  as 
structural  problems,  pilot  endurance,  and  area  available 
for  take-off.  For  example,  if  in  a given  case  the  duration 
of  flight  with  external  tanks  alone  is  equal  to  the  endurance 
of  the  pilot  and  if  the  area  and  the  span  available  for  take- 
off are  adequate,  there  will  be  little  advantage  in  the  use 
of  more  efficient  methods. 
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Figure  2.^  . ^ , 
Fighter  airplane  with  10-foot  wlng-tlp  extenalona  and  JOO-gallon  external 
fuel  tanlcv. 


/Mo  external  taxis: 


300-gal  external  tank 


Lift-drag  ratio 


True  airspeed,  mpn 


True  airspeed,  mplx 

Figure  3.-  Variation  with  true  airspeed  of  lift-drag  ratio  and  ratio 
of  propulsive  efficienoy  to  specific  ftiel  coixsun^tlon  for 
various  modificationB  of  fighter  airplane.  Altitude  » 10,000  feet. 


figure  5»^  Variation  with,  range  of  take-^off  distances  froju  a land  "base  ap.d 
a carrier  and  duration  of  flight  for  varioue  lupdifications  of 
filter  airplane^  Vlight  at  10,000  feet  at  speed  of  maxiiram  ri/c  WD  for 
each  condition*  Tertical.  marks  on  curves  of  take-off  distance  against 
range  denote  take-off  distance  and  range  with  300-  and  600-gallon  fuel 


Take-off  distance,  land  'base,  ft 


HACA 


Range,  miles 

Figure  6.-  Variation  with  range  of  take-off  distances  from  a land  base 

and  a carrier  and  duration  of  flight  for  various  modifications 
of  fighter  airplane^  Flight  at  10,000  feet  at  speed  of  maximum  n/c  l/d 
of  norma?,  airplane  for  all  conditions. 
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EFFECT  OF  HINGE-MOMENT  PARAMETERS  ON  ELEVATOR 
STICK  FORCES  IN  RAPID  MANEUVERS 


By  Robert  T.  Jones  and  Harry  Greenberg 


SUMMARY 

The  importance  of  the  stick  force  per  unit  normal  acceleration 
as  a criterion  of  longitudinal  stability  and  the  critical  depend- 
ence of  this  gradient  on  elevator  hinge-moment  parameters  have 
been  shown  in  previous  reports.  The  present  report  continues 
the  investigation  with  special  reference  to  transient  effects  for 
maneuvers  of  short  duration. 

The  analysis  made  showed  that  different  combinations  of 
elevator  parameters  which  give  the  same  stick  force  per  unit 
acceleration  in  turns  give  widely  different  force  variations  during 
the  entries  into  and  recoveries  from  steady  turns  and  during 
maneuvers  of  short  duration  such  as  abrupt  pull-ups.  A com- 
bination of  relatively  large  negative  values  of  the  restoring  tend- 
ency Chi  floating  tendency  approaching  those  of 

an  unbalanced  elevator^  results  in  a stick  force  that  is  high  during 
the  initial  stage  of  a pull-up  and  then  decreases  ^ and  may  even 
reverse,  as  the  acceleration  is  reduced  at  the  end  of  the  maneuver. 
The  stick  force  per  unit  acceleration  is  greater  for  abrupt  than 
for  gradual  control  movements. 

If  the  negative  value  of  Chs  is  reduced  so  that  the  correspond- 
ing value  of  becomes  slightly  positive,  the  reversal  of  force 
may  be  eliminated  and  the  force  may  be  brought  nearly  in  phase 
with  the  deceleration.  There  is  a limit  to  the  permissible  reduc- 
tion of  the  value  of  Csg,  however,  because  as  approaches  zero 
the  stick  force  per  unit  acceleration  may  become  lower  for  abrupt 
than  for  gradual  maneuvers  and  may  thus  lead  to  undesirably 
low  stick  forces  at  the  beginning  of  the  maneuver. 

INTRODUCTION 

The  stick  force  per  unit  normal  acceleration  as  measured 
in  steady  turns  or  pull-outs,  which  was  proposed  as  a cri- 
terion of  longitudinal  handling  in  reference  1,  is  now  gen- 
erally accepted  as  a basic  measure  of  longitudinal  stability. 
The  critical  dependence  of  this  stick-force  gradient  on  ele- 
vator hinge-moment  parameters  and  on  mass  unbalance  of 
the  control  system  was  shown  in  reference  2.  It  was  found 
that  a given  stick-force  gradient  can  be  obtained  by  any  of  a 
series  of  combinations  of  these  parameters  satisfying  certain 
prescribed  relations. 

Further  consideration  of  the  problem  and  some  recent 
flight  experience,  however,  have  shown  the  need  for  inves- 
tigating the  transient  effects  that  occur  during  the  change 
from  steady  unaccelerated  flight  to  steady  accelerated  flight. 
These  transient  effects  cause  a difference  between  the  stick- 
force  gradients  in  a steady  turn  and  in  a maneuver  of  short 
duration  such  as  a pull-up. 

The  purpose  of  the  present  report  is  to  investigate  the 
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variation  of  elevator  stick  force  and  normal  acceleration 
during  the  transition  interval  preceding  the  steady  turn  and 
also  during  turns  or  pull-ups  of  short  duration.  The  effect 
of  combinations  of  hinge-moment  parameters  is  considered; 
each  combination  is  chosen  to  give  the  same  stick-force 
gradient  in  a steady  maneuver.  Time  histories  of  the  stick 
force  and  normal  acceleration  are  found  for  predetermined 
variations  of  elevator  deflection.  An  attempt  is  made  to 
explain  and  to  suggest  a remedy  for  the  large  variations  of 
stick  force  with  time  observed  during  pull-ups  cf  short  dura- 
tion on  different  airplanes  in  flight.  A previous  analysis, 
somewhat  similar  to  the  present  one,  was  made  in  England 
(reference  3)  but  included  a smaller  range  of  hinge-moment 
parameters. 

SYMBOLS 


A 

b 

Cji 

Crr. 


D 

F. 

Fu 


Fn 

H 


Ho 


F, 


aspect  ratio  of  wing 
wing  span 


elevator  hinge-moment  coefficient 


airplane  lift  coefficient 


pitching-moment  coefficient  about  airplane 

i.  r - /Pitching  momentX 
center  of  gravity  j 


wing  chord 
elevator  chord 
differential  operator  {d/ds) 
stick  force,  pounds 

cases  representing  particular  combinations  of 
hinge-moment  parameters 

stick-force  gradient  in  maneuvers 

acceleration  of  gravity 

hinge  moment;  positive  when  tends  to  lower 
elevator 

mass  moment  of  elevator  control  system  about 
elevator  hinge;  positive  when  tends  to  lower 
elevator 


, 4gp 

ky 

In 

m 

n 


S 


radius  of  gyration  of  airplane  about  F-axis 
tail  length,  half-chords 
mass  of  airplane 

normal  acceleration  per  g of  airplane  due  to 
curvature  of  flight  path ; accelerometer  reading 
minus  component  of  gravity  force 
dynamic  pressure 
wing  area 
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Se  elevator  area 

s distance  traveled,  half-cliords  (2Vtle) 

T period  of  elevator  motion 

t time 

u independent  variable  used  in  Puhamers  integral 

V velocity 

Xa.c.  distance  between  center  of  gravity  and  aero- 

dynamic center;  positive  when  stable 
d^jdx  deflection  of  elevator  per  unit  movement  of 

stick,  radians  per  foot 
a angle  of  attack,  radians 

at  angle  of  attack  at  tail,  radians 

5 deflection  of  elevator;  positive  downward 

6 angle  of  pitch  of  airplane 

X root  of  stability  equation 

II  airplane-density  parameter  {mlpSh) 

p mass  density  of  air 

Subscript: 

max  maximum 

^ Subscripts  a,  Pa,  P^a,  DBj  5,  and  P5  indicate  deriva- 

^ d(7 

tives ; for  example,  A dot  over  a symbol  indicates 

differentiation  with  respect  to  time. 

METHOD  OF  ANALYSIS 

The  following  assumptions  are  made  in  the  present  analysis: 

(1)  Variation  in  forward  speed  is  neghgible 

(2)  Stability  derivatives  are  constant;  that  is,  any  possible 
nonlinearity  of  coeificients  is  negligible 

(3)  Effects  of  power  are  negligible 

(4)  Effects  of  control-system  moment  of  inertia  are 
neghgible 

(5)  Control-system  mass  unbalance  is  all  located  at  air- 
plane center  of  gravity 

The  equations  of  motion  of  an  airplane  subjected  to  a 
prescribed  elevator  motion  can  be  obtained  from  reference  2. 
If  forward  speed  is  assumed  constant,  there  are  three  equa- 
tions of  motion.  The  first  two  equations  determine  the 
motion  of  the  airplane  if  the  control  motion  is  specified. 
The  third  equation  determines  the  hinge-moment  coej05.cient, 
which  depends  on  the  motion  of  the  control  surface  and  the 
airplane.  These  equations  are 

a—2AnD9=Q  (1) 

+ (Cmj^^—2AlJ.kr^D)De=  — GmfS  (2) 

[<?,.+  iCn^D-h)D+C,^,_D^]a+  (C,^,Ah)De 

+ (Cn,+0,^,D)S^Cs  (3) 

Equations  (1)  and  (2)  are  used  to  solve  for  a in  terms  of  5. 
The  solution  can  he  expressed  in  determinant  form  as 

a —2A.p,Om^  (4) 

~^-i-2ApD  ~2Ap 


If  5 is  given  as  a function  of  time,  the  solution  for  a is  found 
by  the  method  of  operational  calculus  as  follows:  First  a is 
found  for  a unit  change  in  d.  This  solution  is  obtained  from 


F{D)  ^ 


— 2ApCm^ 


^ . 1 " 
XF'(X)+F(0)^ 


(5) 


where  F(P)  is  the  determinant  given  in  equation  (4)  and 
X represents  the  roots  of  F(P)— 0,  The  solution  for  a 

(equation  (5))  may  be  denoted  by  a(s).  The  value  of  a for 
a given  variation  of  5 is  then  given  by  Duhamers  integral, 
which  is 

a— a(s)5(0)  4~  J*  a(,s— u)6'(u)  du 

By  a similar  procedure  D$  can  be  found  for  a prescribed 
variation  of  5.  The  angle  of  attack  at  the  tail  can  then  be 
foimd  from 

0L-\-lnDB 


The  normal  acceleration,  which  is  considered  positive  up- 
ward, is  proportional  to  the  change  in  angle  of  attack  a and 
is  given  by 

Cl, 

The  value  of  the  stick  force  can  be  obtained  by  substituting 
the  derived  values  of  a and  DB  and  the  given  value  of  5 in 
the  hinge-moment  equation  (equation  (3)).  The  relation 
between  the  stick  force  and  Pa  is  simply 


The  assumed  variation  of  elevator  deflection  with  time  is 
illustrated  in  figure  1 and  can  be  represented  analytically  by 

, , /I  I 27rA 

( 2 2 T y 
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The  calculations  were  made  for  a pursuit  airplane  for  five 
different  combinations  of  the  hinge-moment  parameters 
(7/, 5,  and  h;  for  three  different  durations  of  the  maneuver 
T;  and  for  three  different  center-of-gravity  locations.  These 
five  different  combinations  of  the  hinge-moment  parameters 
were  selected  to  give,  for  one  center-of-gravity  location,  the 
same  stick-force  gradient  in  a steady  turn,  as  determined  by 
the  formula  for  stick-force  gradient  in  a gradual  pull-up  or 
steady  turn  given  in  reference  2,  which  is 

4 WxK  CrjOra,  ^ 

The  locus  of  points  in  the  Cn„phi  plane  corresponding  to 
a value  of  the  stick-force  gradient  of  5 pounds  per  g and  a 
center-of-gravity  location  7K  percent  chord  ahead  of  the 
aerodynamic  center  is  shown  in  figure  2 for  a mass-balanced 
and  also  for  a mass-unbalanced  elevator.  The  amount  of 
unbalance  corresponding  to  the  line  marked  A=5  would 
require  a pull  of  15  pounds  on  the  control  stick  for  balance. 
The  five  points  marked  i^i,  . . . represent  the  com- 
binations of  the  hinge-moment  parameters  used  in  the 
calculations. 


NUMERICAL  VALUES  USED  IN  ANALYSIS 


The  following  parameters  were  used  in  the  analysis: 


C^__ 4.3 

fi 12.5 

A 6 

-0.348,  -0.195,  or  -0.0464 

Xa  c 0.075c,  0.042c,  or  0.01c 

— — -8.9 

- 23.2 

-15.3 

ky,  half-chords 1.5 

— - - — — -1.54 


Z A,  half-chords 

dS/dx,  radian  of  elevator  motion  per  foot  of  stick  travel 




6.6 


0.5 

0.514Ca„^ 

3.22Ca„^ 


-10.55Ca„ 


The  following  dimensions  and  density  were  assumed: 


c,  feet . — 7 

c«,  feet_^ — 2 

square  feet_ _ _ - . — , - ^ _ ... 30 

p,  slug/cu  ft;  at  altitude  of  10,000  feet 0.00176 


The  foregoing  airplane  derivatives  are  for  an  airplane 
having  a wing  loading  of  30  pounds  per  square  foot.  Five 
combinations  of  hinge-moment  parameters  selected  to  give  a 
stick-force  gradient  of  5 pounds  per  in  a steady  pull-up 
when  the  center-of-gravity  location  is  7%  percent  chord  ahead 
of  the  aerodynamic  center  (see  fig.  2)  are  as  follows: 


Case 

"t 

A 

Ft 

—0.1 

—0.230 

0 

Fi 

0 

—.065 

0 

F3 

.039 

0 

0 

Ft 

—.1 

—.035 

5 

Fi 

0 

0 

Figure  2— Lines  of  constant  stick-force  gradient  showing  combinations  of  binge-moment 
parameters  used.  pounds  per  g;  =0.075c. 


All  these  values  were  used  in  calculating  the  variation  in 
stick  force  during  a maneuver  for  0.075c.  For  quali- 
tative comparison,  case  Fj  may  be  taken  to  represent  a nor- 
mal elevator  with  a fairly  high  trailing  tendency  and  a 
moderate  amount  of  blunt-nose  inset-hinge  balance.  The 
characteristics  of  Fi  or  F3  could  be  achieved  by  the  use  of  a 
sharp-nose  inset-hinge  balance,  a horn  balance,  or  a beveled 
trailing  edge;  F4  combines  a large  amount  of  inset-hinge  bal- 
ance with  a bobweight  at  the  control  stick;  F5  is  the  case  in 
which  the  stick  force  is  due  entirely  to  the  bobweight.  Two 
more-rearward  center-of-gravity  locations  0.042c  and 

0.01c)  were  also  assumed,  and  the  stick  force  in  maneuvers 
was  worked  out  for  cases  Ft,  Fg,  and  F3. 

RESULTS 

Curves  of  stick  force  and  normal  acceleration  for  a varying 
elevator  deflection  are  shown  in  figures  3,  4,  and  5 for  T—4, 
2,  and  1 seconds,  respectively,  for  F=400  miles  per  hour, 
and  for  Xa.c.— 0.075c.  In  these  curves,  the  stick  force  for  Ft 
reaches  a maximum  value  before  the  peak  acceleration  and 
reverses  direction  in  the  latter  part  of  the  cycle.  This  effect 
becomes  more  pronounced  as  the  duration  of  the  maneuver 
becomes  shorter.  The  curves  for  F2,  Fg,  F4,  and  F5  show  a 
progressively  smaller  phase  difference  between  the  stick  force 
and  the  acceleration.  The  stick-force  curve  for  F4  is  most 
nearly  in  phase  with  the  acceleration  curve. 

The  effect  of  center-of-gravity  location  on  the  stick-force 
gradient  in  steady  turns  or  pull-ups  can  be  shown  in  diagrams 
of  the  type  of  figure  2.  Figure  6,  for  example,  shows  that  the 
^^maneuver  point”  (c.g.  location  for  zero  stick  force  per  g)  for 
case  Fi  is  4.2  percent  chord  ahead  of  the  aerodynamic  center 
(point  where  — 0) . For  center-of-gravity  locations  behind 
the  maneuver  point,  the  stick-force  gradient  for  case  Fi  is 
negative.  The  stick  forces  for  Fg  and  Fs,  however,  are  un- 
affected by  center-of-gravity  location. 

The  time  histories  of  the  stick  forces  in  a 2-second  maneu- 
ver for  the  cases  shown  in  figure  6 for  Xa,e.~0.042c  and  0.01c 
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FfGUBB  3.— Sticlc  force  and  normal  acceleration  due  to  rapid  elevator  motion.  T—4  seconds 
1^=400  mites  per  hour;  ro.c.=0.075c. 

are  plotted  in  figures  7 and  8.  In  figure  7,  the  stick  force 
corresponding  to  {c.g.  at  maneuver  point)  is  positive  at 
first  and  then  reverses  and  becomes  negative.  The  maxi- 
mum values  of  the  positive  and  negative  forces  are  approxi- 
mately equal.  As  the  center  of  gravity  is  moved  behind  the 
maneuver  point  for  Fi  (fig.  8) , the  negative  maximum  force 
is  greater  than  the  positive;  this  increase  would  be  expected 
since  a negative  force  is  required  to  hold  the  airplane  in  a 
steady  turn.  The  stick  forces  for  Fz  and  F^  remain  positive. 
The  elevator  deflection  required  to  produce  a given  accelera” 
tion,  however,  decreases  as  the  center  of  gravity  moves 
rearward. 

Airplane  speed  has  no  effect  on  the  shape  of  the  stick- 
force  and  acceleration  curves,  if  compressibility  effects  are 
neglected  and  if  the  product  of  speed  and  duration  of  maneu- 
ver is  held  constant;  for  example,  the  shape  of  the  curves  of 
figures  3 to  5 is  unchanged  if  the  speed  is  halved  and  the 
duration  is  doubled.  The  effect  of  increasing  speed  there- 
fore is  the  same  as  the  effect  of  increasing  duration  in  the 
same  ratio. 

DISCUSSION 

Before  the  various  elevator  cases  and  degrees  of  stability 
for  which  the  computations  were  made  are  discussed,  it 
appears  desirable  to  explain  the  effecte  of  the  separate  param- 


Figure 4.— Stick  force  and  normal  acceleration  due  to  rapid  elevator  motion.  T=2  seconds; 

V=400  miles  per  bour;  Xo,e.=0.075c. 

eters  that  combine  to  give  the  resultant  elevator  forces  in 
pull-ups.  These  effects,  as  already  stated,  are  the  variation 
of  hinge-moment  coefficient  with  elevator  deflection,  as 
indicated  by  Gh,  the  variation  of  hinge-moment  coefficient 
with  angle  of  attack  at  the  tail,  as  indicated  by  the 
variation  of  hinge  moment  with  angular  velocity  of  the 
elevator  about  its  'hinge;  the  mass  unbalance  (bobweight 
effect) ; and  the  effective  moment  of  inertia  of  the  elevator 
system. 

Because  preliminary  computations  indicated  that  the 
inertia  of  the  elevator  system  had  a negligible  effect  on  the 
stick  force  for  the  shortest  maneuver  assumed,  it  was 
neglected  in  the  analysis.  For  airplanes  larger  than  the  one 
considered  in  this  report  and  for  other  special  cases,  inertia 
of  the  elevator  system  may  be  an  important  factor. 

The  influence  of  the  important  parameters  is  shown  in 
figure  9,  which  gives  a breakdown  of  the  factors  contributing 
to  the  stick-force  curve  for  case  F^  in  figure  5,  Case  Fa  was 
chosen  because  it  was  the  only  condition  in  which  all  the 
parameters  were  combined. 

Figure  9 shows  that  the  effect  of  Cn^  is  to  produce  a com- 
ponent of  stick  force  in  phase  with  elevator  deflection.  The 
magnitude  of  this  component  of  the  stick  force  depends 
solely  on  the  elevator  deflection  at  a given  speed  and  is 
independent  of  the  duration  of  the  maneuver. 
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Figure  5.— Stick  force  and  normal  acceleration  due  to  rapid  elevator  motion.  r=l  second; 

V=400  miles  per  hour; Zfl.c.=0.075c. 

The  normal  acceleration  produced  by  the  elevator  de- 
creases as  the  duration  of  the  maneuver  is  made  shorter. 
The  stick  force  per  unit  acceleration,  due  to  the  Oh  term 
therefore  increases  as  the  maneuver  becomes  more  rapid. 

The  effect  of  the  mass  unbalance  of  a bob  weight  is  to 
contribute  a component  of  force  that  is  in  phase  with  and 
solely  dependent  on  the  normal  acceleration  of  the  airplane. 
The  stick-force  gradient  due  to  the  bobweight  is  therefore 
independent  of  duration  of  maneuver.  Although  figure  9 
deals  with  a mass  unbalance  that  tends  to  depress  the  trailing 
edge  of  the  elevator,  in  the  general  case  the  unbalance  may 
be  of  the  opposite  sign  so  that  push  instead  of  puli  forces 
result. 

The  effect  of  is  similar  to  that  of  the  bobweight  since 
the  component  of  force  caused  by  <7*^^  is  nearly  in  phase 
with  the  acceleration.  The  slight  difference  in  phase  be- 
tween the  values  of  at  and  n is  the  effect  of  the  rate  of  change 
of  airplane  angle  of  attack.  For  maneuvers  of  short  duration, 
this  slight  phase  shift  causes  a noticeable  difference  between 
the  action  of  and  of  a bobweight. 


Figur  b 7.— Stick  force  and  normal  acceleration  d ue  to  rapid  elevator  mot  ion.  T=  2 secon  d s; 
V»400  miles  per  hour;  ro.e.= 0.042c. 
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Figure  8.~Stick  force  and  normal  acceleration  due  to  vapid  elevator  motion.  T=2  seconds; 

F=400  miles  per  hour;  a:a.e.=0.01c. 

The  component  of  force  due  to  the  angular  velocity  of  the 
elevator  may  be  very  important  for  maneuvers  of  short 
duration.  It  has  the  effect  of  reducing  the  stick-force 
gradients  in  cases  in  which  the  maximum  force  occurs  after 
the  elevator  has  reached  maximum  deflection. 

The  cases  for  which  the  results  are  presented  in  figures  3 to  5 
were  chosen  to  show  the  effects  of  different  combinations 
of  the  hinge-moment  parameters  subject  to  the  designer's 
control.  The  parameter  (7*^^  is  the  same  for  all  cases.  In 
case  Fly  the  desired  stick  force  for  a steady  turn  is  achieved 
by  a balance  of  relatively  large  negative  values  of  c.,  and 
. The  stick  forces  due  to  these  two  parameters  are  in 
opposite  directions  so  that  the  net  value  in  a steady  turn  is 
due  to  the  difference  in  their  effects.  In  a maneuver  of  the 
type  shown  in  figure  1,  the  elevator-deflection  curve  leads 
the  normal-acceleration  curve;  hence  Oh  has  the  pre- 
dominating effect  in  the  initial  stages  of  the  maneuver  and 
the  negative  in  the  later  stages.  This  fact  accounts 
for  the  high  stick  forces  in  the  first  half  of  the  maneuver  and 
the  reversal  of  force  in  the  second  half  for  case  Fi.  The 
difference  is  more  noticeable  in  the  shorter  maneuvers.  As 
the  duration  of  the  maneuver  decreases,  the  lag  between 


airplane  motion  and  elevator  deflection  becomes  greater  and 
the  maximum  value  of  the  acceleration  for  the  given  elevator 
deflection  becomes  smaller.  Both  of  these  factors  tend  to 
reduce  the  importance  of  the  Ch„  component  in  the  early 
part  of  the  maneuver  and  to  increase  the  maximum  force 
required  for  a given  maximum  acceleration.  This  variation 
of  maximum  force  per  unit  maximum  acceleration  shown  in 
figure  10  is  quite  large. 

For  case  2^2,  the  desired  stick  force  for  steady  turns  is 
achieved  through  the  action  of  alone.  All  curves  for  Fg 
would  have  the  same  magnitude  for  any  duration  of  maneuver 
and  would  be  in  phase  with  the  elevator-deflection  curve  but 
for  the  contribution  of  The  effect  of  increases 

with  the  rapidity  of  the  elevator  movement  and  causes  a 
phase  shift  in  the  force  curve  relative  to  the  elevator  deflec- 
tion, which  results  in  a slight  increase  in  the  maximum  value 
for  the  shortest  maneuver,  A slight  push  force  near  the 
end  of  the  maneuver  is  produced  by  Chjyy  Figure  10  shows 
that  in  case  F^  the  maximum  force  per  unit  maximum 
acceleration  increases  as  the  maneuver  is  shortened  although 
not  so  much  as  in  case  Fj. 

The  balance  is  achieved  in  case  Fz  through  action  of 
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alone.  In  this  case,  the  maximum  stick  force  at- 
tributed to  is  nearly  in  phase  with  the  acceleration  and, 

consequently,  the  maximum  value  occurs  after  maximum 
elevator  deflection  when  the  elevator  is  being  moved  back 
to  its  original  position.  The  forces  at  the  beginning  of  the 
maneuver  are  consequently  smaller  than  in  cases  Fi  and  F2 
and  may  be  too  smaU  for  satisfactory  handling  qualities. 
The  effect  of  <7*^^  is  to  decrease  the  maximum  force  by  an 
increasing  amount  as  the  maneuver  becomes  shorter.  The 
discontinuity  in  the  Fz  curve  (and  also  in  the  F^  and  F^ 
curves)  for  the  I-second  maneuver  results  from  the  disap- 
pearance of  the  component  at  the  completion  of  the 
elevator  motion.  Figure  10  shows  that  the  maximum  force 
per  unit  maximum  acceleration  for  case  Fz  decreases  as  the 
maneuver  is  shortened;  this  effect  is  primarily  a result  of  the 
action  of 


Figure  10  — Maximum  stick  force  per  unit  maximum  acceleration  against  duration  of 
maneuver.  a:«.«.=0.O75c. 

For  case  F4,  the  stick  force  for  steady  turns  is  achieved 
mainly  by  a balance  of  negative  and  bobweight  effects. 
As  a result  of  the  large  ma$s  unbalance  required,  the  maxi- 
mum force  in  the  1-second  maneuver  occurs  at  the  end  of  the 
elevator  motion. 

The  stick  force  is  achieved  solely  through  the  action  of  mass 
unbalance,  or  a bobweight,  in  case  F5.  Computations  have 
been  made  for  only  the  1-second  maneuver.  The  action  of 
the  bobweight,  as  previously  mentioned,  is  similar  to  that  of 
Oh„  but  for  a slight  phase  shift.  The  phase  shift  for  a 
maneuver  of  short  duration  is  suflicient  to  reduce  the  adverse 
influence  of  This  case  would  show  a slightly  greater 

decrease  of  maximum  force  per  unit  maximum  acceleration 
than  case  Fz  with  decreased  duration  of  the  maneuver. 

The  change  of  stick  force  with  center-of-gravity  location 


for  case  Fi,  shown  in  figures  7 and  8,  is  caused  by  the  greater 
angular  response  of  the  airplane  to  a given  elevator  deflec^ 
tion  that  occurs  with  reduced  stability.  The  greater 
response  changes  the  balance  between  the  and  com- 
ponents. If  the  stick  force  is  independent  of  0*^,  as  in  case 
Fz  and  Fg,  the  form  of  the  stick-force  curves  is  unchanged  by 
variation  of  the  center-of-gravity  location.  Figure  11  shows 
that  the  variation  of  maximum  force  per  unit  maximum 
acceleration  in  a rapid  maneuver  with  center-of-gravity 
location  becomes  less  as  the  value  of  is  reduced. 

The  adjustment  of  the  elevator  parameters  so  that  the 
stick  forces  for  steady  turns  are  directly  proportional  to  the 
normal  acceleration  produced  and  independent  of  center-of- 
gravity  location  is  generally  conceded  to  be  desirable.  It 
appears  possible  from  the  analysis  to  accomplish  these  con- 
ditions by  making  the  stick  forces  depend  primarily  on 
or  on  a bobweight,  provided  the  entrance  and  recovery  are 
made  slowly.  It  is  not  definitely  known  wrliether  this  con- 
dition of  strict  proportionality  is  desired  in  maneuvers  of 
short  duration.  In  these  cases,  however,  when  the  entry 


Figure  11  .—Variation  of  maximum  stick  force  per  unit  maximum  acceleration  with  center-of- 
gravity  location.  r=2  seconds:  1^=400  miles  per  hour. 

and  recovery  are  of  necessity  rapid,  strict  proportionality 
between  stick  force  and  acceleration  appears  impossible 
because  of  the  action  of  (7*^^.  According  to  figure  10,  a 
stick-force  gradient  that  is  independent  of  duration  of 
maneuver  but  varies  somewhat  with  center-of-gravity  loca- 
tion can  be  obtained  for  a case  intermediate  between  Fz  and 
Fz.  This  case  would  correspond  to  a certain  amount  of 
negative  Ch^  and  positive  and  would  also  result  in  higher 
stick  forces  at  the  start  of  the  maneuver.  A bobweight 
that  increases  the  stick  forces  can  be  substituted  for  the 
positive  Cn^ . 

^ CONCLUDING  REMARKS 

A small  stick-force  gradient  in  steady  turns  can  be  obtained 
with  fairly  large  negative  values  of  the  restoring  tendency 
Cftg  and  the  floating  tendency  approaching  those  of  an 
unbalanced  elevator.  Although  suitable  for  slow  maneuvers, 
this  combination  of  parameters  leads  to  a high  initial  value 
followed  by  a reversal  of  the  stick  force  in  abrupt  maneuvers. 
This  difficulty  can  be  avoided  and  the  stick  force  can  be  made 
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to  follow  closely  in  phase  with  the  airplane  normal[accelera- 
tion  during  both  abrupt  and  slow  maneuvers  by  decreasing 
the  value  of  and  by  making  slightly  positive. 

If  Ch^  is  made  zero,  the  stick-force  gradient  depends  entirely 
on  a positive  value  of  and  is  unaffected  by  the  location 
of  the  airplane  center  of  gravity.  In  this  condition,  however, 
the  stick  force  required  to  initiate  a maneuver  may  be  unde- 
sirably light.  In  order  to  prevent  undesirably  light  stick 
forces  at  the  beginning  of  a maneuver,  a small  negative  Oh 
must  be  retained. 

The  use  of  a bobweight  in  the  emvator  control  system  has 
an  effect  similar  to  that  of  increasing  although,  in  rapid 
maneuvers,  there  are  slight  phase  differences  in  the  stick- 
force  variations. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  October  12,  1944. 
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INTRODUCTION 


The  useful  range  of  deflection  of  a control  surface 
is  ordinarily  limited  by  the  occurrence  of  flow  sepa-  , 
ration  on  the  convex  side  of  the  surface  behind  the 
hinge.  After  this  separation  occurs  the  hinge  moment 
increases  rapidly,  making  it  extremely  difficult  to 
deflect  the  aileron  beyond  this  point  at  high  speed. 

An  aileron  following  the  shape  of  the  original  airfoil 
forms  an  outside  comer  on  one  side  of  the  flap  hinge 
when  it  is  deflected  through  a small  angle.  The 
increased  local  velocity  around  this  corner,  which  is 
followed  by  an  adverse  pressure  gradient,  is  responsible 
for  the  flow  separation. 

When  beveled  ailerons  were  constructed  for  the 
XP^51  airplane,  the  bevel  was  built  up  by  spreading 
the  upper  and  lower  surfaces  apart  behind  the  hinge 
(see  fig,  1,  configuration  B,  and  fig,  2 of  reference  1), 
making  a slight  inside  corner  on  each  surface.  During 
the  flight  tests,  it  was  noted  that  these  ailerons 
showed  a somewhat  greater  useful  range  of  deflections 
and  gave  slightly  better  control  at  low  speed  than  did 
the  original  ailerons. 

In  an  attempt  to  further  increase  the  useful  range 
of  angular  deflections,  the  aileron  shown  in  figure  1, 
configuration  C,  was  designed.  The  more  pronounced  inside 
corner  at  the  aileron  hinge  point  causes  an  initial  posi- 
tive pressure  peak,  so  that  a certain  amount  of  deflec- 
tion is  possible  before  the  pressure  curve  becomes  flat. 
The  purpose  of  the  present  Investigation  made  in  the 
Langley  Memorial  Aeronautical  Laboratory  two-dimensional 
low-turbulence  tunnel  was  to  determine  the  general 


aerodynamie  characteristics  of  this  aileron  and,  in 
particular,  to  determine  its  useful  angular  range. 


APPAEATUS  Am  METHODS 


A scale  model  having  a 36-inch  wing  chord  and 
35.75-inch  span  was  made  to  correspond  to  the  measured 
ordinates  of  an  intermediate  section  of  the  aileron 
portion  of  the  wing  (16  inches  outboard  from  the  inboard 
end  of  the  right  aileron)  of  the  XP-51  airplane.  The 
wing  section  was  modified  aft  of  the  70-percent  chord 
point  in  order  to  fair  in  the  0.150-chord  aileron. 

(See  fig.  1,  configuration  C.)  The  ordinates  of  the 
modified  wing  section  forward  of  the  aileron  hinge  line 
and  the  original  measured  ordinates  of  the  plain  wing 
are  given  in  table  I. 

The  aileron  shapes  tested  are  shown  in  figure  2. 

The  three  ailerons  were  hinged  at  the  85-percent  chord' 
point.  Therefore,  with  the  0. 145-chord  aileron  the 
wing  chord  was  reduced  approximately  0.2  inch.  In  the 
sealed  condition,  the  aileron  nose  gap  was  sealed  with 
thin  rubber  dam. 

For  the  low-drag  condition,  the  model  was  finished 
with  number  400  waterpaper  to  produce  aerodynamically 
smooth  surfaces.  For  the  high-drag  condition,  the 
model  surfaces  were  the  same  as  in  the  low-drag  condi- 
tion; but  roughness  strips,  made  of  carborundum  grains 
embedded  in  glue  on  a 1-inch  strip  of  Scotch  tape, 
were  placed  on  the  upper  and  lower  surfaces  near  the 
leading  edge  of  the  model. 

Lift  and  drag  measurements  of  the  model  were  made 
by  the  methods  described  in  reference  2.  The  profile- 
drag  and  lift  coefficients  were  based  on  a nominal  wing 
chord  of  36  inches.  The  aileron  hinge  moments  were 
measured  by  means  of  a calibrated  torque  rod  and  the 
coefficient  is  based  on  the  actual  chord  and  span  of 
the  aileron. 

All  tests  were  made  at  a dynamic  pressure  of 
59.7  pounds  per  square  foot,  which  corresponds  to  a 
velocity  of  about  150  miles  per  hour  and  a test  Reynolds 
number  of  approximately  4,000,000.  The  test  program  is 
given  in  the  following  table. 


Aileron  deflection,  ±30°,  for  all  runs 


Run  no. 

Aileron 

eto 

(deg) 

Gap  condition 

Surface 

condition 

1 

1 

0 

Seal 

Smooth 

2 

1 

0 

No  seal 

Smooth 

3 

1 

0 

Seal 

Roughness 

strips 

4 

2 

0 

Seal 

Smooth 

5 

2 

0 

Seal 

Roughness 

strips 

6 

3 

0 

Seal 

Smooth 

7 

3 

0 

Seal 

Roughness 

strips 

8 

3 

0,  +4.1 
8.3 

Seal 

Roughness 

strips 

RESULTS  AND  DISCUSSION 


Effect  of  hinge-gap  seal,-  The  effects  of  sealing 
the  hinge  gap  on  the  aileron  characteristics  can  be  seen 
from  the  results  presented  in  figure  3,  With  the  gap 
open  there  is  a tendency  for  aileron  1 to  overbalance 
for  small  deflections.  A similar  tendency  has  been 
fotmd  in  other  tests  on  beveled-trailing-edge  ailerons. 

As  shown  in  figure  3,  this  tendency  to  overbalance  was 
eliminated  by  sealing  the  gap  to  stop  the  flow  of  air. 
Apparently  the  pressure  difference  resulting  from  a 
small  deflection  of  the  aileron  is  sufficient  to  cause 
a large  portion  of  the  boundary  layer  to  flow  from  one 
side  of  the  airfoil  to  the  other  through  the  hinge  gap, 
accentuating  the  effect  of  the  bevel.  In  addition  to 
eliminating  the  overbalance,  sealing  the  gap  also  reduced 
the  increment  in  lift  for  the  larger  aileron  deflections. 
This  is  not  in  agreement  with  the  usually  favorable 
effect  of  sealing  the  gap  of  contour  ailerons  or  less 
severely  shaped  ailerons.  In  a practical  installation 
the  effect  of  the  hinge  gap  may,  of  course,  be  influenced 
by  the  internal  pressure  in  the  wing. 


349 


Effect  of  surface  condition  and  Reynolds  number.- 
Because  the  balancing  action  of  the  bevel  depends  on  the 
boundary-layer  thickness  and  profile,  it  is  to  be 
expected  that  the  amount  of  balance  obtained  may  vary 
considerably  with  surface  roughness  and  Reynolds  number. 
Because  the  boundary-layer  thickness  near  the  trailing 
edge  of  the  airfoil  is  intimately  related  to  the  drag 
coefficient  and  because  the  form  of  the  boundary- layer 
profile  near  the  trailing  edge  varies  little  for  thin 
airfoils  at  small  angles  of  attack,  it  is  to  be  expected 
that  the  balancing  action  of  the  bevel  can  be  related 
to  the  drag  eoefficient  of  the  section.  The  effects  of 
Reynolds  number,  position  of  transition,  and  surface 
condition  on  aileron  characteristics  may  therefore  be 
correlated  with  their  known  effects  on  profile  drag. 

The  effect  of  changes  in  profile  drag  on  the  aileron 
characteristics  is  indicated  by  the  results  presented 
in  figure  4,  The  presence  of  the  roughness  strips 
approximately  doubles  the  drag  of  the  airfoil  section 
in  each  case,  A comparison  between  the  high-  and  lowr 
drag  conditions  for  the  three  configurations  shows  that 
the  slope  of  the  hinge-moment  curve  is  reduced  for  small 
deflections  and  the  increment  of  lift  is  reduced  for 
almost  all  aileron  deflections  by  the  addition  of  the 
roughness  strips  near  the  leading  edge  of  the  model. 

For  a conservative  design,  the  control  surface 
should  be  proportioned  so  as  to  avoid  overbalance  with 
the  highest  profile-drag  coefficient  the  wing  would  be 
expected  to  have  in  service. 

Although  these  results  (fig,  4)  may  be  taken  as  an 
indication  of  the  effect  of  drag  on  a moderately  thin 
airfoil,  it  is  not  thought  that  the  results  can  be 
safely  applied  to  airfoils  of  greater  thickness.  On 
thicker  airfoils  the  boundary  layer  at  the  trailing 
edge  is  often  considerably  nearer  the  separation  point, 
and  the  behavior  of  the  aileron  under  these  circum- 
stances may  be  quite  different. 

Effect  of  aileron  profile,-  The  effects  of  aileron 
profile  on  the  aileron  characteristics  are  presented  in 
figures  4 and  5, 

In  figure  4(a)  the  hinge  moment  and  lift  charac- 
teristics are  given  for  aileron  1,  which  had  a trailing- 
edge  bevel  angle  of  27°,  In  the  smooth  condition,  the 


results  show  that  for  this  moderate  bevel  angle  the 

hinge-moment  and  lift  characteristics  are  approximately 

linear  until  a down  deflection  of  25*^  is  reached.  For 

upward  deflections  near  -10®,  an  abrupt  change  occurs 

in  the  slope  of  the  hinge-moment  curve.  Although 

aileron  1 would  give  the  required  lateral  control  at 

low  speeds,  the  large  negative  value  (-0,0053)  of 

(9c^/36^)q^  combined  with  the  characteristic  positive 

value  of  (9ci^/Ba)5  for  beveled-trailing-edge  ailerons 

a 

would  result  in  too  large  stick  forces  at  high  speeds 
to  suit  present-day  control  requirements.  The  results 
in  figure  4(b),  wing  smooth,  show  that  aileron  2 with 
a bevel  angle  of  30®,  an  increase  of  3®  in  the  bevel 
angle  of  aileron  1,  would  also  fail  to  give  the  required 
lateral  control  at  high  speed  because  of  the  too  large 
negative  value  (-0,0044)  of  results  in 

figure  4(c),  wing  smooth,  show  that  aileron  3 with  a 
bevel  angle  of  33®  , an  increase  of  3®  in  the  bevel  angle 
of  aileron  2,  combined  with  a reduction  in  aileron  chord 
of  0,005c  had  a value  of  -0,0020  for  (9c^/96a)a  ^bich 
should  be  low  enough  to  give  the  required  lateral  control 
at  high  speeds  on  a pursuit  plane  of  conventional  size, 

A comparison  of  figures  4(a),  4(b),  and  4(c)  shows 
that  by  increasing  the  bevel  angle  from  27®  to  33®  the 
slope  of  the  hinge-moment  curve  is  progressively  reduced 
at  small  deflections,  resulting  in  considerable  curva- 
ture of  the  hinge-moment  curve,  while  the  lift- 
characteristic  curves  remain  about  the  same  for  the 
three  ailerons. 

No  contour  aileron  was  tested  for  comparison  with 
the  modified  aileron;  hence,  it  is  not  possible  to 
state  definitely  that  the  results  of  these  tests  show 
an  increase  in  the  range  of  useful  deflection  over  the 
usual  contour  aileron,  although  low  values  of  the  hinge 
moment  appear  to  be  extended  to  greater  deflections  than 
is  ordinarily  found  for  conventional  shapes. 

Figure  5 gives  a comparison  of  drag  polars  for  the 
modified  aileron  section  and  the  plain  wing  section 
with  and  without  a 0.187c  contour  aileron.  This  com- 
parison shows  that  in  the  range  of  test  Reynolds  number 
an  increase  in  minimum  profile  drag  ^ of  about 


0.0002  resulted  from  deforming  the  plain  section  with  a 
contour  aileron  to  form  the  modified  section  and  aileron. 

Because  the  results  given  in  figure  6,  wing  leading 
edge  rough,  showed  that  a 33®  bevel  angle  would  just 
balance  out  the  aileron  hinge  moments  with  the  model  at 
0®  angle  of  attack,  tests  were  made  to  determine  the 
characteristics  of  aileron  3 with  the  model,  leading 
edge  rough,  at  other  angles  of  attack.  These  results 
(fig.  6)  show  that,  as  the  angle  of  attack  was  increased 
from  0®  to  4.1®  and  to  8.3®,  aileron  3 showed  positive 
hinge-moment  slopes  in  the  negative  deflection  range. 

It  will  be  noted,  however,  that  the  combination  of  right 
and  left  ailerons  is  not  overbalanced. 


Langley  Memorial  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va. , April  8,  1944. 
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TABLE  I 


AIRFOIL  ORDINATES  OF  INTERMEDIATE  WING  SECTION  OF  XP-51  AIRPLANE 


Plain 

wing  section 

Modified 

wing  section 

x/c 

0 

Yu/c 

0 

yl/c 

0 

x/c 

0 

Yu/c 

0 

O 

O 

.0125 

.0184 

-.0134 

.0125 

.0184 

-.0134 

.025 

.0267 

-.0181 

.025 

.0267 

-.0181 

.05 

.0368 

-.0249 

.05 

.0368 

-.0249 

.075 

.0438 

-.0304 

.075 

.0438 

-.0304 

.10 

.0500 

-.0349 

.10 

.0500 

-.0349 

.15 

.0598 

-.0412 

.15 

.0598 

-.0412 

.20 

.0664 

-.0464 

.20 

.0664 

-.0464 

.25 

.0717 

-.0506 

.25 

.0717 

-.0506 

.30 

.0763 

-.0546 

.30 

.0763 

-.0546 

.35 

.0787 

-.0550 

.35 

.0787 

-.0550 

.40 

.0793 

-.0552 

.40 

.0793 

-.0552 

.45 

.0790 

-.0545 

.45 

.0790 

-.0545 

,50 

.0769 

-.0530 

.50 

.0769 

-.0530 

.60 

.0675 

-.0447 

.60 

.0675 

-.0447 

.70 

.0520 

-.0319 

.70 

.0520 

-.0319 

.80 

.0338 

-.0168 

.80 

.0328 

-.0173 

.805 

.0326 

-.0163 

.85 

.0220 

-.0080 

.8125 

-.0156 

.815 

-.0154 

. 8175 

-.0151 

.82 

-.0143 

.85 

.0228 

-.0113 

.90 

.0133 

-.0066 

.95 

.0056 

-.0024 

.998 

.0011 

-.0011 

1.000 

0 

0 
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Section  drag  coefficient 


Modified  aileron  section  • aileron  1 


Seal 
•No  seal 


6«,0O;  R,  k X 10^ 


Plain  wing  section;  R,  6 x 10°  (fig.  5 - 5) 

Plain  wing  section  with  0.l87c  contour  aileron; 
R,  6 X 10^;  no  seal,  (fig*  10  - ref.  5) 


Section  lift  coefficient 


figure  5.-  Comparison  of  the  drag  polars  of  the  modified 
wing  section  with  aileron  1 and  the  plain  wing  with  and 
without  a contour  aileron. 
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A METHOD  FOR  STUDYING  THE  HUNTING  OSCILLATIONS  OF  AN  AIRPLANE  WITH  A SIMPLE 

TYPE  OF  AUTOMATIC  CONTROL 

By  Robert  T.  Jones 


SUMMARY 

A method  is  presented  for  predicting  the  amplitude  and 
frequency,  under  certain  simplijying  conditions^  of  the  hunting 
oscillations  of  an  automatically  controlled  aircraft  with  lag  in 
the  control  system  or  in  the  response  of  the  aircraft  to  the  controls. 
If  the  steering  device  is  actuated  by  a simple  right-left  type  of 
signal  j the  series  of  alternating  fixed-amplitude  signals  occurring 
during  the  hunting  may  ordinarily  he  represented  by  a ‘‘square 
wave.^^  Formulas  are  given  expressing  the  response  to  such  a 
variation  of  signal  in  terms  of  the  response  to  a unit  signal. 
A more  complex  type  of  hunting^  which  may  involve  cyclic 
repetition  of  signals  of  varying  duration,  has  not  been  treated 
and  requires  further  analysis.  Several  examples  of  application 
of  the  method  are  included  and  the  results  discussed. 

INTRODUCTION 

When  an  airplane  or  other  aircraft  is  directed  by  a simple 
right-left  signal  from  an  automatic  steering  device,  the 
result  is  usually  a maintained  hunting  oscillation  about  the 
desired  path.  The  amplitude  of  this  oscillation  is  influenced 
by  the  amount  of  backlash  or  “dead  spot”  in  the  control 
system  and  by  the  damping  of  the  motion  of  the  airplane. 
In  the  following  analysis  the  amplitude  and  frequency  of 
these  oscillations  is  investigated  in  terms  of  the  response 
characteristics  of  the  airplane. 

ANALYSIS 


The  analysis  is  based  on  consideration  of  the  response  of 
the  airplane  (in  terms  of  angle  of  yaw  or  pitch)  to  a continued 
(unit)  signal  (fig.  1).  This  response  may  be  calculated  by 
the  ordinary  theory  of  dynamical  stability  and  is  conveni- 
ently represented  in  operational  form  (references  1 and  2)  as 
follows:  ^ 

Rft)=RfD)l{t)  (1) 

The  unit  response  ordinarily  occurs  in  the  form 


Rm 


from  which  is  obtained 


m 

F{D) 


RAt)  = Cit)  + (C^e>^^^Aae^^^+  . . .)  (2) 

where  0(t)  is  the  steady-state  motion,  Ci  and  C2  are  the 
constant  coefficients  of  the  Heaviside  expansion,  and  Xi,  X2, 
and  so  forth,  are  the  nonzero  roots  of  the  characteristic 


equation  defining  the  natural  periods  of  oscillation  and  the 
damping  of  the  aircraft  without  signal.  The  function /(!>) 
and  the  particular  solution  0{t)  depend  on  the  time  variation 
of  control  displacement  produced  by  a signal  and  on  the 
stability  characteristics  of  the  airplane  in  the  degrees  of 
freedom  in  which  the  control  operates.  (See  reference  3.) 
In  the  case  of  a continued  signal,  the  usual  form  of  the  func- 
tion C{t)  is 

(7(0  = <7_i  + (7o^ 

where  Co  is  the  steady  rate  of  turn  called  for  by  the  signal 
and  <7-1  is  a constant.  (See  fig.  1.)  ? 


Figure  1.— Typical  response  to  continued  signal. 

During  a hunting  oscillation,  the  automatic  steering  device 
reverses  the  signal  periodically  as  the  airplane  swings  through 
the  desired  heading.  A typical  hunting  oscillation  is  shown 
in  figure  2.  Here  it  is  assumed  that  the  reversal  of  signal 
is  delayed  either  because  of  a “dead  spot”  in  the  steering 
device  or  because  of  backlash  in  the  control  mechanism  or  a 
combination  of  the  two.  As  indicated,  the  oscillation  will 
have  a fundamental  period  2x/ct?  (where  w is  the  angular 
frequency  of  the  hunting  oscillation)  but  nriay  also  involve 
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components  of  higher  frequency,  depending  on  the  natural 
modes  of  oscillation  of  the  airplane.  Ordinarily,  the  shorter- 
period  components  do  not  have  sufficient  amplitude  to  cause 
a reversal  of  the  signal  during  a half  cycle.  In  these  ca^es 
the  variation  of  signal  with  time  will  be  represented  by  a 
simple  ^^square  wave,”  which  may  be  expressed  as  a function 
of  time  by 

- 2“  sin  nwt  (?i==l,  3,  5,  . . .)  (3) 

IT  \ 1 i i 

or,  more  conveniently,  by  the  ima^nary  part  of  the  cor- 
responding exponential  series  ; that  is. 


dead  spot.  With  the  frequency  determined,  it  is  possible 
also  to  find  the  amplitude  of  the  oscillation  and  the  maximum 
deviation  of  the  airplane  from  its  path. 

In  the  simplest  cases  the  required  information  may  be 
obtained  directly  from  equation  (6).  In  the  case  of  more 
complex  motions,  further  analysis  will  be  required  as  follows : 
As  a first  step,  separate  SiCmw)  into  its  real  and  imaginary 
parts  ^ 

Ri  {ino))  ^ A + iB  (no?) 

The  functions  A and  B may  be  plotted  against  nw  as  in 
figure  3.  These  functions  will  show  peaks  near  values  of  nw 


y.  P.  W 

;r  « 71 

where  ^=0  is  taken  to  represent  a time  at  which  the  signal 
becomes  positive. 


The  response  to  the  alternating  signal  is  obtained  by 
substituting  expression  (4)  for  the  unit  function  l{t)  in 
equation  (1).  Thus, 

E(t)=I.  P.SaD)-  T,- e<’-  (B) 

7f  n n 

If  the  airplane  is  inlierently  stable,  so  that  transient  effects 
following  the  start  of  an  oscillation  disappear  with  time,  the 
remaining  steady  oscillation  will  be  represented  by 

B(f)z=/,  p,  - 2-  y?i(777a))e*«“‘  (6) 

7T  ji  7i 

Equation  (6)  gives  the  forced  oscillation  of  the  airplane  in 
response  to  an  alternating  signal  in  the  form  of  a square  wave 
of  any  frequency  w. 

By  investigating  the  form  of  these  forced  oscfflations  at 
various  frequencies  it  will  be  possible  to  ascertain  whether 
such  oscillations,  under  the  conditions  of  automatic  control, 
will  give  rise  to  the  assumed  alternating  signals  of  equal 
duration,  and  thus  to  establish  certain  ranges  of  w over  which 
hunting  of  this  type  can  occur.  It  will  also  be  possible  to 
establish,  in  these  ranges,  a correspondence  between  the  fre- 
quency of  the  hunting  oscillation  and  the  magnitude  of  the 


Pigijee  3.— Curves  showing  in-phase  and  out-ot-phase  components  of  response  to 
periodic  signal. 


corresponding  to  the  resonant  frequencies  of  the  airplane. 
Then,  for  any  particular  hunting  frequency  oj, 

y? (/)  ™ - 2-  [A {niS)  sin  ncoi -f-^ (nw)  cos  (7 ) 

X 71  7i 

At  the  time  of  reversal  of  the  signal  sin  and 

cos  7ud—±l,  the  sign  depending  on  whether  the  signal  is 
becoming  positive  or  negative.  The  amplitude  of  the  response 
at  this  instant  is  therefore 

This  amplitude  will  also  be  the  amplitude  of  the  dead  spot. 
(See  fig.  2.)  A plot  of 

can  readily ^be  obtained  from  the  curve  of  B in  figure  3 and 
will  show  the  periods  of  the  hunting  oscillation  corresponding 
to  various  widths  of  dead  spot. 

The  slope  of  the  response  curve  at  this  same  instant  is 

B'B=(§)^=^  [-4(a.)+vl(3(o)+^(5«)+  . . .] 
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A METHOD  FOE  STUDYING  THE  HUNTING  OSCILLATIONS  OP  AN  AIEPLANE 
If  the  response  to  a positive  signal  is  negative  (as  in  fig.  1),  I EXAMPLES 


in  order  that  the  motion  represent  a possible  hunting  oscilla- 
tion (that  is,  be  consistent  with  the  assumed  variation  of 
signal),  it  is  necessary  that 

(I)  Rb^O 
for  a positive  dead  spot,  and  that 

(II)  R'n>Q 

indicating  that  the  airplane  crosses  the  dead  spot  in  the 
proper  direction.  A further  condition  is  that  no  more  than 
one  complete  crossing  of  the  dead  spot  occurs  within  one- 
half  cycle;  that  is, 

(HI)  R{t)>~RB 

(See  fig.  2.)  The  value  of  R{t)  in  the  middle  of  a half  cycle 
is  relatively  simple  to  obtain 

^l^A(co)~iA(3w)+iA(5a;)—  . .J 


and  may  be  used  as  a criterion,  though  Ra  is  not  necessarily 
the  maximum  or  minimum  value  of  R{t)  (see  fig.  4)  and 
condition  III  may  not  be  satisfied  even  though  Ra^^Rb- 


Figure  4.— Plot  ol  Ra  and  Rb  against  frequency,  showing  approximate  regions  in  which 
hunting  oscillations  are  possible  and  width  of  dead  spot  in  those  regions. 


It  should  be  noted  that,  in  the  regions  excluded  by  the 
foregoing  conditions,  a more  complex  type  of  hunting 
oscillation  involving  a sequence  of  signals  of  different  dura- 
tions may  occur.  In  these  regions,  the  curves  of  R^  and 
Rb  derived  for  the  square-wave  signal  no  longer  apply  to 
the  condition  of  automatic  control.  These  oscillations  re- 
quire analysis  beyond  that  presented  in  this  report. 


In  order  to  demonstrate  and  check  the  procedure  described, 
assume  a simple  response  characteristic  in  which  the  air- 
plane immediately  starts  turning  at  a constant  rate,  as 
directed  by  the  signal.  With  this  response 

5,{D)  = -§ 

7lW 

and,  from  equation  (7), 

R(t)  =-2  "$•  cos  no)t 

IT  n 

which  is  the  Fourier  series  for  a “saw-tooth’^  wave  90°  out 
of  phase  with  the  signal.  (See  fig.  5.)  In  this  case  the 
response  occurs  without  lag  and  the  amplitude  of  the  hunt- 
ing is  exactly  equal  to  the  dead  spot.  The  frequency  w 
is  irCo/2  divided  by  the  width  of  the  dead  spot. 


Figure  5.— Example  in  which  response  is  instantaneous. 


A simple  example  nearer  the  practical  case  is  one  in  which 
the  signal  caus^  a force  F to  act  on  a mass  m.  In  this  case 
the  response  to  a unit  signal  is 

si 

and  the  hunting  oscillation  is  seen  to  be 

B(0=-  -S-T-2  sin  nut 

The  expression  is  recognized  as  the  Fourier  series  for  a 
succession  of  parabolic  segments  (fig.  6).  It  should  be 
noted  that  there  is  no  component  out  of  phase  with  the 
signal,  with  the  result  that  Rb  is  zero  for  all  values  of  co. 
Hence  the  calculation  shows  no  possibility  of  hunting  with 
a finite  dead  spot.  In  fact,  it  can  be  seen  from  energy 
considerations  that  if  a dead  spot  existed  the  oscillation 
would  be  divergent. 
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Interesting  applications  of  the  method  arc  furnished  by 
cases  in  which  the  response  to  a signal  shows  a lag,  possibly 
due  to  backlash  in  the  control  mechanism,  in  addition  to  a 
dead  spot.  A simple  example  of  this  kind  is  illustrated  in 
figure  7.  Here  the  response  is  similar  to  that  in  the  first 
example  (fig.  5)  except  for  the  time  lag  r.  Use  is  made  of 
the  well-known  lag  operator  e~^^.  Thus, 

Applying  this  operator  to  the  response  in  figure  5 gives 

- C 

(sin  cos  noiT)—A-\-rB 

and,  finally  (equation  (7)), 

4 (7  . 

(sin  nwT  sin  ncof+cos  nc^r  cos  no)t) 

7T  ^ "Tl  0) 

nos  no}{t—T) 

7T  71  71  <j3 

With  the  lagging  response,  the  hunting  oscillation  is  not 
confined  to  the  amplitude  of  the  dead  spot  and,  in  fact, 
hunting  will  occur  with  no  dead  spot.  It  is  easily  seen  by 


reference  to  figure  7 that  the  half  period  of  the  oscillation 
in  this  case  (no  dead  spot)  is 


U} 

Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  5,  1944. 
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PROPERTIES  OF  LOW-ASPECT-RATIO  POINTED  WINGS  AT  SPEEDS 
BELOW  AND  ABOVE  THE  SPEED  OF  SOUND 

By  Robert  T.  Jones 


SUMMARY 

Low-aspect-ratio  wings  having  pointed  plan  forms  are  treated 
on  the  assumption  that  the  flow  potentials  in  planes  at  right 
angles  to  the  long  axis  of  the  airfoils  are  similar  to  the  correspond- 
ing two-dimensional  potentials.  For  the  limiting  case  of  small 
angles  of  attack  and  low  aspect  ratios  the  theory  brings  out  the 
following  significant  properties: 

{!)  The  lift  of  a slender  pointed  airfoil  moving  in  the  direc- 
tion of  its  long  axis  depends  on  the  increase  in  width  of  the  sec- 
tions in  a downstream  direction.  Sections  behind  the  section 
of  maximum  width  develop  no  lift. 

{2)  The  spanwise^oading  of  such  an  airfoil  is  independent 
of  the  plan  form  and  approaches  the  distribution  gimng  a 
minimum  induced  drag. 

(5)  The  lift  distribution  of  a pointed  airfoil  traveling  point- 
foremost  is  relatively  unaffected  by  the  compressibility  of  the  air 
below  or  above  the  speed  of  sound. 

A test  of  a triangular  airfoil  at  a Mach  number  of  1.75 
verified  the  theoretical  values  of  lift  and  center  of  pressure. 

INTRODUCTION 

The  assumption  of  small  disturbances  in  a two-dimensional 
potential  flow  leads  to  the  well-known  thin-airfoil  theory 
of  Munk  (reference  1)  and  the  Prandtl-Glauert  rule  (references 
2 and  3)  at  speeds  less  than  sonic.  At  speeds  above  the  speed 
of  sound,  application  of  the  same  assumptions  leads  to  the 
Ackeret  theory  (reference  4)  according  to  which  the  wing 
sections  generate  plane  sound  waves  of  small  amplitude. 
As  is  well  known,  the  Ackeret  theory  predicts  a radical  change 
in  the  properties  of  such  wings  on  transition  to  supersonic 
velocities  and  these  changes  have  been  verified  by  experi- 
ments in  supersonic  wind  tunnels  (reference  5). 

Botli  the  A(“keret  theory  and  the  Munk  theory  apply  to 
the  case  of  a wing  having  a large  span  and  a small  chord  . 
The  present  disiuission  is  based  on  assumptions  similar  to 
those  used  by  Ackerid  and  Munk  but  covers  the  opposite 
extreme,  namely,  the  wing  of  small  span  and  large  chord. 
In  the  latter  case  the  flow  is  expected  to  be  two  dimensional 
when  viewed  in  planes  perpendicular  to  the  direction  of 
motion. 

A theory  for  the  rectangular  wing  of  small  aspect  ratio 
has  been  given  by  Bollay  (referen(‘e  6).  Bollay  assumes  a 
separated,  or  discontinuous,  potential  flow  similar  to  the 
well-known  Kirchoff  flow  and  shows  that  under  these 
circumstances  the  lift  is  proportional  to  the  squai'e  of  the 
angle  of  attack.  Bollay  does  not  consider  the  effect  of 
compressibility.  The  present  treatment  trovers  other  plan 
forms  and,  although  based  on  different  assumptions,  is  not 


inconsistent  with  Bollay’s  theory  in  the  limiting  case  of  small 
angles  of  attack. 

By  limiting  the  plan  foims  to  small  vertex  angles,  the 
properties  of  the  wings  in  compressible  flow  at  liigh  subsonic 
and  at  supersonic  speeds  are  also  covered.  Tsien  (reference  7) 
has  pointed  out  that  Munk^s  airship  theory  (reference  8) 
applies  to  a slender  body  of  revolution  at  speeds  greater  than 
sonic.  The  lift  and  moment  of  such  a body  are  not  ex- 
pected to  change  appreciably  with  Mach  number.  The 
present  paper  gives  an  analysis  of  the  low-aspect-ratio  air- 
foil based  on  similar  assumptions  and  shows  that  little  change 
of  the  lift  distribution  of  an  airfoil  of  pointed  plan  form  lying 
near  the  center  of  the  Mach  cone  is  to  be  expected. 


SYMBOLS 

flight  velocity 
angle  of  attack 
wing  area 

aspect  ratio 

distance  along  axis  of  symmetry  of  pointed  airfoil, 
measured  downstream  from  nose 
spanwise  distance,  measured  from  axis  of  symmetry 
vertical  distance  from  plane  of  wing 
time 

additional  apparent  mass  (spanwise  section) 

local  span 

chord 

density  of  air 

dynamic  pressure 

local  lift  force  (per  length  dx) 

local  lift  coefficient' 

induced  drag 

induced-drag  coefficient 

total  lift 

lift  coefficient 

surface  potential 

spanwise-location  parameter  ^cos“^^^ 
local  pressure  difference 

Mach  number,  ratio  of  flight  velocity  to  speed  of 
sound 

distance  of  center  of  pressure  from  nose  of  airfoil 

^ ^ ^ /Pitching  momentX 

pitching-moment  coefficient  — J 

lift  at  Mach  number  M 
lift  at  zero  Mach  number 


max  maximum  (used  as  subscript) 
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THEORY  FOR  WINGS  OF  LOW  ASPECT  RATIO 

The  flow  about  an  airfoil  of  very  low  aspect  ratio  may  be 
considered  two  dimensional  when  viewed  in  cross  sections 
perpendicular  to  the  longitudinal  axis.  With  this  idealiza- 
tion, the  treatment  of  the  low-aspect-ratio  airfoil  becomes 
exceedingly  simple;  formulas  are  obtained  that  are  similar 
in  some  respects  to  those  derived  by  Mimk  (reference  8) 
and  Tsien  (reference  7)  for  an  elongated  body  .of  revolution. 

Perhaps  the  simplest  case  from  the  analytical  point  of 
view  is  that  of  the  long,  flat,  triangular  airfoil  traveling 
point-foremost  at  a small  angle  of  attack.  Viewed  from  a 
reference  system  at  rest  in  the  undisturbed  fluid,  the  flow 
pattern  in  a plane  cutting  the  airfoil  at  a distance  x from 
the  nose  is  the  familiar  two-dimensional  flow  caused  by  a 
flat  plate  having  the  normal  velocity  Va.  (See  fig.  1.) 
Observed  in  this  plane,  the  width  of  the  plate  and  hence  the 
scale  of  the  flow  pattern  continually  increase  as  the  airfoil 
progresses  through  the  plane.  This  increase  in  the  scale 
of  the  flow  pattern  requires  a local  lift  force  I equal  to  the 
downward  velocity  Va  times  the  local  rate  of  increase  of 
the  additional  apparent  mass  m',  or 


upper  to  the  lower  surface  of  the  airfoil.  (See  fig.  2.)  An 
instant  later,  in  the  same  plane,  the  ordinates  are  those  of  a 
slightly  larger  ellipse,  corresponding  to  an  increase  of  <f>.  The 
local  pressure  difference  is  given  by  the  local  rate  of  increase 
of  <f>j  that  is, 


Ap~2p 


bt 


= 2pF 


bx 


-2pF 


d <^  db 
bb  dx 


(3) 


where  b<f)lbb  is  a function  of  y.  Differentiation  of  <j>  yields 
the  equation 


or 


Ap  = 2pV^ 


Ap_  2a  ^ 
q sin  6 dx 


(4) 


i=Va 


dm' 

dt 


since 


dm' 

dx 


By  a 
theory, 


well-known  formula  from  two-dimensional-flow 

P 

m'^T^p  dx 


where  b is  the  local  width  of  the  plate.  Hence 
dm'  h j db 

and  the  lift  I per  length  dx  will  be  given  by  the  expression 

/=7ra|  y^h^dx 
2 dx 

Dividing  by  ^ F^  and  by  the  area  b dx  gives  the  local  lift 
coefficient 


The  pressure  distribution  thus  shows  an  infinite  peak  along 
the  sloping  sides  of  the  airfoil  similar  to  the  pressure  peak 
at  the  leading  edge  of  a conventional  airfoil.  The  distribu- 
tion along  radial  lines  passing  through  the  vertex  of  the 

triangle  ^Unes  of  constant  is  uniform  (fig.  3),  however, 

and  the  center  of  pressure  coincides  with  the  center  of  area. 

Equations  (1)  and  (4)  show  that  the  development  of  lift 
by  the  long  slender  airfoil  depends  on  an  expansion  of  the 
sections  in  a downstream  direction;  hence  a part  of  the 
surface  having  parallel  sides  would  develop  no  lift.  Further- 
more, a decreasir^  width  would,  according  to  equation  (4), 
require  negative  lift  with  infinite  negative  pressure  peaks 
along  the  edges  of  the  narrower  sections.  In  the  actual  flow, 
however,  the  edge  behind  the  maximum  cross  section  will 
lie  in  the  viscous  or  turbulent  wake  formed  over  the  surface 
ahead ; and  for  this  reason  it  will  be  assumed  that  the  infinite 
pressure  difference  indicated  by  equation  (3)  cannot  be  de- 
veloped across  these  edges.  It  is  this  assumption,  corre- 
sponding to  the  Kutta  condition,  which  gives  the  plate  the 
properties  of  an  airfoil  as  distinct  from  another  type  of 
body,  such  as  a body  of  revolution. 

4V 


When  this  flow  is  considered  in  more  detail,  it  is  found  from 
the  two-dimensional  theory  that  the  surface  potential  <i>  is 
distributed  spanwise  according  to  the  ordinates  of  an  ellipse, 
that  is, 

4>-=±Va-^(^  - j/2 

— ±Va^  sin  e (2) 

where  cos  8 and  the  sign  changes  in  going  from  the 


Figuee  2.~Potential. 
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With  the  aid  of  the  Kutta  condition,  it  may  easily  be 
shown  that  sections  of  the  airfoil  behind  the  section  of  greatest 
width  develop  no  lift.  A potential  flow  satisfying  both  the 
boundary  condition  and  the  Kutta  condition  may  be  obtained 
by  the  introduction  of  a free  surface  of  discontinuity  behind 
the  widest  section.  This  surface  of  discontinuity  (fig.  4) 
would  be  composed  of  parallel  vortices  extending  down- 
stream from  the  widest  section  of  the  airfoil  as  prolongations 
of  the  vortices  representing  the  discontinuity  of  potential 
over  the  forward  part  of  the  airfoil.  This  sheet,  although 
possibly  wider  than  the  downstream  sections  of  the  airfoil, 
still  satisfies  their  boundary  condition,  since  the  lateral 
arrangement  of  the  vortices  is  such  as  to  give  uniform 
downward  velocity  equal  to  Va  over  the  entire  width  of  the 
sheet  including  the  rearward  portion  of  the  airfoil.  Since 
the  pressure  difference  across  the  airfoil  is  proportional  to 
d<#>/dx  and  since  this  gradient  disappears  as  soon  as  the 
vortices  become  parallel  to  the  stream,  no  lift  is  developed 
on  the  rearward  sections. 

Integration  of  the  pressures  in  a chord  wise  direction  from 
the  leading  edge  downstream  to  the  widest  section  will  give 
the  span  load  distribution  and  the  induced  drag.  The  span 
load  distribution  is 


or,  from  equation  (*3) 


From  equation  (2), 


f=2pF<^ 


Hence  bLjby  is  elliptical  and  independent  of  the  plan  form. 
With  the  elliptical  span  load  the  induced  drag  is  a minimum 
and  is  equal  to 


(5) 


. bL 


A second  integration  of  dy  across  the  widest  section 
gives  the  total  lift,  which  is 


The  lift  of  the  slender  airfoil  therefore  depends  only  on  the 
width  and  not  on  the  area.  If  the  lift  is  divided  by  ^pV^S 

b ^ 

and  if  the  aspect  ratio  A is  considered  to  be  then 

(7) 

and  the  induced-drag  coefficient  is 


(8) 

From  equation  (8)  it  appears  that  the  resultant  force  lies 
halfway  between  the  normal  to  the  surface  and  the  normal 
to  the  air  stream. 

It  is  seen  that  in  the  case  of  a rectangular  plan  form  the 
simplified  formula  (equation  (4))  gives  an  infinite  concen- 
tration of  lift  at  the  leading  edge  and  no  lift  elsewhere, 
whereas  a more  accurate  theory  would  show  some  distribu- 
tion of  the  lift  rearward.  If  the  rate  of  increase  of  the  width 
becomes  too  great,  the  flow  cannot  be  /expected  to  remain 
two  dimensional.  It  can  be  shown  by  examination  of  the 
known  three-dimensional  (nonlifting)  potential  flow  around 
an  elliptic  disk  (reference  9),  however,  that  the  two- 
dimensional  theory  gives  a good  approximation  in  the  case 
of  an  elliptical  leading  edge,  which  indicates  that  the  theory 


Figure  5.— Comparison  of  lift  caleulatecl  by  present  theory  for  elliptical  wings  of  low  s^pecl 
ratio  with  results  of  Krienes  (reference  10). 


is  applicable  over  a large  range  of  nose  shapes.  In  figure  5 is 
shown  a comparison  of  the  lift  calculated  by  the  present 
theory  for  elliptical  wings  of  low  aspect  ratio  with  the 
results  of  the  more  accurate  three-dimensional  potential-flow 
calculations  of  Krienes  (reference  10).  The  results  are  in 
good  agreement  up  to  aspect  ratios  approaching  1.  Appli- 
cation of  equation  (4)  gives  a center  of  pressure  on  the 
elliptical  plan  form  at  one-sixth  of  the  chord.  Figure  6 also 
shows  this  value  compared  with  values  given  by  Krienes’ 
theory.  In  this  respect  it  appears  that  the  agreement  is 
not  so  good  as  for  the  lift. 

EFFECT  OF  COMPRESSIBILITY 

in  order  to  show  the  effect  of  compressibility,  use  will  he 
made  of  the  theory  of  potential  flow  with  small  disturbances. 
Glauert  (reference  2)  and  Prandtl  (reference  3)  have  demon- 
strated that,  at  subsonic  speeds,  a distribution  of  potential 
satisfying  Laplace’s  equation  will  satisfy  the  linearized 
compressible-flow  equation  if  the  distribution  ^ (x,  ?/,  z)  is 
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Figure  6,— Comparison  of  center  of  pressure  calculated  by  present  theory  for  elliptical 
wings  of  low  aspect  ratio  with  results  of  Krienes  (reference  10)  . 


foreshortened  along  the  direction  of  motion  by  the 
transformation 


/ 3; 


This  fact  may  be  applied  in  a calculation  procedure  by  start- 
ing with  a fictitious  airfoil  longer  in  the  a^-direction  than  the 
true  one  and  calculating  the  potential  distribution  for  this 
airfoil  by  methods  of  incompressible  flow.  The  correct 
dimensions  and  correct  distribution  of  <^-are  then  obtained 
when  the  transformation  is  applied. 

For  the  long  slender  airfoil,  the  potential  distribution  at 
each  section  is  similar  to  that  for  an  infinitely  long  body; 
therefore  and  hence  the  local  pressures  vary  in  inverse 

proportion  to  the  length.  The  foregoing  calculation  pro- 
cedure gives  a null  result  in  this  case,  since  the  pressures 
calculated  for  the  fictitious  airfoil  at  M=0  will  be  reduced 
in  the  same  ratio  that  the  length  is  increased  and  the  Lorentz 
transformation  to  restore  the  correct  length  will  also  restore 
the  same  pressures  as  those  obtained  at  M=0.  Since 
is  unchanged  by  the  transformation,  the  normal 
velocity  component  and  hence  the  angle  of  attack  are  un- 
changed also.  These  results  can  be  obtained  by  referring 
directly  to  the  linearized  equation  for  the  potential 


(9) 


(See  reference  3.)  If  the  airfoil  is  sufficiently  slender, 
b^(f>lbx^  can  be  neglected  in  comparison  with  b<j)/bx  except 
near  the  edge.  Since  the  lift  is  proportional  to  5<^>/dr,  the 
increase  of  the  lift  with  Mach  number  can  therefore  be 
neglected  in  comparison  with  the  lift. 

It  is  important  to  note  that  the  theory  of  small  disturb- 
ances is  not  limited  to  subsonic  velocities  and  that,  so  long 

as  the  term  (1— M^)  in  equation  (9)  remains  small,  the 

solution  in  the  region  of  the  wing  will  continue  to  be  given 
by  the  potential  (equation  (2)).  Evidently  the  Mach  num- 
ber cannot  be  increased  indefinitely,  for  then  the  coefficient 
oi  b^<l>lbx^  will  become  so  large  that  the  first  term  will  no  longer 
be  negligible.  The  required  condition  will  be  satisfied,  how- 
ever, by  adopting  a pointed  plan  form  with  the  vertex  angle 
so  small  that  the  entire  surface  lies  near  the  center  of  the 


Mach  cone  (fig.  7).  The  condition  of  a small  vertex  angle  is 
also  necessary  in  order  that  the  potential  distribution  of 
equation  (2)  may  apply.  In  the  case  of  a wing  with  a blunt- 
leading-edge  plan  form,  abrupt  changes  in  the  flow  arise  on 
transition  to  supersonic  velocities,  and  potential  flow  of  the 
subsonic  type  no  longer  exists. 

The  lift  and  lift  distribution  for  rectangular  surfaces  at 
supersonic  speeds  have  been  calculated  by  Schlichting  (refer- 
ence 11).  Figure  7 shows  the  variation  of  lift-curve  slope 
with  Mach  number  as  obtained  from  Schlichting's  results  for 
rectangular  wings  of  two  different  aspect  ratios  and  for  the 
range  of  speeds  in  which  the  two  Mach  cones  from  the  tips 
do  not  reach  the  center  of  the  wing.  In  the  subsonic  range, 
values  given  by  the  Prandtl-Glauert  rule  are  shown.  These 
curves  are  compared  with  the  values  indicated  by  the  present 
theory  for  a triangular  wing  lying  near  the  center  of  the 
M[ach  cone.  Figure  8 shows  the  travel  of  the  center  of  pres- 
sure for  these  plan  forms.  It  is  to  be  noted  that,  with  the 
blunt-leading-edge  plan  forms,  the  center  of  pressure  travels 
from  a point  near  the  quarter  chord  to  a point  near  the  mid- 
chord  when  the  velocity  is  increased  above  the  speed  of 
sound. 


Figure  7.— Variation  of  lift  with  Mach  number  for  {liffercnt  plan  forms. 


Figure  8.— Travel  of  center  of  pressure  with  Mach  number  for  difTcrent  plan  forms. 


374 


PROPERTIES  OF  LOW-ASPECT-RATIO  POINl’ER  WINOS  AT  SPEEDS  BELOW  AND  ABOVE  THE  SPEED  OF  SOUND 


TESTS  OF  A TRIANGULAR  AIRFOIL  AT  SUPERSONIC  SPEED 

As  a test  of  the  foregoing  analysis,  a small  triangular  air- 
foil in  the  form  of  a steel  plate  with  rounded  leading  edges 
was  constructed  and  tested  in  the  Langley  model  supersonic 
tunnel.  The  tests  were  made  at  a Mach  number  of  1.75. 
Figure  9 shows  the  details  of  the  model  and  figure  10  sum- 
marizes the  results  of  the  test.  At  zero  angle  of  attack  a 
small  lift  and  a small  pitching  moment  occur,  which  are  pre- 
sumably the  result  of  the  camber  given  the  airfoil  by  round- 
ing off  the  leading  edges  in  the  manner  shown  by  section 
A-A  in  figure  9.  In  general,  the  results  are  in  good  agree- 
ment with  the  theory  if  an  allowance  is  made  for  this  camber, 
as  shown  in  figure  10. 

CONCLUSIONS 

1.  The  lift  of  a slender,  pointed  airfoil  moving  in  the  di- 
rection of  its  long  axis  depends  on  the  increase  in  width  of 
the  sections  in  a downstream  direction.  Sections  behind 
the  section  of  maximum  width  develop  no  lift. 

2.  The  spanwise  loading  of  such  an  airfoil  is  independent 
of  the  plan  form  and  approaches  the  distribution  giving  a 
minimum  induced  drag. 

3.  The  lift  distribution  of  a pointed  airfoil  traveling  point- 
foremost  is  relatively  unaffected  by  the  compressibility  of  the 
air  below  or  above  the  speed  of  sound. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  YA.,May  ll,W4^. 
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Section  A-A 

Figueb  9.— Airfoil  tested  in  Langley  model  supersonic  tunnel. 


Figure  10.— Test  of  triangular  airfoil  in  Langley  model  superaonic  tunnel.  Mach  number. 
1.75;  Reynolds  number,  1,600.000. 
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WING  PLAN  FORMS  FOR  HIGH-SPEED  FLIGHT 

By  Robert  T.  Jones 


SUMMARY 

It  is*  pmnted  ovt  that y in  the  cam  of  an  airfoil  of  mjinite  as- 
jyect  ratio  momig  at  an  angle  of  sideslipy  the  pressure  disirihii- 
tion  is  determined  solely  by  that  component  of  the  motion  in  a 
direction  normal  to  the  leading  edge.  It  follows  that  the  at- 
tachment of  plane  waves  to  the  airfoil  at  near-sonic  or  super- 
sonic speeds  {Ackeret  theory)  may  he  avoided  and  the  pressure 
drag  may  be  leduced  by  the  use  of  plan  forms  in  which  the  angle 
of  sweepback  is  greater  than  the  Mach  angle. 

The  analysis  indicates  that  for  aerodynamic  efficiency y wings 
designed  for  flight  at  supersonic  speeds  should  be  swept  back 
at  an  angle  greater  than  the  Mach  angle  and  the  angle  of  sweep- 
hack  should  be  such  that  the  component  of  velocity  normal  to 
the  leading  edge  is  less  than  the  critical  speed-  of  the  airfoil 
sections.  This  principle  may  also  be  applied  to  wings  designed 
for  subsonic  speeds  near  the  speed  of  sound y for  which  the  induced 
velocities  resulting  from  the  thickness  might  otherwim  be  suffi- 
ciently great  to  cause  shock  waves. 

INTRODUCTION 

The  theory  of  potential  flows  with  small  disturbances  is 
particularly  suited  for  application  to  aeronautical  problems 
because  the  assumptions  of  small  disturbances  and  isen- 
tropic  flows  on  which  this  theory  is  based  agree  with  the 
requirements  for  efficient  flight.  Theories  of  large  disturb- 
ances, which  deal  with  the  formation  of  shock  waves,  are  of 
lesser  practical  interest  since  such  theories  describe  the  losses 
of  energy  and  the  large  drags  associated  with  unsuitable 
forms. 

At  subsonic  speeds  the  assumption  of  small  disturbances 
leads  to  the  well-known  thin-airfoil  theory  and  the  Prandtl- 
Glauert  rule  (references  1 and  2) ; whereas  at  supersonic 
velocities  this  assumption  leads  to  the  Ackeret  theory 
(reference  3),  according  to  which  the  wing  sections  generate 
plane  sound  waves  of  small  amplitude.  The  assumption  of 
small  disturbances,  although  mathematically  valid  in  the 
limiting  case,  does  not,  of  course,  insure  that  such  a condition 
will  exist  with  an  actual  body  of  finite  thickness.  Fortu- 
nately, experiments  have  been  made  that  show  in  a general 
way  the  limits  of  applicability  of  this  assumption.  Of  par- 
ticular interest  are  the  experiments  of  Ferri  (reference  4)  and 
Stanton  (reference  5) . 

At  present  both  the  experiments  and  the  theory  have 
been  restricted  primarily  to  the  two-dimensional  flow  caused 
by  motion  of  the  wing  at  right  angles  to  its  long  axis.  For 
this  case  the  theory  shows  a radical  Ghange  in  the  properties 

816587—49 


of  the  wing  on  transition  from  subsonic  to  supersonic  speeds. 
At  subsonic  speeds  the  air  flows  smoothly  over  the  wing  sec- 
tion and  no  pressure  drag  arises.  At  angles  of  attack  a 
suction  force  is  developed  on  the  nose  of  the  airfoil  of  suf- 
ficient magnitude  to  bring  the  resultant  air  force  forward 
relative  to  the  chord  axis  to  a position  nearly  at  right  angles 
to  the  relative  wind.  As  soon  as  the  speed  of  sound  is 
exceeded,  however,  the  nature  of  the  flow  changes  and  these 
favorable  characteristics  disappear.  Instead  there  arise  a 
pressure  drag  proportional  to  the  square  of  the  thickness  and 
an  additional  drag  equal  to  the  lift  times  the  angle  of  attack. 
These  adverse  effects  are  associated  with  the  formation  of 
plane  sound  waves  by  the  airfoil.  Predictions  of  the  theory 
are  borne  out  by  experiments  in  supersonic  wind  tunnels. 

The  purpose  of  the  present  report  ip  to  show  how  the 
adverse  effects  of  high  speed  may  be  minimized  by  the  use 
of  a relatively  large  angle  of  sweepback,  so  that  the  type  of 
flow  described  in  the  Ackeret  theory  no  longer  occurs.  Cer- 
tain effects  of  sweepback  have,  of  course,  been  known  for 
some  time  (references  6 to  9).  Kiissner  (reference  8)  men- 
tions compressibility  effects  of  sweepback  at  subsonic 
speeds.  Busemann  (reference  9)  considers  the  effect  of 
sweepback  at  supersonic  speeds  and  points  out  that  the 
drag  associated  with  flows  of  the  Ackeret  type  may  be  re- 
duced by  the  use  of  sweepback.  Busemann  does  not, 
however,  consider  angles  of  sweepback  greater  than  the 
Mach  angle,  which  result  in  a different  type  of  flow. 

SYMBOLS 

a angle  of  attack 

j3  angle  of  sideslip  or  sweepback 

Uy  Vy  w velocity  components  along  x,  y,  z 
X,  yy  z coordinates 
y^  transformed  coordinate 

b wing  span 

c wing  chord ; velocity  of  sound 

i thickness 

V velocity  of  flight 

disturbance-velocity  potential 
L lift 

D drag 

lift  coefficient 
Cd  drag  coefficient 

M Mach  number 

Ap  local  pressure  difference 

q dynamic  pressure 

B spanwise-locati on  parameter  ^cos~^ 
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THEORY  OF  WING  AT  AN  ANGLE  OF  SIDESLIP 


The  primary  effects  of  sweepback  may  be  illustrated  by 
considering  the  problem  of  a long  and  approximately  cylin- 
drical airfoil  at  an  angle  of  sideslip.  Two  such  airfoils  may 
then  be  combined  (with  due  allowance  for  tkeir  interference) 
to  give  a sweptback  plan  form. 

First  consider  the  airfoil  with  its  long  axis  parallel  to  the 
a;-axis  and  with  the  relative  wind  at  an  angle  j8*  to  the  coordi- 
nate system  as  in  figure  1.  By  following  equation  (9a)  of 
reference  2 the  differential  equation  of  the  flow  may  be 
written 


(i-t' 

tA 

^bz 

‘m  ww 


(1) 


The  Prandtl-Glauert  rule  follows  from  the  assumption 
that  only  the  velocity  component  u is  comparable  to  the 
velocity  of  sound.  In  the  present  example  both  u and 
since  they  contain  components  of  the  flight  velocity,  are  of 
the  order  of  magnitude  of  the  sound  velocity  c.  On  the 
other  hand,  if  the  flow  patterns  in  planes  perpendicular  to 
the  long  axis  of  the  wing  are  similar  (two-dimensional  flow), 
the  terms  du/bx  and  bv/dx  vanish. 

If  small  velocity  disturbances  are  assumed,  the  term  wjc 

may  be  neglected  and  the  term  1 ~ ^ may  be  replaced  by 


where 


V cos  is  the  component  of  the  flight 


velocity  in  the  direction  normal  to  the  long  axis  of  the  wing. 
By  using  this  relation  and  introducing  the  disturbance  po- 
tential 4,  there  is  obtained 


(2) 


It  is  important  to  note  that  the  derivation  of  this  equation 
involves  no  restriction  on  the  flight  velocity  F,  which  may 
be  subsonic  or  supersonic.  The  restriction  is  that  the  dis- 
turbance velocities  b4>lby  and  b4lbz  be  small  relative  to  e. 

If  V cos  /3  is  less  than  the  sound  velocity  c,  the  substitution 


V cos 

yields  Laplace’s  equation 


(4) 


and  it  follows  that  the  flow  patterns  are  similar  to  those 
occurring  in  an  incompressible  fluid  except  for  an  increase 
of  the  pressures  in  the  ratio 

J 

I^cos 


If  V cos  /3  is  greater  than  c,  the  substitution 


results  in  the  hyperbolic  equation 


dV 


(5) 


(6) 


which  is  the  basis  of  the  Ackeret  theory. 

The  derivation  of  equations  (4)  and  (6)  is  actually  a special 
case  of  a more  general  statement,  namely,  that  the  component 
of  translation  of  a cylindrical  body  in  the  direction  of  its  long 
axis  has  no  effect  on  the  motion  of  a frictionless  fluid.  In 
the  case  of  a wing  of  constant  section  moving  through  still 
fluid,  the  flow  is  determined  by  the  normal  components  of 
velocity  of  its  solid  boundaries  and  these  components  in  turn 
are  completely  specified  by  the  component  of  motion  in 
planes  perpendicular  to  the  axis  V cos  When  the  normal 
component  of  velocity  V cos  0 is  less  than  sonic,  then  the 
wing-section  flows  are  determined  by  solutions  of  Laplace’s 
equation.  As  is  well  known,  these  flows  show  no  pressure 
drag  due  to  thickness  of  the  airfoil.  On  the  other  hand,  if 
the  normal  component  exceeds  the  velocity  of  sound,  the 
flow  patterns  are  of  a different  type  and  are  <*haracterized  by 
plane  sound  waves.  In  this  case  a pressure  drag  arises  and 
the  suction  for''e  at  the  leading  edge  disappears  (fig.  2 (a)). 
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(b>  Fcos^<c. 

Figure  2.— Effect  of  leading-edge  angle  on  pressure  distribution. 


A physical  explanation  of  the  occurrence  of  smooth  flow 
patterns  and  pressure  distributions  at  supersonic  velocities 
is  as  follows:  If  V is  greater  than  c but  V cos  /8  is  less,  then 
the  angle  of  sideslip  or  sweepback  is  greater  than  the  Mach 
angle  (see  fig.  2 (b))  and  the  airfoil  will  lie  behind  the  charac- 
teristic lines  along  which  pressure  influences  are  transmitted 
(Mach  lines).  Thus,  although  I lie  fluid  directly  upstream 
from  a given  section  can  recveive  no  pressure  signal  from  this 
section,  the  flow  behaves  as  though  it  did  receive  such  signals 
because  of  the  successive  influence  of  similar  sections  farther 
upstream  along  the  airfoil.  The  streamlines  will  thus  be 
caused  to  curve  and  follow  paths  appropriate  to  a subsonic 
flow,  although  the  speed  is  everywhere  supersonic. 

Figure  3 illustrates  the  effect  of  sweepback  on  the  change 
in  cross  section  of  a stream  tube  passing  near  the  upper  sur- 
face of  a cambered  airfoil.  As  is  well  known,  the  equations 
of  fluid  motion  show  a reduction  in  the  area  of  a stream  tube 
in  the  region  of  increased  velocity  above  the  airfoil  when  the 
velocity  of  flight  is  subsonic  but  show  an  increase  in  the 
cross  section  when  the  velocity  of  flight  is  supersonic.  In 
figure  3 the  component  normal  to  the  leading  edge  V cos  ^ 
is  subsonic;  and  hence  in  section  view  the  streamlines,  follow- 
ing the  pattern  for  subsonic  velocities,  appear  to  contract  as 
they  flow  ovei*  the  upper  surface.  In  plan  view,  however, 
the  resolution  of  velocities  shows  that  the  flow  lines  bend  as 


Section  vie\r\/ 

Figure  3,— Change  in  area  of  stream  tube  over  upper  surface  of  sweptback  wing. 


they  pass  over  the  wing  in  such  a way  as  to  increase  the 
stream-tube  area.  In  case  the  velocity  of  flight  is  super- 
sonic, the  latter  effect  must  predominate,  as  is  required  by 
the  equations  of  motion,  ' 

The  order  of  magnitude  of  the  pressure-drag  coefficient 
and  its  variation  with  angle  of  sweepback  are  indicated  by 
figure  4.  The  calculations  were  made  by  applying  the 
Ackeret  theory  and  formulas  (4)  and  (5)  to  a wing  of  infinite 
aspect  ratio.  A simple  biconvex  wing  section  was  assumed 
and  the  angle  of  attack  was  varied  so  as  to  maintain  a con- 
stant lift  coefficient  of  0.5,  The  calculations  were  made  for 
a Mach  number  of  1.4,  with  the  result  that  at  45°  the  angle 
of  sweepback  becomes  equal  to  the  Mach  angle  and  the 
factor 


1 


becomes  infinite.  At  this  point  the  pressure  drag  due  to 
thickness  becomes  infinite  and  the  drag  due  to  angle  of 

attack  (shown  by  the  curve  marked  |=0)  vanishes. 
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Figure  4.— Variation  of  pressure  drag  with  angle  of  sweepback  for  infinite  aspect  mtio. 
M=1.4;  Cl=0.5. 


In  the  case  of  a wing  of  finite  aspect  ratio,  it  seems  prob- 
able that  in  the  regions  of  the  center  section  and  the  tips 
pressure  drags  of  the  same  order  as  those  indicated  for  these 
sections  by  the  Ackeret  theory  will  appear.  If  the  wing  is 
of  sufficiently  high  aspect  ratio,  however,  the  fraction  of  the 
wing  area  affected  will  be  negligible  and  the  pressure  drag 
will  be  nearly  that  given  in  figure  4.  The  other  drags  in- 
volved are:  (1)  skin-friction  drag,  which  may  be  of  the 
order  of  0.01,  and  (2)  induced  drag,  which  for  an  aspect  ratio 
of  8 is  also  about  0.01. 


WINGS  OF  FINITE  SPAN  AND  THICKNESS 

Schlichting  (reference  10)  proposes  a trapezoidal  plan  form 
with  tips  cut  away  at  the  Mach  angle  as  the  ideal  supersonic 
wing,  since  in  this  case  the  wake  has  no  influence  on  the  lifting 
surface  and  the  drag  is  no  greater  than  that  of  a wing  of  infinite 
span.  In  the  plan  forms  proposed  by  Schlichting,  however, 
the  resultant  force  remains  at  right  angles  to  the  chord ; hence 
the  pressure  drag  is  equal  to  the  lift  times  the  angle  of  attack. 
With  this  type  of  flow  there  is  no  favorable  effect  of  aspect 
i*atio. 

It  is  interesting  to  note  that  a favorable  interference  may  be 
obtained  by  separating  the  wing  into  lifting  elements  and 


staggering  the  elements  in  a rearward  direction  behind  the 
Mach  lines  as  in  figure  5.  In  the  staggered  arrangement 
the  upflow  outside  the  vortices  trailing  from  element  A 
will  be  effective  at  the  position  of  B and,  although  the  lift  of 
each  element  is  at  right  angles  to  its  chord,  the  upflow 
permits  the  angle  of  atatek  of  element  B to  be  reduced  for 
the  same  lift  and  hence  the  lift-drag  ratio  will  be  improved. 

According  to  Munk’s  stagger  theorem  (reference  1 1)  the 
over-all  drag  of  a lifting  system  in  an  incompressible  flow 
would  not  be  altered  by  changing  the  relative  positions  of  the 
lifting  elements  along  the  direction  of  flight.  In  the  type  of 
flow  considered  by  Miink,  therefore,  a reduction  in  the  drag 


Figure  o.^Staggered  lifting  elements  in  supersonic  flow. 


of  clement  B,  caused  by  moving  it  into  a position  of  greater 
upwash  (that  is,  moving  it  backward  relative  to  A) , would  be 
compensated  by  an  equal  increase  in  the  drag  of  element  A, 
resulting  from  the  loss  of  upwash  at  A.  (See  fig.  5.)  In 
supersonic  flow,  however,  this  reciprocal  relation  does  not 
exist  since  a lifting  element  can  produce  no  upwash  ahead  of 
its  Mach  cone.  Lifting  elements  spaced  at  right  angles  to  the 
(lireetion  of  flight  therefore  have  no  favorable  interference, 
and  it  is  evident  that  tlie  lift-drag  ratio  cannot  be  improvefl 
merely  by  increasing  the  aspect  ratio  of  the  lifting  system. 
Favorable  interference  can  be  obtained  only  by  aiTanging  the, 
lifting  elements  behind  the  Mach  lines,  as  shown  in  figure  5. 

Further  analysis  is  nee<led  to  determine  the  flow  neai*  the 
center  section  of  the  sweptback  wing  because  in  this  region 
the  flow  will  not  remain  two-dimensional,  as  lias  been  as- 
sumed. Departures  from  cylindrical  flow  caused  by  the  tips 
will  be  small  since  their  influence  cannot  extend  forward  of 
the  Mach  lines  drawn  from  the  points  at  which  these  depar- 
tures originate  in  the  plan  form.  As  pointed  out  by  Buse- 
mann  and  Schlichting  (references  9 and  10),  cylindrical  flow 
may  be  preserved  right  up  to  the  tips  by  cutting  them  off 
along  the  Mach  lines.  (See  fig,  6.) 

At  large  angles  of  sweepback  the  flow  near  tlie  vert<‘x  is 
expected  to  be  similar  to  that  over  the  low-aspect-ratio  tri- 
angular airfoil  discussed  in  reference  12.  Figure  7 shows  th(‘. 
lift  distribution  obtained  in  reference  12  and  shows  qualita- 
tively the  type  of  approximation  involved. 
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Figure  e.—Wing  with  tips  cat  away  along  the  Mach  lines. 


Finite  thickness  is  expected  to  result  in  a pressure  drag  on 
those  sections  near  the  center  of  the  wing  and  further  study 
is  also  requiied  to  establish  the  flow  due  to  thickness  in  this 
region.  Home  insight  into  the  problem  of  flow  near  the  cen- 
ter section  may  be  furnished  by  the  known  solutions  for 
supersonic  flow  in  three  dimensions  (reference  13).  Finite 
thickness  may  also  cause  pressure  drag  in  regions  where  the 
flow  is  two-dimensional  if  the  induced  velocities  are  great 
enough  to  cause  shock  waves.  This  effect  may  be  avoided 
by  increasing  the  angle  of  sweepback  so  that  the  normal 
component  of  velocity  not  only  is  subsonic  but  is  less  than 
the  critical  speed  of  the  airfoil  sections.  This  principle  may 
also  be  applied  to  wings  designed  for  subsonic  speeds  near 
the  speed  of  sound. 


Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  June  1945. 
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FLOW  OVER  A SLENDER  BODY  OF  REVOLUTION 
AT  SUPERSONIC  VELOCITIES 


By  Robert  T.  Jones  and  Kenneth  Margolis 


SUMMARY 


The  theory  of  small  disturbances  is  applied  to  the  calculation 
of  the  pressure  distribution  and  drag  of  a closed  body  of  revolution 
traveling  at  supersonic  speeds.  It  is  shown  that  toward  the  rear 
of  the  body  the  shape  of  the  pressure  distribution  is  similar  to 
that  for  subsonic  flow.  For  fineness  ratios  between  10  and  15  the 
theoretical  wave  drag  is  of  the  same  order  as  probable  values  of 
the  frictional  drag. 


INTRODUCTION 


Methods  for  calculation  of  the  flow  over  a body  of  revolution 
traveling  at  supersonic  velocities  have  been  known  for  some  time. 
(See  references  1 and  2.)  Investigations  along  these  lines  have, 
however,  been  confined  chiefly  to  bodies  having  the  form  of 
artillery  projectiles.  Such  bodies,  because  of  their  blunt  forms, 
show  relatively  high  drags  and  are  thus  not  suited  for  use  on 
high-speed  aircraft.  The  drag  of  slender  bodies  and  the  effects 
of  fairing  the  rear  of  these  bodies  are  therefore  of  considerable 
interest  in  connection  with  the  problem  of  flight  at  speeds  above 
the  speed  of  sound. 

In  view  of  the  interest  in  possible  aeronautical  applications 
it  was  thought  worth  while  to  apply  the  known  methods  to  a 
particular  case  of  a closed  body  having  both  a tapered  nose  and  a 
tapered  tail.  Slender  shapes  described  by  the  rotation  of 
parabolic  arcs  were  chosen  and  the  resulting  pressure  distributions 
calculated.  The  results  are  compared  with  those  obtained  for 
similar  shapes  in  an  incompressible  fluid  and  also  in  one  case 
with  a two-dimensional  body  having  a similar  cross  section. 


387 


NACA  TN  No.  1081 


X,  y, 
V 
a 
M 

B = 
r = 

P 

q 

Ap 

cf) 

? 

R 

d 

L 


‘^max 

D 


^^vol 


c,  C 


SYMBOLS 

z Cartesian  coordinates 

undisturbed  fluid  velocity 
speed  of  sound  in  fluid 
Mach  number  (V/a) 


density  of  fluid 

dynamic  pressure 

pressure  increment 

velocity  potential  of  single  source 

velocity  potential  of  continuous  distribution 
of  sources  along  x-axis 

abscissa  of  individual  sources 

radius  of  body 

maximum  diameter  of  body 

length  of  body 

maximum  cross-sectional  area 
drag 

drag  coefficient  based  on  maximum  cross-sectional 
area  (D/qSj„aj^) 

drag  coefficient  based  on  2/3  power  of 

volume  j ^ oTT  ) 

\q(Volume)  / 

constants 
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METHODS  OF  CALCULATION 


The  method  used  herein  follows  closely  that  of  reference  1. 
Figure  1 shows  the  shape  of  the  body  and  the  orientation  of  the 
axes.  The  disturbance  produced  by  the  body  is  assvnned  to  be  small 
and  the  flow  isentropic  so  that  the  linearized  equation  for  the 
potential  of  the  disturbance  velocities  ^ will  apply.  This 
equation  is  (see  reference  2) 

^1  - M^^  (|)2JX  + <|)yy  + * 0 (1) 

As  in  the  case  of  an  incompressible  fluid  the  flow  over 
the  body  can  be  obtained  by  the  addition  of  flows  due  to  an 
infinite  number  of  sources  distributed  along  the  axis.  The 
potential  of  a single  source  in  a supersonic  stream  is  , 


where 

and 


CV 


v4^  - (y^  + z^) 


CV 


v42-  bV 


/m^  - 1 


/ 2 . 2 
r = V y -h  z 


(2) 


Figure  2 shows  the  equlpotential  lines  for  the  supersonic 
source  compared  with  those  for  a source  in  an  incompressible 
flow.  In  the  case  of  a source  in  an  incompressible  flow  the 
equlpotential  surfaces  are  spheres,  given  by  the  expression 


♦o  = (3) 

/x2+  /+  ,2 

In  the  supersonic  case  the  equlpotential  surfaces  are  hyperboloids 
of  two  sheets  contained  within  the  Mach  cones.  Although  the 
mathematical  expression  has  values  in  two  cones,  one  ahead  of  and 
one  behind  the  source,  only  the  values  behind  have  physical 
significance. 
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It  will  be  noted  that  the  distribution  of  veloeities  along 
the  x-axis  is  the  same  for  the  supersonic  source  (equation  (2)) 
as  for  the  subsonic  or  incompressible  source  (equation  (3)). 

Since  the  forward  cone  is  to  be  disregarded  in  the  supersonic  case, 
however,  it  is  found  that  the  coefficient  C in  equation  (2) 
must  be  doubled  in  order  to  produce  the  same  flux,  or  intensity, 
as  equation  (3) . The  result  is  that  the  velocities  along  the 
axis  behind  a supersonic  source  are  exactly  twice  those  of  a 
subsonic  source  having  the  same  intensity. 

The  sources  and  sinks  are  assumed  to  be  continuously 
distributed  with  intensity  2irVf (O  per  unit  length  along  the 
X-axis  from  -1  to  1.  The  abscissas  of  the  individual  sources  are 
denoted  by  §.  Positive  values  of  f(C)  denote  sources  and 
negative  values  denote  sinks.  By  adding  the  potentials  due  to 
the  single  elementary  sources  f(?)dC  the  resulant  flow 


f (€)dg 

ft  ITT 

/(x  - ?)  - B r 


(4) 


is  obtained. 

The  problem  is  to  determine  a source  distribution  in  such  a 
way  that 


1 M 

V I 3r  / _ dx 

' 'r=R 


(5) 


where  dR/dx  gives  the  shape  o£  the  meridian  curve  of  the  body 
of  revolution.  It  is  shown  in  reference  1 that  to  a first 
approximation  for  a slender  body  the  source  strength  is  pro- 
portional  to  the  rate  of  change  of  the  cross  section  of  the  body, 
that  is 


f (x)  = 


(6) 


a similar  approximation  can  be  applied  to  obtain  the  source 
distribution  for  a body  in  subsonic  flow.  The  distributions  are, 
in  fact,  the  same  in  the  two  cases  with  the  exception  that  in  the 
supersonic  flow  the  value  of  f(x)  must  be  doubled  to  account 
for  the  elimination  of  the  flux  through  the  forward  cones. 
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3 

By  choosing  f (x)  = c(x  - x),  and  solving  equation  (6),  the 
following  expression  for  R was  obtained; 

R = £ (1  - x^)  (7) 

2 

This  expression  may  be  recognized  as  the  equation  of  a surface 
obtained  by  revolving  a parabolic  arc  about  its  chord.  The 
fineness  ratio  of  the  body  is  determined  by  the  value  assigned 
the  factor  c. 

3 

On  substituting  c(5  -5  ) for  f(£)  in  equation  (4),  the 
velocity  increment  B<j>/3x  at  point  (x,r)  is  found  to  be  (see 
equation  (9.5),  p.39,  reference  1) 


3j)  = 
3x 


^x-Br 

1 


f (£)  dg 


Jt  TiT 

’'(x  - 5)  - B r 


•x-Br 


(3g^  - 1) 


d? 


5)  - B r' 


= cV 


13.-..^.  + 1)^  - bM 


-1/ 


+ 1 3x^  - 1 + ^ B^r^  1 cosh  ' 


over  the  body. 

Along  the  axis  behind  the  body  the  integration  gives 


eV 


(3x^  - 1)  log  I - 6x 


(8) 


(9) 


The  pressure  coefficients  were  calculated  by  the  formula 


Ap  2 d(|) 

q V dx  (10) 
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RESULTS 


Calculations  have  been  made  for  a Mach  number  of  1.4  and  for 
three  thickness  ratios  d/L  of  0.0667,  0.10,  and  0.15  corresponding 
to  fineness  ratios  L/d  of  15,  10,  and  6.67,  respectively.  The 
results  for  the  three  bodies  are  shown  in  figures  3,  4,  and  5, 
respectively,  and  are  compared  with  the  theoretical  pressure 
distributions  over  these  bodies  in  an  incompressible  fluid.  A 
discussion  of  the  errors  involved  in  the  linear  theory  and  the 
variation  of  the  pressures  with  Mach  number  will  be  found  in 
reference  3. 

Comparison  of  the  distributions  in  a compressible  fluid  and 
in  an  incompressible  fluid  shows  a certain  similarity,  especially 
toward  the  rear  of  the  body.  The  effect  of  supersonic  speed 
appears  to  be  similar  to  the  effect  of  a lag  inasmuch  as  the 
negative  pressure  peak  and  the  region  of  pressure  recovery  are 
displaced  rearward.  The  pressures  along  the  axis  behind  the  body 
are  just  twice  those  produced  by  an  incompressible  fluid,  as  may 
be  seen  by  referring  to  the  velocity  field  of  a single  source. 


The  results  obtained  herein  for  the  three-dimensional  body 
are  in  marked  contrast  to  the  results  obtained  for  two-dimensional 
bodies,  or  wing  sections,  having  similar  cross  sections.  As  is 
well  known,  in  the  two-dimensional  case  no  pressure  recovery 
takes  place  at  supersonic  speeds,  the  pressure  at  a point  being 
determined  solely  by  the  inclination  of  the  surface  at  that  point 
so  that  positive  pressures  occur  wherever  the  cross  section  is 
expanding  and  negative  pressures  occur  wherever  the  cross 
section  is  diminishing.  Figure  6 shows  the  comparison  of  the 
two-dimensional  and  three-dimensional  bodies  for  the  0.10 
thickness  ratio. 

The  essential  difference  between  the  two-  and  three- 
dimensional  flows  corresponds  to  the  difference  noted  by  Lamb 
(reference  4)  between  the  characteristics  of  a plane  sound  wave 
and  an  axially  symmetrical  wave  diverging  from  a center.  As 
noted  by  Lamb,  the  plane  wave,  which  corresponds  in  the  present 
case  to  the  flow  produced  by  the  two-dimensional  wing  section, 
is  propagated  indefinitely  without  change  of  form;  whereas  the 
axially  symmetrical  wave,  which  approximates  that  produced  by  an 
element  of  the  slender  body  of  revolution,  does  not  follow  the 
form  of  the  disturbing  motion  but  leaves  a "tail”  of  diminishing 
intensit}^  and  indefinite  extent.  Thus  the  wing  section  leaves 
no  pressure  disturbance  in  its  wake,  whereas  the  axially 
symmetrical  body  is  followed  by  an  indefinite  region  of  positive 
pressure.  Integration  of  the  axial  components  of  the  pressures 
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acting  on  the  body,  however,  shows  that  the  positive  pressure  at 
the  rear  of  the  three-dimensional  body  is  sufficient  to  cancel 
only  a small  fraction  of  the  total  pressure  or  wave  drag. 

The  wave-drag  coefficients  based  on  the  maximum  frontal  area 
were  found  to  be  0.049,  0.11,  and  0.24  for  the  bodies  with  thickness 
ratios  of  0.0667,  0.10,  and  0.15,  respectively.  Figure  7 shows 
a comparison  of  these  values  with  the  wave  drags  of  corresponding 
two-dimensional  wing  sections.  It  will  be  noted  that  the  wave 
drag  of  the  fuselage  form  is  approximately  proportional  to  the 
square  of  the  thickness  ratio. 

An  approximate  estimate  of  the  total  drag  of  a body  may  be 
obtained  by  adding  values  of  the  frictional  drag  to  the  wave  drag. 

A rather  complete  treatment  of  the  frictional  drag  of  bodies  of 
revolution  at  subsonic  speeds  is  available  from  reference  5.  By 
use  of  values  from  reference  5 corresponding  to  a fully  turbulent 
boundary  layer  and  a Reynolds  number  of  10°,  the  following  estimates 
of  the  total  drags  of  the  bodies  were  obtained: 


Thickness  ratio 

Ct^ 

^a 

Vol 

0.0667  1 

0.14 

0.032 

.10 

.17 

.051 

.15 

.29 

.11 

where  Cr.  is  the  drag  coefficient  based  on  the  frontal  area  and 
is  the  drag  coefficient  based  on  the  volume  of  the  body  to 

vol 

the  2/3  power. 


The  drag  of  a given  volume  is  an  important  criterion  in  the 
case  of  an  airplane  fuselage  and  it  will  be  of  interest  to  compare 
these  values  with  a typical  value  attainable  at  subsonic  speeds. 
For  a Reynolds  nximber  of  10^  and  a turbulent  boundary  layer,  the 
best  value  given  by  Young  (reference  5)  corresponds  to  a thickness 
ratio  of  0.2  and  is  approximately 

= 0.016 

^vol 

CONCLUDING  REMARKS 

The  theoretical  pressure  distribution  over  a closed  body  of 
revolution  traveling  at  supersonic  velocities  shows  a pressure 
recovery  at  the  rear  of  the  body  similar  to  that  occurring  at 
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subsonic  speeds.  The  extent  of  the  region  of  positive  pressure 
is,  however,  not  sufficient  to  have  a pronounced  effect  on  the 
wave  drag.  It  appears  to  be  necessary  to  use  extremely  slender 
shapes  to  obtain  total  drag  values  comparable  to  those  of  a 
conventional  airplane  fuselage  at  subsonic  speeds.  For  fineness 
ratios  between  10  and  15  the  theoretical  wave  drag  is  of  the  same 
order  as  probable  values  of  the  frictional  drag. 


Langley  Memorial  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Langley  Field,  Va.,  July  8,  1946 


REFERENCES 


1 . von  Kdrmdn,  Th. : The  Problem  of  Resistance  in  Compressible 

Fluids.  GALCIT  Pub.  No.  75,  1936.  (From  R.  Accad, 
d'ltalia,  cl.  sci.  fis.,  mat*  e nat.,  yol.  XIV,  1936.) 

2.  Prandtl,  L.:  General  Considerations  on  the  Flow  of 

Compressible  Fluids.  NACA  TM  No.  805,  1936. 

3.  Taylor,  G.  I.,  and  Maccoll,  J.  W. : The  Air  Pressure  on  a 

Cone  Moving  at  High  Speeds.  Proc.  Roy.  Soc.  (London), 
ser.  A,  vol.  139,  no.  838,  Feb.  1,  1933,  pp.  278-311, 

4.  Lamb,  Horace;  Hydrodynamics.  Sixth  ed.,  Cambridge  Unlv. 

Press,  1932,  pp.  298-301  and  524-527. 

5.  Young,  A.  D. : The  Calculation  of  the  Total  and  Skin  Friction 

Drags  of  Bodies  of  Revolution  at  Zero  Incidence.  R.  & M. 
No.  1874,  British  A.R.C.,  1939. 


394 


395 


NATIONAL  ADVISORY 
COMMITTEE  FOR  AERONAUTICS 


Figure  1.-  Orientation  of  axes  and  shape  of  body. 
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Figure  5.-  Caleulated  pressure  distributions  for  a thickness  ratio 

of  0.15. 
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Figure  6.-  Comparison  of  pressures  for  two-  and  three-dimensional  bodies  at 
a Mach  number  of  1.4  for  a thickness-  ratio  of  0.10. 
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Figure  7>-  Comparison  of  wave  drags  of  two-  and  three-dimensional 
bodies  for  a Mach  number  of  1.4* 
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THIN  OBLIQUE  AIRFOILS  AT  SUPERSONIC  SPEED 

By  Robert  T.  Jones 


SUMMARY 

The  well-known  methods  of  thin-airfoil  theory  have  been 
extended  to  oblique  or  swe'ptback  airfoils  of  finite  aspect  ratio 
moving  at  supersonic  speeds.  The  cases  considered  thus  far  are 
symmetrical  airfoils  at  zero  lift  having  plan  forms  bounded  by 
straight  lines.  Because  of  the  conical  form  of  the  elementary 
flow  fields^  the  results  are  comparable  in  simpliciiy  to  the 
results  of  the  two-dimensional  thin-airfoil  theory  for  subsonic 
speeds. 

In  the  case  of  untapered  airfoils  swept  back  behind  the 
Mach  cone  the  pressure  distribution  at  the  center  section  is 
similar  to  that  given  by  the  Ackeret  theory  for  a straight  airfoil. 
With  increasing  distance  from  the  center  section  the  distribution 
approaches  the  form  given  by  the  subsonic-flow  theory.  The 
pressure  drag  is  concentrated  chiefly  at  the  center  section  and 
or  long  wings  a slight  negative  drag  may  appear  on  outboard 
sections. 

INTRODUCTION 

In  reference  1 it  was  pointed  out  that  the  wave  drag  of 
an  infinite  cylindrical  airfoil  disappears  when  the  airfoil  is 
yawed  to  an  angle  greater  than  the  Mach  angle.  This 
observation  led  to  the  conclusion  that  the  drag  of  a finite 
airfoil  could  be  greatly  reduced  by  the  use  of  sufficient 
sweepback.  With  such  a sweptback  wing  the  wave  drag 
would  be  associated  with  departures  from  the  ideal  two- 
dimensional  flow  at  the  root  or  tip  sections  and  would  thus 
be  a function  of  the  aspect  ratio.  The  present  report  extends 
the  theory  of  reference  1 to  take  account  of  these  effects. 

The  treatment  is  based  on  the  theory  of  small  disturbances 
in  a frictionless  compressible  fluid.  The  idealized  fluid  and 
its  equations  of  motion  are  identical  with  those  employed  in 
acoustics  in  the  theory  of  sound  waves  of  small  amplitude. 
The  application  of  the  theory  is  thus  limited  to  bodies  having 
thin  cross  sections  so  that  the  velocity  of  motion  imparted 
to  the  fluid  is  small  relative  to  the  velocity  of  sound  and  so 
that  the  pressure  disturbances  produced  are  small  relative 
to  the  ambieht  pressure. 

The  adaptation  of  the  sound-wave  theory  to  the  aero- 
dynamics of  moving  bodies  was  suggested  many  years  ago 
by  Prandtl.  The  theory  was  applied  by  Ackeret  (reference  2) 
to  thin  airfoils  moving  at  supersonic  speed.  Ackeret ^s 
treatment  is  limited,  however,  to  infinitely  long  cylindrical 
airfoils  moving  transversely.  The  present  theory  may  be 
considered  an  extension  of  Ackeret’s  theory  to  take  into 
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account  wings  of  finite  span  and  wings  having  tapered  or 
sweptback  plan  forms.  In  the  case  of  sweptback  plan  forms 
the  results  are  markedly  different  from  those  obtained  by 
the  Ackeret  theory  and  approach' the  values  indicated  in 
references  1 and  3. 

In  reference  4 Busemann  describes  a method  for  cal- 
culating the  supersonic  flow  over  bodies  which  produce  a 
conical  pressure  field.  Busemann  shows  that  the  flow 
around  cones  of  circular  cross  sections  as  well  as  the  flow 
around  the  tip  of  a rectangular  lifting  surface  satisfies 
this  condition.  The  fact  that  a great  variety  of  three- 
dimensional  flows  can  be  constructed  by  the  superposition  of 
conical  and  cylindrical  flow  fields  leads  to  an  essential  sim- 
plification of  the  airfoil  theory  at  supersoiiic  speeds. 

The  present  treatment  differs  from  Busemann's  in  that  it  is 
further  limited  to  flat  bodies,  that  is,  bodies  which  are  thin 
in  both  longitudinal  and  transverse  sections.  This  addi- 
tional restriction  leads  to  a much  simpler  mathematical 
treatment  and  one  which  is  applicable  to  a wide  variety  of 
airfoil  shapes.  Symmetrical  nonlifting  bodies  are  also 
treated  in  reference  5 where  use  is  made  of  integral  expres- 
sions corresponding  to  the  velocity  potential  of  plane-source 
distribution. 

SYMBOLS 

V flight  velocity 

M Mach  number 

Xj  y,  z coordinates 
I point  on  A-axis 

Xi  limit  of  integration 

disturbance-velocity  potential 
w,  z;,  w disturbance-velocity  components 
Ui  value  of  u at  Xi 

u value  of  u for  conjugate  arrangement 

p local  pressure 

q dynamic  pressure 

p density  of  air 

Pm  Qn  Legendre  functions 
1 source-strength  factor 

D differential  operator 

Od  drag  coefficient 

t thickness  of  wing 

m slope  of  line  source  (absolute  value) 

c chord  of  wing 
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THE  OBLIQUE  LINE  SOURCE 

Tke  assumptions  of  small  disturbances  and  a constant 
velocity  of  sound  throughout  the  fluid  lead  to  the  well- 
known  linearized  equation  for  the  velocity  potential  <f>  (see 
reference  6) 

{l—M^)<i>xx-i-4>vy~h^zz=0  (1) 

The  analysis  is  simplified  by  introducing  the  coordinates 


Zi^X  ’ 

y 

2i==  1 2. 


(2) 


Dropping  the  subscripts  from  the  transformed  coordinates 
gives 

4*ZZ  (3) 

According  to  the  thin-airfoil  theory  the  pressures  on  the 
transformed  airfoil  are  given  by 


the  other  components  may  be  obtained  by  integrating  the 
given  component  to  obtain  the  velocity  potential  and  then 
differentiating  the  results  along  the  desired  directions  to  ob- 
tain the  desired  components.  This  procedure  is  especially 
useful  in  the  thin-airfoil  theory,  where  the  complete  velocity 
field  may  not  be  required. 

Adopting  the  foregoing  procedure,  one  may  write 

1 

Since  u is  proportional  to  the  pressme,  such  a solution  cor- 
responds to  a point  source  in  the  pressure  field.  The 
solution  for  an  oblique  line  source  may  be  obtained  by 
integrating  for  the  effect  of  a row  of  point  sources  along  the 
line  y = mr.  It  will  be  shown  that  such  a line  source  satisfies 
the  boundary  condition  for  a thin  wedge-shape  body.  This 
solution,  as  well  as  other  expressions  relating  to  oblique  air- 
foils, can  be  most  conveniently  expressed  by  referring  to  the 
oblique  coordinates 

x'=x—my 


— 

’^Vbx 


(z^O)  (4) 


dz 

and  the  slope  of  the  airfoil  surface  ^ is  equal  to  the  slope 
of  the  streamlines  near  the  chord  plane;  that  is, 

dx~V 


_1  ^ 
~Vbz 


(z^O)  (5) 


The  use  of  the  coordinate  transformation,  equation  (2),  will 
be  understood  in  the  following  development.  The  results 
are  therefore  applicable  directly  to  a Mach  number  of  ^/2. 
For  an  equivalent  airfoil  at  another  Mach  number  the  y- 
and  2-  coordinates  of  the  surface  will  be  multiplied  by 
1 while  the  pressure  coefficients  at  corresponding 
points  will  be  divided  by  the  quantity  M^—1, 

The  elementary  solution  of  equation  (3)  for  a point  source 
is 

1 

This  solution  is  directly  related  to  the  subsonic  potential 

1 

In  the  subsonic  case  the  equipotential  surfaces  are,  however, 
ellipsoids,  whereas  in  the  supersonic  case  the  equipotential 
surfaces  are  hyperboloids  limited  by  the  Mach  cone,  (See 
reference  6 for  the  derivation  of  these  elementary  solutions.) 

Because  of  the  linearity  of  equation  (1)  a solution  may  be 
used  to  denote  one  of  the  velocity  components  rather  than 
the  velocity  potential.  The  specification  of  one  component 
in  this  manner  actually  describes  the  whole  flow  field  since 


y'^y—mx 

} 

(See  fig.  1.)  It  may  be  shown  that  if  any  function /(«,  z) 

is  a solution  of 

fzz~'Jyy  —fzz  ~ 0 

then/(x',  y\  z')  is  also  a solution.  In  particular,  the  point- 
source  solution  becomes 


1 1 1 


Figure  1— Oblique  coordinates. 

yf=y-^mx 
z'=  Vl“”W*  z 
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Hence  the  integration  for  the  effect  of  an  inclined  line  of 
sources  may  he  perfoimed  directly  along  the  oblique  a;'-axis; 
thus,  for  w<1.0 

. n'l  

Jo 

“/cosh“i~™^^  (6) 

where  is  the  position  of  the  last  source  whose  Mach  cone 
includes  tlie  point  (x',  i/,  z')  and  is  given  by 

Wlien  m approaches  1.0  the  source  line  approaches  coin- 
cidence with  the  Mach  cone,  corresponding  to  a transverse 
velocity  component  equal  to  the  velocity  of  sound. 

For  values  of  m greater  than  1.0  the  integration  yields 


U——H  cos“^  — 

.Vy'"+2'' 


It  will  be  seen  that  in  this  case  / is  imaginary. 

The  vertical  velocity  near  s=0,  which  determines  the 
shape  of  the  boundary,  may  be  determined  by  integrating  u 
with  respect  to  x and  then  differentiating  the  resulting 
velocity  potential  with  respect  to  2;  thus  (see  appendix), 


= ±ir^-vT-i?  (8) 

m ^ 

if  2^0  and  ?/'<0.  If  w—0.  There  is  thus  a discon- 

tinuity in  the  vertical  velocity  of  the  streamlines  when  they 
cross  the  line  source  at  2/'==0.  For  small  values  of  J/m  this 
discontinuity  in  vertical  velocity  agrees  with  the  boundary 
condition  for  a simple  wedge  shape  having  a small  wedge 
angle.  (See  fig.  2.) 

If  the  source  strength  I is  held  constant  and  m is  allowed 
to  approach  zero,  the  wedge  angle  ultimately  becomes  large. 
At  m=0  the  line  source  actually  satisfies  the  boundary  con- 
dition for  the  circular  cone  (reference  7) , but  it  is  found  that 
the  slope  of  the  conical  boundary  does  not  agree  mth  the 
slope  of  the  streamlines  near  2=0  and  hence  the  theory  no 

Tfl 

longer  holds.  The  condition  y -^0  thus  represents  the  transi- 
tion from  an  oblique  airfoil  to  a body  of  revolution  and  will 
be  avoided  in  the  present  analysis  by  restricting  the  formulas 
to  flat  bodies,  that  is,  airfoils  that  are  thin  in  both  longitudinal 
and  transverse  section. 

AIRFOIL  OF  WEDGE  SECTION 

Over  the  wedge  section  near  the  plane  2=0,  the  formula  (6) 
becomes  simply 

«=/  cosir* 
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(9) 


AT  SUPERSONIC  SPEED 


V-  / / 

•e®'  ^ 


^ f.o 


0 f.o  fjm 


Figi  be  2.— Pressure  field  for  oblique  wedge  wh^re  m<1.0.  ~ 
. , x—my 


where  1 2/' I denotes  the  absolute  magnitude  of  y^=y~mx. 
The  pressure  is  thus  constant  along  the  radial  lines 


y= Constant  (10) 

and  is  conveniently  represented  by  the  variation  along  a line 
parallel  to  the  X-axis.  Figure  2 shows  the  oblique  wedge- 
shape  figure  corresponding  to  a line  source  with  w<1.0.  In 
this  case  the  pressure  field  is  confined  to  the  interior  of  the 
Mach  cone  and  the  theory, 

unlike  the  Ackeret  theory,  indicates  a stagnation  point  along 
the  leading  edge.  (Actually,  of  course,  the  thin-airfoii 
theory  shows  an  infinite  velocity  at  such  points,  but  this  is 
to  be  interpreted  as  a velocity  of  the  order  of  magnitude  of 
the  flight  velocity  V,  The  pressure  to  be  expected  along  the 
leading  edge  is  the  stagnation  pressure  corresponding  to  the 
transverse  velocity  component.) 

Given  , the  wedge  angle  measured  in  downstream 

sections,  the  source  strength  must  vary  with  m according  to 

(11) 

7T  yi— dx 

(from  equation  (7)),  Then 

Ap  2 (Lz  Tfl  1 _i  ^ o\ 

Vi 

If  m exceeds  1.0,  the  leading  edge  of  the  airfoil  will  lie  out- 
side the  Mach  cone.  In  this  case 

Ap^2  ^ m I x'  .^3. 

2 1 
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In  the  r^ion  between  the  leading  edge  and  the  Mach  cone 
cos“^  1^1  equal  to  tt;  hence  the  pressure  in 

this  region  is  constant,  that  is, 


o ^ ^ 

q dx  1 


Figure  3 illustrates  this  result. 


(14) 


and  that  beginning  at  x=  — 1 is  denoted  by  ti-i,  and  so  forth,, 
the  sum 

represents  the  velocity  over  a plate  of  uniform  thickness 
having  a beveled  leading  edge  of  constant  width.  (See  fig.  4.) 
Similarly 

u_i“2u+w+i 


FiGVHE  3.““Prcssiirc  field  for  oblique  wedge  where  to>1.0. 


Ap  2u 
q ^V' 


If  a semi-infinite  airfoil  with  its  leading  edge  at 

riglit  angles  to  the  direction  of  flight  is  obtained;  here 


x—my  _ —y 

\ {y  — mxY  + ( 1 — m^) 


(15) 


and  ^==2  ^ wherever  y'^^lx^—z^, 
the  Ackeret  theory. 


This  value  agi’ees  with 


AIRFOILS  BOUNDED  BY  PLANE  SURFACES 


The  distribution  of  pressure  over  symmetrical  airfoils 
bounded  by  plane  surfaces  can  be  obtained  by  superimposing 
the  pressure  fields  for  several  line  sources  and  sinks.  This 
superposition  is  greatly  simplified  by  the  conical  form  of  tlie 
pressure  field  for  each  single  line  source.  Because  of  this 
form,  the  whole  distribution  in  the  plane  z^Q  is,  in  effect, 
represented  by  a single  curve.  If  the  velocity  field  for  a line 
source  beginning  at  the  origin  (equation  (6))  is  denoted  by  u 


represents  the  pressure  field  for  an  airfoil  having  diamond- 
shape  cross  sections. 

The  superposition  required  for  several  sources  or  sinks 
can  be  accomplished  by  manipulation  of  a single  curve  if  it 
is  remembered  that  u is  a function  of  the  ratio  xjy.  Figui*e  4 
illustrates  this  process  for  a source  and  a sink.  In  teims  of 
the  ratio  xjy  the  separation  of  source  and  sink  and  hence 
the  scale  of  the  chord  length  continually  diminishes  with 
increasing  distance  from  the  root  section. 

At  large  distances  from  the  vertex  (x'^  co ) the  expression 
(for  m<1.0) 

cosh-'  (16) 

f 

is  found  to  approach  the  value 


log 

“ y ^m, 


(17) 


where  Qo  is  the  Legendre  function.  (See  reference  7.) 


408 


THIN  OBLIQUE  AIRFOILS  AT  SUPERSONIC  SPEED 


In  the  thin-airfoil  theory  for  subsonic  speeds  it 
can  be  shown  that  if 


then 


wccP,^{x) 


dx 


(18) 


%<x.Q^{x)  (19)  u^ls 

since  Neumann^s  formula  (reference  8,  p.  116) 

(20) 

may  be  interpreted  as  the  integration  for  the  velocity  distri- 
bution due  to  an  array  of  sources  of  strength 


w de=F„(^) 

ij^ 

along  the  chord  of  the  airfoil.  The  expression  Qo  ~ of  equa- 
tion (17)  thus  represents  the  subsonic  pressure  distribution 
over  the  beveled  edge.^ 

At  the  root  section  (t/=0)  only  the  forward  source  need 
be  considered  since  the  airfoil  surface  is  ahead  of  the  Mach 
cone  originating  at  the  rear  source.  Here 


w_i”t^+iOCcosh“^ 


\y-m(x+l)\ 


occosh”^ 


J. 

m 


(21) 


and  the  pressure  over  the  root  section  is  thus  constant,  as 
given  by  the  Ackeret  theory,  but  is  altered  in  magnitude 
by  the  obliquity. 

The  oblique  wing  lying  behind  the  Mach  lines  thus  shows 
the.  Ackeret  type  of  pressure  distribution  over  the  foremost 
section  and  a progressive  change  along  the  span  from  this 
distribution  to  the  subsonic  type  of  distribution.  Since  the 
subsonic  type  of  distribution  shows  no  pressure  drag,  there 
is  a continuous  falling  off  of  the  pressure  drag  with  increasing 
distance  from  the  root  section.  The  pressure  drag  of  the 
oblique  wing  thus  arises  chiefly  on  the  foremost  section,  and 
it  follows  that  the  drag  coefficient  of  the  wing  as  a whole 
diminishes  with  increasing  aspect  ratio.  It  will  be  shown 
subsequently  that  the  effect  of  cutting  the  wing  off  along  a 
line  t/= Constant  to  produce  a downstream  tip  causes  a 
reduction  of  the  pressure  drag  on  the  adjacent  sections;  and 
if  the  aspect  ratio  is  sufficiently  high,  the  pressure  drag  in 
the  region  of  the  downstream  tip  may  actually  be  negative. 

If  the  wing  lies  ahead  of  the  Mach  lines  (m>1.0)  the 
Ackeret  type  of  pressure  distribution  occurs  and  a pressure 
drag  arises  over  the  whole  length.  In  this  case  both  u and  w 
are  constant  over  the  beveled  part  at  a distance  from  the  origin. 

1 Similarly  if  Pb(€)  is  taken  as  the  chordwise  distribution  of  voi  ticity, 

u cc  p„  (z) 

w cc  Qn  (X) 

dz 
cc  T- 
dx 

Tlu>  first  of  this  scries  of  airfoils  is  the  camber  shape  curved  to  support  a uniform  load. 


Fiqube  5.— Variation  of  pressure  distribution  along  span  of  sweptback  wing.  ni=lan 

Sfope,  dzfdx 
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Distance  from  root  section  in  ijZ  chord  lengths 

Fiqvre  fi.— Variation  of  drag  coefficient  with  distance  from  root  section  for  sweptback  wing. 
Wedge  section;  M~\A. 


The  treatment  thus  far  applies  to  semi-infinite  cylindrical 
wings  having  root  sections  near  the  origin.  A complete 
sweptback  wing  may  be  obtained  by  the  addition  of  a sym- 
metrical or  conjugate  arrangement  of  source  lines  below  the 
X-axis.  Values  of  u for  this  conjugate  arrangement  may  be 
denoted  by  U.  Figures  2 and  3 show  u for  a single  inclined 
source  and  figm*e  5 shows  calculated  pressure  distributions 
at  several  sections  along  the  span  for  a complete  sweptback 
airfoil  having  beveled  sections.  The  addition  of  the  con- 
jugate source  lines  doubles  the  pressure  at  the  root  section, 
but  this  interference  effect  falls  off  rapidly  along  the  span. 
It  is  noted  that,  as  in  figure  4,  the  most  significant  change 
in  pressure  distribution  occurs  along  the  expansion  wave 
originating  at  the  trailing  edge  of  the  root  section.  Figure  6 
shows  the  variation  in  pressure  drag  along  the  span  for  this 
airfoil  obtained  by  integrating  the  chordwise  components  of 
pressure  at  the  different  sections. 

The  addition  of  a reversed  source-sink  distribution  having 
its  origin  displaced  to  a point  O2  (see  fig.  7)  will  show  the 
effect  of  cutting  the  wing  off  in  a direction  parallel  to  the 
direction  of  flight.  It  Avill  be  evident  that  the  effect  of  such 
a tip  is  characterized  by  the  subtraction  of  the  curves  u and 
is  limited  to  the  area  lying  within  the  Mach  cone  which 
originates  at  the  tip.  It  is  interesting  to  note  that  pressure 
distributions  of  the  Ackeret  type,  except  reversed  in  sign, 
are  added  near  the  tip;  hence,  cutting  the  tip  off  in  this  man- 
ner reduces  the  drag  of  adjacent  sections. 
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Figure  7— Addition  of  reversed  source-sink  distribution  to  produce  tip. 


Figure  8 shows  the  p’  "'ore  distributions  over  a rectangu- 
lar airfoil  having  a leading  edge  at  right  angles  to  the  flow. 
In  the  triangular  area  ahead  of  the  Mach  cones  originating 
at^the  tips  the  pressure  is  constant,  as  given  by  the  Ackeret 
theory,  whereas  behind  these  Mach  cones  the  pressure  drops 
sharply. 

AIRFOIL  OF  BICONVEX  SECTIONS 


Curved  surfaces  require  a continuous  distribution  of  sources 
and  sinks  alined  with  the  generators  of  the  surface.  Each 
elementary  source  line  causes  an  infinitesimal  change  in 
direction  of  the  surface  and  hence  the  slope  at  any  point  may 
be  obtained  by  adding  up  the  effects  of  all  sources  ahead  of 
that  point.  Thus 


d2  7T  p ^/T~^  dl 
dx~v}^,  m di^^ 


(22) 


d^z_w  Vl— dl 
d^^V  m dx 


For  airfoils  of  constant  chord,  m will  be  a constant  and  the 
integrations  can  be  performed  without  difficulty . The  simplest 
case  is  that  of  constant  curvature,  which  leads  to  profiles 
formed  from  circular  arcs. 

In  order  to  obtain  a biconvex  profile,  it  is  necessary  to 
introduce  finite  sources  of  strength  sufficient  to  form  the 
desired  angle  of  intersection  of  the  arcs  at  the  leading  and 
trailing  edges,  together  with  a uniform  distribution  of  sinks 
along  the  chord  line  between  the  two  sources.  These  pro- 
files thus  require  a uniform  distribution  of  sources  or  sinks, 
which  may  be  obtained  by  integrating  the  elementary  solu- 
tion for  the  line  source  (equation  (6) ) . The  resulting  solution 

may  be  denoted  hy^u  and  is,  for  m<^l, 


Figure  8.— Pressure  distribution  over  airfoil  of  rectangular  plan  form. 
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cosh 
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Inasmuch  as  the  elementary  solution  u is  of  the  form 
/ integrated  solution  appears  in  the  form 


1 /x 


and  will  be  conveniently  represented  by  a curve  typical  of 
aU  spanwise  stations,  namely, 


For  a closed  profile  intersecting  the  X-axis  at  the  pomts  ± 1 
there  is  obtained 


Zu=u-i+u+i-y  (J^  “+i) 


(24) 


410 


THIN  OBLIQUE  AIRFOILS  AT  SUPERSONIC  SPEED 


This  superposition  may  be  accomplished  conveniently  by 
transposing  and  adding  the  typical  curves  u and  ^ u,  (See 
fig.  9.) 

It  wiU  be  found  that  if  m is  less  than  i.O  the  velocity 
distribution  approaches,  with  increasing  distance  from  the 
root  section,  the  form  given  by  the  subsonio-flow  theory  for 
an  airfoil  of  biconvex  section,  that  is, 


(m)  I 


(25) 


At  the  root  section,  however,  the  form  is  simply  that  given  by 
the  Ackeret  theory  for  a straight  airfoil  although  the  values 

are  reduced  in  magnitude  by  the  factor 


m 


cosh” 


The  pressure  distribution  and  the  variation  of  drag  along 
the  span  for  the  bilaterally  symmetrical  wing  are  shown  in 
figures  10  and  11. 


CONICAL  SURFACES 

For  tapered  airfoils  both  m and  I will  be  functions  of 
It  is  easily  seen  that  closed  surfaces  can  be  obtained  only  if 
the  relation  between  m and  ^ is  such  that  the  line  sources 
have  a common  point  of  intersection,  as  in  figure  7.  If  this 
point  is  denoted  by  aro, 


Figure  10.— Pressure  distribution  at  different  points  along  span.  Biconvex  wing. 
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Figure  1 1 .—Variation  of  dr^  coefficient  with  distance  from  root  section  for  wii^s  of  biconvex 
section.  M-1.4;  ^—10  percent. 


The  surface  obtained  is  one  generated  by  a line  passing 
through  the  fixed  point  rco,  y©  and  hence  is  a conical  surface. 

The  pressure  over  the  tapered  airfoil  requires  the  integra- 
tion of 


\y-m{x-i)\ 


where  is  the  location  of  the  vertex  of  the  airfoil  and 


, Vo 

~Xq-X 


dI  V m (Pz 
d^  TT  d^^ 
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In  conclusion  it  should  be  noted  that  the  pressures  have 
been  derived  for  an  airfoil  transformed  according  to  equa- 
tions (2),  The  pressures  at  corresponding  points  of  the 
original  airfoil  are  to  be  obtained  by  dividing  by  L 

Langley  Memorial  Aeronautical  Laboratory, 
National  Advisory  Committee  for  Aeronautics, 
Langley  Field,  Va.,  May  23^  1946. 


APPENDIX 

EVALUATION  OF  INTEGRAL  OF  EQUATION  (8) 

For  m<1.0  the  disturbance  is  zero  outside  the  Mach  cone 
and  the  range  of  integration  should  be  extended  only  from 
xi~  is, 


cosh  ^ / /2  i /2 


(for  unit  source  strength).  Furthermore, 


bz  ' 


].,f^bz  ' 


since  the  integrand  is  zero  at  the  lower  limit.  Now 
b _i  x'  _ —x'z'^Jl~m? 

and  hence  the  integral 


J viqrF^  {y'^+  ^ ^ 

must  be  evaluated. 

First  it  is  noted  that  the  integral  vanishes  with  2 except 
in  the  neighborhood  of  the  Mach  cone  {^x'^~y'^—z'^=^) 
and  in  the  neighborhood  of  the  line  source  (y'  = 0).  Near 
the  Mach  cone  so  that 


’ -~x*z'dx 


Since  the  latter  integral  approaches  zero  with  2,  there  is  no 
contribution  to  equation  (A4)  in  the  region  of  the  Mach 
cone.  On  the  other  hand,  near  the  line  source  y'^0  and 
; hence,  as 


'z'dx ^ r_iL^ 


1 v' 

— tan~^  ^-j-Constant 
m z 


The  value  of  the  integral  changes  from  0 to  ?r  in  crossing 
over  the  line  source  at  y'  = 0 and  is  positive  or  negative  de- 
pending on  whether  2'  approaches  zero  from  the  positive  or 
negative  side  of  the  a;y-plane.  Hence 


If  m is  greater  than  1.0, 

and  the  flow  disturbance  extends  outside  the  Mach  cone  to 
a region  bounded  by  plane  waves  extending  from  the  line 
source  and  tangent  to  the  Mach  cone.  (See  fig.  12.)  The 
equation  of  these  planes  can  be  easily  shown  to  be  y'^~{‘z'^=Q; 
hence  for  m)>1.0  the  lower  limit  of  integration  is  given  by 


Figuke  12.— Information  pertinent  to  evaluation  of  equation  (8)  for  ?n>1.0.  (See  appendix.) 
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or 


Then 


a:,= 


m 


(A8) 

(A9) 


In  this  case  % does  not  go  to  zero  at  the  lower  limit  hut  is 
equal  to  v.  In  all  other  regions,  however,  the  integral 
approaches  zero  uniformly  mth  s as  in  the  preceding  case; 
hence 


as  before. 


d p 

I u 


dx 


da;i 


=±-  V«”-i 


(AlO) 
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SUBSONIC  FLOW  OVER  THIN  OBLIQUE  AIRFOILS  AT  ZERO  LIFT 

By  Robert  T.  Jones 


SUMMARY 

A previous  report  gave  calctdations  for  the  pressure  disiri^ 
hution  over  thin  oblique  airfoils  at  supersonic  speed.  The 
present  report  extends  the  eahulations  to  subsonic  speeds. 

It  is  found  that  thefloms  again  can  be  obtained  by  the  super- 
position of  elementary  conical  fields.  In  the  case  of  the 
swept-back  wing  the  pressure  distributions  remain  qualiiatively 
similar  at  subsonic  and  supersonic  speeds.  Thus  a distribution 
similar  to  the  Ackeret  type  of  distribution  appears  on  the  root 
sections  of  the  swept-back  wing  at  M—0.  The  resvliing  posi- 
tive pressure  drag  on  the  roof  section  is  balanced  by  negative 
drags  on  outboard  sections. 

INTRODUCTION 

So  far  as  is  known,  attempts  to  extend  airfoil  pressure- 
distribution  calculations  to  three-dimensional  flow  have 
been  confined  to  cases  of  thin  lifting  surfaces.  It  has  gen- 
erally been  assumed  that  the  component  of  the  pressure 
distribution  arising  from  the  thickness  of  the  airfoil  will  be 
but  little  affected  by  the  finite  span,  or  aspect  ratio,  of  the 
wing.  This  supposition  is  borne  out  by  the  known  incom- 
pressible-flow solutions  for  flat  ellipsoids.  These  solutions 
show  that  the  usual  variations  of  aspect  ratio  produce  small 
effects. 

Compressible-flow  theory  shows,  however,  that  the  effects 
of  plan  form  become  more  pronounced  at  higher  speeds. 
The  theory  indicates  a progressive  reduction  of  the  equiva- 
lent aspect  ratio  as  the  Mach  number  approaches  1.0. 
Hence  at  these  speeds  the  three-dimensional  character  of  the 
flow  can  no  longer  be  neglected.  Of  particular  interest  are 
the  deviations  from  two-dimensional  flow  near  the  root 
sections  of  a swept-back  wing,  since  the  adverse  effects  of 
compressibility  may  arise  first  in  this  region. 

In  the  present  report  three-dimensional  flows  are  obtained 
from  a distribution  of  ‘^pressure  sources”  in  the  chord  plane 
of  the  airfoil.  The  shapes  thus  obtained  are  symmetrical 
airfoils  at  zero  lift.  The  calculations  are  simplified  by 
considering  airfoils  composed  of  conical  or  cylindrical  surfaces. 
In  these  cases  the  sources  can  be  arranged  into  lines  of  uniform 
strength  following  the  generators  of  the  surface.  The  relation 
between  the  strengths  of  the  line  sources  and  the  shape  of 
the  airfoil  is  the  same  as  in  reference  1;  that  is,  each  line 
source  produces  a deflection  of  the  streamlines  crossing  over 
the  source.  The  pressure  field  of  the  line  source  again  can  be 
represented  by  systems  of  straight  rays  of  equal  pressure 
(isobars)  radiating  from  the  ends  of  the  line  source. 

843314—19 


In  general,  the  present  development  follows  closely  that  of 
reference  1 and  the  reader  should  consult  that  report  for 
additional  details  of  the  method.  The  solutions  are  given 
explicitly  for  M— 0 but  are  extended  to  other  Mach  numbers 
by  the  well-known  PranStl  transformation. 

THE  OBLIQUE  LINE  SOURCE 


It  is  well  known  that  an  individual  velocity  component  of  a 
potential  flow  will  satisfy  the  same  differential  equation  as  the 
potential.  In  the  approximation  of  the  thin -airfoil  theory 
the  pressure  depends  only  on  the  individual  component  u, 
that  is, 

q V 


while  the  slope  of  the  surface  depends  only  on  the  individual 
component  w,  that  is 


di~~V 


(2) 


(See  appendix  for  symbols.)  Hence  in  the  thin-airfoil  theory 
it  is  often  more  convenient  to  deal  directly  with  the  velocities 
u and  w as  solutions  of  Lapiace^s  equation  than  to  derive 
these  components  from  a velocity  potential  <p. 

Since  u is  proportional  to  the  pressure,  a solution  of 
Laplace^s  equation  can  represent  directly  the  pressure  distri- 
bution, hence  the  term  *^Tressure  potential.”  In  this 
terminology,  the  fundamental  solution 

1 1 

r~  fx^-ky^^z^  (,3) 

represents  a point  source  of  pressure  rather  than  a point 
source  of  fluid. 

To  get  the  effect  of  a row  of  sources,  or  a line  source,  along 
the  X axis  between  the  points  a and  b,  it  is  necessary  to  inte- 
grate equation  (3): 

_ d^ 

. x^b  , , , X— ft 

=smh  * - (4) 

The  pressure  field  of  the  finite  line  source  thus  consists  of  the 
sum  of  two  conical  pressure  fields  radiating  from  the  ends  of 
the  line  source.  (See  fig,  1.)  In  tlie  supersonic  case  (refer- 
ence 1),  the  radial  isobars  forming  the  conical  field  were 
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confined  to  the  downstream  Mach  cone.  Here,  however, 
the  isobars  extend  over  the  whole  space.* 

If  the  direction  of  flight  is  along  the  axis  of  the  source 
(x  axis),  the  flow  will  satisfy  the  boundary  condition  for  a 
body  of  revolution.  However,  if  the  line  source  is  turned 
out  to  a position  oblique  to  the  stream,  the  boundary  shape 
will  be  distorted  and,  if  the  angle  of  obliquity  is  large  enough 
to  place  the  line  source  well  outside  the  diameter  of  the 
original  body,  the  figure  formed  will  be  an  oblique  wedge. 
The  nose  angle  of  the  wedge  is  formed  where  the  streamlines 
of  the  main  flow  cross  the  line  source. 

At  supersonic  speeds  the  expression  for  the  oblique  line 
source  was  obtained  by  applying  an  equivalent  of  the  Lprentz 
transformation,  for  which  the  wave  equation  is  invariant. 
The  equivalent  transformation  for  Laplace’s  equation  is  a 
rotation  of  the  axes,  given  by 

x'=x-\-my 

y'~y—mx 

I The  conical  pressure  field  for  either  the  subsonic  or  the  supersonic  line  source  may  be  ob 
tained  directly  from  the  general  solutions  of  Laplace’s  equations  of  zero  degree  in  x,  y,  z given 
by  W.  F.  Donkin.  (See  reference  2,  page  357.)  The  general  solution  is 

/ \ 

The  solution  corresponding  to  the  subsonic  line  source  is 

y+iz  X 

while  the  field  for  the  supersonic  source  is  given  by 

y+iz  . X 

U-  —R.P.  log  7-„— -"===1  :==  cosh~^  = 


where  m is  the  slope  of  the  new  axes  relative  to  the  old, 
(Note  that  a change  of  scale  is  admitted  for  convenience.) 
The  geometry  of  the  pressure  field  relative  to  the  line  source 
is  not  altered  in  any  way  by  this  rotation  and  the  isobars 
behave  as  though  they  were  rigidly  attached  to  the  ends  of 
the  source.  For  a line  source  with  one  end  at  the  origin, 
we  have 


w^sinh"* 


X* 

4Wf+^'f 


(5) 


This  field  is  illustrated  in  figure  2 for  the  plane  2=0.  As 
m— ^ GO  the  X and  y a^xes  interchange  and  there  is  obtained 


tt=sinh  * 


V 


(6) 


for  a line  source  along  y. 

The  vertical  velocity  w near  2=0,  which  determines  the 
shape  of  the  boundary,  may  be  found  by  integrating  with 
respect  to  x and  then  differentiating  the  resultii^  velocity 
potential  with  respect  to  2. 


Evaluation  of  this  integral  for  the  overlapping  fields  from 
two  ends  of  a line  source  gives 


W—  db  27T 


m 


over  the  area  of  the  xy  plane  behind  the  line  source. 


(8) 
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Tlio  figure  formed  by  the  streamlines  crossing  a line  source 
is  thus  a wedge-shaped  body  having  an  obhque  leading  edge 
and  extending  indefinitely  downstream.  It  is  evident  from 
e(|uation  (3)  that  the  infinitely  wide  wedge  cannot  be  treated 
in  subsonic  flow,  since  it  creates  an  infinite  pressure  disturb- 
ance at  all  points. 

The  slope  of  the  wedge  surface  away  from  the  chord  plane 
is  given  by 

dz  w 


dx~V 


(9) 


With  this  relation  and  equation  (8)  the  pressure  coefficient 
near  the  plane  z^O  may  be  expressed  in  terms  of  the  slope 


Aw  1 m dz  { ^ 


\y'\ 


-sinh' 


-1 

\y'\  ) 


(10) 


where  \i/\  indicates  the  absolute  magnitude  of  y' . Following 
the  diin-airfoil  theory,  the  pressure  over  the  chord  plane 
(z~^0)  is  taken  as  the  pressure  over  the  actual  airfoil  surface. 

AIRFOILS  BOUNDED  BY  PLANE  SURFACES 


It  was  seen  that  the  effect  of  a line  source  in  the  pressure 
field  is  to  cause  a deflection  of  the  streamlmes  crossing  the 
source.  The  deflection  thus  produced  is  equal  and  opposite 
at  points  above  and  below  the  chord  plane,  so  that  the 
source  spreads  the  streamlines  apart.  If  the  source  is 
followed  by  a sink  of  equal  strength,  an  equal  opposite  deflec- 
tion  of  the  streamlines  will  occur  as  they  cross  over  the  sink. 
The  figure  formed  by  the  streamlines  near  the  plane  z^O 
will  thus  be  a plate  of  uniform  thickness  with  a beveled 
leading  edge.^  (See  fig.  3.) 

2 According  to  the  thin-airfqil  theory  the  thickness  of  the  figure  ends  abruptly  at  the  ends 
of  tho  source  lines.  A more  exact  consideration  would  be  expected  to  show  some  rounding 
at  the  lips  of  tho  wedgi*  as  indicated  in  figure  3. 

843314  49- 2 
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The  pressure  distribution  over  such  a beveled  edge  may 
be  obtained  very  simply  by  superimposing  the  pressures  laid 
off  on  radial  isobars  originating  from  the  four  comers  of  the 
bevel.  Figure  t3  illustrates  this  process  for  a bevel  having  a 
square  plan  form.  Only  isobars  from  one  tip  are  shown 
because  of  the  symmetry  of  the  figui*e. 

In  figure  3,  the  line  source  and  the  line  sink  are  paraOel 
to  the  y axis,  hence 

s^h-'il^+sinh-jl^  (11) 


It  can  be  seen  that  if  the  aspect  ratio  of  the  figure  is  increased 
to  a large  value  the  ends  of  the  line  sources  will  be  separated 
great  distance  and  the  isobars  in  intermediate  regions 
will  approach  parallel  straight  lines,  hence  the  flow  field 
approaches  a cylindrical  or  two-dimensional  form.  At  the 
same  time  the  arguments  y±l/\x±l\  in  equation  (11)  be- 
come ?/d=7?/x±  1 and  7)  takes  on  very  large  values  so  that 


sinh“^ 


y±v 

|a;±ii 


“>±log2 


y±v 

\x±l\ 


and  equation  (11)  is  found  to  approach  the  Legendre  func- 
tion Qq,  that  is 


■“= 2 log  |fqrx|—  -4  Qo(x)  (12) 

(See  reference  3,  p.  110.) 

This  expression  when  combined  with  equation  (8)  agrees 
with  the  two-dimensional  potential  function  for  the  wedge, 
that  is, 


— (u—iw)  —4  Qo(a?)db27rt  Po{x)  (13) 


(See  fig.  4.) 

The  isobars  at  right  angles  to  the  axis  of  the  line  source  are 
lines  of  zero  pressure,  hence  the  rays  originating  at  the  tip 
of  a rectangular  wing  contribute  nothing  to  the  pressure 
distribution  at  this  tip.  The  whole  pressure  distribution 
at  one  tip  is  thus  obtained  by  considering  only  those  isobars 
radiating  from  the  opposite  tip.  It  is  evident  that  in  the 
case  of  a long  narrow  rectangular  wing  the  pressures  at 
either  tip  will  be  approximately  one-half  the  pressures  over 
the  middle  portion  of  the  wing. 

In  case  the  wing  is  oblique  the  tip  sections  will  no  longer 
be  at  right  angles  to  the  axes  of  the  source  lines  and  the  rays 
originating  from  the  adjacent  ends  of  the  source  lines  will 
contribute  to  the  pressure  over  the  tip.  It  can  be  shown 
that  this  component  of  the  tip  pressure  distribution  is 
similar  in  form  to  the  Ackeret  type  of  distribution,  that  is, 
the  pressure  at  any  point  of  the  surface  is  proportional  to 
tlie  slope  of  the  surface  at  that  point. 

Consider  fii*st  the  sloping  surface  formed  by  a pair  of 
oblique  source-sink  lines.  The  tip  section  lies  along  the 
lines  of  constant  pressure  of  magnitude  proportional  to 
sinh”^  1/m.  Between  the  source  and  sink  the  pressures  are 
additive,  so  that 


Ap  2 m dz  . , 1 

g.  m 


(14) 


Ahead  of  or  behind  tliis  section  the  pressures  cancel. 

In  case  of  a curved  airfoil  surface  the  chord  can  be  dividetl 
into  elements  composed  of  source-sink  pahs,  the  strengtlis  of 
which  are  proportional  to  the  slope  of  the  smface  at  the  point 
in  question.  Each  pair  then  contributes  a pressure  propor- 
tional to  the  local  slope  and  contributes  no  pressure  at  other 
points.  Hence,  equation  (14)  applies  when  dzjdx  is  varialde 
along  the  chord. 


Figure  4.— Two-dunensional  velocity  functions  for  wedge  and  biconvex  sections. 


The  foregoing  arguments  of  course  apply  only  at  the  tip 
section  of  the  oblique  wing.  At  some  distance  from  the  tip 
section  the  overlapping  isobai*s  radiating  from  the  tip  again 
produce  a quasi-cylindrical  pressure  field  as  in  the  case  of 
the  rectangular  wing.  Thus  the  resultant  pressure  distribu- 
tion at  either  tip  of  a long  oblique  wing  consists  of  two  com- 
ponents, one  given  by  equation  (14)  and  of  the  Ackeret  ty]3e 
while  the  other  component  is  equal  to  one-half  the  normal 
two-dimensional  pressure  distribution  associated  with  the 
airfoil  section. 

Figure  5 shows  the  pressui'cs  over  a bcveled-etigo  ])rotile 
having  45°  sweepback.  The  pressure  distribution  over  the 
root  section  is  given  by 


Ap  —4 

g 


m dz 

ViT®^  * 


m 


(15) 
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at  a great  distance  from  either  root  or  tip  by 


Ap_ — 4 
2 ^ 


m ^ 

Vi 


Qo(x) 


(16) 


and  at  the  tip  by 


Plan 


Figure  5 —Pressure  distribution  over  beveled  edge  with  45°  swoepback. 


To  take  account  of  the  effect  of  compressibility  we  make 
use  of  the  Prandtl  transformation,  increasing  both  the  z 

dimensions  and  the  pressure  coefficients  by  the  factor  y y ^ 


Replacing  m by  cot  A,  where  A is  the  angle  of  sweep- 

back,  equation  (16)  reduces  to 


Ap 


-4 


ds 


p/2(V  cos  A) 2 7T  cos  A) 2 d{x  cos  A) 


Qo(x)  (18) 


Thus,  at  a great  distance  from  either  root  or  tip,  the  pressures 
follow^  a variation  indicated  by  the  normal  component  of 
velocity  V cos  A. 

At  the  root  section,  a component  representing  the  Ackeret 
type  of  pressure  distribution  is  added  to  equation  (18)  . This 
component  is 

4 ^ dz 

7T  Vl  — (M  COS  A) 2 d{x  cos  A) 


The  factor  sinh“*  ■ — shows  a logarithmic  in- 

Vl-^^cotA  ^ 

finity  at  M=1.0.  Hence  the  pressure  on  the  root  section 
increases  more  rapidly  with  Mach  number  than  do  the  pres- 
sures at  other  sections  of  the  swept-back  wing.  Further- 
more, the  shape  of  the  pressure  distribution  over  the  root 
section  approaches  the  Ackeret  shape  more  closely  as  the 
Machnumber  approaches  1.0.  As  shown  in  reference  1,  the 
pressure  distribution  on  the  root  section  is  exactly  this  shape 
at  supersonic  speeds,  that  is, 

_ 1 _ dz 

g cos^  A~7t  Vr— (M  cos  a) 2 d{x  cos  A) 


Since  sinh“^->eosh'^  for  large  values  of  the  argument,  the 
swept-back  airfoil  shows  no  discontinuity  in  the  type  of 
pressure  distribution  on  passing  through  the  speed  of  sound. 
It  will  be  evident  that  similar  reasoning  can  be  applied  to 
the  tip  sections. 


AIRFOIL  OF  BICONVEX  SECTION 


The  use  of  a finite  number  of  sources  and  sinks  results  in 
airfoil  sections  composed  of  straight  segments.  Such  sec- 
tions are  undesirable,  since  they  show  infinite  pressure  peaks 
at  the  bends  in  the  surface.  Surfaces  having  continuous 
curvature  require  continuous  distribution  of  sources  and  sinks 
alined  with  the  generators  of  the  surface.  The  simplest  of 
these  is  the  biconvex  profile  in  which  the  upper  and  lower 
surfaces  are  parabolic  arcs  and  have  constant  curvature. 
Such  a profile  requires  line  sources  of  finite  strength  to  form 
the  desired  angles  of  intersection  of  the  arcs  at  the  leading 
and  trailing  edges  together  with  a uniform  distribution  of 
sinks  along  the  chord  plane  between  the  two  sources. 

The  pressure  field  for  a uniform  sheet  of  line  sources  is 
obtained  by  integrating  the  field  of  a single  line  source  in 
the  X direction.  This  integral  is 


D 


sinh"^ 


|y'l 


dx 


y sinh~“ 


1 / • u-i 

— V sinh  ■ rrr 
m ^ \y'\ 


(21) 


The  integration  for  a source  sheet  is  actually  somewhat 
simpler  if  the  interference  of  a bilaterally  symmetrical  ar- 
rangement of  sources  is  considered  simultaneously.  The  in- 
fluence of  the  symmetrical,  or  conjugate,  arrangement  is 
obtained  by  substituting  — m for  m in  equation  (21).  De- 
noting x~myhy  ? and  y^mx  by  y'  we  have 


D 


\ dx 


(m+m)=J  (sinlr'  ||t-| -t-siiih  ‘ ||7j)  < 


(22) 


To  obtain  a complete  swept-back  wing  it  is  necessary  to 
add  a number  of  component  pressure  fields  as  explained  in 
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reference  1.  For  an  infinite  swept-back  wing  with  leadii^ 
and  trailing  edges  at  2^'  = +m  and  — m,  respectively,  on  one 
side,  and  at  and  — m,  respectively,  on  the  other  side, 

there  is  obtained 


i'^1 


7T  ' 


sinh‘ 


(23) 


where  is  the  thickness-chord  ratio  of  the  biconvex 

profile.  The  terms  <?i  (^)  represent  the  pressure  distribu- 


tion on  the  biconvex  airfoil  in  two-dimensional  flow.  The 
appearance  of  these  terms  is  the  result  of  the  assumption 
that  the  tips  are  removed  to  a great  distance. 

At  the  root  section  (y—  0)  equation  (23)  reduces  to 


Ap 

T 


2 m / f \ r 
-\/ 1 -j- \ ^ / raaz  L 


4Qi(a)-4  sinh-'  i Pi(x)J  (24) 


Figure  6 shows  pressure  distributions  at  various  stations 
along  the  span  for  a biconvex  wing  with  60°  sweepback. 
The  curves  assume  the  two-dimensional  form  at  a relatively 

short  distance  from  the  root  section,  and  similar 


Figure  6.— Pressure  distiibution  at  various  span  wise  stations  on  swept-back  wing,  A =60°, 
Af=0. 


behavior  is  to  be  expected  near  the  tips.  Hence  the  assump- 
tion of  infinite  aspect  ratio  should  apply  very  nearly  at  any 
section  situated  more  than  one-half  choi'd  length  from  either 
root  or  tip. 

Figure  7 shows  the  effect  of  Mach  number  on  the  pressures 
over  the  root  section  and  illusti’atcs  the  progressive  change 
to  the  supeisonic  type  as  the  Mach  number  approaches  1.0. 
It  can  be  seen  that  an  increase  in  Mach  number  will  not  only 
increase  the  distortion  of  the  pressure  distribution  but  will 
increase  the  extent  of  the  distortion  along  the  span. 


Figure  7.— Effect  of  (Much  number  on  pi  cssurc  distiibutlou  over  root  »*ction  of  swci)t-f»aok 
wing,  A =60°,  biconvex  section. 

An  interesting  point  to  be  noted  is  that  not  all  sections  of 
the  swept-back  wing  have  zero  pi‘essure  drag.  A positive 
drag  appears  on  the  root  sections  and  a negative  drag  on  the 
tip  sections.  Hence  the  spanwise  drag  distribution  is 
qualitatively  similar  to  that  at  supersonic  speeds  though,  of 
couise,  the  net  subsonic  pressure  drag  is  zero. 
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APPENDIX 


SYMBOLS 


V flight  velocity 

M Mach  number 

Xf  1/,  2 coordinates 
^ point  on  x axis 

point  on  y axis 

disturbance-velocity  potential 
, Vj  w disturbance-velocity  components 
p local  pressure 

Q dynamic  pressure 

p air  density 

Pn,  Qn  Legendre  functions 
D differential  operator  (d/dx) 

t thickness  of  wing 


c chord  of  wing  (measured  alon^  x) 

m slope  of  line  source  (absolute  value) 

x'  x-\-my 

y*  y^mx 

z'  x—my 

y'  y-\-'fP'X 

R.  P,  Real  part 
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TECHNICAL  NOTE  NO.  1350 

ESTIMATED  LIFT-DRAG  RATIOS  AT 
SUPERSONIC  SPEED 
By  Robert  T.  Jones 


SUMMARY 

Recent  developments  in  supersonic  flow  theory  are  applied 
to  obtain  estimates  of  the  lift-drag  ratios  that  may  be 
achieved  by  aircraft  employing  swept-back  wings.  Lift-drag 
ratios  greater  than  10  to  1 can  be  maintained  up  to  a Mach 
number  of  1.4  by  the  use  of  large  angles  of  sweep  and  high 
aspect  ratios.  As  the  speed  Increases  in  the  supersonic  range 
the  attainable  lift-drag  ratios  decrease  and  the  gain  due  to 
sweepback  also  appears  to  diminish.  An  efficient  configuration 
for  M = 1.4  would  require  about  60°  sweepback,  an  aspect 
ratio  of  4 and  a wing  loading  of  one-third  the  atmospheric 
pressure.  For  a wing  loading  of  50  pounds  per  square  foot  the 
cruising  altitude  would  be  60,000  feet  and  the  indicated 
airspeed  290  miles  per  hour. 


INTRODUCTION 

The  work  required  to  propel  an  airplane  a given  distance 
in  steady  flight  is  equal  to  its  weight  times  the  distance 
travelled  divided  by  the  lift-drag  ratio  of  the  airplane. 

Hence  the  fuel  expenditure  per  mile  of  flight  need  not  increase 
with  speed  so  long  as  the  lift-drag  ratio  of  the  airplane  can 
be  maintained.  However,  with  present  shapes  a prohibitive 
loss  of  lift-drag  ratio  occurs  on  passing  beyond  the  speed  of 
sound  and  it  is  evident  that  a radical  change  in  configuration 
will  be  necessary  for  efficient  flight  at  higher  speeds. 

The  problem  of  an  efficient  configuration  for  flight  at 
supersonic  speeds  was  investigated  by  Busemann  in  1935 
(reference  1) . Busemann  concluded  that  an  Improvement  in  the 
lift-drag  ratio  at  supersonic  speeds  could  be  obtained  by 
sweeping  the  wing  back  at  an  angle  just  ahead  of  the  Mach 
cone.  Relatively  much  greater 
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efficiencies  are  obtainable  when  the  wing  is  swept  back  behind 
the  Mach  cone.  The  change  In  the  type  of  flow  when  the  wing 
lies  inside  the  Mach  cone,  and  the  resulting  increase  in 
efficiency  have  been  brought  out  in  reference  2.  However, 
both  reference  1 and  reference  2 are  restricted  to  considera- 
tions of  two-dimensional  flow  and  hence  aspect-ratio  effects 
could  not  be  determined.  Recent  developments  in  aerodynamic 
theory  have  overcome  this  difficulty,  making  it  possible  to 
estimate  the  lift-drag  ratio  obtainable  with  practical 
configurations • 

The  present  report  applies  these  new  theoretical  results 
to  obtain  estimates  of  the  lift-drag  ratios  that  may  be 
achieved  with  an  efficient  aircraft  at  supersonic  speeds. 

The  estimates  are  all  based  on  the  theory  of  small  disturb- 
ances, first  because  this  is  the  only  adequate  theory 
available,  and  second  because  it  is  reasoned  that  an  aircraft 
producing  a large  disturbance  in  the  external  flow  would  be 
inherently  inefficient. 


At  very  high  Mach  numbers  even  thin  bodies  and  small 
angles  of  attack  cause  relatively  large  pressure  disturb- 
ances and  consequent  heating  of  the  fluid.  Here  the  heating 
effect  of  friction  becomes  no  longer  negligible,  (Such 
conditions  are  likely  to  be  encountered  by  rockets;  however, 
in  these  cases  the  efficiency  of  steady  flight  may  not  be  of 
primary  concern.)  The  present  analysis  is  therefore  limited 
to  more  moderate  speeds  where  the  efficiency  in  steady  flight 
is  of  primary  importance  and  where  it  is  evident  that  such 
efficiency  can  be  achieved  by  known  means. 


FUNDAMENTAL  RELATIONS  FOR  WING  LOADING, 

ALTITUDE  AND  MAXIMUM  LIFT-DRAG  RATIO 

The  lift-drag  ratio  of  a conventional  airplane  depends 
primarily  on  its  external  configuration  and  on  the  angle  of 
attack  and  does  not  vary  greatly  with  speed  provided  the 
correct  relation  between  wing  loading  and  altitude  is  main- 
tained. For  maximum  efficiency  the  airplane  should  be 
flown  at  that  lift  coefficient  ^Lq  t which  lift-drag 

ratio  is  a maximum.  An  increase  in^speed,  then,  necessitates 
an  increase  in  altitude,  since  with  fixed  lift  coefficient 
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(For  a complete  list  of  symbols  see  appendix.) 

V _ I PQ 


(1) 


where  the  subscript  o refers  to  conditions  at  sea  level. 

With  lift-drag  ratio  fixed,  higher  speed  does  not  involve 
any  increase  in  the  thrust  required  for  level  flight;  this 
thrust  is  simply 


T 


W 


(2) 


If  the  propulsive  efficiency  of  the  engine  does  not  drop  off 
with  altitude,  the  increase  in  speed  will  thus  be  accomplished 
without  any  increase  in  the  fuel  consumption  per  mile  of 
flight.  Furthermore,  the  increase  in  speed  is  not  accompanied 
by  any  significant  change  in  the  air  loads  or  pressures  on  the 
airplane  and  hence  no  inerease  in  structural  stiffness  is 
required.  An  obvious  advantage  of  this  method  of  increasing 
the  cruising  speed  is  that  it  does  not  interfere  with  the 
ability  of  the  airplane  to  slow  down  at  lower  altitudes  and 
land  on  short  runways.  A more  complete  discussion  of  these 
factors  will  be  found  in  reference  3. 

The  altitude  and  speed  of  the  airplane,  of  course,  cannot 
be  increased  indefinitely  at  constant  thrust,  sipce  eventually 
a critical  Mach  number  will  be  exceeded  and  the  lift-drag 
ratio  of  the  airplane  will  begin  to  decrease.  The  limiting 
speed  and  the  corresponding  altitude  may  be  determined  from 
the  relations 


V = Mia 


and 


W/S  _ 

£v2  ^^opt 
2 


(3) 


(4) 


where  Mi  is  the  Mach  number  at  which,  for  *=  ^Lopt* 

the  drag  begins  to  rise  abruptly,  a is  the  velocity  of  sound 

and  W/S  is  the  wing  loading. 


429 


NACA  TN  No.  1350 


Equations  (3)  and  (4)  may  be  combined  in  the  form 


W/S 

P 


(5) 


where 

p atmospheric  pressure  at  altitude 
Y ratio  of  specific  heats  for  air  (1.4). 

Equation  (5)  gives  the  relation  between  wing  loading  and 
atmospheric  pressure  for  maximum  speed  without  loss  of  aero- 
dynamic efficiency.  This  condition  can  hardly  be  attained  at 
low  altitudes  since  with  an  atmospheric  pressure  of  2000  pounds 
per  square  foot,  for  Mi  - 0.75  and  the  usual  values  of 
the  wing  loading  required  would  be  of  the  order  of  400  pounds^ 
per  square  foot.  At  60,000  feet,  however,  the  required  wing 
loading  works  out  to  be  the  more  practical  value  of  30  pounds 
per  square  foot. 

Later  calculations  will  show  that  similar  considerations 
apply  to  supersonic  aircraft;  that  is,  the  best  lift-drag 
ratios  are  obtained  when  the  wing  loading  is  an  appreciable 
fraction  of  the  atmospheric  pressure. 

At  subsonic  speeds  it  is  customary  to  divide  the  drag  into 
two  parts,  one  the  result  of  friction  (including  the  friction 
drag  of  the  fuselage)  and  the  other  - the  induced  drag  - the 
result  of  the  lift.  The  friction  drag  is  considered  nearly 
independent  of  the  angle  of  attack.  Thus 

Cd  - -1-  Cd.  (6) 

where  CDq  is  the  drag  at  zero  lift,  and  for  subsonic  flow 
equals  CDf»  the  friction  drag.  If  the  velocity  and  pressure 
disturbances  produced  by  the  airplane  are  small,  the  drag 
arising  from  the  lift  will  be  satisfactorily  represented  by 
the  well-known  formula 


CDi  “ 


a! 

ttA 


(7) 
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or 


= ±_ 

^ irA 


(8) 


and  the  friction  drag  will  be  nearly  independent  of  the  angle 
of  attack.  The  lift-drag  ratio  at  any  angle  is  then 


L= 


(9) 


Solving  for  the  lift  coefficient  at  maximum  lift-drag  ratio 
results  in 


*^^opt 


(10) 


and  therefore 


^ ^ \iax  ^ j ^Do 


In  calculating  lift-drag  ratio  for  supersonic  speed  the 
drag  may  again  be  divided  into  two  components,  one  inde- 
pendent of  the  lift  and  one  proportional  to  the  square  of  the 
lift  coefficient.  However,  in  this  case  the  drag  at  zero  lift 
includes  a pressure  drag  which  varies  with  the  thickness  of 
the  body  or  wing.  Also,  at  supersonic  speeds,  the  drag  due 
to  lift  can  no  longer  properly  be  called  "induced  drag."  At 
subsonic  speeds  the  drag  arising  from  the  lift  can  be  traced 
to  the  influence  of  the  trailing  vortex  wake  on  the  wing  - 
hence  the  designation  "induced."  At  supersonic  speeds, 
however,  the  forward  influence  of  the  wake  usually  constitutes 
only  a small  part  of  the  drag  arising  from  the  lift  and  hence 
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the  term  ’’induced  drag”  does  not  seem  appropriate.  Different 
divisions  of  the  drag  due  to  lift  into  components  of  wave 
drag  and  induced  drag  have  been  proposed,  but  the  proportions 
allotted  in  any  particular  case  depend  on  the  method  of  calcu^ 
lation  employed.  In  the  present  report  the  drag  is  calculated 
by  integrating  the  pressure  distribution  in  the  neighborhood 
of  the  body  and  in  this  case  appears  simply  as  a 

pressure  drag  proportional  to  the  square  of  the  lift  coeffi- 
cient. The  subscript  i is  retained  to  identify  the  law  of 
variation  with  that  of  the  induced  drag  at  subsonic  speeds. 

Then,  for  comparison  with  the  subsonic  case,  we  may  write 


CDq  = CDf  + CDt- 


and 


where  Cj)£  is  the  total  friction  drag,  and  Cd^  the  total 
thickness  drag,  due  to  wing  and  fuselage.  The  factor 

bears  no  simple  relation  to  the  aspect  ratio  as  it 
does  in  the  subsonic  case,  but  is  a complex  function  of  the 
wing  plan  form  and  load  distribution. 

With  the  values  of  CDq  revised  for  super- 

sonic conditions,  equations  (10)  and  (11)  for  the  optimum  lift 
coefficient  and  maximum  value  of  the  lift-drag  ratio  remain 
valid.  Maximum  L/D  is  obtained  when  the  drag  due  to  lift  is 
equal  to  the  drag  at  zero  lift. 


DRAG  AT  ZERO  LIFT 
Thickness  Drag  of  Wings 

The  thickness  drag  of  the  wing  may  be  calculated  by  the 
methods  of  reference  4 or  5.  Figure  1 shows  the  variation  of 
thickness  drag  with  Mach  number  calculated  by  the  method  of 
reference  5 for  a rectangular  wing  and  for  several  swept- 
back  wings.  In  these  cases  the  airfoil  is  of  symmetrical 
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biconvex  section  5 percent  thick.  The  results  for  the 
swept-back  airfoils  were  obtained  from  reference  6.  The 
curve  for  the  rectangular  airfoil  is  the  same  as  that  given 
for  the  infinite  wing  by  the  Ackeret  theory  since,  as  has 
been  demonstrated  by  J.  N.  Nielsen  in  an  unpublished  appli- 
cation^ of  the  same  method,  the  integrated  effect  of  removing 
outboard  portions  of  the  wing  on  the  drag  of  the  remainder  of 
the  wing  is  zero,  at  least  so  long  as  the  Mach  cone  from  each 
tip  does  not  intersect  the  opposite  tip.  The  thickness  drag 
coefficient  of  the  rectangular  airfoil  is  therefore  independent 
of  aspect  ratio  when 


A 


-1>1 


where 

/ 

A = aspect  ratio 

When  the  wing  is  swept  well  behind  the  Mach  cone  the 
flow  over  most  of  the  wing  is  of  the  subsonic  type.  (See 
reference  2.)  The  pressure  drag  is  small  and  may  be 
attributed  to  departures  from  the  subsonic  type  of  flow  in 
the  region  of  the  root  section.  In  this  condition  the 
outboard  sections  of  the  wing  have  little  or  no  drag,  and 
hence  the  drag  coefficient  is  inversely  proportional  to  the 
aspect  ratio.  At  higher  speeds,  when  the  Mach  angle 
approaches  the  leading-edge  angle,  the  distribution  of  drag 
changes  and  the  drag  coefficient  increases  rapidly,  partic- 
ularly on  the  outboard  sections.  If  the  leading  edge  is 
too  near  the  Mach  cone,  the  drag  of  the  swept  wing  will 
exceed  that  of  the  straight  wing. 

Figure  2 shows  a plot  similar  to  figure  1 of  the 
variation  of  drag  with  Mach  number  for  tapered  swept-back 
airfoils.  These  results  were  obtained  by  K.  Margolis  of 
Langley  Memorial  Aeronautical  Laboratory  using  the  method 
of  reference  5.  An  extensive  series  of  calculations  for 
tapered  wings  has  been  given  recently  by  Stewart  and  Puckett 
(reference  7) . In  order  to  simplify  the  calculations  a 
double-wedge  section  was  assumed,  though  it  is  not  to  be 
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supposed  that  such  a section  would  be  desirable  in  practice. 
Here  the  angle  of  sweepback  (60°)  is  that  of  the  midchord 
line  of  the  airfoils,  which  is  also  the  line  of  maximum  thick- 
ness. The  sharp  rises  in  drag  coefficient  near  M = 1.52  and 
M — 1.71  occur  when  the  Mach  angle  approaches  the  angle  of 
the  trailing  edge.  Evidently  all  generators  of  the  wing 
surface  must  lie  behind  the  Mach  lines  to  Insure  favorable 
drag  values. 

According  to  the  thin  airfoil  theory  the  calculated  flow 
for  a given  airfoil  plan  form  and  Mach  number  will  actually 
be  similar  to  the  flow  over  another  plan  form  at  a different 
Mach  number,  provided  the  two  plan  forms  are  oriented  similarly 
with  respect  to  the  corresponding  Mach  lines.  This  relation 
may  be  preserved  by  changing  the  x coordinates  of  the  plan 
form  (fig.  3)  in  the  proportion  that  the  x coordinates  of 
the  Mach  lines  are  changed,  that  is,  asY^^''^*  forms 

having  similar  flow  patterns  the  ratio 


m 


cot  leading-edge  angle 
cot  sweep  angle  of  Mach  lines 


will  be  constant. 


The  aspect  ratio  will  then  vary  with  Mach  number  according  to 


aVm^-i  = 


constant 


(12) 


and  thin  airfoil  theory  shows  that  the  drag  coefficient  will 
be  proportional  to 


(t/c)^ 


Cd^Vm^-1  (t/c)^  (13) 

where  t/c  is  the  thickness««chord  ratio  measured  in  the  stream 
direction.  Figure  4 shows  the  coefficient 

(t/c)^ 
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plotted  against  m for  the  constant-chord  biconvex  airfoils. 


Friction  Drag  of  Wing 

In  general,  the  friction  drag  of  the  wing  will  be  of  the 
same  order  of  magnitude  as  the  thickness  drag.  At  very  high 
speeds  a considerable  amount  of  heat  is  generated  in  the 
boundary  layer  and  the  resultant  temperature  variation  affects 
the  magnitude  of  the  skin  friction.  For  moderate  supersonic 
speeds,  however,  the  heating  effect  is  not  large  and  the  normal 
relation  of  skin  friction  to  Reynolds  mnnber  will  not  be 
greatly  modified. 

For  present  purposes  a conservative  value  of  Cof  = 0.006 
corresponding  to  a turbulent  boundary  layer  at  a Reynolds 
number  of  107  has  been  used. 


Drag  of  Fuselage 

A method  for  calculating  the  wave  drag  of  a slender 
fuselage  at  supersonic  speeds  was  given  by  von  Kdrmdn  in  1935 
(reference  8) . This  method  was  applied  in  reference  9 to  a 
series  of  bodies  of  parabolic  arc  shape  and  estimates  of  the 
friction  drag  added  to  obtain  total  drag.  More  recently  the 
calculations  of  Haack  (reference  10),  Sears  (reference  11), 
and  Lighthill  (reference  12)  have  become  available.  These 
investigators  apply  Karmdn^s  method  to  the  determination  of 
body  forms  having  a minimum  wave  drag  for  certain  conditions. 
The  minimum  problem  is  solved  for  three  cases:  viz,  I,  given 
volume  and  given  length;  II,  given  length  and  given  diameter; 
and  III,  given  diameter  and  given  volume. 

The  following  equations  may  be  obtained^  from  Haack  ^s 
report  (reference  10).  The  length  is  so  chosen  that  the 
body  lies  between  4-1  and  -1  on  the  x-axis;  x/tq  is  the 
radius  at  any  station  in  terms  of  the  maximum  radius  Xq  and 
a is  the  frontal  area  volume  is  given  in  terms 

of  the  volume  of  the  circumscribed  cylinder,  and  the  drag 
coefficient,  which  does  not  include  friction,  is  given  in 


^The  formulas  given  as  the  final  relations  in  the  report  are 
in  error.  However,  the  correct  relations  can  easily  be 
derived  from  the  preceding  equations. 


NACA  TN  No.  1350 


terms  of  the  frontal  area.  The  factor  d/l  is  the 
ratio,  diameter/ length. 

Case  I;  Given  length,  given  volume 


fe)' 


= (Vl-x2) 


Volume  = X m irrQ^ 
16 


r _ 9 2 / d 

CD--g1>  (- 


Case  II:  Given  length,  given  diameter 


fe)-  -V 


=-/ 1“X^  - x^cosh  ^ — 


X 


Volume  - \ TTr^^ 


c.  = if 


Case  III;  Given  diameter,  given  volume 


~ Wl-x^  - 2 (^1-x^)  ^ - 3x^cosh  ^ — 


Volume  = — 1 n’r^^ 
8 ° 


(fY 


fineness 


(14) 


(15) 


> (16) 


Figure  5 shows  the  body  shapes  computed  from  these  formulas. 
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Although  the  wave  drag  diminishes  with  increasing  slen- 
derness, the  friction  drag  for  a given  volume  or  a given 
cross  section  tends  to  increase  because  of  the  greater 
surface  area.  With  usual  values  of  the  friction  coefficient 
a favorable  balance  between  the  two  components  requires  such 
a slender  body  that  in  most  cases  the  dimensions  will  actually 
be  governed  by  the  minimum  allowable  cross  section.  For  a 
slender  body  the  surface  area  and  hence  the  friction  drag 
associated  with  a given  cross  section  is  proportional  to  \/d, 
while  the  wave  drag  is  proportional  to  (d/l)^.  It  follows 
that  the  total  drag  will  be  a minimum  when  the  slenderness 
ratio  is  such  that  the  friction  drag  is  twice  the  wave  drag.. 


It  will  be  noted  that  the  body  shape  for  case  I actually 
has  very  little  more  drag  than  the  case  II  body  of  the  same 
diameter,  and  since  body  I has  a greater  useful  volume,  it 
seems  a logical  choice  for  practical  design.  Figure  6 shows 
the  wave  drag  for  case  I and  also  the  total  drag,  based  on  a 
skin-friction  coefficient  of  0.0021,  as  a function  of  the 
fineness  ratio.  The  value  of  this  friction  coefficient  was 
obtained  from  reference  13,  and  corresponds  to  a fully  turbu- 
lent boundary  layer  and  a Reynolds  number  of  10^.  With  this 
friction  coefficient  the  optimum  fineness  ratio  is  about  16 
to  1. 


DRAG  DUE  TO  LIFT 

The  drag  due  to  lift  is  estimated  from  theoretical 
solutions  for  the  supersonic  flow  over  thin  lifting  surfaces. 
Theoretical  solutions  are  known  for  cases  in  which  the 
lifting  surface  is  curved  and  twisted  in  such  a way  as  to 
support  a uniform  load  (reference  14)  and,  for  certain 
rectangular,  triangular,  or  tapered  flat  surfaces  (references 
1 4 and  1 5) . 


Uniformly  Loaded  Surface 

The  solution  for  the  uniformly  loaded  surface  may  be 
derived  by  methods  similar  to  those  described  in  reference  5 
for  the  nonlifting  airfoil.  In  that  report  the  pressure  due 
to  thickness  on  an  airfoil  oblique  to  the  stream  was  obtained 
by  superposing  the  effects  of  oblique  line  source  in  the 
acceleration  potential  field.  The  effect  of  a line  source  is 
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to  cause  a deflection  of  the  stream  lines  crossing  the  source 
like  the  deflection  caused  by  a thin  wedge-shaped  body;  that 
is,  the  line  source  is  followed  by  an  area  over  which  the 
vertical  velocity  w is  constant  and  of  opposite  sign  above 
and  below  the  chord  plane. 

Similarly,  an  oblique  vortex  gives  rise  to  a constant 
difference  in  the  horizontal  velocity  increment  u,  and  there 
fore  in  the  pressure,  above  and  below  the  plane  of  flow  cross- 
ing the  vortex.  The  corresponding  w for  a semi-infinite 
vortex  is  given  by 


w 


u 

inn 


1-m^  cosh  ^ 


cosh 


-1 


(17) 


where  x'  = x - my  and  y’  denotes  the  absolute  value  of 
y - mx.  (The  geometry  of  the  figure  has  been  adjusted,  as 
described  in  the  preceding  section  and  reference  5,  to 
correspond  to  the  case  in  which  the  Mach  angle  is  45°;  that  is 
-y/m^-1  = 1.) 

The  shape  of  the  surface  and  the  constant  pressure  are 
related  to  the  velocity  increments  by  the  following  formulas: 


dz  _w 
dx  “ V 


(18) 


and 


A p _ 2^ 

T ~ V 


(19) 


Thus  the  camber  of  a triangular  airfoil  shaped  to  support  a 
uniform  load  (fig.  7)  may  be  obtained  by  superimposing  two 
oblique  vortices  to  form  a V coinciding  with  the  leading 
edge  of  the  triangle.  Integration  of  equation  (17)  for  this 
case  yields: 
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Ct 

z = ^ 

f V 1-m^ 1 

y’  nosh  ^ 

-y*  nosh'~^  \ 

47rm 

m \ 

^ y’ 

y’  / 

(20) 


where 


x'  = X + my  and  y’  = y + mx 


To  obtain  a lifting  surface  of  finite  chord  it  is  necessary 
to  Introduce  a negative  V-shaped  vortex  at  the  desired  chord 
length  downstream.  (See  fig.  8.)  Through  the  use  of  a finite 
number  of  straight  vortex  segments  any  plan  form  bounded  by 
straight  lines  can  be  obtained. 

The  variation  of  w over  the  area  enclosed  by  the 
vortex  segments  not  only  gives  the  camber  and  twist  of  the 
surface  required  to  support  a uniform  load,  but  also  can  be 
used  to  calculate  the  drag  arising  from  the  lift.  It  can  be 
seen  that,  since  the  pressure  distribution  is  uniform  over 
the  section,  the  resultant  force  will  lie  in  a direction  at 
right  angles  to  the  chord  line,  or  the  line  joining  the 
leading  and  trailing  edge,  regardless  of  the  camber  of  the 
surface.  Hence  the  angle  of  attack  of  the  chord  line  at  any 
section  times  the  lift  gives  the  drag  due  to  lift'  at  that 
section. 

In  case  the  leading  edge  of  the  airfoil  is  ahead  of  the 
Mach  cone  the  uniformly  loaded  surface  is  flat  over  portions 
of  the  wing  not  influenced  by  the  root  or  the  tip,  as  is  given 
by  the  Ackeret  theory.  More  interesting  cases  are  those  in 
which  the  leading  edges  are  swept  behind  the  Mach  cone. 

In  the  case  of  the  swept-back  wing  it  is  found  that  the 
angle  of  attack  has  a logarithmic  infinity  at  the  center 
section.  Hence  the  wing  would  require  an  infinite  twist  to 
maintain  the  uniform  load  across  this  section.  At  a distance 
from  the  center  section  the  shape  of  the  lifting  surface 
resembles  that  of  the  familiar  "constant  load  mean  line"  used 
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for  subsonic  airfoils.  The  twist  and  hence  the  section  drag 
disappear  rapidly  with  distance  from  the  center  section. 

There  is  consequently  a marked  reduction  of  drag  coefficient 
with  increasing  aspect  ratio,  just  as  iti  the  case  of  the  drag 
due  to  thickness. 

The  infinite  twist  required  at  the  root  section  of 
course,  makes  the  construction  of  such  a wing  impractical. 

We  may  conclude  that  in  a practical  wing  there  will  be  some 
falling  off  of  the  lift  across  the  center  section,  and  calcu- 
lations of  the  lift  distribution  for  flat  surfaces  show  such 
a loss.  The  uniformly  loaded  airfoil  gives  a useful  picture 
of  the  variation  of  drag  with  plan  form,  however.  In  spite  of 
the  fact  that  the  local  drag  coefficient  at  the  root  section 
tends  toward  infinity,  the  integrated  or  over-all  drag 
coefficient  of  the  swept-back  wing  is  finite  and  at  reasonable 
aspect  ratios  is  considerably  lower  than  that  of  the  flat 
unswept  wing. 

Figure  9 shows  the  coefficient  of  drag  due  to  lift 

^Di/Cl  a series  of  uniformly  loaded  airfoils  having  a 

constant  chord  and  varying  degrees  of  sweep.  To  simplify  the 
calculations,  an  approximation  was  made  for  the  effect  of  the 
wing  tip.  With  the  tip  cut  off  parallel  to  the  direction  of 
flight  a large  twist  would  theoretically  have  been  required  to 
maintain  the  uniform  load  right  out  to  the  tip.  Instead  of 
calculating  this  additional  twist  at  the  tip,  the  shape  of  the 
infinite  wing  with  uniform  load  was  assumed  without  modifica- 
tion and  a loss  in  lift  within  the  Mach  cone  originating  at 

each  tip  was  taken  into  account.  Since  the  lift  will  have  the 

full  value  along  the  boundary  of  the  cone  and 'will  fall  to 
zero  at  the  tip,  an  average  value  of  half  the  full  load  was 
used  over  this  region.  Since  the  effect  of  this  approximation 
to  a tip  effect  on  the  total  drag  value  was  small,  any  error 
involved  in  the  approximation  must  also  be  small.  If  the  tip 
were  cut  off  along  the  Mach  lines,  slightly  lower  values  of 
Cdi/Cj^  would  have  been  obtained. 

Figure  9 shows  that  the  values  of  Cdj^/Cl  at  super- 
sonic speed  are  in  general  higher  than  the  value  corresponding 
to  the  same  aspect  ratio  at  subsonic  speed  but  approach  this 
value  as  the  angle  of  sweep  is  increased  (i.e.,  as  rn^O) . 

The  practical  difficulty  of  maintaining  a given  aspect  ratio 
of  course  increases  as  the  angle  of  sweep  is  increased. 
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Flat  Lifting  Surfaces 


Rectangular  plan  form.  - For  a flat  rectangular  wing  of 
infinite  aspect  ratio  the  Ackeret  theory  gives 


^ = f=^ 
3a  yj  M^-1 


(21) 


Since  the  lift  is  at  right  angles  to  the  chord. 


■"  X ot 


(22) 


and 


CDi 


(23) 


At  a Mach  number  of  1.4  this  value  is  nearly  five  times  the 
drag  due  to  lift  of  a subsonic  airfoil  of  aspect  ratio  6. 

if  the  wing  has  a finite  aspect  ratio  there  will  be  a 
reduction  of  lift  at  the  tip  and  a consequent  reduction  in 
BCL/Bct  from  the  value  given  by  equation  (21).  The  distri- 
bution of  lift  over  the  tip  of  a flat  rectangular  wing  has 
been  calculated  by  Busemann  (reference  14) . The  lift  over  the 
portion  of  the  wing  between  the  tip  Mach  cones  (fig.  10)  is 
constant  and  equal  to  that  given  by  the  Ackeret  theory. 

Within  either  tip  cone  the  lift  pressure  falls  from  this  value 
to  zero  at  the  tip.  If  y/x  represents  the  fractional 
distance  from  the  tip  toward  the  Mach  line  at  a given  chord- 
wise  position,  then  the  lift  pressure  varies  according  to 
the  function 


4a 


yJW-l 


cos 


-1 


(24) 
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Superposing  the  effects  of  the  two  tip  cones  where  they 
overlap  and  integrating  the  pressure  over  the  whole  wing  gives 
for  the  lift  coefficient 


4a  A>/m^-1  -H 
“ s/n^-1  aVm2-i 


(25) 


and  for  the  drag  due  to  lift 

1 / <^Di\  An/m^-1 

Vm^-I  \Ci})  " AaVm^-I  -2 


(26) 


Busetaann*s  solution  is  valid  for  AvM^-l  - 1.0,  that  is, 

SO  long  as  the  Mach  cone  from  one  tip  does  not  cross  oyer  the 
opposite  tip.  It  is  interesting  to  note  that  when  aVm^-1=1.0 
the  lift  falls  to  zero  along  the  whole  trailing  edge  and  the 
span  load  distribution  is  elliptical,  as  shown  in  reference  16 
for  airfoils  of  very  low  aspect  ratio. 


Triangular  plan  form.  - Formulas  for  the  lift  distribution 
and  3CL/9a  for  a flat  triangular  airfoil  behind  the  Mach 
cone  have  been  given  recently  by  Stewart  (reference  15) . 

Stewart  finds  that  the  lift  distribution  as  predicted  from 
elementary  considerations  for  very  slender  triangles  (refer- 
ence 16)  actually  holds  for  all  leading-edge  angles  until  the 
leading  edge  touches  the  Mach  cone.  Stewart  finds  also 


aa  E 


(27) 


where  E = is  the  elliptic  integral. 

In  the  case  of  the  flat  surface  with  the  leading  edge 
behind  the  Mach  cone,  the  chordwise  lift  distribution  has  an 
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infinite  value  at  the  leading  edge  just  as  it  does  in  the 
subsonic  case.  Here  the  resultant  force  will  be  inclined 
forward  relative  to  the  chord  plane  because  of  the.  suction 
force  at  the  leading  edge. 

The  drag  due  to  lift  for  the  flat  triangular  airfoil 
was  evaluated  by  setting  up  the  complex  expression  for  the 
velocity  field  u and  w by  means  of  Busemann^s  method 
(reference  14) . The  drag  was  then  calculated  from  the 
formula 


c 


by  integrating  around  a contour  c a short  distance  away 
from  the  airfoil  surface  and  enclosing  the  singularity  at 
the  leading  edge.  The  result  is 


1 CPi  2E 

~ 4TTin 


(29) 


A similar  formula  has  been  given  recently  by  W.  D.  Hayes 
(reference  17) . 

In  this  formula,  the  first  term  represents  a drag  equal 
to  the  lift  times  the  angle  of  attack,  and  the  second  term 
represents  the  thrust  at  the  leading  edge.  It  is  noted  that 
this  latter  term  disappears  progressively  as  the  edge 
approaches  the  Mach  cone  (i.e.,  Aa/m^-I  4)  . At  the  other 
limit,  the  slender  triangle  near  the  center  of  the  Mach  cone, 
E->1,  and 


CDi  ^ 

^ ttA 


(30) 
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as  in  reference  16.  Although  the  theory  shows  a forward 
thrust  on  the  thin  plate  with  a sharp  edge,  it  is  not  to  be 
expected  that  this  characteristic  will  be  realized  in  practice 
unless  the  leading  edge  is  given  a finite  radius  or  camber. 

Tapered  plan  form.  - The  theoretical  lift  distribution 
for  a flat  untapered  swept-back  wing  with  the  leading  edge 
behind  the  Mach  cone  has  not  yet  been  determined.  However,  the 
solution  for  the  flat  triangular  wing  may  be  readily  extended 
to  include  a special  family  of  tapered  wings.  This  extension 
is  based  on  the  fact  that  an  area  of  the  triangular  wing  may 
be  removed  by  making  cuts  along  Mach  lines  without  affecting 
the  flow  over  the  area  remaining  ahead  of  the  cuts.  In 
particular,  the  removal  of  such  area  will  not  affect  the 
suction  force  on  the  leading  edge,  as  long  as  the  area  removed 
does  not  include  any  of  the  leading  edge  so  that  the 
coefficient  of  thrust  will  be  increased  as  area  is  cut  away. 
Evidently  the  most  efficient  members  of  this  family  of  air- 
foils are  those  in  which  the  maximum  area  is  cut  out  of  the 
triangle,  that  is,  the  wing  is  tapered  to  a point.  (See 
Fig.  11.) 


With  the  trailing  edge  fixed  at  the  Mach  angle,  the  angle 
of  taper  and  hence  the  aspect  ratio  of  these  wings  varies  with 
the  angle  of  sweep  in  such  a manner  that 


a 


4m 

1-m 


(31) 


as  the  leading  edge  approaches  the  Mach  cone  m 1.0 
and  the  aspect  ratio  approaches  infinity. 


The  lift-curve  slope  of  these  airfoils  is  determined 
simply  by  integrating  the  pressure  distribution  for  the 
triangular  airfoil  over  the  appropriate  area.  The  calcula- 
tion gives 


VmM  ^ 

^ da 


4m  1 
E 


(32) 


and  for  the  drag  due  to  lift 
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1+m  1 


-V 


1-iti  4irm 


(33) 


where  N is  the  ratio  of  the  lift-curve  slope  of  the 
triangular  airfoil  to  that  of  the  tapered  airfoil,  that  is. 


N = 


(7t/2)  Vl-m^ 


cos 


-1 


(-m) 


1+m 


+m 


1+m 


(34) 


Equations  (31)  through  (34)  apply  to  the  case  of  the 
wing  tapered  to  a point • In  subsonic  flow  such  extreme  taper 
is  known  to  lead  to  high  local  lift  coefficients  over  the 
tip  portions  and  to  the  possibility  of  tip  stalling  even  at 
moderate  lift  coefficients.  A similar  tendency  is  evident 
at  supersonic  speeds;  in  fact,  the  section  lift  coefficients 
tend  toward  infinity  at  the  pointed  tip.  Hence  the  extreme 
taper  should  not  be  used  in  practice  and  value  of  Cb^/Cl^ 
calculated  for  these  cases  will  be  somewhat  optimistic. 


Comparison  of  Lift  and  Drag  Values  for  Flat  Surfaces 

Curves  showing  the  variation  of  lift-curve  slope  with 
Mach  number  and  aspect  ratio  for  the  rectangular,  triangular, 
and  tapered  airfoils  are  shown  in  figure  12.  At  A = 4 

the  leading  edge  of  the  triangular  airfoil  touches  the  Mach 
cone  and,  as  shown  by  Puckett  (reference  4),  the  lift  charac- 
teristics at  higher  aspect  ratios  are  identical  with  those  of 
a rectangular  airfoil  of  infinite  aspect  ratio. 

The  drag  due  to  lift  versus  aspect  ratio  for  the  various 
flat  wings  is  shown  in  figure  13.  According  to  the  Ackeret 
theory 


1 , Cj)±  ^ 

^ M^-1  Cl^  ~ 4 


(35) 


and  it  is  to  be  noted  that  both  the  rectangular  and  the 
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triangular  airfoils  approach  this  value  at  higher  aspect  ratios. 
At 


A'^m2-1<4 


(36) 


the  leading  edges  of  the  triangular  airfoil  are  behind  the  Mach 
cone  and  the  drag  due  to  lift  is  reduced  somewhat  because  of 
the  suction  on  the  leading  edge.  However,  the  really  favor- 
able values  of  Cd^/Cl^  are  obtained  only  with  the  swept-back 
wings  of  relatively  high  aspect  ratio.  The  fact  that  the 
values  for  the  flat  pointed  wings  agree  with  those  for  the 
cambered,  untapered  airfoils  shown  on  figure  9 is  an  indi- 
cation that  the  drag  due  to  lift  is  primarily  a function  of 
sweepback  and  aspect  ratio. 


RESULTS 

The  total  drag  of  the  supersonic  aircraft  can  now  be 
estimated  by  adding  up  the  components  thus  far  considered 
with  an  allowance  for  the  friction  drag  of  the  wing  and  a 
small  allowance  for  the  tail  surfaces. 

Since  the  lift-drag  ratio  increases  with  increasing  slen- 
derness of  the  wing,  it  is  necessary  to  establish  some  standard 
of  slenderness  to  obtain  comparative  values.  A rough  measure 
of  the  structural  stiffness  of  a wing  is  the  maximum  spar 
depth  at  the  wing  root  divided  by  the  distance,  measured  along 
the  spar,  to  the  centroid  of  area  of  the  wing.  ' A value  of 
1/15  seems  to  be  about  the  limit  of  present-day  construction. 


Airplane  with  Constant  Chord  Swept-back  Wing 

Figure  14  shows  lift-drag  ratios  obtainable  at  M = 1.4  as 
a function  of  m with  a configuration  embodying  the  constant 
chord,  uniform  lift  airfoil  and  a type  I body  of  15  to  1 fine- 
ness ratio.  An  allowance  of  Cp^  = 0.006  was  made  for  the 
friction  drag  on  the  wing  and  a value  equal  to  10  percent  of  the 
wing  drag  was  allotted  to  the  vertical  tail.  No  horizontal 
tail  is  shown,  since  it  is  not  clear  that  such  a tail  would  be 
required  with  this  configuration.  The  frontal  area  of  the  body 
was  assumed  to  be  4 percent  of  the  wing  area.  The  drag  and  lift 
of  the  wing  were  assumed  to  carry  across  the  center  sections. 
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without  being  modified  by  the  presence  of  the  body. 

The  airfoil  shape  is  obtained  by  superimposing  a para- 
bolic arc  thickness  distribution  upon  a cambered  and  twisted 
surface  designed,  as  discussed  earlier,  to  support  a uniform 
load.  The  varion  in  sweepback,  or  m,  in  this  case  was 
assumed  to  be  obtained  by  rotating  the  wing  panels  without 
changing  their  length-width  ratio,  hence  the  aspect  ratio 
varies  with  sweep  as  shown.  The  wing  in  the  unswept  position 
would  have  an  aspect  ratio  of  12.  If  the  ratio  of  the  root 
thickness  to  the  spar  length  from  the  root  section  to  the 
centroid  of  the  wing  panel  is  1/15,  the  thickness -chord  ratio 
of  the  unswept  wing  would  be  0.2.  The  same  wing  rotated 
through  60°  (m  - 0.577)  has  an  aspect  ratio  of  3 and  a t/c 
(c  measured  parallel  to  the  stream)  of  0.1. 

The  calculations  for  the  uniformly  loaded  wings  show 
higher  lift-drag  ratios  for  still  higher  aspect  ratios  and 
greater  thickness-chord  ratios,  but  it  is  doubtful  that  the 
calculations  based  on  the  theory  of  small  disturbances  apply 
in  these  cases. 

Because  of  the  higher  aspect  ratios  attainable  with  a 
tapered  wing  it  is  found  that  these  configurations  are  more 
efficient  than  the  constant  chord  wings,  and  therefore  they 
will  be  discussed  in  somewhat  greater  detail. 


Airplane  with  Tapered  Wing 

Figure  15  shows  the  lift-drag  ratios  obtainable  at  M = 1.4 
with  the  flat  pointed  wing.  The  proportions  of  fuselage  and 
tail  are  the  same  as  in  the  preceding  case,  and  the  same  value 
of  CDf  was  used.  The  calculations  were  made  assuming  double- 
wedge sections  (as  in  fig.  2),  but  an  approximate  correction 
factor  of  4/3  was  inserted  into  the  thickness  drag  to  take 
account  of  the  greater  average  slope  of  the  biconvex  profile. 

The  quantity  4/3  is  the  ratio  of  the  wave  drag  of  the  biconvex 
section  to  that  of  the  double-wedge  section  in  two-dimensional 
flow.  The  maximum  wing  thickness  in  each  case  is  again  1/15 
the  distance  from  the  wing  root  to  the  centroid  of  area  of  the 
half  wing.  The  variation  of  t/c  (strearawise)  is  shown  in 
figure  15.  Since  the  trailing-edge  angle  is  fixed  on  the  Mach 
line,  the  aspect  ratio  increases  indefinitely  as  m approaches 
1,  according  to  equation  (31).  The  optimum  lift  coefficient 
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calculated  by  equation  (10),  is  also  shown  in  figure  15. 

Figure  16  shows  the  variation  of  (L/D)inax  with  m at 
different  Mach  numbers.  It  is  noted  that  the  optimum  value  of  m 
is  different  for  different  Mach  numbers;  there  appears  to  be 
no  fixed  relation  between  the  sweepback  angle  and  the  Mach 
angle.  Evidently  relatively  greater  sweepback  angles  should 
be  used  at  smaller  Mach  numbers.  The  optimum  values  of  m will, 
of  course,  be  influenced  by  the  magnitude  of  the  friction  drag. 


DISCUSSION  OF  RESULTS 


Effect  of  Plan  Form 


Figure  17  shows  the  lift-drag  ratios  replotted  against 
aspect  ratio  and  compared  with  values  estimated  for  a straight 
wing-body  combination.  It  will  be  noted  that  up  to  M = 2 the 
swept-back  wing  is  much  more  efficient  than  the  straight  wing. 
The  difference  is  smaller  at  the  higher  Mach  numbers,  however, 
and  the  advantages  of  sweepback  at  very  high  Mach  numbers  may 
be  questioned.  In  each  case  the  efficiency  diminishes  with  Mach 
number . 


Although  the  configurations  shown  in  figures  14  and  15 
appear  from  the  calculations  to  give  the  best  lift-drag  ratios, 
it  is  not  to  be  assumed  that  these  configurations  are  actually 
the  most  suitable  for  practical  use.  In  practice  the  wing  must 
of  course  have  a finite  tip  chord  and  may  also  require  some 
camber  or  twist  to  avoid  the  high  concentration  of  load  near 
the  tips.  Also,  as  has  been  previously  remarked,  the  location 
of  the  trailing  edge  on,  rather  than  behind,  the  Mach  lines 
was  chiefly  a computational  device.  It  is  probable  that  a 
greater  sweep  of  the  trailing  edge  would  be  desirable. 

Such  modifications  will  of  course  cause  changes  in  the 
lift-drag  ratio.  However,  it  is  believed  that  the  highest  lift- 
drag  values  shown  can  actually  be  approached  with  practical 
configurations.  The  theoretical  values  of  Cj)±/C]J-  for  the 
wing  with  its  trailing  edge  along  the  Mach  cone  are  somewhat 
more  favorable  than  the  values  to  be  expected  with  a wing 
having  its  trailing  edge  behind  the  Mach  cone*  On  the  other 
hand,  the  location  of  the  trailing  edge  along  the  Mach  line  is 
unfavorable  from  the  standpoint  of  thickness  drag,  as  shown  by 
figure  2.  Hence  the  net  effect  of  trailing-edge  location  on 
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(L/D)^3x  is  not  expected  to  be  very  pronounced.  The  benefi- 
cial effects  of  tapering  the  wing  indicated  by  figure  17  may 
also  be  assumed  to  hold  qualitatively  for  more  moderate  degrees 
of  taper . 


Airfoil  Section 

No  attempt  was  made  in  the  analysis  to  find  an  optimum 
airfoil  profile.  The  section  assumed  for  the  calculations 
has  a parabolic  thickness  distribution.  In  practice,  as 
previously  mentioned,  it  would  be  necessary  to  round  or 
camber  the  leading  edge  to  achieve  the  predicted  values  of 
CDi/CL^.  It  might  also  be  advantageous  to  use  (with  the 
tapered  plan  form)  a cusped  trailing  edge.  This  device  would 
enable  the  designer  to  take  advantage  of  the  high  lift  to  be 
obtained  by  placing  the  trailing  edge  along  the  Mach  lines, 
while  effectively  giving  the  thickness  distribution  a greater 
angle  of  sweep  and  thus  averting  the  large  wave  drag  which 
arises  when  the  generators  of  the  thickness  distribution  are 
too  near  the  Mach  lines. 


Friction  Drag 


The  allowance  of  0.006  made  for  the  friction  drag  coeffi- 
cient of  the  wing  corresponds  to  a turbulent  boundary  layer 
at  a Reynolds  number  of  10^.  The  assumption  of  turbulent 
friction  for  both  wing  and  fuselage  is  believed  to  be 
conservative , since  there  are  indications  that  large  areas  of 
laminar  flow  can  be  achieved  at  supersonic  speeds . The 
importance  of  maintaining  laminar  flow  or  otherwise  reducing 
the  friction  can  be  seen  from  the  magnitudes  of  the  various 
drag  components  with  the  best  configuration  (fig.  15,  m - 0.5) 
at  a Mach  number  of  1.4.  The  various  components  are  shown 
in  the  following  table; 


(1) 

Thickness  drag  of  wing 

0.0041 

(2) 

Friction  drag  of  wing 

.0060 

(3) 

Thickness  drag  of  body 

.0020 

(4) 

Friction  drag  of  body 

.0036 

(5) 

Drag  of  vertical  tail 

.0010 

Total  drag  at  zero  lift:  = 

Drag  due  to  life  Cd^  = 
Total  drag 

Friction  drag  (2)  i-  (4) 


.0167 

.0167 

0.0334 

0.0096 
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Note  that  the  friction  drag  is  more  than  50  percent  of  the 
total  drag  at  zero  lift.  In  this  case  the  maximum  lift-drag 
ratio  is  10.7;  with  completely  laminar  flow  the  ratio  would 
increase  to  about  15. 


Optimum  Wing  Loading  and  Altitude 

The  analysis  indicates  that  reasonably  good  aerodynamic 
efficiencies  are  obtainable  up  to  Mach  numbers  of  1.5.  At 
M = 1.4  the  best  configuration  studied  should  operate  near  a 
lift  coefficient  of  0.35.  From  equation  (5),  the  wing  loading 
for  this  case  works  out  to  be  about  one-half  the  atmospheric 
pressure.  This  pressure  disturbance  can  no  longer  be  considered 
small  and  the  question  arises  as  to  whether  the  linearized 
theory  can  be  considered  applicable  in  this  case.  No  accurate 
analysis  of  this  limitation  can  be  given  at  present.  However, 
an  approximate  criterion  can  be  deduced  by  comparing  the  flow 
over  the  swept-back  wing  with  the  two-dimensional  subsonic  flow 
over  a wing  section  at  the  same  component  Mach  number  as 
suggested  in  reference  2.  When  this  comparison  is  made  for 
configurations  near  the  optimum  in  figure  15  it  is  found  that 
the  wing  sections  are  operating  beyond  their  critical  Mach 
numbers  at  the  indicated  optimum  lift  coefficient.  Thus  it 
appears  that  the  optimum  lift  coefficient  will  actually  be 
smaller  than  is  indicated  by  the  linearized  theory.  For  the 
best  configuration  at  M = 1.4,  it  appears  that  the  optimum 
lift  coefficient  may  be  nearer  0.25  than  the  0.357  indicated 
by  figure  15.  In  this  case  the  L/D^ax  will  be  diminished 
from  10.7  to  10,  and  the  optimum  wing  loading  from  one-half  to 
approximately  one-third  atmospheric  pressure.  At  sea  level 
the  wing  loading  required  would  be  700  pounds  per  square  foot, 
but  for  operation  at  60,000  feet  the  much  more  reasonable  figure 
of  50  pounds  per  square  foot  is  obtained.  At  this  altitude  the 
true  airspeed  is  900  miles  per  hour  and  the  indicated  airspeed 
290  miles  per  hour. 


Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 
Moffett  Field,  Calif.,  May  1947 
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APPENDIX 
SYMBOLS 

flight  velocity 
velocity  at  sea  level 
air  density 
density  at  sea  level 
atmospheric  pressure 
thrust 
weight 
lift 
drag 

Mach  number 
velocity  of  sound 

/ L 

lift  coefficient  \ “TT 

\p/2  V^S 

wing  area 

ratio  of  specific  heats  (y  = 1-4  for  air), 
drag  coefficient 
drag  coefficient  at  zero  lift 
coefficient  of  drag  due  to  thickness 
coefficient  of  drag  due  to  lift 
friction  drag  coefficient 
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A aspect  ratio 

b wing  span  (perpendicular  to  direction  of  flight) 

X coordinate  along  direction  of  flight 

m parameter  indicating  relative  slope  of  wing  leading  edge 

/ _ cotangent  leading-edge  angle  \ 

I cotangent  sweep  angle  of  Mach  lines i 

t thickness  of  wing  at  midchord 

c wing  chord 

\ length  of  fuselage 

r radius  of  fuselage 

ro  maximum  radius 

d maximum  diameter  of  fuselage  (d  = 2ro) 

w small  vertical  velocity  disturbance 

u small  horizontal  velocity  disturbance 

y lateral  (spanwise)  coordinate 

x’  X - my  x’  = X + my 

y^  y - mx  y^  = y + mx 

z vertical  coordinate  of  wing  camber  line 

a angle  of  attack 

E complete  elliptic  integral  of  the  second  kind 

N ratio  of  lift-curve  slope  of  triangular  airfoil  to 

that  of  the  tapered  airfoil 
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TECHNICAL  NOTE  NO.  1402 

EFFECTS  OF  SWEEPBACK  ON  BOUNDARY  LAYER 
AND  SEPARATION 
By  Robert  T,  Jones 

SUMMARY 


Following  the  law  of  stress  adopted  in  the  Navler-Stokes  equations, 
the  configuration  of  the  viscous  flow  in  planes  at  right  angles  to  the 
axis  of  an  Infinite  cylinder  is  found  to  be  independent  of  the  axial 
motion  of  the  cylinder.  In  the  limiting  case  of  a yawed  or  swept  wing 
of  very  high  aspect  ratio,  certain  boundary- layer  and  separation  phenomena 
are  thus  determined  independently  by  the  crosswise  component  of  velocity. 
It  follows  that  the  effect  of  sweepback  is  to  increase  the  area  of 
stable  laminar  flow  and  to  decrease  the  lift  coefficient  at  which  flow 
separation  occurs , 


INTRODUCTION 


Experimental  observations  of  the  viscous  flow  over  oblique  wings 
and  bodies  present  such  complex  phenomena  that  even  the  most  approxi- 
mate simplifying  principle  may  be  of  value  in  interpreting  these 
observations.  In  the  case  of  compressible  flow,  such  a simplifying 
principle  was  found  by  studying  the  Idealized  problem  of  the  perfectly 
cylindrical  oblique  flow,  corresponding  to  the  infinite  aspect-ratio 
wing,  or  the  infinitely  slender  body.  In  that  case,  the  equations 
of  motion  together  with  the  boundary  conditions  applicable  to  a moving 
cylinder  in  a frictionless  fluid  showed  that  (1)  the  flow  pattern  and 
pressure  disturbances  in  planes  at  right  angles  to  the  cylindrical  axis 
are  determined  solely  by  the  component  of  velocity  in  these  planes 
and,  (2)  the  axial  motion  of  the  cylinder  produces  no  effect  on  the  flow. 
Now  the  question  IsJ  Can  similar  generalizations  be  made  concerning  the 
viscous  flow  produced  by  an  infinite  cylinder  moving  obliquely?  For 
this  case,  the  Navier-Stokes  equations,  together  with  the  given  boundary 
conditions,  supply  a definite  answer.  It  can  be  shown  that  proposition 
(1)  still  applies  while  proposition  (2),  of  course,  does  not.  Thus  it 
is  to  be  expected  that  various  features  of  the  viscous  flow  such  as 
boundary- layer  thickness  and  separation  point  ^ observed  in  planes 
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at  right  angles  to  the  cylindrical  axis  will  be  determined  solely  by 
the  component  of  velocity  of  the  cylinder  in  these  planes. 


OBLIQUE  VISCOUS  FLOW 


To  verify  this  feature  of  the  oblique  flow,  consider  first  the 
disturbance  produced  by  a pure  crosswise  motion  of  the  cylinder.  The 
motion  and  the  state  of  stress  will  be  the  same  in  all  cross  sections. 

Each  particle  in  a given  cross  section  is  thus  associated  with  a whole 
string  of  particles,  or  a filament,  connecting  the  various  cross  sections 
and  moving  as  a unit.  Obviously  we  may  introduce  any  arbitrary  length- 
wise translation  of  these  filaments  without  affecting  their  progress 
across  the  cylinder,  since  each  particle  will  simply  move  from  one 
cross  section  to  another  similar  one.  Such  a lengthwise  motion  of  the 
filaments  will,  of  course,  introduce  shearing  stresses  in  this  direction, 
but  these  stresses  will  not  affect  the  rate  of  shear  and  hence  will 
not  affect  the  shearing  stress  in  the  crosswise  direction. 

The  independence  of  the  cross  flow  and  the  axial  flow  is,  of  course, 
the  result  of  the  law  of  shearing  stress  adopted  in  the  Navier-Stokes 
equations.  The  shearing  stress  in  one  direction  is  taken  to  be  pro- 
portional to  the  rate  of  shearing  in  this  direction  and  is  independent 
of  the  rate  of  shearing  in  other  directions.  At  high  rates  of  shear 
where  an  appreciable  temperature  rise  is  involved,  the  independence  of 
the  shearing  stresses  can  no  longer  be  asstimed.  Such  conditions  occur 
at  very  high  Mach  numbers  and  are,  of  course,  beyond  the  range  of  validity 
of  the  Navier-Stokes  equations. 


THE  LAMINAR  BOUNDARY  LAYER  ON  AN  OBLIQUE  FLAT  PLATE 


The  simplest  case  of  viscous,  cylindrical  flow  is  the  laminar 
boundary  layer  over  a flat  plate  (Blaslus  flow) . The  well  known 
result  of  Blaslus  shows  a parabolic  Increase  of  boundary-layer  thick- 
ness beginning  at  the  leading  edge,  i.e.. 


In  accordance  with  the  foregoing  statements  the  boundary-layer  thickness 
at  any  g iven  point  will  not  be  affected  by  the  introduction  of  an 
additional  velocity  parallel  to  the  leading  edge  of  the  plate.  In 
fact,  Blaslus'  formula  shows  no  change  in  S if  we  change  x so  that 


476 


NACA  TN  No.  1402 


it  is  measured  along  the  direction  of  the  new  resultant  velocity  since, 
in  this  case,  both  x and  V are  changed  in  the  same  ratio,  figure  1. 
The  resultant  drag  on  the  oblique  plate  lies  in  the  direction  of  the 
resultant  velocity,  but  the  component  force  in  the  direction  at  right 
angles  to  the  leading  edges  can  be  determined  solely  from  the  velocity 
component  in  this  direction. 

An  approximate  solution  for  the  laminar  boundary  layer  on  an 
oblique  plate  with  a favorable  pressure  gradient  has  been  given  recently 
by  Prandtl  in  reference  1.  On  the  assumption  that  the  flow  in  the 
boundary  layer  departs  only  slightly  from  the  direction  of  the  main 
stream,  Prandtl  obtains  the  velocity  profile  of  the  boundary  layer  in 
two  mutually  perpendicular  directions . It  appears  that  the  resultant 
friction  drag  is  inclined  away  from  the  stream  direction  toward  the 
direction  of  the  favorable  pressure  gradient. 


WIND-TUNNEL  TESTS  OF  CIRCULAR  WIRES 


With  more  complex  flows  Involving  pressure  stresses  as  well  as 
viscous  stresses  complete  solutions  have  been  obtained  only  for  very 
low  Reynolds  numbers.  At  high  Reynolds  numbers  the  pressure  stresses 
predominate  but  viscosity  plays  an  Important  part  through  its  effect 
on  separation.  Thus  in  the  case  of  a circular  cylinder  the  flow  separates 
approximately  half-way  around  the  surface  and  a Kdrmdn  vortex  street 
is  formed  in  the  wake.  One  would  expect  that  the  geometry  of  this 
pattern,  the  vortex  frequency,  etc.j  would  depend  only  on  the  crosswise 
component  of  velocity. 

Fig.  2 shows  the  result  of  a wind-tunnel  test  on  a circular  wire 
at  different  angles  of  yaw  (reference  2),  In  these  tests  the  Rejmolds 
number  based  on  the  crosswise  component  varied  from  10^  to  10^  - a 
range  in  which  the  drag  coefficient  is  nearly  constant.  Over  this 
range  the  crosswise  component  of  the  drag  force  on  the  wire  should  be 

2 

proportional  to  (V  cos  3)  and  the  tests  do  Indicate  this  variation. 

In  the  case  of  the  circular  cylinder  there  is  a certain  critical 
Reynolds  number  at  which  the  line  of  separation  shifts  rapidly  to  a 
more  rearward  position.  This  shift  is  accompanied  by  a marked  redue- 
tion  in  the  drag  coefficient.  If  the  cylinder  is  oblique,  the  critical 
Re5molds  number  should  be  delayed  to  a higher  speed  such  that 


V cos  3 d _ 

— - J^critlcal 
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STABILITY  OF  lAMINAR  FLOW 


It  is  well  known  that  a laminar  boundary  layer  or  surface  of 
discontinuity  becomes  unstable  at  certain  Reynolds  numbers.  Calcu- 
lations of  the  stability  of  the  laminar  boundary  layer  in  two- 
dimensional  motion  have  been  made  by  Tollmein,  Schlichting  and, 
more  recently,  by  Lees  and  Lin.  The  theoretical  predictions  have  been 
verified  experimentally  in  important  respects  by  Dryden , Schubauer 
and  Skramstad  (references  3 and  4),  who  find  that  transition  to 
turbulent  flow  can  result  from  fluctuations  in  the  laminar  layer.  In 
the  case  of  a yawed  plate  or  airfoil  the  calculated  boundary-layer 
waves  would,  of  course,  have  theit  crests  and  troughs  aligned  with  the 
leading  edge  and  their  stability  would  be  determined  by  the  Reynolds 
number  of  the  crosswise  component  of  the  stream  velocity.  In  case 
transition  is  caused  by  such  oscillations  one  would  expect  the  transition 
line  to  recede  from  the  leading  edge  with  increasing  angles  of  yaw  in 
a stream  of  constant  velocity.  On  the  other  hand,  if  transition  is 
caused  by  roughness  of  the  surface,  a cylindrical  flow  cannot  be  assumed 
and  the  transition  may,  of  course,  be  affected  differently^ 

An  interesting  case  which  departs  radically  from  the  usual 
assumptions  made  for  a cylindrical  boundary  has  been  investigated  by 
G.  I.  Taylor  (see  reference  5).  Taylor  Investigates  the  stability  of 
viscous  flow  in  the  annular  space  between  two  concentric  circular 
cylinders  in  relative  rotation.  After  a certain  Reynolds  number  is 
exceeded  the  cylindrical  form  of  the  flow  disappears  and  a regular 
vortex  formation  appears  with  the  vortex  rotations  at  90°  to  the 
rotation  of  the  cylinders,  and  alternating  periodically  along  their 
length.  Gortler  and  Liepmann  find  similar  three-dimensional  disturbances 
in  other  cases  of  boundary-layer  flow  along  convex  walls.  According 
to  Liepmann (reference  6)  transition  from  laminar  to  turbulent  flow 
results  from  this  three-dimensional  type  of  instability  if  the  surface 
is  concave,  but  transition  on  a plane  or  convex  surface  results  from 
the  two-dimensional  type  of  wave  motion  mentioned  earlier. 


FLOW  SEPARATION  AND  MAXIMUM  LIFT 


The  separation  of  flow  over  a straight  wing  occurs  when  the 
adverse  pressure  increase  opposing  the  motion  is  sufficient  to  reverse 
the  momentum  of  the  fluid  in  the  boundary  layer  (see  Fig.  3).  In  the 
case  of  the  oblique  wing  the  resultant  pressure  gradient  is  of  course 
at  right  angles  to  the  long  axis  of  the  wing  and  both  this  pressure 
and  the  components  of  the  viscous  stress  distribution  lying  in  this 
direction  will  be  determined  by  the  crosswise  component  of  velocity. 
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Hence  the  circumstances  leading  to  separation  of  flow  over  the  straight 
wing  will  be  reproduced  if  the  crosswise  component  of  motion  of  the 
oblique  wing  is  the  same  as  that  of  the  straight  wing.  In  both  cases 
separation  will  be  taken  to  mean  that  the  fluid  in  the  boundary  layer 
has  lost  the  component  of  momentum  that  carries  it  across  the  wing. 

In  the  oblique  case  the  boundary  layer  will  then  flow  in  a direction 
parallel  to  the  long  axis. 

The  known  adverse  effects  of  sweepback  on  the  lift  and  drag  of  a 
wing  can  be  at  least  partially  explained  by  this  analysis.  According 
to  the  two-^dimensional  theory  a wing  which  shows  boundary-layer 
reversal  and  maximum  lift  at  - 1.4,  if  yawed  45°,  would  show 
separation  accompanied  by  a fully  developed  lateral  motion  of  the 
boundary  layer  at  Cl  - .7.  In  each  case  the  lift  would  drop  and  the 
resultant  force  would  fall  back  to  a position  nearly  at  right  angles 
to  the  chord  because  of  the  loss  of  the  suction  force  on  the  leading 
edge.  At  60°  yaw  the  predicted  maximum  lift  coefficient  would  be  only  .35. 
Wind-tunnel  observations  of  the  boundary-layer  flow  over  swept-back  wings 
agree  qualitatively  with  these  predictions  in  regard  to  flow  separation 
but  do  not  show  the  expected  loss  in  maximum  lift.  Instead  of  a drop 
in  lift  after  boundary-layer  separation,  some  experiments  indicate 
an  increase  in  lift  curve  slope  at  this  point.  Ordinarily  the  forces 
and  moments  on  the  swept  wing  do  begin  to  show  non-linear  variations 
at  the  separation  point,  however,  and  there  is  a sharp  rise  in  drag  at 
this  point  indicating  that  the  loss  of  suction  at  the  leading  edge  does 
occur.  The  tendency  to  follow  the  two-dimensional  theory  up  to  the 
point  of  separation  and  the  partial  failure  of  the  theory  after  separa- 
tion indicates  that  the  "end  effects"  are  much  greater  in  the  separated 
flow  than  in  the  unseparated  flow.  This  situation  is  not  surprising 
from  the  physical  standpoint,  since  the  influence  of  the  tips  would 
obviously  be  more  extensive  in  the  case  of  a thick  separated  region 
than  in  the  case  of  a relatively  thin  boundary  layer.  It  must  be 
supposed,  however,  that  as  the  aspect  ratio  of  the  swept-back  wing 
is  increased  its  maximum  lift  coefficient  will  show  an  increasing 
tendency  to  follow  the  cos2  law.  The  experiments  on  oblique  circular 
wires,  which  involve  large  regions  of  separated  flow  and  yet  follow 
the  two-dimensional  theory,  lend  support  to  this  hypothesis. 

Ames  Aeronautical  Laboratory, 

National  Advisory  Committee  for  Aeronautics, 

Moffett  Field,  Calif. 
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FIGURE  I,-  BOUNDARY  LAYER  ON  AN  OBLIQUE 
FLAT  PLATE. 
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FIGURE  2.-  EXPERIMENTAL  VARIATION  FIGURE  3.-  EFFECT  OF  YAW  ON  PATHS 
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THE  USE  OE  CONICAL  AND  CYLINDRICAL  FIELDS  IN 
SUPERSONIC  WING  THEORY 
By  Robert  T.  Jones 
Ames  Aeronautical  Laboratory 


Some  of  the  recent  advances  in  the  theory  of  thin  airfoils  are 
presented  with  particular  reference  to  extensions  of  the  theory  to 
three-dimensional  flows  and  to  supersonic  speeds* 

The  thin- airfoil  theory  is  essentially  a linearized  theory  of  small 
disturbances  and  the  origin  of  the  concepts  may  be  traced  back  to  the 
older  theories  of  Munk  and  Ackeret.  The  present  emphasis  on  three- 
dimensional  flows  arose  from  the  discovery  that  the  type  of  two-dimensional 
supersonic  flow  considered  by  Ackeret  is  aerodynamically  inefficient.  The 
search  for  aerodynamically  efficient  forms  for  supersonic  flight  also 
focuses  attention  on  the  linear,  or  small-disturbance,  theory  since  bodies 
and  wings  creating  large  disturbances  are  thought  to  be  aerodynamically 
inefficient. 

The  newer  development  of  the  theory  is  the  work  of  many  investigators. 
The  present  discussion,  however,  is  based  largely  on  the  conical-flow 
theory  first  employed  by  Busemann  (reference  1). 

The  term  "thin  airfoil"  is  used  to  denote  a thin,  essentially  flat 
body,  the  surface  of  which  departs  only  slightly  from  the  xy-plane.  In 
the  general  problem  no  restriction  is  made  on  the  shape  of  the  plan  form, 
but  it  is  essential  that  the  body  be  thin  and  flat  in  all  vertical  cross 
sections;  hence,  slender  bodies  of  revolution  are  excluded. 

The  problem  discussed  herein  is  the  calculation  of  the  small 
disturbance  velocities  u,  v,  and  w in  the  external  field  produced  by 
the  flight  velocity  V of  the  airfoil. 

As  is  well  known  in  acoustics,  air  motions  of  small  amplitude  are 
governed  primarily  by  the  simple  properties  of  elasticity  of  volume  and 
density.  In  order  to  depict  such  motions  mathematically,  a frictionless, 
perfectly  elastic  fluid  is,  therefore,  adopted  and  a velocity  field  uvw 
must  be  found  which  is  consistent  with  Newton’s  laws  and  which 
agrees  at  the  airfoil  surface  with  the  outward,  or  normal,  velocity 
imparted  by  the  motion  of  the  airfoil.  The  application  of  Newton’s  laws 
to  the  motions  of  small  elements  of  such  a simplified  model  fluid  results 
in  the  familiar  wave  equation  for  the  velocity  potential  <{>, 


4>xx  + ^yy  ^ ^zz  = ^ 4>tt 

where  c is  the  velocity  of  sound  and  4>y  = v,  ~ w. 


(1) 
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The  description  of  the  whole  velocity  field  by  a single  scalar 
potential  (j>  is,  of  course,  a great  simplification  and,  as  explained  in 
text  books  on  hydrodynamics,  this  scalar  potential  occurs  in  every  case 
of  frictionless  motion  in  which  the  density  p is  a function  of  the 
pressure  only*  The  elements  of  such  a fluid  move  only  under  the  action 
of  "buoyancy"  or  pressure  forces*  When  the  density  is  dependent  on  the 
pressure  only,  variations  of  density  occur  only  along  the  direction  of 
the  buoyant  force*  This  force  then  passes  through  the  center  of  gravity 
of  each  element  and  no  rotation  is  produced.  The  existence  of  follows 
from  the  absence  of  rotation* 

Of  first  interest  in  the  airfoil  problem  are  steady  flows*  The 
steady  flow  consists  of  a fixed  pattern  of  streamlines  attached  to  the 
airfoil  and  moving  with  it*  In  order  to  represent  the  steady  flow,  it 
will  be  necessary  to  transform  the  stationary  axes  of  equation  (1)  to  axes 

moving  with  the  airfoil  at  the  flight  velocity  V*  The  quantity  ^tt 

^2  c^ 

is  then  replaced  by  ^xx  the  equation  becomes,  after  transposition, 

c^ 


<}>XX  + <f>yy  + 4>zz  = 0 


(2) 


in  which  is  the  Mach  number  M*  The  problem  is  now  the  mathematical 

one  of  finding  a solution  of  equation  (2)  which  agrees  with  the  normal 
boundary  velocity  imparted  by  the  airfoil.  When  the  thin  airfoil  as 
specified  is  used,  it  is  found  sufficient  to  replace  the  actual  boundary 
condition  by  an  equivalent  condition  on  the  vertical  velocity  w in 
the  chord  plane;  that  is. 


(w) 


z=0 


V- 


dz 

dx 


where  — is  the  slope  of  the  airfoil  surface.  It  is  important  to  note 

that  the  sliding  component  of  the  airfoil  surface  imparts  no  motion  to  the 
fluid  since  the  fluid  is  frictionless.  The  error  made  in  the  equivalent 
boundary  condition  at  z = 0 becomes  appreciable  only  at  distances  of  the 
order  of  one  wing  thickness  from  the  edge*  The  pressure  distribution  over 
the  airfoil  surface  may  likewise  be  taken  as  the  pressure  in  the  chord 
plane  and  is  obtained  from  the  well-known  formula  for  the  pressure  in  a 
sound  wave 


Ap 
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or,  in  steady  flow 


Ap  - — pV'l^ 


from  which 


M = -oJa. 
q V 


Thus  far,  nothing  has  been  said  about  subsonic-  or  supersonic-flight 
velocities.  This  distinction  arises  in  equation  (2)  and  in  the  form  of  its 
solutions  when  M ^ 1. 

Except  for  this  distinction,  variations  of  M are  of  no  consequence 
mathematically  since  they  can  be  represented  by  an  equivalent  change  in 
the  scale  of  x relative  to  the  other  coordinates.  This  change  'of  scale 
is  known  as  the  Prandtl-Glauert  transformation  and  is  given  as 


x'  = 


_2;_ 


Vl  - 


or 


-2L. 


The  formula  to  be  used  depends  on  whether  the  flight  velocity  is  subsonic 
or  supersonic*  In  the  latter  case,  the  significance  of  the  transformation 
is  easily  seen,  since  this  transformation  serves  to  maintain  the  correct 
inclination  of  the  Mach  waves  to  the  line  of  flight  at  different  speeds. 

It  should  be  noted  that  the  sudden  transition  of  the  differential  equation 
from  the  elliptic  to  the  hyperbolic  type  at  M = 1,0  is  a feature  of  the 
steady-flow  equation  (equation  (2))  and  does  not,  of  course,  arise  in 
connection  with  equation  (1), 

The  essential  features  of  the  steady  flow  at  subsonic  or  supersonic 
speeds  can  then  be  ascertained  from  solutions  of  the  reduced  or  normalized 
equations.  For  M - 0, 

^xx  ^yy  ^zz  “ ^ (3) 
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^ zz  0 


(4) 


and  for  M = 1.41, 


yy 


As  may  be  shown  by  direct  differentiation,  equations  (3)  and  (4)  possess 
the  primary  solutions 


<l>  = f(ax  + 6y  + yz) 


where  a,  3,  and  y are  quantities  determined  so  that  for  equation  (3) 

a2  + 3^  + “ 0 


and  so  that  for  equation  (4) 


a2  — 32 


Y 


2 = 0 


The  cylindrical  flow  field,  which  is  the  basis  of  the  two-dimensional  or 
wing  section  theory,  is  obtained  by  specializing  the  primary  solution 
to  the  two  coordinates  x and  z.  In  this  case  for  equation  (3) 
a =1,0  and  y = 1;  and  for  equation  (4)  a = 1.0  and  y = 1.0  so  that 
the  general  solutions  for  the  cylindrical  or  two-dimensional  flow  field 
become 


(j>  = f (x  ± iz) 


or 


u = f V(x  ± iz) 
w = ± iu 


The  general  solution  is  the  basis  of  the  Hunk  theory  , as  well  as  the  more 
exact  wing  section  analyses  which  depend  on  the  theory  of  functions  of  a 
complex  variable.  At  supersonic  speeds  the  corresponding  solutions  are 
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cj)  = f(x  ± e) 


or 


u = f ’ (x  ± z) 
w = ± u 


This  latter  form  of  solution,  which  represents  a plane  sound  wave  of 
arbitrary  intensity  at  45^  to  the  normalized  coordinate  axes,  is  the 
basis  of  the  Ackeret  theory. 

The  general  form  of  flow  field  given  by  solutions  of  the- two 
foregoing  types  is  illustrated  in  figure  1.  The  sketch  on  the  left-hand 
side  is  the  familiar  subsonic  streamline  pattern  for  a symmetrical  biconvex 
wing  section.  In  the  subsonic  pattern  the  velocity  and  pressure  distrubances 
diminish  uniformly  with  distance  and  in  the  case  of  steady  flow  fhe  field 
possesses  a fore  and  aft  symmetry  which  results  in  no  pressure  drag  or  wave 
drag.  The  sketch  on  the  right-hand  side  (fig.  1)  illustrates  the  marked 
difference  in  streamline  pattern  that  arises  when  the  crosswise  velocity 
of  the  cylindrical  field  is  supersonic.  In  this  case  the  phase  relation 
of  u and  w is  shifted  (from  1 to  i)  and  the  pressure  distribution 
is  antisymmetric,  resulting  in  a wave  drag.  This  drag  appears  as  the 
energy  in  the  plane  sound  waves  emanating  from  the  airfoil.  The  change 
from  subsonic  to  supersonic  type  of  flow  field  arises  when  the  rate  of 
progress  of  the  flow  pattern  through  the  still  fluid  exceeds  the  velocity 
of  sound.  With  cylindrical  flow,  the  field  is  not  affected  by  an  axial 
velocity  of  the  cylinder  and  the  pattern  progresses  at  a rate  determined 
only  by  the  crosswise  motion  of  the  cylinder.  Hence,  the  subsonic  type 
of  flow  may  persist  on  a yawed  wing  even  though  the  flight  velocity  is 
supersonic,  (See  reference  2.) 

The  sketch  in  the  lower  part  of  figure  1 represents  a cross  section 
of  a conical  flow  field  of  the  type  originated  by  Busemann.  The  particular 
case  used  for  illustration  herein  is  the  flow  produced  by  a flat  plate 
of  triangular  plan  form  moving  point  foremost  at  a small  angle  of  attack 
(fig,  2),  The  Mach  cone  originates,  of  course,  at  the  apex  of  the  triangle 
and  the  field  inside  this  cone  is  geometrically  the  same  in  all  downstream 
cross  sections  except  for  an  expansion  in  scale  along  the  x-axis.  The 
conical  flow  field  may  be  obtained  by  the  superposition  of  primary  solutions 
of  the  form. 


u = F(ax  + 3y  + yz) 
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If  ]i  = e^®,  then  the  solution 

u = F f— 2yx  + (1  + ]i^)y  + 1(1  — ij2)z 

2p 


represents  a plane  sound  wave  at  an  angle  6 to  the  y-,  z-axes. 
Superposition  of  such  waves  of  strength  f ' (y)  from  0 = 0 to  0 = 2ir 
results  in  a solution  analogous  to  Whittaker’s  solution;  that  is. 


u = (6 f ’ (y ) F — 2yx  + (1  + y^)y  + i(l  — y2)z 
^ 2y 


dy 


The  quantity  — 2yx  + (1  + y^)y  + i(l  — y^)z  may  be  factored  into 
(y  — e)  ^y  — = ^ (y  — Iz)  where 

y + iz 

e = 

X + \/x2  — y2  _ 2j2 


The  general  solution  of  zero  degree  is  obtained  when  F is  replaced  by  log; 
that  is , 


u = ^ f’  (y)  log  I (y  - e)  I y - ij(y  - iz)  | 


dy 


= ^f(v) 


y-e  y-  = 


dy 


= 2TTi 


i |f(e)j 

if  the  contour  does  not  include  = and  if  ^ f(p)  dy  = 0 or,  in  other 
words,  if  f is  an  analytic  function  (see  reference  3). 


If  the  flight  velocity  is  subsonic,  the  argument  e is  replaced  by 
y iz 

/ , ■ ■ , ■ ^ latter  solution  was  given  by  W.  F.  Donkin  in  1857 

X + yxZ  + y/  + zZ 

(see  reference  4) . In  either  case  the  form  of  the  argument  shows  an 
essential  similarity  to  an  expanding  cylindrical  field  (see  reference  5) . 


In  fact,  for  the  slender  conical  field,  where  y^  + may  be  neglected 
in  comparison  with  x^,  the  argument  becomes  simply  ^ ^ » 
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Although  no  analytic  function  of  e which  removes  the  distortion  of 
the  conical  field  relative  to  the  cylindrical  field  can  be  found,  it  is 
possible  to  transform  the  field  in  such  a way  that  the  distortion  is 
removed  in  the  neighborhood  of  the  airfoil  in  the  plane  z = 0.  The 
desired  transformation  is  obtained  from  the  fact  that 


y + iz  _ 2e 
X 1 + £€ 


Since  ee  approaches  near  z = 0,  the  analytic  variable 

^ _ 2e 

^ i + c2 

will  approach  in  the  neighborhood  of  the  chord  plane  inside  the 

Mach  cone.  The  new  variable  y greatly  simplifies  the  boundary  conditions 
inasmuch  as  the  Mach  cone  is  transformed  into  the  positive  and  negative 
branches  of  the  real  axis  outside  ±1  and  the  interior  of  the  Macii  cone  is 
mapped  into  the  whole  plane.  Figure  3 illustrates  the  effect  of  this 
change  of  variable. 

The  relation  between  u and  w in  the  conical  field  is  found  from 
the  conditions  for  irrotational  flow;  that  is. 


9w  _ 

3x  3z 


In  terms  of  the  variable  e 


dw 


or  in  terms  of  the  variable  ^ 


w = 


\/i 


du 


It  is  interesting  to  note  that  the  condition  for  a flat  airfoil  surface  in 
two-dimensional  flow  holds  also  for  the  conical  field.  In  the  tv7o- 
dimensional  flow  w = iu  and  the  condition  for  a flat  surface  (constant  w) 
is  simply  that  the  function  adopted  for  u has  no  imaginary  part  over  the 
region  of  the  real  axis  covered  by  the  airfoil  (assuming  that  the  real 
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solutions  for  u and  w are  used).  In  the  conical  flow,  the  quantity 


£1^ 


is  a real  number  over  that  part  of  the  real  axis  between  ±1  so 
that  in  this  region  the  condition  is  unchanged. 


Figure  4 illustrates  the  solution  for  the  flat  triangular  airfoil  at 
a small  angle  of  attack  as  obtained  by  H.  J.  Stewart  and  M,  I,  Gurevich 
(references  6 and  7)  and  also  by  Bartels  and  LaPorte  (reference  8).  The 
constant  value  of  w,  denoted  by  w^^.,  must  be  calculated  to  give  the 
delation  between  the  lifting  pressure  and  the  angle  of  attack.  The 
quantity  m is  the  cotangent  of  the  sweepback  angle  for  M = yf^i  for 
other  Mach  niimbers  m = — 1 times  the  cotangent  of  the  sweep  angle. 

Other  wing  forms  generally  require  the  superposition  of  conical  and 
cylindrical  fields.  Thus,  in  the  case  of  the  rectangular  wing  of  wedge- 
shaped  section  (fig.  5)  the  field  is  cylindrical  up  to  the  Mach  cone 
originating  at  the  comer  of  the  wing  and  is  conical  inside  this  cone. 


The  solution  for  the  flat  triangular  wing  can  be  used  as  a starting 
point  to  obtain  the  pressure  distribution  over  a sweptback  wing.  In  this 
process,  which  is  explained  in  references  9 and  10,  the  desired  wing  plan 
form  is,  in  effect,  cut  out  of  the  triangle  by  the  superposition  of  conical 
fields  which  cancel  the  lifting  pressure  over  portions  of  the  triangular 
area  extending  beyond  the  desired  outline.  The  process  is  simplified  in 
the  supersonic  case  by  the  limited  zone  of  influence  of  the  superimposed 
fields.  The  lifting  pressure  distribution  over  a wing  with  63°  sweepback 
is  shown  in  figure  6.  It  will  be  noted  that  the  lift  distribution  over  the 
foremost  section  is  flat,  as  in  the  Ackeret  theory,  while  farther  along 
the  span  the  subsonic  type  of  pressure  distribution  appropriate  to  the 
reduced  crosswise  velocity  appears.  In  this  example  the  wing  tips  were 
cut  off  in  a direction  parallel  to  the  air  stream  and,  in  such  cases,  the 
lift  drops  sharply  to  zero  in  the  region  behind  the  Mach  cone  from  the 
tip  corner. 


The  solution  for  a sweptback  wing  having  curvilinear  sections  cannot 
be  obtained  by  the  superposition  of  a finite  number  of  conical  fields  but 
requires  an  integration.  Such  a case  is  illustrated  in  figure  7,  which 
shows  the  pressure  distributions  at  several  sections  of  a symmetrical 
biconvex  wing  at  0°  angle  of  attack.  This  example  serves  to  illustrate 
the  change  in  proceeding  from  subsonic  to  supersonic  speed.  Since  the 
angle  of  sweepback  is  large,  the  change  is  not  pronounced  and  occurs 
primarily  at  the  center  sections  of  the  wing.  It  is  interesting  to  note 
that  the  center  sections  of  the  wing  have  a pressure  drag  at  subsonic  speeds. 
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Figure  1.  - General  form  of  cylindrical  and  conical  flow  fields. 
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Figure  5.  - Cylindrical  and  conical  flov?  fields  about  a rectangular  wing  having 

a wedge-shape  section. 
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Economy  of  Flight  at  Supersonic  Speeds 
By  Robert  T.  Jones  * Ames  Laboratory 

The  work  required  to  propel  an  airplane  from  one  place  to 
another  in  steady  flight  is  equal  to  its  weight  times  the  distance 
divided  by  the  lift-drag  ratio.  This  simple  relation  is  illustrated 
in  figure  1.  A conventional  airplane  of  efficient  form  may  have  a 
lift-drag  ratio  greater  than  20  to  1.  The  airplane  holding  the 
present  long-distance  record  shows  a maximum  value  of  23  to  1 at  an 
angle  of  attack  of  about  10°. 

The  energy  required  to  propel  an  efficient  airplane  is,  much 
less  than  that  required  to  propel  a rocket.  For  moderate  ranges 
the  rocket  requires  an  amount  of  energy  at  least  equal  to  its  weight 
times  the  distance,  hence  the  equivalent  lift-drag  ratio  is  only 
one  - a figure  that  can  be  easily  surpassed  by  almost  any  form  of 
winged  body. 

If  a conventional  airplane  is  maintained  at  its  optimum  angle 
of  attack  and  flown  at  progressively  increasing  altitudes  the  speed 
necessary  for  support  will  increase  as  the  square  root  of  the  air 
density  decreases.  The  lift-drag  ratio  of  the  airplane  will  not  be 
affected  by  the  higher  speed,  however,  until  a critical  value  equal 
to  about  seven  tenths  the  speed  of  sound  is  reached.  Thus  the  higher 
speed  is  gained  without  the  requirement  of  any  additional  thrust,  and 
does  not  necessarily  call  for  greater  expenditures  of  propulsive 
energy,  or  fuel,  per  mile  of  flight  provided  the  altitude  of  flight 
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is  properly  adjusted  and  provided  the  velocity  of  sound  is  not 
approached  too  closely.  This  natural  increase  of  cruising  speed 
with  altitude  is  shown  in  figure  2.  An  obvious  advantage  of  this 
method  of  gaining  speed  is  that  it  does  not  interfere  with  the  ability 
of  the  airplane  to  slow  down  at  lower  altitudes  for  landing. 

The  tendency  for  the  lift-drag  ratio  to  remain  unchanged  over 
a wide  range  of  speeds  below  the  speed  of  sound  may  be  traced  to  an 
essential  geometric  similarity  of  the  airfoil  streamline  patterns 
at  these  subsonic  speeds.  This  similarity  appears  in  the  calculated 
geometry  of  the  frictionless  flow  field.  Figure  3 shows  px  outline 
the  method  of  calculation  employed  to  determine  the  streamline  field. 
The  quantity  <()  is  the  scalar  potential  of  the  velocity  imparted  to 
the  surrounding  air  by  the  motion  of  the  wing.  The  subscripts  denote 
the  second  partial  derivatives  with  respect  to  space  and  time  coor- 
dinates. The  quantity  V/c  is  the  ratio  of  the  velocity  of  flight 
to  the  speed  of  sound;  known  as  the  "Mach  number."  In  these  calcu- 
lations of  flow  geometry  we  make  a new  use  of  the  classical  wave 
equation  of  acoustics.  According  to  this  theory,  which  is  outlined 
more  fully  in  references  1,  2,  and  3,  the  air  disturbance  produced  by 
the  motion  of  a slender  body  or  wing  follows  the  differential  equation 
of  motion  of  sound  waves  of  small  amplitude.  If  we  assume  that  the 
disturbance  is  of  fixed  pattern  traveling  with  the  airfoil  and  obtain 
a solution  of  the  differential  equation  that  is  consistent  with  the 
normal  motion  of  the  solid  boundary  of  the  airfoil  we  find,  at  subsonic 
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speeds,  a pattern  of  streamlines  similar  to  the  flow  of  an  incom- 
pressible fluid.  An  important  feature  of  this  subsonic  type  of  flow 
is  the  fore  and  aft  symmetry  of  the  pressure  distribution  over  the 
body,  a symmetry  which  results  in  almost  complete  cancellation  of 
the  pressure  drag.  The  effect  of  the  elasticity  of  the  air  is  fully 
accounted  for  by  an  affine  transformation  (similar  to  the  well  known 
Lorentz  contraction  in  electromagnetic  theory)  which  results  in  a 
relative  foreshortening  of  the  streamline  field,  but  which  does  not 
disturb  the  fore  and  aft  balance  of  pressures.  The  small  drag  that 
does  arise  in  such  a flow  is  to  be  associated  with  surface  friction 
and  with  the  production  of  lift. 

The  equations  of  motion  show  a striking  change  in  the  pattern 
of  streamlines  when  the  velocity  of  the  pattern  exceeds  the  velocity 
of  sound.  At  such  supersonic  speeds  the  wing  travels  faster  than  pressure 
impulses  can  be  propagated,  and  hence  cannot  extend  its  influence  into 
the  region  ahead.  The  fore  and  aft  symmetry  of  the  flow  is  thus  lost 
and  the  region  of  disturbance  is  bounded  by  laterally  spreading  waves 
or  "Mach  waves"  similar  to  the  bow  waves  generated  by  a boat. 

The  change  in  the  pattern  of  streamlines  on  transition  to  super- 
sonic speeds  is  most  evident  in  the  case  of  the  long  narrow  wing  with 
its  leading  edge  perpendicular  to  the  direction  of  flight.  The  flow 
field  in  this  case  was  described  many  years  ago  by  J.  Acker et  and  shows 
two  plane  waves  of  sound  spreading  above  and  below  the  wing  in  a wedge- 
formation.  Ackeret's  calculations  show  positive  pressures  over  the 
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front  of  the  airfoil  and  negative  pressures  over  the  rear  resulting 
in  a "wave  drag"  which  is  normally  several  times  as  great  as  the 
surface  friction.  (See  references  1 and  4.) 

Fortunately  this  sudden  increase  of  drag  can  be  avoided  by 
sweeping  the  wing  back  behind  the  bow  wave.  With  such  a swept-back 
configuration  only  the  foremost  section  of  the  wing  meets  the  air 
without  any  preparation.  (See  fig.  4.)  Sections  farther  along  the 
span  all  lie  behind  the  zone  of  influence  of  this  foremost  section. 

As  described  in  reference  5 the  effect  of  the  laterally  spreading 
zone  of  influence  of  the  forward  sections  is  to  create  a flow  pattern  . 
of  the  subsonic  type  over  the  outer  or  rearward  sections.  With  such 
a swept-back  wing  the  unfavorable  effect  of  the  supersonic  speed  thus 
appears  only  on  the  forward  sections  - while  the  outer  parts  of  the 
wing  show  the  dragless  type  of  flow  associated  with  subsonic  speeds. 

In  the  limiting  case  of  an  infinitely  long  oblique  wing  there  is  no 
change  of  flow  configuration  on  passing  through  the  speed  of  sound 
and  the  wing  behaves  simply  as  if  it  were  flying  at  the  reduced 
crosswise  velocity  corresponding  to  its  angle  of  obliquity. 

Maintaining  the  lift-drag  ratio  by  sweepback  requires  that  the 
wing  be  kept  well  behind  the  bow  wave  and,  of  course,  this  requires 
a greater  angle  of  sweep  at  higher  speeds.  With  acute  angles  of  sweep- 
back  a difficulty  arises  in  that  viscosity  causes  the  flow  to  separate 
from  the  upper  surface  of  the  wing  at  relatively  small  values  of  the 
lift.  Hence  there  is  a limit  to  the  possibility  of  maintaining  high 
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lift-drag  ratios  by  the  use  of  sweepback. 

Recently  a number  of  investigators  have  succeeded  in  applying 
Prandtl’s  theory  to  the  determination  of  the  airflow  over  bodies  and 
wings  adapted  to  supersonic  flight.  By  making  use  of  these  results, 
and  by  incorporating  in  them  an  allowance  for  the  probable  skin 
friction,  I have  made  some  estimates  of  the  lift-drag  ratios  we  can 
expect  to  achieve  at  various  flight  speeds  with  the  best  configuration. 
(See  reference  6.)  At  each  speed  a slender  body  and  wings  having  the 
best  angle  of  sweepback  are  considered.  The  results  are  shown  in 
figures  5 and  6.  As  shown  on  figure  5 the  angle  of  sweepback  in  each 
case  is  such  that  the  component  velocity  normal  to  the  leading  edge  of 
the  wing  is  0.65  times  the  velocity  of  sound.  I have  not  extended  the 
calculations  beyond  1-1/2  times  the  speed  of  sound  because  of  the 
limitation  previously  mentioned.  However,  it  does  appear  that  a ratio 
of  lift  to  drag  in  excess  of  10  to  1 can  be  maintained  up  to  this 
speed. 

Our  estimated  values  of  the  lift-drag  ratio  can  be  combined 
with  the  characteristics  of  a turbo-jet  engine  to  furnish  an  overall 
picture  of  the  probable  economy  of  flight  at  these  speeds.  Fortunately 
the  propulsive  efficiency  of  the  turbo-jet  follows  rather  simple  laws 
of  variation  with  speed  and  altitude  provided  certain  requirements  are 
met,  so  that  the  characteristics  of  present  day  engines  can  be  extra- 
polated to  the  speeds  we  are  considering.  I have  made  an  estimate  of 
the  resultant  economy  of  flight  in  terms  of  miles  per  gallon  at  various 
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speeds  and  the  results  are  shown  in  figure  7. 

Although  the  results  apply  to  a family  of  geometrically  similar 
airplanes  the  values  of  miles  per  gallon  shown  are  for  an  airplane 
of  40,000  pounds  weight,  which  is  about  the  weight  of  a 20-passenger 
transport.  I believe  these  results  indicate  that  supersonic  air 
transportation  has  possibilities  other  than  purely  military  ones. 

The  loss  of  economy  at  the  lower  speeds  is  the  result  of  the 
inefficiency  of  jet  propulsion  at  those  speeds.  At  supersonic  speeds 
the  turbo  jet  is  expected  to  become  more  efficient  than  the  conven- 
tional engine  propeller  combination  - a factor  which  should  partially 
counteract  the  unavoidable  drop  in  lift-drag  ratio. 

For  the  range  of  supersonic  speeds  shown  an  airplane  of  normal 
density  and  loading  would  be  required  to  operate  at  an  altitude  of 
the  order  of  60,000  feet.  The  limiting  value  of  1-1/2  times  the 
speed  of  sound  corresponds  to  a flight  speed  of  1000  miles  per  hour. 
At  this  speed  we  should  be  able  to  get  1.5  miles  per  gallon  of  fuel. 
It  is  interesting  to  note  that  this  value  corres^)onds  to  a value  of 
more  than  15  miles  per  gallon  when  the  weight  is  reduced  to  corres- 
pond to  that  of  an  ordinary  automobile. 
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SUMMARY 


A method  is  suggested  for  predicting  the  stability  of  automati- 
cally controlled  aircraft  by  a comparison  of  calculated  frequency- 
response  curves  for  the  aircraft  and  experimentally  determined 
frequency-response  curves  for  the  automatic  pilot.  The  method  is 
applied  only  to  stabilization  in  roll.  The  method  is  expected  to  be 
useful  as  a means  of  establishing  the  specifications  of  the  performance 
required  of  the  automatic  control  device  for  pilotless  aircraft 
designed  as  missiles. 


INTRODUCTION 


Experience  has  shown  that  the  provision  of  automatic  stabilization 
for  small  pilotless  aircraft  designed  as  missiles  is  extremely  diffi- 
cult. The  difficulty  is  a result  of  the  high-frequency  oscillations  of 
small-size  aircraft  that  require  rapid  control  movements  and  small  time 
lags,  characteristics  which  are  difficult  to  obtain,  particularly  when 
the  space  available  for  the  control  servomotors  and  Intelligence  units 
is  considered.  In  an  unpublished  analysis  made  at  the  Langley 
Aeronautical  Laboratory  of  the  NACA,  the  problem  of  determining  the 
stability  of  an  automatically  controlled  aircraft  with  lag  in  the 
control  system  was  analyzed  theoretically  by  assuming  a simplified 
equation  for  the  control  motion,  this  equation  being  obtained  from  the 
knowledge  of  the  behavior  of  the  automatic  pilot.  Because  of  the 
irregular  response  characteristics  often  found  in  automatic  pilots, 
however,  the  control  motion  is  difficult  to  represent  mathematically 
and,  hence,  the  simplified  equations  of  the  control  were  found  to  be 
inadequate  for  the  analysis. 
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The  present  paper  suggests  a method  for  predicting  the  stability 
of  an  aircraft  based  on  the  experimental  determination  of  the  character- 
istics of  its  automatic  pilot.  The  procedure  consists  essentially  in 
calculating  the  control  motion  required  to  maintain  a continuous 
sinusoidal  motion  of  unit  amplitude  for  the  degree  of  freedom  being 
inspected.  The  motion  of  the  control  is  obtained  for  a range  of 
frequencies;  the  phase  angle  of  the  control  motion  and  the  ratio  of 
amplitude  of  control  motion  to  airplane  motion  are  plotted  as  a function 
of  frequency.  Similar  curves  are  established  for  the  autopilot  by 
oscillating  it  and  recording  the  control  motion.  The  two  sets  of  data 
are  then  compared  to  determine  whether  the  airplane  will  be  stable  under 
control  of  the  automatic  pilot.  The  method  is  developed  in  detail  only 
for  stabilization  in  roll.  It  may  be  used  by  the  airplane  designer  for 
either  determining  the  suitability  of  an  existing  automatic  pilot  for  a 
particular  application  or  specifying  the  characteristics  of  the  auto- 
matic pilot  needed  for  the  application. 


SYMBOLS 


m mass  of  airplane,  slugs 


kx  radius  of  gyration  of  airplane  about  longitudinal  axis,  feet 


q 

5 
b 

<{> 

p 

6 

D 

0) 


dynamic  pressure,  pounds  per  square  foot 
wing  area,  square  feet 
wing  span,  feet 

rolling-moment  coefficient  (Rolling  moment/qSb) 
angle  of  bank,  radians 

angular  velocity  in  bank,  radians  per  second  (d(f)/dt) 
deflection  of  aileron,  radians 

rate  of  change  of  rolling-moment  coefficient  with  angular  velocity 
in  bank,  per  radian  (3C2^/3p) 

rate  of  change  of  with  6,  per  radian 

differential  operation  (d/dt) 

angular  frequency,  radians  per  second 
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9 phase  angle  (positive  value  means  lead  of  6 ahead  of  0 
^max  i^ximum  amplitude  of  (j) 

K control-amplitude  ratio  (ratio  of  control  deflection  to  airplane 
displacement) 

I lag  in  seconds  between  signal  for  control  and  its  actual  motion 
t time,  seconds 

p real  part  of  root  of  stability  equation 

Tj^/2  oscillation  to  damp  to  one-half  its  amplitude,  seconds 

6(t)  control  motion  as  a function  of  time 
T period  of  oscillation,  seconds 

DETERMINATION  OF  CONDITIONS  FOR  NEUTRAL  STABILITY  ^ 


The  method  of  determining  the  conditions  for  neutral  stability  is 
illustrated  in  figure  1.  The  calculated  phase  angle  of  the  control 
motion  and  the  calculated  ratio  of  the  amplitude  of  control  motion  to 
airplane  motion  are  plotted  against  angular  frequency  as  shown  by  the 
solid-line  curves.  The  upper  dashed  curve  is  a plot  of  the  experi- 
mental ratio  of  the  amplitude  of  control  motion  to  autopilot  motion 
against  angular  frequency.  The  lower  three  dashed  curves  are  three 
possible  experimental  phase-angle  curves  for  the  automatic  pilot.  The 
intersection  of  the  experimental  and  calculated  control-amplitude 
curves  establishes  the  approximate  frequency  of  the  airplane  with  the 
autopilot  in  operation.  If,  as  in  the  case  of  the  intermediate  experi- 
mental phase-angle  curve,  the  intersection  of  the  experimental  and 
calculated  phase-angle  curves  is  at  the  same  frequency  as  the  inter- 
section of  the  control-amplitude-ratio  curves,  the  airplane  may  be 
neutrally  stable  and  may  be  expected  to  oscillate  continuously  at  this 
frequency.  It  is,  however,  more  usual  that  the  intersection  of  the 
experimental  and  calculated  phase-angle  curves  will  not  be  at  the  same 
frequency  as  the  intersection  of  the  control-amplitude-ratio  curves. 

If  the  phase-angle  curves,  as  in  one  case  shown,  intersect  at  a higher 
frequency  than  the  control-amplitude-ratio  curves,  the  aircraft  will  be 
stable.  If,  as  in  the  remaining  case,  the  intersection  of  the  phase- 
angle  curves  is  at  a lower  frequency  than  the  control-amplitude-ratio 
curves,  the  aircraft  will  be  unstable.  Because  of  the  nonlinear 
characteristics  of  the  control  system,  it  is  generally  necessary  to 
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make  the  experiments  for  different  amplitudes.  With  a dead  spot 
(insensitivity  to  small  deviations)  there  will  probably  be  some  ampli- 
tude below  which  the  system  will  be  unstable. 

Calculated  frequency-response  curves  for  the  aircraft.-  In  the 
application  of  the  method  to  the  case  of  aileron  control  of  an  aircraft 
or  a missile  Independently  stabilized  about  all  three  axes,  the  equation 
of  motion  for  determining  the  control  movement  is 

The  calculated  steady-state  solution  of  the  aircraft  in  response  to  a 
sinusoidal  forcing  function  of  unit  amplitude  6 = sin  cot  is 
(|>  = + <!>)•  (See  reference  1.)  The  values  of  <{>jnax 

and  6 are  obtained  over  the  desired  range  of  angular  frequencies  to 
by  the  substitution  of  ito  for  D in  the  equation  ^ 

mkv^  „ 

TF-  + C?  D 
S qbS  ^p 

♦ ' 

This  substitution  is  equivalent  to  specifying  an  undamped  sinusoidal 
motion  and  results  in  the  expression  A + IB  from  which  can  be 

obtained  ~ ^ g2  q tan“^^.  The  angle  0 may  denote 

rmax  A 

either  a phase  lag  or  lead,  depending  upon  its  quadrant.  If  8 is  in 
• the  third  or  fourth  quadrant,  the  control  lags  behind  the  displacement, 
but  if  0 is  in  the  first  or  second  quadrant,  the  control  leads  the 
motion  of  the  airplane.  The  ratio  of  the  amplitudes  5 and  <{> 

is  and  may  be  defined  as  the  control-amplitude  ratio  K of  the 

H^miax 

control  system,  that  is,  the  ratio  of  maximum  control  deflection  to 
maximum  displacement  in  bank.  A plot  of  K and  0 against  m shows 
the  combination  of  control-amplitude  ratio  and  phase  lag  or  lead  neces- 
sary to  maintain  fixed-amplitude  oscillations  at  any  given  frequency. 
These  results  are  the  calculated  frequency-response  curves  due  to  a 
sinusoidal  motion  of  the  aircraft. 

Determination  of  equivalent  sine  wave  for  the  automatic-pilot 
response.-  The  experimental  frequency-response  curves  are  obtained  by 
oscillating  the  automatic  pilot  sinusoidally  at  various  amplitudes 
through  the  desired  range  of  frequencies.  The  control  is  assumed  to 
oscillate  at  the  same  frequency  as  the  automatic  pilot  but  because  of 
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the  physical  characteristics  of  the  autopilot  the  control  motion  may 
differ  widely  from  a true  sine  wave  and  may  show  arbitrary  phase, 
amplitude,  or  wave-form  relations  (fig.  2)  . It  is  necessary,  therefore, 
to  determine  an  equivalent  sine-wave  response  for  any  arbitrary  control 
motion. 

In  order  to  deteimine  the  equivalent  sine  wave  for  an  arbitrary 
control  motion,  the  following  relations  are  assumed: 

(1)  The  work  done  per  cycle  by  a control  following  the  equivalent 
sine  wave  on  an  aircraft  having  a harmonic  displacement  sin  must 
be  the  same  as  that  done  by  the  actual  control  variation. 


(2)  The  angular  impulse  of  the  equivalent  sine  wave  acting  on  the 
airplane  over  a half  cycle  must  equal  the  change  in  angular  momentum  of 
the  airplane  caused  by  the  actual  control  motion  during  the  same 
interval. 


The  work  done  by  a nonharmonic  force  6(t)  of  frequency  m upon 
a harmonic  motion  sin  wt  is  proportional  to 


B 


1 


cos  cot  dt 


where  the  period  of  the  oscillation  is  T = ~,  and  B,  is  the  coeffi- 

(0  1 

dent  of  the  component  cos  cot.  (See  reference  2.)  This  component  of 
the  control  motion  that  is  out  of  phase  with  the  aircraft  motion  is  the 
only  harmonic  of  the  Fourier  series  representing  the  forcing  func- 
tion 6(t)  which  contributes  to  the  work  done  on  the  aircraft.  The 
angular  Impulse  is  obtained  by  integrating  the  curve  of  control  deflec- 
tion against  time  over  a half  cycle.  This  component  of  the  control 
motion  in  phase  with  the  sinusoidal  motion  of  the  aircraft,  obtained 
from  the  second  relation,  is 


6(t)  dt 


where  A^  is  the  coefficient  of  the  component  sin  cDt,  The  condition 
of  zero  net  impulse  over  a series  of  cycles  may  be  met  by  adjusting  the 


reference  axis  for  6(t) 


so  that 


6(t)  dt  - 0. 


The. control  motion 
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may  then  be  expressed  as  the  sum  of  the  in-phase  and  out-of-phase 
components : 


Aj^  sin  (i)t  + Bj  cos  ut 


or 


sin  (o)t  + 0) 


is  equal  to  and  the  phase 

R.  1 

The  control-amplitude  ratio  and  the 


The  control-amplitude  ratio  K 

1 

lag  of  the  system  0 is  tan"' 

phase  lag  or  lead  are  determined  from  records  taken  of  the  oscillations 
and  plotted  against  u.  In  contrast  to  the  calculated  frequency- 
response  curves  which  involve  the  aerodynamic  and  mass  characteristics 
of  the  aircraft,  these  experimentally  determined  curves  will  be 
functions  of  the  dead  spots  and  various  types  of  lag  found  in  the 
control  system.  In  general,  the  behavior  of  the  automatic  pilot  will 
be  nonlinear  and  hence  a family  of  curves  showing  different  phase  and 
amplitude  relations  for  different  amplitudes  of  disturbance  will  be 
obtained. 


Comparison  of  the  calculated  frequency-response  curves  of  the 
aircraft  and  the  experimental  frequency-response  curves  of  the  automatic 
pilot.-  The  two  sets  of  frequency-response  curves  show,  on  the  one  hand, 
the  values  of  K and  0 necessary  for  hunting  at  a given  frequency 
and,  on  the  other  hand,  the  actual  values  of  K and  0 obtained 
experimentally  at  this  frequency.  In  order  to  determine  from  these 
curves  whether  the  aircraft  will  hunt  in  flight,  the  following  condi- 
tions must  be  satisfied: 

(1)  At  a given  frequency  and  amplitude  the  experimental  values 
of  K and  0 must  agree  with  the  calculated  values. 

(2)  The  motion  must  be  stable  for  amplitudes  larger  than  the  one  at 
which  the  airplane  will  hunt  (as  determined  from  the  first  condition). 

The  first  condition  indicates  that  the  control-amplitude  ratio  and 
phase  lag  or  lead  obtained  as  a result  of  all  types  of  lag  in  the 
control  system  must  agree  with  the  combination  of  K and  0 necessary 
for  hunting  to  exist.  The  second  condition  is  essential  to  prevent 
instability  if  the  aircraft  is  displaced  to  amplitudes  larger  than  the 
one  at  which  it  will  hunt.  The  aircraft  is  stable  at  these  larger 
amplitudes  if,  at  the  frequency  for  which  the  calculated  and  experi- 
mental control-amplitude  ratios  are  equal,  the  calculated  value  of  the 
phase  lag  required  for  hunting  is  greater  than  the  experimental  value. 
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In  other  words,  the  calculated  value  of  6 is  a critical  value  of  the 
lag  necessary  to  cause  the  aircraft  to  hunt.  If  experimental  values 
of  0 are  less  than  the  critical  value,  the  aircraft  motion  is  damped, 
whereas  instability  occurs  if  the  experimental  value  of  0 exceeds  the 
calculated  critical  valtte  (fig.  1) . 

Illustrative  case.-  The  equation  of  motion  in  bank  of  a small 
experimental  aircraft  tested  in  the  Langley  7-  by  10-foot  tunnel  was 
estimated  as 


(0.000245D2  + 0.00245D)<j)  = -0.26456 

Solving  the  equation  for  6/<{(  and  substituting  iw  for  D give  the 
expression 


- = O.OOO926032  - 0.00926&31 
<P 

The  resultant  values  of  K and  0,  that  is,  the  calculated  frequency- 
response  curves  for  the  aircraft,  are  shown  as  solid  lines  in  figure  3. 
These  curves  show  that  for  small  values  of  K,  the  frequency  of 'the 
steady  oscillation  is  low  and  the  motion  will  not  be  sustained  unless 
the  phase  lag  is  large.  As  K increases,  the  frequency  of  the  steady 
oscillation  increases  but  the  phase  lag  required  decreases.  It  is 
important  to  note  that  an  automatic  pilot  with  a constant  time  lag  t 
would  be  unstable  at  high  angular  frequencies  since  the  relation  between 
angular  frequency,  phase  lag,  and  time  lag  is  0 (radians)  = bit. 

The  experimental  frequency-response  curves  were  obtained  by 
oscillating  the  automatic  pilot  at  amplitudes  of  10°  and  20°  through  the 
range  of  desired  angular  frequencies.  The  phase  lag  and  control- 
amplitude  ratio  for  the  two  amplitudes  were  determined  from  records 
similar  to  figure  2 and  are  plotted  as  a function  of  w in  figure  3 
for  two  values  of  control-amplitude  ratio  K.  For  this  particular 
automatic  pilot,  the  control-amplitude  ratio  was  independent  of  ampli- 
tude whereas  the  phase  lag  varied  with  amplitude.  The  results  in 
figure  3 indicate  that,  for  each  control-amplitude  ratio,  the  experi- 
mental values  of  0 are  greater  than  the  calculated  phase  lag,  and 
hence  the  aircraft  would  be  unstable.  Unpublished  results  from  wind- 
tunnel  tests  indicated  that  the  motion  was  unstable,  as  predicted  from 
the  curves  of  figure  3. 

In  an  effort  to  make  the  aircraft  stable,  the  parameters  of  the 
automatic  pilot  were  modified  and  additional  wind-tunnel  tests  were 
performed.  The  conditions  selected  for  these  wind-tunnel  tests  were, 
however,  different  from  those  conditions  for  which  the  experimental 
frequency-response  curves  were  obtained  and  hence  no  direct  prediction 
of  the  aircraft  stability  could  be  made.  The  results  of  the  wind- 
tunnel  tests  with  the  modified  automatic  pilot  indicated  a steady 
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oscillation,  and  records  taken  of  the  tests  showed  that  the  values 
of  K and  9 agreed  very  closely  with  the  combination  of  K and  9 
determined  from  the  calculated  frequency-response  curves.  The  test 
points  of  figure  4 show  the  combination  of  K and  9 for  the  cases  in 
which  steady  oscillations  occurred  in  the  roll  tests. 


CALCULATED  FREQUENCY  RESPONSE  OF  THE  AIRCRAFT 
FOR  DAMPED  OSCILLATIONS 


The  previous  calculations  of  the  frequency-response  curves  were 
based  on  the  assumption  that  the  sinusoidal  motion  of  the  aircraft  is 
neutrally  damped.  It  is  often  desirable,  however,  to  determine  the 
performance  of  an  automatic  control  device  required  to  cause  the  motion 
of  the  aircraft  to  damp  at  a sufficiently  rapid  rate.  Although  no 
satisfactory  analysis  of  this  problem  has  been  given,  a qualitative 
indication  of  the  rate  of  damping  to  be  expected  in  a given  case  may  be 
obtained  by  comparing  the  measured  phase  and  amplitude  of  the  control 
to  the  phase  and  amplitude  calculated  to  be  required  to  enforce  a given 
rate  of  damping. 


Strictly  speaking,  the  assumed  exponential  damping  of  the  motion 
would  require  an  exponential  decrease  in  the  response  of  the  autopilot 
at  decreasing  amplitudes.  In  general,  such  a linear  response  cannot 
be  expected  and  hence  the  method  will  require  careful  judgment  in  its 
application. 

The  equation  of  damped  motion  in  bank  for  the  illustrative  case 
may  he  written  by  adding  a real  part  y to  the  imaginary  root  Im 

[o. 000245 (-y  + iu)^  + 0. 00245 (-y  + Ito)  ] <|),=  -0.26456 


where  y is  given  a value  as  determined  by  the  desired  rate  of  damping. 
The  motion  damps  to  one-half  its  amplitude  in  ~ seconds. 

Solving  the  equation  for  6/<|)  gives  the  expression 


j = 0.000926o)2  - 0.000926y2  + 0.00926y  + i(-0.00926a)  + 0.001852a)y) 


The  frequency-response  curves  shown  in  figure  5 were  calculated  for 
values  of  y varying  from  0.175  to  8.31.  The  control-amplitude-ratio 
curves  are  only  plotted  for  values  of  y equal  to  0 and  5 since  they 
are  the  limiting  curves  for  the  values  of  y investigated.  Figure  5 
indicates  that  the  control-amplitude  ratio  is  almost  independent  of  y 
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whereas  the  phase  lag  decreases  as  y increases.  For  a control  system 
with  a given  control-amplitude  ratio,  therefore,  the  damping  of  the 
oscillation  increases  as  the  phase  lag  is  reduced.  If  the  oscillation 
is  to  damp  one-half  in  lesS  than  1/7.22  second,  the  control  motion  must 
lead  the  aircraft  motion. 

In  order  to  predict  quantitatively  the  stability  of  the  motion  of 
an  aircraft  which  damps  exponentially,  the  experimental  frequency- 
response  curves  would  have  to  be  obtained  for  the  condition  where  the 
forced  oscillation  of  the  automatic  pilot  also  damps  exponentially. 


CONCLUDING  REMABKS 


A method  for  predicting  the  stability  in  roll  of  automatically 
controlled  aircraft  by  a comparison  of  calculated  frequency-response 
curves  for  the  aircraft  and  experimentally  determined  frequency- 
response  curves  for  the  automatic  pilot  is  presented.  The  method  is 
expected  to  be  useful  as  a means  of  establishing  the  specifications  of 
the  performance  required  of  the  automatic  control  device  for  pilotless 
aircraft  designed  as  missiles. 
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Figure  1,—  Frequency-Response  curves  for  stable,  unstable,  and  neutrally  danced  motion  of  tbe  aircraft 
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figure  2o—  Typical  response  of  cmtrol  to  sinusoidal  oscillation  of  autooiatio  pilot. 
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Figure  5.-  Calculated  frequency-response  curves  of  the  aircraft  for  daaqiQd  oscillatloiis. 
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Abstract 

A method  is  suggested  f or  predicting  the  stability 
of  autcsnatically  controlled  aircraft  by  a camparison  of 
calctilated  frequency-response  curves  for  the  aircraft 
and  expertoentally  determined  frequency-respoiise  curves 
for  the  automatic  pilot.  The  method  is  appHed  only  to 
stabilization  in  roll.  The  method  is  esqpected  to  be 
useful  as  a means  of  establishing  the  specifications  of 
the  performance  req.uired  of  the  automatic  control  device 
for  pilotless  aircraft  designed  as  missiles. 


Abstract 

A method  is  suggested  for  predicting  the  stability 
of  automatically  controlled  aircraft  by  a coin5)arison  of 
calculated  freq.uency-^esponse  c^lrves  for  the  aircraft 
and  experimentally  determined  freq.uency— response  curves 
for  the  automatic  pilot.  The  method  is  applied  oixly  to 
stabilization  in  roll.  The  method  is  expected  to  be 
useful  as  a means  of  establishing  the  specifications  of 
the  performance  re(iulred  of  the  automatic  control  device 
for  pilotless  aircraft  designed  as  missiles. 


Abstract 

A method  is  suggested  for  predicting  the  stability 
of  automatically  controlled  aircraft  by  a oco^arison  of 
calculated  freq.uenoy-respons0  curves  for  the  aircraft 
and  experimentally  determined  freq.uency-response  curves 
for  the  automatic  pilot.  The  method  is  applied  only  to 
stabilization  in  roll.  The  method  is  expected  to  be 
useful  as  a means  of  establishing  the  specifications  of 
the  performance  req.uired  of  the  automatic  control  device 
for  pilotless  aircraft  designed  as  missiles. 
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Leading-Edge  Singularities  in 
Thin- Airfoil  Theory 

ROBERT  T.  JONES* 

Ames  Aeronautical  Laboratory,  N,A.C.A, 


Summary 

If  the  thin-airfoil  theory  is  £ipplied  to  an  airfoil  having  a rounds 
lesuling  edge,  a <^rtain  ermr  will  ^ise  in  the  determinatimi  of  tiie 
pressure  distribution  around  the  nose.  It  is  shown  that  the 
evaluation  of  the  drag  of  such  a blunt-nosed  airfoil  by  the  thin- 
airfoil  theory  requires  the  addition  of  a “leading-edge  force/* 
analogous  to  the  well-known  leading-edge  thrust  of  the  lifting  air- 
foil. The  method  of  calculation  is  illustrated  by  application  to 
(1)  the  Joukowski  airfoil  in  subsonic  flow  and  (2)  the  thin  elliptic 
cone  in  supersonic  flow.  The  paper  concludes  with  a general 
formula  for  the  edge  force  which  is  applicable  to  a variety  of 
wing  forms. 

Introduction 

IN  THE  APPLICATION  of  thin-airfoil  theory  to  air- 
foils of  finite  thickness,  care  must  be  taken  to 
evaluate  the  effects  of  singularities  that  appear  in  the 
thin-airfoil  flows.  One  example  of  such  an  effect  is  the 
finite  force  arising  from  the  singularity  at  the  leading 
edge  of  a lifting  airfoil — ^that  is,  the  well-known  “lead- 
ing-edge thrusf 

Another  example  is  the  finite  force  arising  from  the 
singularity  in  the  flow  field  of  a nonlifting  airfoil  hav- 
ing a blunt  leading  edge.  The  latter  effect  does  not 
appear  to  have  been  discussed  previously  and  is  of  im- 
portance at  supersonic  speeds  where  it  is  desired  to 
calculate  the  *‘wave  drag”  arising  from  the  thickness 
of  the  airfoil. 

Thin  Joukowski  Airfoil  in  Subsonic  Flow 

A simple  example  of  the  leading-edge  force  is  pro- 
vided by  the  two-dimensional  flow  oyer  an  airfoil  of  the 
Joukowski  type.  Fig.  1 shows  such  an  airfoil  and  the 
coordinate  axes  used.  According  to  the  thin-airfoil 
theory,  the  conjugate  u4w  of  the  perturbation  velocity 
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Fig.  1.  Thin  Joukowski  airfoil. 


vector  win  be  represented  by  an  analytic  function  of  the 
complex  variable  { = ac  -j-  iz;  that  is, 

u - iw  = /(© 

The  frmction/  is  chosen  to  satisfy  the  desired  botmdary 
conditions  around  the  slit  —1  < x < -j-1  and  to  make 
u — m vanish  at  infinity. 

By  a process  of  trial,  it  was  found  that  for  the  example 
chosen 

u — iw  = 

+ 2( Vi^i  - i)  + i]  (1) 

Near  the  chord  line  J = ac  oi  and 


n/Vt  r 1 - 2r 


The  ordinate  of  the  airfoil  surface,  obtained  by  integrat- 
ing w/  V = dz/dx  is 

z = til  - x)-\/l  - (3) 

The  constant  i is  thus  the'  ordinate  of  the  airfoil  at  the 
50  per  cent  chord  station  (rr  = 0).  The  pressure  co- 
efficient is  given  by 

A^/(l/2)pF^  - --2{u/V)  (4) 

and,  hence,  is  proportional  to  1 — 2x  in  the  interval 
— 1 < a;  < +1.  At  the  ends  of  the  interval  the  terms 
under  the  radical  change'  sign  and  the  expr^ion  for 
u — iw  become  a pure  real  number,  so  that  w = 0 
along  the  streamline  ahead  of  and  behind  the  airfoil. 
Fig.  2 shows  the  pressure  distribution  along  this  stream- 


Fig.  2.  Pressure  distribution  for  Joukowski  airfoil . 
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Fig.  4.  Comparison  of  velocity  distribution  along  chord  line 
with  velocity  at  airfoil  surface. 


Fig.  5.  Elliptic  cone  in  supersonic  flow. 


y+l2 

X 


Fig.  6. 


y -f  1 z 
X + Vx^yCz 


Transformation  of  conical  flow  field. 


line  and  over  the  airfoil  chord  between  =^=1.  An  alter- 
nate treatment  of  the  thin  Joukowski  airfoil  is  given  in 
reference  1. 

As  is  evident  from  Fig.  2,  the  thin-airfoU  theory  shows 
a negative  pressure  over  the  forward  three-fourths  of 
the  airfoil,  changing  with  a constant  gradient  to  a posi- 
tive pressure  at  the  trailing  edge.  Such  an  increase  of 
pressure  toward  the  rear  obviously  leads  to  an  upstream 
buoyancy,  or  negative  drag,  in  contradiction  to  D'Alem- 
bert’s principle,  A simple  calculation  shows  that  the 
buoyant  force  in  this  case  (D  — —volume  X dp/dx) 


corresponds  to  a drag  coefidcient  of 

Cd  = (5) 

It  will  now  be  shown  that  this  negative  drag  is  exactly 
canceled  by  a positive  contribution  arising  from  the 
singularity  in  the  flow  field  near  the  leading  edge,  pro- 
vided the  integration  of  pressure  over  the  airfoil  sur- 
face is  properly  modified  by  a limiting  process  to  in- 
clude this  singular  term.  To  carry  out  this  limiting 
process,  we  select,  in  preference  to  the  airfoil  siaface 
itself,  a streamline  a short  distance  above  the  airfoil 
surface  and,  furthermore,  allow  the  integration  to  ex- 
tend a short  distance  ahead  of  the  airfoil  nose.  The 
drag  is  to  be  obtained  from  the  product  of  the  pressture 
and  the  slope  of  the  streamline — that  is,  the  product 
uw  may  be  formed  by  noting  that 

{u  — iwy  — — 2iuw  (6) 

Considering  a contour  as  illustrated  in  Fig.  3,  the  drag 
of  a portion  of  the  nose  of  the  airfoil  will  be  given  by  the 
integral 

Dn  — I.P.  of  p / (m  — iw)^d^  — 

Jc 

I.P.  of  P W + 2(Vr  - 1 - I)  + ijrf? 

(7) 

The  first  term  in  the  square  brackets  contains  the  sin- 
gularity. In  the  limit  as  the  airfoil  thickness  ap- 
proaches zero  and  the  contour  approaches  the  real 
axis,  this  term  contributes  the  value 

C8) 

over  a small  length  of  the  path  c just  above  the  point 

— 1.  This  value  is  equal  and  opposite  the  value  ob- 
tained [Eq.  (5)]  from  the  approximate  siuf ace  pressure 
distribution.  The  remaining  terms  in  the  integral  (7) 
need  not  be  considered,  since  they  correspond  to  this 
previously  determined  value. 

Fiuther  insight  into  the  significance  of  this  calcula- 
tion may  be  gained  by  an  examination  of  the  velocity 
field  represented  by  the  complex  velocity  fimction  (1). 
As  illustrated  in  Fig.  4,  the  velocity  fimction  shows  that 
the  horizontal  velocity  u approaches  — at  the  point 

— 1.  Obviously,  the  leading  edge  of  the  airfoil  will  lie 
some  distance  to  the  left  of  this  singular  point,  since  the 
additive  velocity  u becomes  equal  and  opposite  to  the 
stream  velocity  V before  the  point  ^ = —1  is  reached. 
The  point  at  which  u — — V is  the  stagnation  point 
and  marks  the  position  at  which  the  stream  divides  to 
form  the  upper  and  lower  surfaces  of  the  airfoil.  Be- 
hind the  stagnation  point  the  velocities  given  by  the 
thin-airfoil  theory  are,  in  fact,  the  velocities  of  an 
internal  flow  along  the  central  source-sink  distribution 
of  the  airfoil.  It  is  evident  that  the  velocity  distribu- 
tion along  the  source-sink  line  does  not  represent  a good 
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flow. 

approximation  to  tlie  actual  surface  velocity  distribu- 
tion in  the  vicinity  of  the  roimded  nose.  The  exact 
shape  and  pressure  distribution  over  the  rounded  nose 
are  thus  not  determined  by  the  thin-airfoil  theory. 
The  determination  of  the  drag  of  the  nose  portion  with- 
out knowledge  of  its  exact  shape  or  pressure  distribu- 
tion is  possible,  however,  because  of  the  invariant  prop- 
erty of  the  contour  integral. 

Similar  considerations  apply  in  the  case  of  a lifting 
airfoil.  Here,  an  inclined  thin  plate  is  used  as  an  ap- 
proximation to  a lifting  airfoil  of  finite  thickness,  and 
the  leading-edge  force  (a  forward  thrust  in  this  case)  is 
determined  from  the  singularity  in  the  flow  around  the 
edge  of  the  plate.  The  plate  in  this  case  represents  a 
line  of  discontinuity,  or  a vortex  sheet,  along  the 
interior  of  the  airfoil. 

In  either  case  the  application  of  the  theory  to  com- 
pressible flows  is  made  on  the  assumption  that  the  con- 
figuration of  the  flow  exterior  to  the  airfoil  remains  es- 
sentially’ similar  to  the  corresponding  incompressible 
potential  flow.  The  contour  of  integration  (Fig,  3) 
is  further  supposed  to  lie  in  a region  where  the  additive 
velocities  are  small,  so  that  the  velocity  u and  the 
corresponding  pressure  can  be  corrected  by  the  Prandtl- 
Glauert  rule. 

Elliptic  Cojste  in  Supersonic  Flow 

As  an  example  of  a supersonic  flow,  consider  the  case 
of  the  flattened  elliptic  cone  which  was  previously  con- 
sidered by  Squire.  Adopting  a variation  of  Buse- 
mann’s  method, ^ the  velocity  field  may  be  described  by 
an  analytic  fimction  of  the  variable  where 

r = 26/(1  + 6^)  (9) 

and 

e 0^  + ^2)/(x  _ 02)  (jQ) 

As  pointed  out  in  reference  3,  the  variable  6 is  the  argu- 
ment of  the  general  solution  of  Prandtl's  equation,  of 
zero  degree  (cf.  references  4 and  5 for  the  equivalent 
solution  of  Laplace’s  equation).  The  variable  ^ is  an 
analytic  transformation  of  e that  maps  the  interior  of  the 
Mach  cone  onto  the  whole  complex  plane,  transforming 
the  Mach  cone  itself  into  the  positive  and  negative 
branches  of  the  real  axis  outside  the  points  =^1.  The 


variable  I*  approaches  the  undistorted  space  coordinate 
(y  -b  iz)/x  near  the  plane  of  the  airfoil  inside  the  points 
±1  and  thus  facilitates  the  choice  of  functions  to 
represent  various  airfoil  boundary  conditions.  Figs. 

5 and  6 illustrate  these  relations. 

As  in  the  case  of  the  Joukowski  airfoil,  the  elliptic 
cone  requires  a singularity  of  the  order  —1/2  in  the 
expression  for  the  vertical  velocity  w to  represent  the 
rounded  leading  edge.  A trial  shows  that  the  simple 
function* 

> = ^ ( Vt/2) {m/Vm\-  p)  (11) 

satisfies  the  boundary  condition  for  an  elliptic  cone  of 
maximum  thickness  xt  having  its  leading  edges  along 
the  lines  y — =^mx. 

The  horizontal  perturbation  velocity  u,  which  deter- 
mines the  pressure  distribution  ( A^  = —puV),  is 
found  from  w with  the  aid  of  the' condition  for  irrota- 
tional  motion — that  is,  dw/dz  = bw/dx.  In  terms  of 
the  variable  ^ this  relation  is  equivalent  to 

du/d^  = f(r/V^l  — ^^){dw/d^) 

! 

or 

« = i f (i;/Vi  - ^^){dw/dm  (12) 

where  the  integration  begins  at  a point  of  zero  disturb- 
ance. 

Integration  for  the  ordinate  of  the  surface  yields 

W r W t r — 

Z=  I ydx  = -y  J di  = - y*2  - iy/my 

(13) 

The  constant  t is  seen  to  be  the  maximum  thickness  of 
the  section  at  X — 1.0. 

In  the  present  example,  the  sweep  angle  is  assumed 
to  be  greater  than  the  Mach  angle  so  that  the  elliptic 
cone  lies  entirely  within'  the  Mach  cone.  The  veloci- 
ties u and  w then  vanish  on  the  Mach  cone,  and  u 
can  be  determined  by  integrating  Eq.  (12)  from  — 1 to 

2 1 - L ^ J 

(14) 

where 

— arc  sin  k = a/i  — 

’1  — 

and  F and  E are  the  elliptic  integrals.  A plot  of  the  real 
solution  for  u,  which  is  proportional  to  the  pressure 
distribution,  is  shown  in  Fig.  7.  It  is  interesting  to 
note  that  the  elliptical  cross  section  leads  to  a constant 

* The  proper  value  of  the  jfunction  is  selected  with  the  aid  of 
the  condition  that  w is  to  be  discontinuous  across  the  real  axis  be- 
tween and  positive  on  the  upper  side. 
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surface  pressure  distribution.  This  result  has  pre- 
viously been  obtained  by  Squire. 

As  in  the  preceding  example,  the  drag  is  determined 
by  integrating  the  product  —puw  along  a stream  stu:- 
face  just  above  the  airfoil  surface.  Eqs.  (11)  and  (14) 
for  u and  w actually  contain  two  (i.e.,  the  real  and 
imaginary)  solutions.  Since  the  re^  solutions  are  the 
ones  u^d  here,  it  is  necessary  to  separate  the  product 
of  the  real  solutions  from  the  complex  product  uw. 
With  the  aid  of  Eq.  (12),  it  can  be  shown  that  the  re- 
quired product  of  the  real  solutions  is  equal  to  one-half 
the  real  part  of  the  complex  product  in  a limited  region 
near  the  nose  of  the  airfoil  where  the  term 
can  be  considered  constant. 

With  this  latter  point  in  mind,  the  expression  for  the 
leading-edge  force  of  a section  at  x:  ==  1 can  be  writ- 
ten 


’■  - f. 


YL  ^ f V 1 - V ^ 

^21—  Vf®  - m* 


= R.P. 
_ P 


.pW 


4 

1 — ni^ 

f-X 

(f- 


2 -\/m 

rVi  - 


(f  - w)(f  + m) 


* 


(15) 


or,  in  coefficient  form, 

Cd„  ^ — w^)  (16) 

for  both  edges. 

The  contour  for  Eq.  (15)  crosses  only  a limited  region 
near  the  airfoil  nose  and  involves  in  the  limit  only  the 
singular  term  (^^  _ ^2)  Over  the  remainder 

of  the  interval  the  contour  is  equivalent  to  an  evalua- 
tion of  the  surface  pressure  times  the  surface  slope. 
Over  this  interval  the  pressure  is  constant,  proportional 
to 


F(7t/2,  k)  - E(7t/2,  k) 

and  the  resulting  drag  is  easily  computed  from  the  pro- 
jected area  of  the  cone — that  is. 


Fxg.  8.  General  expression  for  force  per  unit  length  normal  to 
oblique  leading  edge. 


General  Expression  for  Leading-Edge  Force 

In  the  foregoing  example,  the  flow  field  is  conical, 
and  the  drag  coefficient  of  each  section  throughout  the 
length  of  the  conical  body  is  the  same.  In  more  general 
examples  such  as  that  described  by  Lighthall,®  however, 
this  simplifying  feature  will  not  appear,  and  the  co- 
efficient of  the  leading-edge  force  will  vary  from  point 
to  point  along  the  length  of  the  edge.  Furthermore,  it 
will  not  be  possible,  in  general,  to  represent  the  entire 
geometry  of  the  flow  field  by  a function  of  a complex 
variable.  However,  if  the  body  is  sufficiently  thin  and 
flat  and  presents  no  abrupt  changes  in  the  radius  of 
curvature  of  the  leading  edge,  the  flow  field  in  the  im- 
mediate neighborhood  of  a point  on  the  leading  edge 
may  be  considered  to  have  a cylindrical,  or  two-dimen- 
^onal,  form.  In  such  cases  the  localized  region  of  the 
flow  field  can  be  represented  by  a function  of  a complex 
variable,  and  the  contour  integration  for  the  leading- 
edge  force  can  be  performed.  Fig.  8 illustrates  the  more 
general  relation  obtained  when  this  calculation  is  ap- 
plied to  an  elliptical  leading  edge  with  nose  radius  r. 
It  is  seen  that  the  force  normal  to  the  edge  at  large 
angles  of  sweep  is  approximately  equal  to  that  de- 
veloped by  the  impact  pressure  of  the  normal  stream 
component  acting  on  the  developed  area  of  the  circular 
cylinder  having  the  radius  of  the  leading  edge. 

Rbfbrences 


partial  ^ (F  - E)  (17) 

In  this  case,  both  the  drag  arising  from  the  approxi- 
mate surface  pressure  distribution  and  the  leading- 
edge  force  act  in  the  same  direction  so  that  the  total 
drag  amounts  to  the  sum  of  Eqs.  (16)  and  (17). 


The  quantity  tj2m  is  the  '‘thickness  ratio''  of  the  cross 
sections  of  the  elliptic  cone.  Eq.  (18)  does  not,  of  course, 
include  the  wake  drag  that  would  arise  if  the  cone  were 
cut  off  so  as  to  have  a blunt  base. 
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SUMMARY 


The  problem  of  the  minimum  Induced  drag  of  wings  having  a given  lift 
and  a given  span  is  extended  to  include  cases  in  which  the  bending  moment 
to  be  supported  by  the  wing  is  also  given.  As  in  the  classical  problem 
of  Induced  drag,  the  theory  is  limited  to  lifting  surfaces  traveling  at 
subsonic  speeds.  It  is  found  that  the  required  shape  of  the  downwash  dis' 
tribution  can  be  obtained  in  an  elementary  way  which  is  applicable  to  a 
variety  of  such  problems.  Expressions  for  the  minimum  drag  and  the  cor-, 
responding  spanwise  load  distributions  are  also  given  for  the  case  in 
which  the  lift  and  the  bending  moment  about  the  wing  root  are  fixed  while 
the  span  is  allowed  to  vary.  The  results  show  a 15-percent  reduction  of 
the  induced  drag  with  a 15-percent  increase  in  span  as  compared  with 
results  for  an  elliptically  loaded  wing  having  the  same  total  lift  and 
bending  moment. 


INTRODUCTION 

In  the  problem  of  minimum  induced  drag  as  originally  treated  by  Munk 
(references  1 and  2)  the  span  of  the  wing  and  the  total  lift  were  supposed 
to  be  given  and  the  distribution  of  lift  over  the  span  resulting  in  a min- 
imum of  drag  was  sought.  The  solution  of  this  problem  thus  provided  a 
convenient  lower  bound  for  the  induced  drag  of  a wing  of  given  dimensions . 

In  the  practical  design  of  wings  the  requirements  for  low  Induced 
drag  and  the  requirements  for  structural  strength  are  opposed.  Here  the 
bending  moment  developed  by  the  lift  becomes  an  important  considera- 
tion - more  important  in  many  cases  than  the  actual  spanwise  dimension 
of  the  wing.  Such  considerations  lead  to  the  problem  of  determining  the 
minimum  drag  with  limitations  imposed  on  the  bending  moment  as  well  as 
on  the  total  lift.  It  is  the  purpose  of  the  present  paper  to  show  how 
the  methods  of  the  earlier  analysis  can  be  extended  in  a very  simple  way 
to  the  solution  of  problems  involving  the  bending  moment  of  the  load 
distribution. 
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A complete  list  of  s3rmbols  employed  in  the  analysis  will  be  found  in 
the  appendix. 


GENERAL  FORMULAS  FOR  LIFT,  DRAG,  AND  BENDING  MOMENT 


Reference  may  be  made  to  the  original  papers  of  Prandtl  and  Munk 
(references  1 and  2),  or  to  any  of  the  standard  text  books  on  aerodynamics, 
for  the  fundamental  developments  of  wing  theory  which  form  the  basis  for 
the  calculations  of  induced  drag.  In  these  developments  the  over-all  lift 
is  given  by 


L = pV 


and  the  drag  is  given  by 


I 

Di  - p f 

Js 


+s 


r dy 


w^  r dy 


(1) 


(2) 


In  these  formulas  the  wing  span  is  supposed  to  extend  along  the  y axis 
between  -s  and  +s,  T is  the  local  circulation  or  vortex'  strength,  and 
V is  the  constant  velocity  of  flight.  The  induced  downwash  velocity  Wj^ 
is  variable  along  the  span  and  is  connected  with  the  vortex  distribution 
r (y)  through  the  relation 


»iW  - 4^ 


dr /dp 
y^ri 


dp 


(3) 


With  this  value  for  wj[  the  expression  for  the  drag  may  be  converted  to 
a double  integral  involving  the  spanwise  distribution  of  lift  as  repre- 
sented by  the  circulation  strength  T 


D 


i 


r(y)r»(p) 

y-n 


dy 


dp 


(4) 


This  integral  may  be  reduced  to  a more  symmetric  form  if  it  is  integrated 
by  parts  on  the  supposition  that  T falls  to  zero  at  the  wing  tips.  Thus^ 


r(y)r(p) 

(y-n)2 


dy  dp 


(5) 


^The  validity  of  equations  (3) , (4) , and  (5)  can  be  demonstrated  by 

referring  to  the  limiting  values  of  complex  integrals  taken  along  a path 
a short  distance  above  the  singular  point  on  the  real  axis.  In  the  case 
of  equations  (3)  and  (4)  this  process  yields  the  Gauchy  principal  value. 
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In  mathematical  terms  the  problem  Is  to  minimize  the  double  Integral, 
equation  (5),  while  holding  fixed  values  of 


L 


r dy 


and 


(6) 


B = pV  y (y-Sq)  r dy  (7) 

•'So 

where  B is  the  bending  moment  specified  about  the  point  Sq*  for  the 
time  being  will  be  taken  as  the  origin,  or  wing  root  (sq  = 0) , 

although  later  another  example  will  appear. 

Although  the  derivation  of  the  formulas  for  induced  drag  liiakes  use  of 
the  concept  of  the  lifting  line,  it  is  important  to  note  that  the  results 
are  not  actually  restricted  to  this  approximation.  According  to  Hunk's 
well-known  stagger  theorem  the  induced  drag  of  a lifting  surface  will  be 
equal  to  that  of  a lifting  line  if  the  spanwlse  load  distributions  are 
the  same. 

It  should  be  noted  further  that  the  induced  drag  of  a wing  having  a 
given  lift  and  a given  spanwise  load  distribution  is  not  affected  by  the 
compressibility  of  the  air  at  subsonic  speeds.  At  supersonic  speeds  an 
additional  drag  associated  with  the  formation  of  waves  arises  and  the 
induced  drag,  which  is  associated  with  the  vortex  wake,  becomes  only  a 
part  of  the  total  pressure  drag. 


THE  DISTRIBUTION  Of  DOWNWASH  FOR  MINIMJM  DRAG 


In  general,  if  the  drag  is  to  be  a minimum,  a small  variation  in  the 
shape  of  the  curve  of  spanwise  loading  will  produce  no  first-order  change 
in  the  drag . The  variation  in  shape  may  take  the  form  of  a small  addition 
to  the  original  loading;  it  is  then  necessary  to  find  conditions  under 
which  the  drag  added  by  a small  additional  loading  is  zero. 

The  solution  of  this  latter  problem  is  rendered  especially  simple 
by  the  mutual  drag  theorem  (reference  1) , which  arises  from  the  evident 
symmetry  of  the  Integral  to  be  minimized  (equation  (5)).  The  theorem 
states  that  if  the  lift  distribution  (represented  by  T (y))  is  the  sum 
of  two  distributions  Tj,  and  T2,  the  drag  of  Fx  arising  from  the 
downwash  field  of  F2  is  exactly  eqtial  to  the  drag  of  F2  arising  from 
the  downwash  of  Fx . 
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Consider  now  an  initial  distribution  designed  to  achieve  minimum 
drag.  (See  fig.  1.)  The  drag  added  by  a small  additional  loading  will 
be  composed  of  three  parts,  namely; 

1.  The  drag  of  the  additional  lift  acting  alone 

2.  The  drag  of  the  original  loading  arising  from  the  downwash 

field  of  the  additional  loading 

3.  Tl;xe  drag  of  the  additional  loading  induced  by  the  downwash  field 

of  the  original  loading 


Item  1 is  of  second  order  in  terms  of  the  magnitude  of  the  added  lift  for 
smooth  distributions,  that  is,  so-called  "weak  variations."  (The  fact 
that  this  second-order  term  is  invariably  positive  insures  that  the  drag 
will  be  a mlnimxim  and  not  a maximum.)  Itenis  2 and  3 are  equal  by  the 
mutual  drag  theorem.  The  first-order  variation  in  drag  can  then  be  com- 
puted by  considering  only  the  drag  of  the  small  additional  lift  acting  in 
the  induced  downwash  field  Wi(y)  of  the  original  lift. 

The  conditions  of  fixed  bending  moment  and  fixed  total  lift  are  met 
by  allowing  only  those  curves  of  lift  variation  that  produce  no  change  in 
these  quantities,  that  is,  curves  having  zero  area  and  zero  moment.  It 
can  be  seen  that  such  curves  of  variation  must  have  at  least  three  ele- 
ments to  meet  the  conditions  of  zero  area  and  zero  moment.  Furthermore, 
any  curve  meeting  these  conditions  can  be  subdivided  into  groups  of  three 
elements  so  that  the  individual  groups  also  satisfy  the  conditions. 

Hence,  as  the  representative  of  such  restricted  curves  of  variation  we 
may  adopt  three  small  elements  having  areas  1\,  Zi,  and  Z3  (fig.  1). 
These  elements,  together  with  their  positions  y^,  73 

local  values  of  the  downwash  w^  , etc.,  due  to  the  original  loading 
must  satisfy  the  following  three^ equations: 


for  6L  = 0, 

for  6B  = 0, 

for  = 0, 


It  can  be  seen  that  these  equations  will  be  consistent  if  w^^  ~ a+byi, 

Wj^2  - ^+^72  ~ a+bya,  where  a and  b are  constants  to  be 

determined  from  the  given  conditions.  Since  such  equations  must  be  satis- 
fied for  all  positions  yj,  y2,  etc.,  it  is  concluded  that,  in  general, 

Wjj^  ~ a + by  (9) 


Z\  Z2  = 0 \ 

Zi7i  + iiJi  + Zays  = 0 y (8) 

ZjWij  + Z2Wi^  + = 0 ) 
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Hence,  for  a minimum  induced  drag  with  a given  total  lift  and  a given 
bending  moment  the  downwash  must  show  a linear  variation  along  the  span.^ 
(See  fig.  2.) 

The  foregoing  method  may  he  readily  extended  to  a more  general  class 
of  problems  involving  bending  moments  or  rolling  moments.  Suppose,  for 
example,  a braced  wing  is  considered,  as  in  the  dotted  outline  of  flg^ 
ure  3.  In  this  case  the  bending  moment  developed  by  that  portion  of  the 
lift  acting  inboard  of  the  point  of  bracing  attachment  may  be  of  no  con- 
cern, but  it  may  be  desired  to  limit  the  bending  moment  developed  by  that 
portion  of  the  spanwise  load  curve  extending  between  this  point  and  the 
tip.  In  this  case  Sq  will  not  be  zero.  At  least  three  elements  are 
required  to  preserve  stationary  values  of  the  lift  and  bending  moment, 
and  it  is  evident  that  at  least  two  of  the  elements  must  lie  to  the  right 
of  the  point  s^j.  The  three  simultaneous  equations  are  (see  fig.  2) : 

^2(y2-So)  + ^3(73-80)  = 0 \ / (10) 

ZiWi^  + + ^3Wlg  = 0) 

Here  and  y3  are  to  the  right  of  the  point  Sq  and  yi  lies  to  the 

left  of  this  point.  For  these  equations^  to  be  consistent  w^^  must  have 
the  form 

Wi  ..  a;  w^  ~ a+b(y2-So)  ; w^  ~ a+b(y3-So) 

2 ® 

Hence,  in  general,  the  downwash  will  be  a constant  over  the  portion  of  the 
span  for  which  the  moment  is  not  specified,  as  illustrated  in  figure  3. 

If  no  restriction  whatever  is  placed  on  the  moment  there  is  obtained  the 
solution  of  Hunk's  original  problem,  namely,  that  the  downwash  should  be 
constant  over  the  entire  span. 


^It  may  be  noticed  at  this  point  that,  whereas  the  discussion  has  empha- 
sized the  idea  of  minimizing  the  drag,  the  analysis  actually  makes  no 
distinction  between  the  lift,  bending  moment,  or  drag,  in  that  station- 
ary values  of  all  three  are  demanded.  Thus  equation  (9)  may  be  consid- 
ered a necessary  condition  for  the  solution  of  the  following  problems: 
(1)  given  the  total  lift  and  the  induced  drag  to  find  the  distribution 
of  lift  over  the  span  that  will  result  in  a minimtim  bending  moment, 
and  (2)  given  the  bending  moment  and  the  induced  drag  to  find  the  dis- 
tribution resulting  in  the  maximum  total  lift. 

^See  reference  3 for  a discussion  of  solutions  of  such  equations. 
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The  case  of  bilateral  symmetry  with  moment  specified  about  the 
root  section  will  serve  as  an  example  of  the  calculation  of  the  actual 
span  loading  and  induced  drag.  It  will  be  evident  from  the  foregoing 
that  the  downwash  distribution  will  consist  of  two  straight-line 
segments  with  a reversal  of  slope  at  the  plane  of  symmetry.  It  is  then 
necessary  to  compute  the  spanwise  variation  of  T corresponding  to 
such  a curve  of  downwash. 


To  perform  this  calculation  by  standard  methods  of  airfoil  theory, 
use  is  made  of  the  idea  that  at  a great  distance  behind  the  wing  the 
vortex  sheet  forms  a two-dimensional  field  of  motion,  with  the  discon- 
tinuity in  the  lateral  velocity  across  the  sheet  given  by  dF/dy,  and 
the  downwash  w given  by  twice  the  value  of  the  induced  downwash 
at  the  wing.  Hence,  the  quantity  1/2  (dF/dy)  - 2iw^  can  be  evaluated 
by  means  of  the  familiar  complex  velocity  function  v - iw  of  the  two- 
dimensional  potential  theory  using  for  v its  value  just  abbve  the 
vortex  sheet.  In  this  theory  if  the  vertical  component  of  velocity  w 
is  given  along  the  line  representing  the  trace  of  the  span,  then  the 
velocity  vector  at  any  other  point  in  the  field  ^ = y + iz  may  be 
obtained  from  the  relation  (reference  4) 


V 


As  noted  above. 


il 

dy 


= v(y  + oi) 


- v(y 


- oi)  = 2v(y  + oi) 


(11) 


(12) 


Introducing  w = a + by  for  y > 0 and  w = a - by  for  y < 0 into 
equation  (11)  yields,  after  integration. 


it 

dy 


= -2a 


( 


^ cosh 
s 


-1 


|y|  / 


g2_y2  J 


(13) 


and  hence 


= 2 ^a  + ^ J s^-y2  + y2  cosh  ^ 


-1  s 


y 


The  spanwise  loading  thus  contains  the  elliptical  distribution  as  one 
component . 


546 


MCA  TN  2249 


Equation  (13)  for  the  spanwise  distribution  of  circulation  enables 
the  determination  of  the  over-all  lift,  bending  moment,  and  drag  in  terms 
of  the  unassigned  constants  a and  b.  The  use  of  equations  (2),  (6), 
and  (7),  together  with  the  wing  semispan  s,  yields  the  following  values: 


(14) 


It  is  convenient  to  specify  the  bending  moment  of  the  lift  in  terms  of 
the  lateral  position  of  the  centroid,  or  center  of  pressure,  of  the  load 
cuTTve.  The  lateral  centroid  as  a fraction  of  the  semispan  s may  be 
denoted  by  y’  (i.e.,  y'  = 2B/Ls) . Then,  solving  for  a and  b, 

* ■ ’ (v 'f  y') 

’’“■pfe'®  (f  y' 

The  expression  for  induced  drag  in  terms  of  the  lift  and  the  lateral 
center  of  pressure  becomes 

Dj  “ — — — { ^ TT^y'^  - 127ry’  + 9 J (16) 

IT  I-  (2s)^  \ , / 

This  equation  yields  the  minimum  drag  for  the  given  position  of  y' . If 
the  lateral  center  of  pressure  is  specified  so  as  to  coincide  with  that 
for  an  elliptical  loading  (i.e.,  b = 0;  y’  4/3tt),  then  the  above 
formula  reduces  to 


D 


i 


TT  v2  (2  s)  2 


(17) 


The  optimum  distribution  of  loading  for  a given  position  of  the  centroid 
y'  may  be  obtained  from  equation  (13)  with  the  aid  of  equations  (15). 
The  result  is 
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2=  ¥ - (f  - f 

Drag  for  a Given  Bending  (foment  with  Unrestricted  Span 


The  foregoing  calculations  show,  as  was  to  be  expected,  that  the 
elliptic  loading  yields  a smaller  drag  than  any  of  the  others  within  a 
restricted  span.  However,  If  the  restriction  on  the  span  Is  removed, 
still  lower  values  of  the  Induced  drag  can  be  obtained  without  any 
Increase  In  the  bending  moment  at  the  wing  root . The  lower  values  are 
obtained  by  permitting  the  span  to  Increase  and  at  the  same  time  adopt- 
ing a more  tapered  form  of  the  loading  curve. 


Equation  (16)  which  contains  the  three  variables  lift,  span,  and 
center  of  pressure  can  be  easily  rearranged  to  show  the  variation  of 
drag  with  span  when  the  bending  moment  and  the  lift  are  held  at  fixed 
values.  In  this  case,  the  lateral  position  of  the  center  of  pressure 
y's  will  be  fixed,  while  the  form  and  extent  s of  the  load  curve  will 
vary.  In  order  to  provide  a convenient  basis  for  conq)arlson  the  span 
and  shape  of  the  load  curves  will  be  related  to  the  elliptic  loading. 

If  s/sg  denotes  the  ratio,  of  the  semispan  of  the  wing  to  that  of  an 
elliptically  loaded  wing  having  the  same  total  lift  and  bending  moment, 
then  equation  (16)  can  be  rewritten: 


(19) 


The  quantity  in  the  bracket  is  the  ratio  of  the  Induced  drag  to  that  of 
the  corresponding  elliptically  loaded  wing.  This  ratio  is  plotted  in 
figure  4 to  show  the  decrease  of  drag  possible  by  increase  of  the  span. 
The  forms  of  load  curve  required  for  the  minimum  drag  at  various  values 
of  s/Sg  are  shown  In  figure  5. 


It  will  be  noted  that  a 15-percent  reduction  of  the  induced  drag 
below  that  for  elliptic  loading  can  be  achieved  with  a 15-percent 
increase  In  span.  Further  increases  of  span  between  15  percent  and 
50  percent  (s  = 1.15  to  1.50)  yield  no  significant  reductions,  however. 

At  still  larger  values  of  s the  drag  becomes  lower,  and  approaches  zero 
at  an  infinite  value  of  s.  For  extreme  values  of  s/sg  the  curves  begin 
to  show  negative  loadings  at  the  tips  and  eventually  the  bending  moment 
at  certain  points  along  the  span  will  exceed  that  at  the  wing  root. 
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APPENDIX 

DEFINITIONS  OF  SYMBOLS 

L total  lift 

X element  of  lift 

D^  induced  drag 

B bending  moment 

p air  density 

r circulation 

induced  downwash  velocity  at  wing 
w downwash  velocity,  at  infinity  ( w - 2w^^) 

V lateral  velocity 

V velocity  of  flight 

y,n  distances  along  wing  semispan 
Sq  point  of  or^-gin  f or  bending  moment 
s length  of  wing  semispan 

y’  lateral  position  of  load  centroid  as  a fraction  of  s 
a,b  constants 


549 


NACA  TN  2249 


REFERENCES 


1.  Munk,  Max  M. : The  Minimum  Induced  Drag  of  Aerofoils.  NACA  Rep.  121, 

1921. 

2.  Prandtl,  L.  : Applications  of  Modem  Hydrodynamics  to  Aeronautics. 

NACA  Rep.  116,  1921. 

3.  Bocher,  Maxime:  Introduction  to  Higher  Algebra.  The  MacMillan  Co., 

N.  Y.  1907,  p.  49. 

4.  Munk,  Max  M. ; Elements  of  the  Wing  Section  Theory  and  of  the  Wing 

Theory.  NACA  Rep.  191,  1924. 


550 


HACA  TN  22^9 


FIGURE  \r  SPANWISE  LOAD  CURVE  WITH  THREE 
ELEMENTS  OF  VARIATION 


Wj*  a - by 


w.  ■ a + by 
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FIGURE  3-  DOWNWASH  DISTRIBUTION  FOR  MINIMUM 
DRAG  WITH  RESTRICTION  ON  BENDING  MOMENT 
OF  THE  OUTER  PORTION  OF  THE  LOAD  CURVE 
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FIGURE  5.-  VARIATION  OF  SHAPE  OF  THE  SPANWISE  LOADING 
CURVE  WITH  SEMISPAN  RATIO  S/S®,  FOR  WINGS  HAVING 
A FIXED  TOTAL  LIFT  AND  A FIXED  BENDING  MOMENT 
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The  problem  of  the  minimum  induced  drag  of  wings 
having  a given  lift  and  a given  span  is  extended  to 
include  cases  in  which  the  bending  moment  to  be  supported 
by  the  wing  is  also  given.  Expressions  for  the  spanwise 
load  distribution  and  the  minimum  drag  in  terms  of  the 
lateral  position  of  the  load  centroid  are  given.  The 
results  show  a 15-percent  reduction  of  the  induced  drag 
with  a 15-percent  increase  in  span  over  that  for  an 
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Summary 

The  assumptions  of  the  thin  airfoil  theory  are  found  to  pro- 
vide certain  necessary  conditions  for  the  minimum  drag  of  airfoils 
having  a given  total  lift,  a given  maximum  thickness,  or  a given 
volume.  The  conditions  are  applicable  to  steady  or  unsteady 
motions  and  to  subsonic  or  supersonic  speeds  without  restriction 
on  the  plan  form.  The  computation  of  drag  and  the  statement  of 
the  conditions  for  minimum  drag  depend  on  the  consideration  of 
a “combined  flow  field,’*  which  is  obtained  by  superimposing  the 
disturbance  velodties  in  forward  and  reversed  motions. 

If  the  plan  form  of  the  airfoil  and  its  total  lift  are  given,  it  is 
found  that,  for  minimum  drag,  the  lift  must  be  distributed  in  such 
a way  that  the  downwash  in  the  combined  field  is  constant  over 
the  entire  plan  form.  If  the  plan  form  is  given  and  the  thickness 
of  the  airfoil  is  required  to  contain  a specified  volume,  then  the 
thickness  must  be  distributed  over  the  plan  form  in  such  a way 
that  the  pressure  gradient  of  the  combined  field  in  the  dire^tbn 
of  flight  is  constant  at  all  pointe  of  the  wing.  A specification  of 
the  thickness  along  some  line  drawn  on  the  plan  form  is  found  to 
lead  to  the  requirement  that  the  gradient  of  the  pressure  vanishes 
on  either  side  of  this  line.  For  the  drag  to  be  a minimum  with 
respect  to  small  changes  in  the  plan  form,  the  foregoing  conditions 
mu$t  extend  continuously  for  a small  distance  beyond  the  edge  of 
the  plan  form. 

Introduction 

The  drag  of  a body  moving  through  a fluid  is  at- 
tributable partly  to  the  action  of  tangential,  or 
friction,  forces  and  partly  to  the  action  of  normal  pres- 
sures. With  well-streamlined  bodies,  the  friction  forces 
are  ordinarily  confined  to  a relatively  thin  boundary 
layer  adjacent  to  the  surface,  and  in  such  ca^s  that 
part  of  the  drag  arising  from  the  normal  pressmes  can 
be  determined  on  the  assumption  of  a frictionless  po- 
tential motion  in  the  region  outside  the  boundary  layer. 

A practical  way  of  minimizing  the  pressure  compo- 
nent of  the  drag  Is  to  make  the  body  slender  and  its 
angle  of  attack  small.  Many  of  the  results  of  the  mod- 
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era  airfoil  theory,  such  as  the  theory  of  the  induced 
drag  of  airfoils,  are  based  on  the  assumption  that  the 
velocities  imparted  to  the  air  are  small  in  relation  to  the 
velocity  of  flight  and,  hence,  are  limited  to  cases  of  thin 
airfoils  and  small  lift  coefficients. 

in  the  present  paper,  certain  necessary  conditions 
for  the  minimum  pressure  drag  of  thin  airfoils  are  de- 
rived. The  analysis  makes  use  of,  and  extends,  certain 
“reversed  flow”  theorems  originally  derived  by  Hayes^ 
and  von  Kirmdn^  and  is  based  on  the  idea  of  super- 
imposing the  disturbances  in  forward  and  reversed 
motions  originaUy  advanced  by  Munk.*  Although 
the  analysis  is  restricted  to  motions  involving  small  dis- 
turbances, the  conditions  for  nunimum  drag  are  found 
to  be  applicable  in  a wide  variety  of  circumstances  of 
such  motions.  Thus,  the  motion  may  be  steady  or  tm- 
steady  and  the  velocity  of  flight  may  be  greater  or  less 
than  the  velocity  of  sotmd. 

Minimum  Drag  Dub  to  Thickness 

In  the  linearized  theory  the  eflPects  of  camber,  or  lift, 
and  thickness  can  be  treated  independently  and  later 
superimposed  in  any  desired  line^  combination.  Wing 
problems  can  therefore  be  divided  into  two  classes — 
i.e.,  those  involving  thickne^  but  no  lift  and  those  in- 
volving a distribution  of  lift  over  a surface  having  zero 
thickness. 

Consider  first  the  case  of  a thin  nonliftihg  body  or 
wing,  sudi  as  shown  in  Fig.  1.  The  surface  is  assumed 
to  be  everywhere  nearly  parallel  to  a horizontal  plane 
in  the  direction  of  motion.  A distribution  of  thickness, 
symmetrical  above  and  below  this  plane,  is  supposed 
to  be  given  over  the  plan  form.  Computation  of  the 
drag  of  such  a body  will  involve,  first,  the  determina- 
tion of  the  pressure  distribution  over  its  surface.  The 
drag  may  then  be  obtained  by  one  of  two  methods.  In 
the  first  method  the  body  is  divided  into  elements  of 
area,  and  the  element  of  drag  is  obtained  from  the  in- 
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SIDE  VIEW 
SHOWING  PRESSURES 

Fig.  1.  Thin  airfoil  with  elements  representing  slope  of  surface. 

clination  of  the  local  pressure  force.  In  the  second 
method,  which  is  related  to  the  first  through  an  integra- 
tion by  parts,  the  body  is  divided  into  small  elements  of 
volume,  and  the  drag  is  computed  from  the  force  of 
buoyancy  on  each  element  arising  from  the  local  gradi- 
ent of  the  pressure  distribution. 

As  is  well  known,  the  pressure  distribution  over  such 
a thin,  nearly  flat  body  can  be  calculated  by  consider- 
ing only  the  inclinations  or  slopes  of  the  surface  ele- 
ments—without  regard  for  the  actual  displacement  of 
the  surface  away  from  the  mean  plane.  The  body  can 
then  be  replaced  by  a large  number  of  small  elementary 
areas  having  slopes  equal  to  the  local  slope  of  the  sur- 
face. Each  such  element  can  be  conceived  to  create  a 
disturbance  field  of  its  own,  and  the  geometric  charac- 
ter of  this  fi^eld  will  depend  on  the  properties  of  the 
medium  (its  elasticity,  density,  etc.)  and  on  the  cir- 
cumstances of  the  motion.  The  disturbance  fields  of 
all  elements  will  be  alike  except  for  a factor  of  strength, 
which  is  measured  by  the  product  of  the  area  of  the 
element  and  its  slope.  The  total  disturbance  field  of 
the  body  may  be  obtained  by  superimposing  the  in- 
dividual disturbance  fields  of  its  elements. 

With  the  aid  of  this  concept  of  superposition  it  may 
be  shown  that  the  drag  of  such  a body  is  unchanged 
by  a reversal  of  the  direction  of  motion.  The  pressure 
at  each  point  of  the  body  is  obtained  by  summing  up 
the  influence  at  this  point  of  every  element  of  the  sur- 
face. Th^  drag  is  then  obtmned  by  a second  summation 
involving  the  total  pressure  force  on  each  element  and 
the  dope  of  its  surface  in  the  dragwise  direction.  Thus, 
two  integrations  over  the  surface  are  required—  or  four 
integrals  in  all.  A typical  single  element  of  this  sum 
(see  Fig.  1)  will  be  represented  by  the  presstue  force 
on  element  2 caused  by  the  pressure  field  of  element  1 
and  multiplied  by  the  slope  of  element  2.  Now  the 


pressure  field  of  any  element,  regardless  of  the  distribu- 
tion or  zone  of  action  of  the  pressure,  will  be  propor- 
tional in  magnitude  to  the  slope  and  area  of  the  ele- 
ment. The  magnitude  of  the  small  contribution  to  the 
pressure  on  element  2 caused  by  element  1 will  there- 
fore be  given  by  the  product  wiPm,  where  mi  is  the 
“strength”  of  element  1 as  determined  from  the  product 
of  its  dope  by  its  elementary  area  (i.e,,  mi  is  equal  to 
the  frontal  area  of  element  I)  and  where  Pa  is  the  pres- 
sure arising  at  element  2 from  a unit  disturbance  at 
element  1.  The  increment  of  drag  produced  will  be 
equal  to  the  product  of  the  pressure  miPa  by  the  area 
and  the  slope  of  element  2— i.e.,  miP2im2.  In  reversed 
motion,  element  1 will  lie  in  the  same  relation  to  element 
2 formerly  occupied  by  2 in  relation  to  1.  Hence,  P21 
is  equal  to  Pn  provided  the  fluid  itself  is  homogeneous. 
The  signs  of  mi  and  m3  are  both  changed,  but  their 
product  retains  the  same  sign.  The  corresponding  ele- 
ment of  drag  in  reversed  motion  is,  therefore,  nHPv^x* 
which  is  exactly  equal  to  the  element  of  drag  in  forward 
motion.  Such  an  equality  can  be  asdgned  to  every  pair 
of  elements  and  therefore  must  apply  to  the  total  drags 
on  forward  and  reversed  motion.  1 

It  should  be  noted  that  the  reversal  principle  involves 
hardly  any  restrictive  assumptions  aside  from  those  in- 
volved in  the  linearization.  It  applies,  therefore,  to 
steady  or  accelerated  motions  and  to  subsonic  or  super- 
sonic speeds. 

The  fact  that  the  drag  of  the  body  is  the  same  for 
either  direction  of  motion  leads  to  the  consideration  of 
a method  of  computing  the  drag  wherein  the  forward 
and  reversed  disturbance  fields  are  considered  simul- 
taneously. It  is  found  that  the  sum  of  the  two  drags, 
or  twice  the  actual  drag,  can  be  obtained  by  super- 
imposing the  two  fields  of  disturbance  velocities  and 
considering  the  pressures  that  would  arise  from  motion 
of  the  combined  field  in  the  flight  direction.  The 
superposition  of  the  two  disturbance  fields  produces  a 
fore-and-aft  symmetry  in  the  disturbance  field  of  each 
element,  with  the  result  that  the  combined  flow  field  is 
generally  simpler  in  structure  than  the  actual  physical 
field  and  the  calculation  of  drag  is  simplified.  The 
pressure  in  the  combined  field  is  simply  the  difference 
between  the  pressures  in  forward  and  reversed  mo- 
tions. 

It  can  be  shown  that  in  the  combined  flow  field  the 
mutual  interference  drags  of  two  distributions  of  thick- 
ness are  equal.  Consider  two  distributions  A and  B as 
illustrated  in  Fig.  2.  The  two  distributions  can  be  di- 
vided into  an  equal  number  of  elements,  and  elements 
from  the  two  distributions  may  then  be  paired  in  an 
arbitrary  way.  Considering  two  elements  such  as  1 
and  2 shown  in  Fig.  2,  it  is*  evident  from  the  symmetry 
of  the  combined  field  of  each  element  that  the  drag  of 
element  1 caused  by  element  2 is  equal  to  the  drag  of 
element  2 caused  by  element  1.  Since  this  equality 
holds  for  every  pair  of  elements,  it  must  hold  for  the 
total  distributions  A and  B. 
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Fig.  2.  Elements  showing  the  mutual  interferaice  of  two  wings 
in  combined  flow. 


AIRFOIL  SHOWING  ADDITION  OF  EQUAL  OPPOSITE 
ELEMENTS  OF  VOLUME. 


PRESSURE  DISTRIBUTION  FOR  WHICH  DRAG 
OF  ADDED  ELEMENTS  IS  ZERO. 

Fig.  3a  {top)^  Fig.  3b  {bottom^. 

We  are  now  in  a position  to  determine  the  conditions 
for  minimum  drag  with  various  specifications  of  thick- 
ness or  volume.  Consider,  first,  the  following  problem : 
Let  the  plan  form  of  the  wing  be  given,  and  suppose 
that  the  thickness  distribution  is  required  to  contain  a 
certain  specified  volume.  What  distribution  of  thick- 
ness over  the  plan  form  will  result  in  the  minimum 
drag?  First,  let  a distribution  of  thickness  having  the 
specified  volume  and  derived  to  achieve  the  minimum 
drag  be  given.  If  the  drag  is  actually  a minimum,  then 
a small  variation  in  the  shape  of  the  distribution  will 
produce  no  first-order  change  in  the  drag.  The  varia- 
tion in  shape  mt^  not  change  the  original  volume  and, 
hence,  may  be  divided  into  pairs  of  elements  having 
equal  and  opposite  volumes.  The  drag  of  each  element 
is  a force  of  buoyancy  equal  to  the  volume  of  the  ele- 
ment multiplied  by  the  local  gradient  of  the  pressure. 


Consider  two  such  elements  of  volume  added  to  the 
original  distribution  as  ^bown  in  Fig.  3.  Following  the 
principle  of  superposition,  the  dr^  added  by  the 
ments  will  be  composed  of  three  parts:  (1)  the  dr^ 
the  eluents  in  their  own  pressure  fidds;  (2)  the  drag 
added  to  the  original  distribution  by  the  pr^ore  fiel^ 
of  the  elements;  and  (3)  the  drag  of  tte  denients  in 
the  pressure  field  of  the  or^nal  distribution.  Since 
the  variation  in  thickn^  distribution  b small  compart 
to  the  original  thickn^,  item  (i)  will  be  of  smaller 
order  than  (2)  or  (3).*  Furthermore  if  use  is  made  of 
the  combined  flow  field,  items  (2)  and  (3)  will  be  equal 
because  of  the  mutual  drag  theorem  previoudy  demon- 
strated. The  added  drs^  is  then  ^ual  to  twice  the 
buoyancy  of  the  volume  elements  in  the  pressure  fidd 
of  the  original  distribution.  Denoting  the  pressure  in 
the  combined  fidd  by  Pc  and  the  volumes  of  the  de- 
ments by  vx  and  as  in  Fig.  3,  we  have  the  following 
two  equations: 

(1)  For  no  change  in  total  volume:  vx  + — 0 


(2)  For  no  change  tn  drag:  ® 


The  two  equations  will  be  consistent  if 


Since  such  equations  must  hold  for  all  positions  of 
the  demaits  within  the  specified  plan  form,  we  con- 
dude  that  the  pressure  gradient  bPc/bx  must  have  the 
same  value  at  all  points  of  the  wing.  For  minimum 

* Th:^  fact  that  the  s«Mnd-order  variatioii  in  drag  is  always 
positive  entires  that  a stationary  value  will  be  a minimum  and 
not  amadmum. 


Fig.  4.  Condition  for  minimum  drag  with  a given  total  volume. 
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drag,  thw^ore,  the  thickness  must  be  distributed  in 
such  a way  that  the  drag  per  unit  volume  is  constant 
over  Ihe  entire  wing  in  the  combined  flow  field.  The 
significance  of  this  condition  in  terms  of  the  pressure 
distributions  on  an  oblique  airfoil  in  supersonic  motion 
is  illustrated  in  Fig.  4. 

Examples  of  bodies  satisfying  this  condition  are  not 
difficult  to  find.  One  example  is  that  of  a thin,  flat- 
tened ellipsoid  accderating  in  an  incompressible  fluid. 
The  drag  force  in  this  case  is  in  opposition  to  the  accel- 
eration  of  the  motion  and,  hence,  is  attributed  to  a 
'‘virtual  additional  mass''  of  the  body.  The  surface 
pressures  due  to  the  acceleration  are  proportional  to 
bip/dt,  where  <p  is  the  surface  potential.  As  is  well 
known,  the  surface  potential  of  any  ellipsoid  moving 
in  a direction  ijc  parallel  to  a principal  axis  is  of  the  form 
(p  :=  K Vx,  where  K is  a constant  depending  on  the 
proportions  of  the  ellipsoid  and  V is  the  velocity.  In 
accelerated  motion,  d(p/dt  and,  hence,  the  pressure  are 
Ulso  proportional  to  x,  and  this  is  true  for  motion  in 
either  direction  except  that  the  pressures  are  changed 
in  sign.  The  pressure  distribution  in  the  combined 
flow,  therefore,  has  a constant  gradient  in  tiie  direction 
of  Xj  and  the  ellipsoid  satisfies  the  necessary  condition 
for  minimum  drag  with  a given  volume.  In  this  case 
the  condition  is  perhaps  better  stated  as  the  condition 
for  minimum  virtual  volume  with  a given  actual  vol- 
ume. 

Another  example  is  that  of  a biconvex  airfoil  of  in- 
finite aspect  ratio  in  steady  motion  at  supersonic  speeds. 
If  the  upper  and  lower  surfaces  are  parabolic  arcs,  the 
Ackeret  theory  gives  a straight-line  distribution  of  pres- 
sure from  nose  to  trailing  edge  for  motion  in  either 
direction. 

The  foregoing  method  may  be  readily  extended  to 
other  problems  of  minimum  drag  involving  different 
specifications  on  the  thickness  distribution.  Perhaps 
the  simplest  of  these  is  the  case  in  which  the  thickness 
of  the  wing  is  specified  along  some  line  such  as  A-B 
in  Fig.  5.  Over  the  remainder  of  the  vdng  plan  form 
the  thickness  is  to  be  distributed  so  as  to  achieve,  the 
minimum  drag  imder  the  specified  conditions. 

In  this  example  we  wish  to  consider  variations  in  the 
thickness  distribution  which  do  not  alter  the  shape  of 
the  cross  section  A-B.  Any  small  element  of  slope 
having  the  strength  Wi,  as  in  Fig.  5,  must  therefore  be 
followed  by  an  equal  opposite  element  m2  at  some  down- 
stream position  ahead  of  the  line  A-B  so  that  the  thick- 
ness qlong  the  line  A-B  is  not  changed.  The  two  equa- 
tions determining  the  necessary  condition  on  the  pres- 
sure distribution  are  : 

(1)  For  no  change  in  thickness  along  .d-B; 

mi  ^ — 0 

(2)  For  no  change  in  drag:  miPd  + m2Pa  = 0 
and  these  lead  to  the  relation 

Ffii  = Fd 


SECTION  C-0 

Fig.  5.  Wing  showing  variation  of  thickness  distribution  with 
fixed  section  A--B. 


SECTION  C-0  SHOWING 
PRESSURE  DISTRIBUTIONS 


Fig.  6.  Condition  for  minimum  dmg  wdth  g^ven  maximum 
thidcness. 

Hence,  the  pr^sure  must  not  vary  in  the  streamwise 
direction  at  points  ahead  of  the  section  A-B,  If  the 
airfoil  is  furtiier  required  to  close  along  the  trailing 
edge,  a similar  condition  will  be  imposed  on  the  pres- 
sures in  the  region  behind  the  line  A-B  (see  Fig.  fi). 

It  will  be  noted  that  the  condition  for  minimum  drag 
does  not  impose  a restriction  on  the  spanwise  variation 
of  the  pressiure  and  that  this  variation  will  presumably 
be  determined  by  the  given  shape  of  the  section  A-B. 
If  the  shape  of  the  section  A-B  is  not  given  exactly 
but  is  merely  required  to  have  a certain  frontal  area, 
then  it  is  found  that  the  pressure  in  the  combined  flow 
field  must  have  the  same  constant  value  at  all  points 
ahead  of  this  section.  The  existence  of  a constant  pres- 


562 


MINIMUM  DRAG  OF  THIN  WINGS 


sure  means  that  the  drag  per  unit  of  frontal  area  is  con- 
stant. 

It  is  interesting  to  note  that  the  condition  for  mini- 
mum drag  with  a given  frontal  area  requires  that  the 
drag  per  unit  frontal  area  be  constant  over  the  entire 
wing,  while  the  condition  for  mirdmum  drag  with  a 
given  volume  requires  a constant  drag  per  unit  volume. 
If  the  maximtnn  thickness  of  each  streamwise  section 
is  specified,  then  the  drag  per  unit  thickness  must  be 
constant  over  each  section. 

Minimum  Drag  for  a Given  Lift 

The  foregoing  principles  of  calculation  can  be  carried 
over  without  essential  modification  to  the  problem  of 
Itft  distribution.  The  drag  arising  from  the  lift  can  be 
calcidated  independently  of  the  thickness;  hence,  the 
wing  can  be  considered  a “lifting  surface"  slightly  cam- 
bered or  twisted  in  such  a way  as  to  support  the  de- 
sired distribution  of  lift.  A given  distribution  of  lift 
will  induce  a certain  downwash  velocity,  and  the  result- 
ant inclination  of  the  stream  lines  must  agree  with  the 
slope  of  the  lifting  surface  at  all  points.  The  drag  of 
the  lifting  surface  will  be  computed  by  integrating  the 
product  of  the  local  lift  by  the  local  inclination  of  the 
lifting  surface. 

The  fact  that  a given  distribution  of  lift  has  the  same 
drag  for  either  direction  of  motion  can  be  seen  by  con- 
sidering the  mutual  drags  of  a pair  of  lifting  elements. 
Each  element  of  lift  produces  a distribution  of  down- 
wash  over  the  plane.  The  actual  configuration  of  the 
downwash  field  does  not  need  to  be  specified,  but  its 
value  at  all  points  is  assumed  to  be  proportional  to  the 
lift  of  the  element.  Hence  the  downwash  of  an  element 
li  at  the  position  of  another  element  h niay  be  expressed 
in  the  form  ze/21  — hW^u  where  W2\  is  an  influence  func- 
tion that  depends  on  the  geometric  position  of  element 
2 in  relation  to  element  1.  The  drag  of  element  2 
caused  by  element  1 is,  therefore,  kW^ih- 

In  reversed  motion  the  roles  of  the  elements  are  re- 
versed and  the  drag  of  element  1 caused  by  element  2 is 
now  kWizh  and  Wu  — ^21.  Similarly,  the  drag  of  ele- 
ment 2 caused  by  element  1 in  reversed  motion  is  equal 
to  the  drag  of  k caused  by  A in  forward  motion.  These 
statements  do  not  exclude  the  possibility  that  each  ele- 
ment lies  wholly  or  partially  outside  the  zone  of  in- 
fluence of  the  other  element,  and,  hence,  the  rever- 
sal principle  holds  for  unsteady  or  supersonic  mo- 
tions. 

Suppose  a plan  form  and  a distribution  of  lift  are 
given,  and  consider  again  the  field  of  pertmrbation  veloc- 
ities obtained  by  superimposing  the  fields  in  forward 
motion  and  in  reversed  motion.  The  horizontal  pertur- 
bation velocities  that  give  rise  to  the  lift  will  be  ex- 
actly canceled  at  each  point  of  the  surface.  However, 
the  downwash  velocities  over  the  surface  will  not,  in 
general,  be  canceled,  and  the  drag  of  the  given  distri- 
bution of  lift  for  either  direction  of  motion  can  be  com- 


puted by  considering  this  lift  to  act  in  the  combined 
downwash  field. 

If  consideration  is  restricted  to  the  method  of  calcu- 
lating drag  by  combining  the  flow  fields  in  forward  and 
reversed  motion,  it  is  eaaly  seen  that  the  mutual  inter- 
ference drags  of  any  two  lifting  areas  are  equal.  The 
drag  of  a lifting  surface  A caused  by  the  downwash  of 
lifting  surface  B is  exactly  equal  to  the  drag  of  B caused 
by  the  downwash  field  of  A.  This  theorem  foUov^ 
from  the  symmetry  of  the  combined  flow  field  of  any 
element  and  the  equality  of  interference  drags  of  two 
elements  exactly  as  was  previously  demonstrated  in 
the  case  of  thickness. 

Consider  now  a lifting  surface  supporting  a given  lift 
L,  and  suppose  that  a distribution  of  lift  over  the  plan 
form  designed  to  achieve  the  minimum  drag  under  the 
stated  conditions  is  given.  Any  small  variation  in  the 
shape  of  the  lift  distribution  which  meets  the  condition 
of  constant  total  lift  can  be  divided  into  pairs  of  ele- 
ments of  equal,  opposite  lifts.  If  the  drag  added  by 
every  such  pair  of  elements  is  zero,  then  the  drag 
added  by  any  small  continuous  distribution  of  the  re- 
quired type  mil  also  be  zero.  ^ 

Considering  two  such  elements  of  a small  additional 
distribution  of  Hft,  it  is  seen  that  the  drag  added  to  the 
original  distribution  will  again  consist  of  three  parts  : 
(1)  the  drag  of  the  elements  alone;  (2)  the  drag  added 
to  the  original  distribution  by  the  downwash  fields  of 
the  elements;  and  (3)  the  drag  of  the  elements  in  the 
downwash  field  of  the  original  distribution.  The  drag 
of  the  elements  alone  will  be  of  second  order  but  will 
always  be  positive  so  that  the  second-order  variation 
in  drag  is  positive.  Items  (2)  and  (3)  will  be  equal  by 
virtue  of  the  equality  of  mutual  interference  drags. 
For  the  first-order  variation  in  drag,  therefore,  we  need 
only  consider  the  elements  of  lift  acting  in  the  down- 
wash  of  the  original  distribution.  Since  the  elements  of 
lift  are  equal  and  opposite,  their  drags  will  be  equal  and 
opposite,  and  the  added  drag  will  be  zero  if  the  down- 
wash  is  the  same  at  each  element.  For  all  such  pairs 
to  contribute  zero  drag,  the  downwash  must  be  constant 
over  the  whole  wing.  Hence,  for  minimum  drag  the 
lift  must  be  distributed  over  the  wing  in  such  a way 
that  the  downwash  in  the  combined  flow  field  is  con- 
stant at  all  points  of  the  plan  form.  The  condition  is 
illustrated  in  Fig.  7. 

Examples  of  the  Minimum  Drag  of  Lifting 
Surfaces 

The  stated  condition  for  minimum  drag  with  a given 
total  lift  obviously  includes  the  well-known  condition 
for  minimum  induced  drag  in  steady  flight  at  subsonic 
speeds.^  In  that  case  the  combined  flow  field  is  nothing 
more  or  less  than  the*  two-dimensional  field  of  motion 
induced  by  tiie  vortex  wake  that  is  normally  trailing 
but  which  now  extends  to  infinity  both  ahead  of  and 
behind  the  wing.  The  elliptic  span  loading,  which 
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FIg.  7.  Conditioii  for  minimum  drag  with  a total  lift. 


(A)  OBLIQUE  lifting  LINE 


CB)  NARROW  LIFTING  SURFACE 


FtG.  8.  Example  of  niiiilmum  drag  for  a gi^mi  lift. 


yields  the  ipinimum  drag  in  this  case,  produces  a uni- 
fortn  downwash  not  only  over  the  plan  form  of  the 
wing  but  over  the  whole  infinite  vortex  ribbon  as  wdl. 

In  addition  to  providing  the  conditions  for  minimum 
drag,  the  combined  flow  field  also  provides  a simpfifica- 
tion  of  the  actual  computation  of  the  drag  in  spedfic 
cases.  Thus,  in  the  case  of  steady  motion  at  subsonic 
speeds,  the  superpodfion  of  the  forward  and  reversed 
disturbance  fields,  which  are  three-dimensional,  results 
in  a twodimendonal  fidd  of  motion.  In  supersonic 
motion,  the  combined  fidd  retains  its  three-dimensional 
character,  but  the  integration  for  the  downwash  is 


nevertheless  considerably  simplified  when  the  forward 
and  leven^  fields  are  conddered  simultaneoudy. 

In  the  supersonic  case,  the  computation  of  downwash 
over  the  surface  involves  the  superpcmtion  of  Mtiiig 
elements  whose  individual  disturbance  fields  are  reine- 
sented  by  the  potential  of  an  elementary  horsedioe 
vortex  that  has  the  form^  ^ 

_ T dy  xz  ^ 

^ 2ir  (y2  ^ s®)  — X* 


for  an  element  of  lift  TpV  dy  located  at  the  origin.  The 
downwash  at  the  portion  X2,  yt,  z%  near  the  plane  z « 0 
arising  horn  an  element  of  lift  at  the  position  Xi,  yi 
is  obtained  by  differentiatmg  ip  with  respect  to  z near 
z ^ 0 and  introdudng  the  displaced  origin 


Wit  ^ 


Vidyx 

2ir 


X 


fa  — Jgi) 

Ifa  ^ fa  aci)*  — fa  — yi)*  --  sh? 


Normally,  the  computation  of  > downwash  over  the 
lifting  surface  requires  that  the  range  of  integration  be 
limited  to  a portion  of  the  plan  form  so  as  to  exdude 
the  forward  branches  of  the  Mach  cones,  where  there  is 
no  real  disturbance.  In  the  combined  flow  field,  how- 
ever, both  branches  of  the  cones  are  to  be  induded,  and 
the  integration  for  the  downwadi  at  each  point  can  be 
extended  over  the  entire  plan  form  provided  the  sign 
of  the  radical  in  the  equation  is  chosen  so  that  the  down- 
wash  of  the  lifting  dement  has  the  same  sign  in  both 
branches  of  the  cone. 

One  example  that  lends  itself  to  calculation  is  that  of 
an  extremdy  long  narrow  wing  or  “lifting  line”  at  an 
angle  of  yaw  such  that  the  line  Hes  inside  ^e  Mach  cone 
origmating  from  its  forward  tip  (see  Fig.  8).  Here  the 
integration  for  the  downwash  in  the  combined  flow 
fidd  extends  from 'one  end  of  the  line  to  the  other,  as  in 
the  sub^nic  case,  and  it  is  found  that  an  dliptic  dis- 
tribution of  lift  results  in  a uniform  downwadi,  yidding 
the  value 

D = (i/vr  — m »)(L*Aa6») 


for  the  minimum  drag.  Here,  the  quantily  m is  the 
ratio  of  the  dope  of  the  lifting  line  to  the  slope  of  a 
Mach  line  and  is  less  than  1.0  when  the  crosswise  com- 
ponent of  vdodty  of  the  lifting  line  is  subsonic.  As 
the  ang^e  of  yaw  is  decreased  so  that  the  lifting  line  ap- 
proaches the  Mach  cone,  the  drag  of  this  distribution  of 
lift  approaches  infinity,  a fact  that  must  be  taken  to 
mean  that  the  concentration  of  a finite  amount  of  lift 
within  an  extremdy  narrow  diordwise  dimension  is 
not  permisdble  when  the  crosswise  vdodty  component 
is  near  sonic  vdodty  or  is  supersonic. 

For  a lifting  surface  of  narrow  proportions  lying  near 
the  center  of  the  Mach  cone,  it  is  found  that  the  ^pres- 
don  for  the  drag  can  be  separated  into  two  components,# 
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one  of  which  depends  on  the  lengtiwise  distribution  of 
lift  while  the  other  depends  on  the  spanwise  loading. 
The  minimuTn  value  in  this  case  is  found  to  be 


D - 


where  b is  the  overall  span  of  the  wing  and  c is  the  over- 
all length.  The  minimum  value  of  the  drag  is  achieved 
when  both  the  spanwise  and  the  lengthwise  loadings  are 
elliptical. 


Determination  of  Optimum  Plan  Form 

In  practice,  the  determination  of  the  best  distribution 
of  lift  or  thickness  for  a given  plan  form  rnay  not  be  so 
important  as  the  problem  of  determining  the  best  shape 
for  the  plan  form.  Unfortunately,  it  is  difficult  to 
formulate  the  latter  problem  in  such  a way  as  to  lead  to 
a single  definite  solution  that  will  be  generally  useful. 
The  foregoing  analysis  does,  however,  provide  one  im- 
portant principle  concerning  wings  of  minimmn  drag. 
Such  wings  will  be  characterized  by  the  fact  that  the 
drag  is  stationary  not  only  with  respect  to  variations 
in  the  lift  or  thickness  distribution  but  also  with  re- 
spect to  variations  in  the  shape  of  the  outline.  Sup- 
pose the  plan  form  of  such  a wing,  together  with  the 
distribution  of  lift  or  thickness  satisfying  the  desired 
condition  for  minimum  drag,  is  given.  If  the  drag  is  to 
remain  unchanged  when  the  outline  of  the  wing  is  dis- 
placed through  a small  distance,  then  the  distribution 
of  pressure  or  downwash  corresponding  to  a minimum 
drag  not  only  must  appear  over  the  plan  form  itself 
but  must  also  extend  for  a small  distance,  without  first- 
order  variation,  away  from  the  edge  of  the  plan  form. 

That  the  foregoing  condition  leads  to  a stationary 
value  of  the  drag  can  be  seen  by  considering  the  effect 
of  a small  displacement  of  the  outline  of  a lifting  wing, 
as  illustrated  in  Fig.  9.  Supposing  the  total  lifts  of  the 
original  and  the  distorted  wings  to  be  the  same,  lift 
must  be  removed  from  the  original  area  and  placed  on 
the  added  area.  The  first-order  variation  in  drag  can 
again  be  computed  by  considering  only  the  effect  of  the 
original  downwash  field  on  the  added  distribution  of 
lift.  If  this  downwash,  which  was  required  to  have  a 
constant  value  at  all  points  of  the  original  plan  form, 
remains  constant  in  the  regions  of  the  added  area,  then 
a redistribution  of  lift  from  the  original  to  the  added 
area  will  not  affect  the  total  drag. 

Curves  of  variation  of  the  drag  with  plan-form  coef- 
ficients seldom  show  local  maxima  or  minima  but  show, 
more  often,  a monotonic  character.  As  an  example 


Fig.  9.  Condition  for  drag  to  be  a minimum  with  respect  to 
varmtions  in  plan  form. 


we  may  consider  the  induced  drag  of  wings  at  subsonic 
speed.  Here,  the  combined  flow  field,  as  previously 
noted,  is  simply  the  two-dimensional  motion  induced 
by  the  vortex  wake,  and,  in  the  case  of  minimum  drag, 
the  downwash  is  constant  over  the  whole  wake,  ex- 
tending ahead  of  and  behind  the  wing.  Since  the  condi- 
tion for  minimum  drag  persists  along  the  whole  wake, 
the  drag  is  unaltered  by  any  displacement  of  the  wing 
boundary  in  the  chordwise  direction  parallel  to  the 
wake.  If  one  proceeds  beyond  the  tip  of  the  wing, 
however,  the  downwash  changes  sign  abruptly,  and 
large  values  of  upwash  are  encountered.  The  drag  is 
thus  not  a minimum  with  respect  to  changes  in  the  span 
of  the  wing  but  can  be  continually  diminished  by  re- 
moving area  from  the  center  portions  of  the  wing  and 
placing  it  at  the  tips.  At  supersonic  sp^ds,  the  mini- 
mum drag  for  a given  area  and  lift  occurs  when  the 
wing  surface  is  disposed  along  narrow  lines  lying  near 
the  center  of  the  Mach  cone  and  having  the  greatest 
possible  length  and  span. 
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Abstract 

Consider  a thin  wing  in  frictionless  flow  and  suppc^e  the  plan 
form  of  the  wing  and  also  the  total  lift  to  be  given.  The  drag  of 
the  wing  will  then  depend  on  the  way  in  which  the  lift  is  dis- 
tributed over  its  surface.  In  a previous  paper,  it  was  shown  that 
the  minimum  drag  occurs  when  the  superposition  of  the  induced 
disturbance  fields  in  forward  and  reversed  motion  results  in  a 
constant  value  of  the  induced  downwash  at  all  points  of  the  wing 
siuface.  Similar  problems  involving  the  ideal  distribution  of 
thickness  over  the  surface  were  found  to  lead  to  similar  condi- 
tions governing  the  distribution  of  pressure  in  the  superimposed 
or  “combined*’  flow  field. 

The  present  paper  describes  a method  for  determining  mathe- 
matically the  combined  disturbance  field,  and  in  certain  cases  the 
minimum  drag,  of  wings  at  supersonic  speeds.  The  simplest 
analytic  example  is  provided  by  the  wing  of  elliptic  plan  form, 
which  achieves  its  minimum  drag  when  the  lift  is  distributed 
uniformly  over  the  surface.  With  a symmetrical  distribution  of 
thickness,  the  requirement  of  minimum  <kag  for  a given  total  vol- 
ume is  found  to  lead  to  profiles  of  constant  curvature. 

Introduction 

IN  THE  THEORY  OF  WINGS  at  subsonic  Speeds,  it  is 
shown  that  the  production  of  lift  by  a wing  of  finite 
span  gives  rise  to  a drag  force  that  depends  on  the  dis- 
tribution of  lift  over  the  span.  This  component  of  the 
drag,  which  arises  in  frictionless  motion,  may  be  re- 
lated to  the  energy  required  for  the  continual  extension 
of  the  two-dimensional  field  of  motion  induced  by  the 
wake  of  trailing  vortices.  Alternatively,  by  examining 
conditions  in  the  vicinity  of  the  wing  sections,  the  drag 
may  be  related  to  the  downward  inclination  of  the  air 
stream  induced  at  the  position  of  the  wing  by  the  ac- 
tion of  the  trailing  vortices.  Following  the  latter  con- 
cept, the  drag  arising  from  the  lift  at  subsonic  speeds 
has  been  termed  the  “induced  drag.“  It  was  shown  by 
Munk^  that  this  drag  is  a minimum  for  a given  lift  and 
a given  span  when  the  induced  downwash  is  constant 
at  aU  points  of  an  equivalent  lifting  line,  or  vortex,  hav- 
ing the  same  spanwise  distribution  of  lift  as  the  wing. 
It  was  further  shown  by  Munk  that  the  induced  drag 
is  actually  independent  of  the  chordwise  distribution  of 
lift. 

At  supersonic  speeds  an  additional  component  of 
drag  arises  because  of  the  formation  of  waves  by  the 
airfoil,  and  in  this  case  the  drag  depends  on  both  the 
spanwise  and  chordwise  distributions  of  lift  or,  in  other 
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words,  on  the  actual  distribution  of  lifting  pressure 
over  the  surface  of  the  wing.  In  order  to  extend  Munk*s 
problem  to  wings  at  supersonic  speeds  it  was  necessary 
therefore  to  consider  not  merely  the  span  as  given  but 
the  actual  shape  of  the  wing  in  plan  view.  The  prob- 
lem could  then  be  stated  in  the  following  form:  For  a 
given  plan  form  s and  a given  total  lift  Z,  what  dis- 
tribution of  the  lift  L over  the  surface  5 results  in  the 
minimum  drag? 

Furthermore,  at  supersonic  speeds  a certain  drag 
arises  from  the  thickness  of  the  airfoil  independently 
of  the  lift.  The  two  components  of  drkg  may,  how- 
ever, be  considered  separately  and  later  added  in  any 
desired  combination.  To  isolate  the  effect  of  lift,  as  dis- 
tinct from  the  effect  of  thickness,  it  is  sufficient  to  re- 
place the  wing  by  its  mean  surface,  which  is  supposed 
to  be  warped  or  cambered  in  whatever  way  may  be  re- 
quired to  cause  the  specified  distribution  of  lift.  On 
the  other  hand,  the  drag  arising  from  the  thickness  may 
be  determined  by  considering  the  thickness  to  be  sym- 
metrically disposed  above  and  below  a flat  mean  sur- 
face having  no  lift.  In  this  way  additional  problems 
involving  the  ideal  distribution  of  thickness  over  the 
plan  form  become  apparent. 

In  reference  2 it  was  shown  that  all  distributions  of 
lif t having  the  minimum  drag  for  a given  plan  form  and 
a given  total  lift  are  characterized  by  a single  condi- 
tion. If  we  suppose  the  wing  with  its  given  distribution 
of  lift  to  be  held  fixed  in  a stream  of  velocity  F,  then 
there  will  arise  in  the  vicinity  of  the  wing  and  its  wake 
additional  small  disturbance  velocities  w,  and  w. 
Now  let  the  direction  of  the  stream  be  reversed,  but  sup- 
pose that  the  curvature  and  inclination  of  the  surface 
is  so  modified  as  to  maintain  the  original  distribution  of 
lift.  A new  field  of  distimbance  velocities  «,  v,  and  w 
will  appear.  The  wake  of  trailing  vortices  will  have 
the  same  form  as  before,  but  the  wake  will  now  extend 
from  the  wing  in  the  opposite  direction.  We  may  now 
superimpose  the  two  fields  of  disturbance  velocities 
and  obtain  by  this  means  a “combined  disturbance 
field,”  associated  with  the  given  distribution  of  lift. 
For  the  drag  to  be  a minimum,  the  downwash  in  the 
combined  disturbance  field  must  be  constant  at  all 
points  of  the  wing  smface  s. 

If  the  velocity  of  flight  is  subsonic,  the  superposition 
of  the  two  fields  can  be  shown  to  result  in  a two-dimen- 
sional field  of  motion  identical  in  form  to  the  velocity 
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Fig.  1.  Lifting  surfaces  with  superimposed  disturbance  fields. 

field  of  the  vortex  wake.  For  distributions  of  lift 
having  the  minimum  drag,  the  downwash  induced  by 
the  vortex  wake  in  its  own  plane  is  a constant,  and  it 
will  be  evident  that  in  this  case  the  downwash  is  con- 
stant not  only  within  the  plan  form  of  the  wing  but  at 
all  points  of  the  vortex  ribbon  ahead  of  and  behind  the 
wing  (Fig.  lA). 

At  supersonic  speeds  the  combination  of  the  forward 
and  reversed  disturbance  fields  again  produces  an  in- 
finite, parallel  vortex  ribbon,  but  the  field  is  no  longer 
two-dimensional  in  character  and  is  bounded  by  two 
overlapping  zones  of  influence  or  wave  fronts,  as  illus- 
trated in  Fig.  IB . 

By  treating  the  problem  of  thickness  in  a similar 
manner,  it  was  also  shown  in  reference  2 that  the  mini- 
mum drag  for  a given  frontal  area  of  the  wing  occurs 
when  the  pressure  in  the  combined  flow  field  is  constant 
at  all  points  of  the  wing  surface.  Similarly,  consider- 
ation of  the  minimum  drag  consistent  with  a given  total 
volume  led  to  the  requirement  of  a constant  streamwise 
gradient  of  the  pressure  in  the  combined  flow. 

The  present  paper  describes  a method  for  determin- 
ing the  combined  disturbance  fields  associated  with 
given  distributions  of  lift  or  thickness.  The  basic  idea 
of  the  method  is  to  represent  the  elementary  solutions 
of  the  flow  equation,  such  as  the  solutions  for  the  source 
and  for  the  horseshoe  vortex,  by  contour  integrals, 
following  forms  introduced  by  Whittaker^  and  Berg- 
man^ rather  than  the  usual  forms.  The  distribution 
of  sources  or  dipoles  over  the  wing  surface  is  then  rep- 
resented by  a triple  integral,  in  which  the  siuface  in- 
tegral, after  a change  in  the  order  of  integration,  repre- 
resents  a distribution  of  two-dimensional  disturbances 
over  the  surface.  The  three-dimensional  flow  is  thus 
obtained  finally  by  the  superposition  of  elementary 


two-dimensional  flows.  As  will  be  shown,  this  method 
enables  the  calculation  of  three-dimensional  wing  flows 
that  satisfy  the  conditions  for  minimum  drag  and  pro- 
vides, as  examples,  formulas  for  the  minimum  drag 
of  wings  of  elliptic  plan  form  at  supersonic  speed. 


Preliminary  Considerations 

As  is  well  known  in  the  thin-airfoil  theory,  the  lift 
distribution  over  a thin  cambered  wing  or  lifting  sur- 
face appeals  as  the  resultant  of  two  equal,  opposite 
pressures  over  the  upper  and  lower  surfaces.  With 
the  pressure  disturbance  given  by 

Ap  = —puV  (1) 

where  u is  the  longitudinal  perturbation  velocity,  we 
obtain,  for  the  local  lift, 

/(x,y)  = 2pF«(x,y,2);  (2) 

The  velocity  u is  discontinuous  across  the  lifting  sur- 
face and  is  to  be  evaluated  on  the  upper  side  (z  --*►  -f-0). 
In  the  lifting  case,  the  downwash  velocity  w(3C,y)  is 
continuous  over  the  whole  plane  of  the  wing.  The 
drag  is  given  by 


(3) 


In  certain  cases,  the  lift  density  I and  the  stream  in- 
clination w/V  may  approach  infinite  values  around 
the  edges  of  the  surface.  The  integral  (3)  must  then  be 
evaluated  by  a suitable  limiting  process,  as  described 
in  reference  5. 

It  has  been  shown  by  von  Karman®  and  Hayes’^ 
that  the  drag  of  a given  distribution  of  lift  is  unchanged 
by  a reversal  of  the  direction  of  motion.  Hence,  the 
drag  of  a specified  distribution  of  lift  may  be  calculated 
from  the  corresponding  distribution  of  downwash  in 
either  direction  of  motion  or  from  the  combined  down- 
wash  as  indicated  by  the  following  formulas : 


D = 


J. 

V 


Iw  dx  dy 


lffmd.dy  = 

±jjtad.dy 


(4) 


For  the  minimum  drag  the  combined  downwash  w will 
be  constant  over  s,  and  we  have 


D = (ll2)L{iv/V)  (5) 

where  L is  the  total  lift. 

Turning  to  the  case  of  a prescribed  distribution  of 
thickness  with  no  lift,  it  is  noted  that  the  velocity  u and 
the  pressure  as  given  by  Eq.  (1)  are  continuous  across 
the  upper  and  lower  sides  of  the  mean  plane,  but  the 
velocity  w has  a discontinuity  related  to  the  equal  and 
opposite  slopes  of  the  upper  and  lower  wing  surfaces. 
If  t{x,y)  is  the  prescribed  thickness  of  the  wing  at  the 
point  {x,y),  we  ha^e 
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w(x,y)  = -(l/2)Vt'iXyy);  +0  (6) 

where  f denotes  dt/dx.  It  can  be  readily  verified  that 
the  velocity  in  the  combined  flow  field,  vanishes  at  all 

points  of  the  wing  plan  form.  A value  of  u remains, 
however,  and  determines  the  drag  through  the  relation 

p = - ^ £ f (7) 

As  shown  in  reference  2 the  requirement  of  minimum 
drag  with  various  specifications  on  the  maximum  thick- 
ness or  the  volume  of  the  wing  leads  to  conditions  of  the 
form 


u — constant 

(8) 

or 

bu/'6x  — constant 

(9) 

over  all  or  part  of  the  wing  plan  form. 

General  Form  of  the  Solution 

The  field  of  disturbance  velocities  surrounding  the 
airfoil  will  be  characterized  by  a velocity  potential  satis- 
fymg  the  weU-known  differential  equation 

(Jkf*  — l)<Pxx  — <Pvv  - <Pzz  ==  0 (10) 

The  same  differential  equation  holds  for  the  disturbance 
field  in  either  direction  of  motion,  as  well  as  for  the  com- 
bination of  the  two  fields.  Since  the  fields  for  different 
Mach  Numbers  differ  only  by  an  affine  transformation, 
it  will  be  convenient  to  perform  the  calculations  for 

V2. 

As  may  be  shown  by  direct  differentiation,  the  re- 
sulting equation  possesses  the  primary  solutions* 

(p  ==  F(<xx  — — yz)  (11) 

where  F is  an  arbitrary,  differentiable  function  and 
a,  and  7 are  parameters  determined  so  that 


- ^2  - ^2  = 0 (12) 

Through  Eq.  (12),  a,  and  7 may  be  made  to  de- 
pend on  a single  complex  parameter  X.  Writing 
X = and  ^tting 

a - 1 ] 

^ ^ cos  0 - (1/2)  [(1/X)  + X]  > (13) 

T = sin5=(V2)[(l/X)--X]) 

Eq.  (12)  is  satisfied  for  values  of  X extending  over  the 
entire  complex  plane.  For  real  values  of  $ (|x)  ==  1), 
Eq.  (11)  becomes 

tp  “ F(x  — y cos  6 — z sin  6)  (14) 

and  the  solution  is  seen  to  represent  a plane  wave  of 
arbitrary  form  F.  The  wave  front  lies  at  an  angle  of 
45°  to  the  a:  axis  {M  — \/2)  but  is  inclined  at  an  angle 
e in  the  y,s  plane.  On  the  other  hand,  for  large  values 
of  X we  have 

<P  ^ F[^{X/2)(y  ^ (15) 

and  the  solution  here  represents  a cylindrical  or  two- 
dimensional  flow  with  its  axis  parallel  to  i;.  This  two- 
dimensional  field  is  evidently  a solution  of 

— Pyy  — <Pzz  = 0 (16) 

with  <pxz  separately  equal  to  zero. 

A general  solution  of  Eq.  (10)  may  fee  constructed  by 
superimposing  a number  of  solutions  of  the  form  (11) 
for  various  values  of  the  parameter  X.  It  is  dear  that 
the  form  of  the  function  F need  not  be  the  same  for  all 
values  of  X,  so  that  F may  depend  on  ^e  two  variables 
ccx  — — 7s  and  X.  Thus  we  obtain 

P = ^ F(ax  — /3y  — 7s, X)  d\  (17) 

where  C is  some  contour  in  the  X plane.  Eq.  (17)  is 
dosdy  analogous  to  Whittaker^s  solution  of  the  La- 
places equation®  and  bdongs  to  the  more  general  dass 
of  integral  operators  studied  by  Bergman.^ 


Expressions  for  Elementary  Disturbance  Fields 

As  an  example  of  Eq.  (17),  we  may  construct  the  well-known  solution  for  the  supersonic  point  soirrce  by  means 
of  the  superposition  of  plane  waves.  This  solution  can  be  represented  in  terms  of  real  values  of  6 as  follows: 


A.  ^ 

4^2  Jq  X — y cos  6 — s sm  ^ 


(18) 


(See  references  9 and  10.)  Here,  R — ^ x’^  — y®  — x®  and  is  assumed  to  have  a positive  real  part.  The  equation 
F = 0 represents  the  Mach  cone,  which  extends  both  ahead  of  and  behind  the  point  source.  The  integral  (18) 
shows  a "zone  of  silence"  in  the  space  between  the  fore  cone  and  the  rear  cone. 
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Fig.  2.  Course  of  «i  and  €2  during  variation  of  point  X YZ, 

For  the  purpose  of  constructing  the  solution  for  a 
complete  wing,  it  is  found  desirable  to  represent  the 
elementary  solutions  in  terms  of  the  complex  parameter 
X = e’^  and  to  select  a contour  C which  avoids  points  on 
the  tmit  circle.  It  will  appear  later  that  the  contour 
C can  be  selected  in  a way  that  simplifies  the  integra- 
tion  of  the  elementary  solutions  over  the  wing  surface. 

In  terms  of  X the  potential  of  the  source  becomes 

_ 1 f d\ 

47t^  J iK  (ax  “ — 72) 

The  integral  may  now  be  evaluated  by  the  method  of 
residues.  After  expressing  a,  j8,  and  7 in  terms  of  X 
with  the  aid  of  Eqs.  (13),  we  have 


with  the  real  part  of  R positive.  The  integral  (19)  may 
now  be  written 

_ i dk 

2ir2  J (y  — iz)  (X  “ €1)  (X  — €2) 

To  evaluate  the  integral  (23)  by  the  method  of  resi- 
dues, it  is  necessary  to  investigate  the  positions  of  the 
poles  €1  and  €2  in  the  X plane  as  functions  of  the  coordi- 
nates x^yyZ.  Fig.  2 illustrates  this  correspondence. 
The  three-dimensional  x,y,z  manifold  is  represented  on 
the  two-dimensional  complex  plane  by  the  identifica- 
tion of  points  with  rays.  This  representation  was  used 
by  Busemann  in  his  conical-flow  theory*^^  Each  ray 
drawn  from  the  origin  in  (r,y,2)  space  appears  as  two 
points  €1  and  62  in  the  X plane.  For  rays  drawn  toward 
the  positive  direction  of  x and  lying  inside  the  Mach 
cone  (y*  -h  z^  < x^)j  the  point  will  lie  inside  the  unit 
circle,  jx|  < 1,  while  the  point  €2  will  lie  outside  this 
circle  at  the  reciprocal  radius — ^that  is, 

€2  = lAi  (24) 

Investigation  of  Eq.  (22)  shows  that  for  each  point 
(Xyy,z)  in  the  space  outside  the  Mach  cone  (y^  + z^  > 
x^),  both  6i  and  €2  lie  exactly  on  the  unit  circle.  Thus, 
and  €2  project  the  space  (r;,y,s)  inside  the  Mach 
cone  on  a surface,  while  the  whole  portion  of  the  space 
(x,y,z)  in  the  ‘"zone  of  silence”  outside  the  Mach  cone 
is  represented  on  a single  line — ^i.e.,  the  circle  |x|  = 1. 


(XX  ~ /3y  — y z = 


(1/2X)  [2kx  - (1  -f  X^)y  - i(l  - \^)z]  (20) 

The  quantity  in  the  brackets  is  a quadratic  in  7 and 
may  be  factored  so  that 
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This  suggests  cutting  the  X surface  into  two  pieces 
around  the  unit  circle  (see  Fig.  3).  The  gap  between 
the  two  portions  of  the  surface  can  then  repr^ent  tiie 
gap  between  the  forward  cone  of  disturbance  and  the 
rearward  cone  of  disturbance  in  the  (x,y^)  ^ace.  If 
the  outer  portion  of  the  X surface  is  now  mapped  onto  a 
second  area  bounded  by  a unit  circle  by  means  of  points 
at  inverse  radii,  the  two  circular  areas  can  be  related  to 
the  circular  cross  sections  of  the  Mach  cone  at  a;  — 1. 

Bach  p<^t  on  the  interior  of  the  unit  circle  |xj  < 1 
then  corresponds  to  a point  (y  + tz)/x,  defined  by  a. 
ray  drawn  through  the  “Mach  circle”  at  x = +1. 
The  negative  ray  that  pierce  the  Mach  circle  at  X ==  —1 
then  corresponds  to  a point  ^ on  the  s«x>nd  surface, 
l/|x|  < 1.  The  center  of  each  surface  corresponds  to 
the  center  of  the  Mach  cone.  When  both  the  fore  cone 
and  rear  cone  are  considered,  it  is  found  that  eadi  piece 
of  the  X surface  is  covered  twice,  once  by  et  and  again  by 
€2. 

Now  consider  the  evaluation  of  Eq.  (19)  when  the 
contour  is  drawn  just  in^de  the  unit  circle,  endosing 
the  surface  jx]  < 1 in  the  positive  direction.  For  posi- 
tive values  of  x such  that  > y^  + z®,  the  contoiu:  will 
enclose  a so  that  the  value  of  the  integral  is 


w (y  — is)  (ci  “ €2)  2ttR 


For  points  outside  the  Mach  cone,  both  «i  and  ^ lie  in 
the  gap  between  the  two  portions  of  the  X surface  and 


are  outside  the  contour,  so  that  the  value  of  the  int^^ 
is  zero.  Proceeding  toward  n^ative  values  of  x,  as 
soon  the  point  (x,y,z)  reaches  the  upstream  Mach 
cone,  the  pole  €1  moves  onto  the  second  jMJrtion  of  the 
X surface,  while  the  pole  €2  now  api^ars  indde  the  con- 
tour |x|  < 1.  The  value  of  the  integral  is  now 


V (y  — iz)  (c2  — cj)  2vR 

Exactly  the  same  determination  of  results  from  a 
contour  in  the  negative  direction  endodng  the  re- 
mainder of  the  surface,  l/|r|  < 1.  As  later  calcula- 
tions will  show,  changes  in  the  order  of  int^;ration  and 
differentiation  are  simplified  if  the  contour  C is  extended 
around  both  portions  of  the  X surface  and  if  the  points 
X =5  0 and  l/k  = 0 (i.e.,  poles  of  0 and  7)  are  ^duded 
by  small  drdes.  The  two  parts  of  the  contour  C are 
shown  in  Fig.  3. 

To  describe  the  flow  in  the  region  around  a lifting 
surface  we  need  an  expression  for  the  potential  fidd  of  a 
"horseshoe  vortex”  representing  the  disturbance  caused 
by  an  element  of  Kft  at  the  origin.  This  expression 
may  be  obtained  by  the  familiar  process  ofrint^prating 
the  expression  for  the  soiuce  in  the  a:  direction  and  then 
differentiating  in  the  z direction.  These  operations 
performed  on  the  integrand  of  Eq.  (19)  yidd  the  factor 

ydK/ioc\  = 0 (27) 

so  that  the  expre^on  for  the  horseshoe  vortex  becomes 


/ — « — 

Sx®  J ax  — ^y  ^ yz 


0,  tmless  3C^  > -4-  z® 


27rR(y^  + z®) 
—xz 


\2xR(y^  + z^) 


for  X > 0 
for  JC  < 0 


(28) 


The  fidd  is  not  that  of  a single  hors^oe  but  of  a dosdy  spaced  vortex  pair  extending  to  infinity  in  both  directions 
along  the  x axis.  Outside  the  cone i?  — 0,  the  disturbance  is  zero. 


Combined  Disturbance  Field  of  a Lifting  Surface 

The  combined  disturbance  fidd  for  an  entire  lifting  surf  ace  s is  obtamed  by  superimposing  dementaxy  solutions 
of  the  form  (28)  . This  superposition  amounts  to  a double  integration  of  dementaxy  horseshoe  vortices  over  the 
surface,  the  strength  of  the  vortices  at  each  point  being  determined  by  the  local  lift  K^fnyi) . Mter  introducing  ap- 
propriate constants  and  changing  the  order  of  integration  so  that  the  contour  integral  is  performed  last,  the  ex- 
pression for  the  combined  potential  ip  of  the  lifting  surface  becomes 


8x*pF  J Js  J ol{x  — xi)  — /8(y  - yi)  - yz 


(29) 


It  will  be  shown  later  that  the  double  integral  over  the  surface  s in  Eq.  (29)  yidds  a two-dimenaonal  complex 
potential  function,  the  form  of  this  function  depending  on  the  parameter  /3.  The  final  integration  over  /3  (or)  X 
then  yields  the  three-dimensional  disturbance.  By  analogy  to  well-known  formulas  in  two-dinienrioiial  potential 
theory,  the  integration  over  the  surface  s may  be  defined  in  such  a way  as  to  permit  differentiation  under  the  in- 
tegral. Performing  this  differentiation  for  the  vdodty  components  u and  we  obtain  from  Eq.  (29) 
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u 

V 

W 

V 


1 £ f f dxx  dyi 

Stt^pV^  J Js  J la(x  - Xi)  - ^(y  - yi)  - 70] 2 
1 (f  f f Kxiyi)  dxi  dyi 

Stt^pV^  J Js  J [oiix  — Xi)  — /9(y  — 7i)  — yz]^ 


a d^ 

(30) 

yds 

(31) 

The  component  uj  V must,  of  course,  vanish  at  every  point  of  the  wing  surface. 


Relation  to  Two-Dimensional  Flow  Theory 

It  may  now  be  shown  that  Eq.  (31)  represents  the 
downwash  in  the  three-dimension^  flow  by  the  super- 
position of  the  downwash  of  infinitely  many  two- 
dimensional  flows.  Each  two-dimensional  flow  is 
associated  with  an  oblique  strip  drawn  in  the  plane  of 
the  wing  and  having  its  edges  tangent  to  the  outline  of 
the  wing  plan  form.  It  mil  appear  that  the  downwash 
contributed  by  each  strip  is  given  by  the  familiar 
“lifting  line”  formula,  the  loading  on  each  equivalent 
lifting  line  being  obtained  by  an  integration  of  the  sur- 
face loading  on  the  wing  in  an  oblique  direction  (see  Fig. 
4). 

For  those  parts  of  the  contour  consisting  of  the  small 
circles  around  X = 0 and  1/X  = 0,  the  equivalent  load- 
ing is  simply  the  spanwise  loading.  It  will  be  evident 
that  these  parts  of  the  contour  yield  the  vortex  drag 
of  the  lifting  surface.  Considering  first  the  loop  around 
X = 0,  we  have 

/3  - 1/2X,  7 = V2X  (32) 

a(»  - »i)  - /3(y  ^ yi)  - yz  = 

(1/2X)  \yi  - (y  + iz)}  (33) 

since  a{x  — Xi)  is  negligible  by  comparison.  Eq.  (31) 
now  becomes 

— = (C  f f ^(«i.yi)  dxi  dyi  id\ 

V Sx^pV^fJsJ  [yi-(y  + tz)]*  X ^ ' 


Fig.  4.  Integration  of  surface  loading  along  oblique  lines  X 
constant. 


The  integration  along  X\  may  now  be  performed  di- 
rectly and  results  in  the  spanwise  loading,  which  may  be 
denoted  by 

^(^i,yi)  dxi  ^ I,'(yi)  (35) 

Now  the  quantity  l{xiy^  represents  the  lifting  pressure, 
and  we  may  replace  it  by  a quantity  that  takes  equal 
and  opposite  values  on  the  upper  and  lower  sides  of  the 
wing  surface.  Similarly,  the  integrated  quantity 
L'(yi)  may  be  supposed  to  take  equal  and  opposite 
values  on  the  upper  and  lower  sides  of  the  strip,  which, 
for  X = 0,  coincides  with  vortex  wake  of  the  wing.  In 
fact,  if  we  write 

L\y^)/pV  - AF{y^)  (36) 

it  is  clear  that  AF  represents  the  discontinuity  in  the 
real  part  of  the  two-dimensional  complex  potential 
function  associated  with  the  trailing  vortex  wake  of 
the  wing. 

instead  of  integrating  AF  across  the  strip,  we  may 
integrate,  using  the  values  of  F = ±(1/2)  AF,  in  the 
positive  direction  on  the  upper  side  and  continue  in  the 
negative  direction  on  the  lower  side,  forming  a closed 
contour  around  the  strip.  Assuming  that  the  function 
F is  smooth  and  continuous  at  aU  points  except  the 
points  of  the  strip  and  does  not  have  a pole  at  infinity, 
the  contour  around  the  strip  may  be  deformed  so  as  to 
encircle  the  point  y ^ iz.  Then  we  have,  by  Cauchy's 
formula, 


J_  f f Ijxuyi)  dxidyi 

pV  Js  J \yi  — (y  + iz)Y 


f 


F(yi)  dyi 

bi  “ (y  + 


2irir(y  + iz)  (37) 


The  quantity  F'(y  + iz)  is  obviously  the  complex 
velocity  function  associated  with  the  vortex  wake. 
Because  of  the  factor  i,  the  real  part  represents  the 
downwash  and  the  imaginary  part  represents  the  lateral 
velocity  v.  However,  by  considering  the  small  loop 
around  the  point  1/X  = 0 on  the  second  portion  of  the 
X surface,  it  is  found  that  ithe  quantity  2iriF\y  — iz) 
arises  instead  of  Eq.  (37).  Hence,  for  the  integration 
in  the  X plane  around  both  loops,  the  lateral  velocity  v, 
which  is  an  odd  function  of  0and  discontinuous  across  the 
strip,  vanishes,  leaving  a real  value  of  the  downwash 
w which  is  continuous  throughout  the  field. 
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Retumiiig  to  Eq.  (34),  we  have,  for  the  integration 
with  respect  to  the  parameter  X, 

j i d\/\  = 2r  (38) 


The  same  value  results  for  each  of  the  small  loops 
X 0 and  1/X  0.  The  downwash  contributed  by 

these  portions  of  the  contour  then  becomes 


^ _ -1  p p f L'(yi)  dyi 

V 2vpV^  • J,  b>i  - (y  + »2)? 


(39) 


which  is  eqtdvalent  to  Prandtl's  formula  for  the  down- 
wash  of  the  trailing  vortex  wake. 

It  will  now  be  shown  that  those  portions  of  the  con- 
tour C near  |x|  — 1 3deld  the  wave  drag  of  the  lifting  sur- 
face. To  illustrate  this  relation,  we  replace  ax  — ~ 

yz  by  the  single  variable 

X — ax  — — yz  (40) 


and  for  the  variable  point  on  the  wing  we  introduce 

Xi  = axi  - jSyi  (41) 

together  with  the  orthogonal  variable 


Ki-  (/3n  + ayi)/(a2  + ^^)  (42) 


The  factor  a^  -j-  in  the  latter  expression  preserves 
the  elementary  area.  Eq.  (31)  may  now  be  written 


V 


/// 


l{Xi,Yi)dXidYi 

(x^Xty 


yd^  T43) 


and  the  integration  with  respect  to  Yi  may  be  performed 
directly  by  writing 


Pig.  5.  Elliptic  wing. 

the  integrated  loading  in  every  oblique  direction  be- 
tween ±45°  is  elliptical,  then  the  downwash  contrib- 
uted by  the  outer  parts  of  the  contour  C (i.e.,  [x]  -►  1) 
will  be  constant  over  the  entire  plan  form.  If,  in  addi- 
tion, the  spanwise  loading  is  elliptical,  tiien  the  final  in- 
tegrated value  of  the  downwash  will  be  a constant. 


l{XuYi)dyi  = L'(Xi.^)  - pVAFiXu^)  (44) 

For  |x|  = 1 the  lines  = constant  correspond  to  the 
intercepts  of  a system  of  plane  waves  at  45°  to  the  x 
axis  (M  = \/2)  and  at  the  angle  B = cos“^  jS  in  the  yz 
plane  [see  Eqs.  (13)].  As  the  angle  B varies  from  0 to 
2?r,  the  intersections  of  the  plane  waves  with  the  lifting 
surface  change  their  inclination  between  ±45°.  For 
these  various  values  of  0,  Eq.  (44)  will  correspond  to  an 
integration  of  the  surface  loading  of  the  wing  along  Vari- 
ous oblique  directions,  as  illustrated  in  Fig.  4.  As  may 
be  seen  by  introducing  Eq.  (44)  in  the  surface  integral 
in  Eq.  (43),  the  downwash  contributed  by  each  one  of 
these  integrated  loadings  is  given  by  the  familiar  “lift- 
ing line’ ' formula 

2«  F'(XS  = y’  dXi  (45) 

In  this  form  the  surface  integral  in  Eq.  (31)  can  be 
recognized  as  the  expression  for  the  downwash  arising 
from  a given  distribution  of  lift  in  two-dimensional 
flow.  In  particular,  it  is  known  that,  if 

U{XrS  = pVAFiXu^) 

is  an  ellipse,  the  downwash,  which  corresponds  to  the 
imaginary  part  of  F'(A‘,j3),  will  be  a constant.  Hence, 
if  the  lift  is  distributed  over  the  wing  in  such  a way  that 
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Speed 

The  foregoing  discussion  indicated  that  the  downwash 
will  be  constant  over  the  plan  form  if  the  integrated 
loading  in  every  oblique  direction  is  elliptical.  This 
condition  is,  of  course,  merely  a sufficient,  and  not  a 
necessary,  one.  The  condition  is  met  in  the  case  of  the 
elliptic  plan  form  having  a uniform  surface  distribution 
of  Hft.  Hence  it  is  concluded  that  such  a uniform  sur- 
face loading  3delds  the  minimum  drag  in  the  case  of  the 
elliptic  wing. 

The  downwash  of  the  elliptic  wing  may  be  calculated 
directly  from  Eq.  (31).  To  evaluate  the  surface  in- 
tegral first,  we  write 


dxydyi ^ 

[a(x  - Xi)  - /3(y  - yi)  — yz}^ 

2TipVF'(.X,fi) 


(46) 


After  introducing  I — k and  integrating  over  Xif  there 
is  obtained 


F\X,^)  = 


1 1 / kdyi 

27npV  J-ya  a\x  — aXi  ^ ^yJ  --xs 


(47) 

The  subscript  s has  been  introduced  to  denote  the  limits 
of  Xi,yi  corresponding  to  the  edges  of  the  plan  form. 
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For  the  ellipse  with  semiaxes  a and  b,  we  have,  in  para- 
metric form  (see  Fig.  5), 


yi  — b cos  Xs  ~ —a  sin  0 (48) 

and  the  integral  (47)  becomes 

puxg)  = -^—  C'  sin«»(4 

* 2vipVa  Jq  X + <x»s  ^ act  sin  ^ 

m 


This  fonn  is  obviou^y  similar  to  Eq.  (18),  the  complex 
nnmbers  X,  bp,  and  act  taking  the  place  of  the  real 
numbers  x,  y,  and  z in  that  equation. 

The  evaluation  of  integrals  of  this  form  has  been 
given  by  Jacolri,  and  a complete  discussion  will  be 
found  in  rrference  10  (see  also  reference  9).  There  are 
two  determinations  depending  on  the  location  of  the 
poles  of  the  integrand,  and  e^,  where 


-X  - Vx*  jb§)^  - (g^ 

bp  — iaa  I 

-X  + VX^  - (6/3)»  - 
bp  ^ iacL 


(50) 


For  real  values  of  jS  = cos  B,  the  equation 

~ (6/3)2  _ = 0 (51) 

determines  those  values  of  X which  correspond  to  planes 
tangent  to  the  edge  of  the  elliptic  disc.  For  points 
(jc,y)  inside  the  elliptic  disc, 

{xHa^)  4”  (yVb^)  < 1 (52) 

and  in  this  case  we  have  the  general  formula 


cos  n<l>  dib 


X + bp  cos  ^ + oa  sin  0 

"“2*^  r sin  tub 

tr  , t 

fo 


£ 


X + 6/3  co  s 0 -h  na  sin  ^ 

^ e”  — 02” 

- (6/S)*  - (o«)» 


153) 


Fig.  6.  Oblique  ellipse. 


Eq.  (46)  corresponds  to  « — 1,*  and  the  formulas  give 

FTO)  = V.  (54) 

pVa  bp  — mot 

For  the  assumed  constant  surface  loading  F\X,p)  is 
thus  independent  of  X,  and  of  x and  y,  over  the  surface 
of  the  ellipse.  Hence  the  downwash  will  be  constant 
at  these  points.  The  value  of  the  downwash  is  ob- 
tained by  introducing  the  value  (54)  for  (46)  in  Eq. 
(31)  after  making  use  of  the  relations 

a = 1;  y = Vl  - /S*  (55) 


Thus, 

V 4.7dpW  J bp  - iaa  ^ 


A. 

pW 


(56) 


Since  the  value  p = i(a/b)  corresponds  to  two  distinct 
poles,  one  on  each  portion  of  the  X surface,  the  value 
of  the  integral  is  twice  the  residue  at  this  point. 

The  drag  is  now  given  by 

D^.  = (1/2)  Wm  (57) 

where  L is  the  total  lift  equal  to  kS  for  a wing  of  area  S. 
Hie  formula  for  the  minimum  drag  of  the  elliptic  wing 
then  becomes 

""  4(p/2)r*5 

This  relation  appUes  at  M — V^-  The  variation  of 
drag  with  Mach  Number  may  be  incorporated  in  Eq. 
(55)  by  applying  the  Frandtl-Glauert  rule.  The  re- 
sulting formula  in  terms  of  the  coefficients  Ci,  and  is 

(59) 

where  .4'  = VaP  _ andvl  is  the  aspect  ratio. 
When  the  aspect  ratio  is  large,  Eq.  (59)  approaches 

Cx,  = (Vm2  - 1/4)Cj,2  (60) 

which  is  the  value  given  by  the  Ackeret  theory  for  a 
flat  wing  in  two-dimensional  flow.  On  the  other  hand, 
when  A'  is  small,  the  wave  drag  becomes  negligible  in 
comparison  to  the  vortex  drag,  which  is  given  by  the 
well-known  formula 

On  = (61) 


EUiptic  Wing  at  an  'Angie  of  Yaw 

Eq.  (56)  indicates  that  the  drag  of  an  elliptic  wing  of 
finite  aspect  ratio  is  greater  than  that  given  by  the 
Ackeret  theory  (for  infinite  aspect  ratio).  Smaller 
values  of  the  drag  can  be  obtained,  however,  by  placing 
the  wing  at  an  angle  of  yaw. 

* It  will  be  evident  that  the  formulas  for  w > 1 provide  ex- 
tensions to  cases  of  ’^triable  loading  over  the  elliptic  wing. 
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The  treatment  of  the  yawed  wing  follows  the  pre- 
ceding analysis  with  only  minor  modifications.  Agam 
the  minimum  drag  occurs  when  the  lift  is  distributed 
uniformly  over  the  ellipse.  With  the  symbols  defined 
as  in  Fig.  6,  the  equation  of  the  yawed  ellipse  becx)mes 

- m'yi  ± {a'/b')  Vb’^  - yi‘  (62) 


The  poles  of  the  integrand  in  the  equation  correspond- 
ing to  Eq.  (53)  now  appear,  where 

jS  = (ofn'  -i”  (63) 

and  there  are  two  distinct  poles,  one  on  each  portion  of 
the  X surface.  The  value  of  the  integral  (31)  reduces  to 


V 


L 

pV^S 


R.P. 


(64) 


and  we  obtain 

^ R P-  - (^'  + *■  0 (65) 

for  the  minimum  drag  of  the  yawed  elliptic  wing  at 

M=V2. 

The  variation  of  drag  coefficient  with  angle  of  yaw 
^ is  shown  in  Fig.  7 for  ellipses  of  various  proportions. 

The  limit  a[/b*  0 corresponds  to  infinite  aspect 

ratio,  and  in  this  case  the  expression  for  the  drag  co- 
efficient reduces  to 


- (C,V4)  R.P.  Vl  - m'*  (66) 


Fig.  7.  Mitumum  drag  of  elliptic  wings  at  varic^  angles  of  yaw. 


The  change  of  from  a teal  number  to  an 

imaginaiy  number  as  passes  through  1 shows  the 
disappearance  of  the  wave  drag  when  the  wing 
of  infinite  aspect  ratio  is  yawed  behind  the  Mach 
cone. 


Minimum  Drag  Due  to  Thickness 

To  represent  the  effect  of  a symmetrical  distribution  of  thickness,  we  superimpose  elementary  solutions  of  the 
form  (19),  corresponding  to  sources,  over  the  plan  form.  The  expressions  for  the  horizontal  and  vertical  veloci- 
ties in  the  combined  disturbance  field  then  become 


3 ^ Zl  (C  f f (l/2)^^(3Ci,yi)  dxi  dyi  i d\ 

V 47t2  J Js  J la(x  — Xi)  — ^(y  - yi)  — X 

^ r r r {l/2)t'{%uy{)  dxidyi  iy  dK 

V “ Js  J [a(x  - X,)  ~ Ky  --  yx)  ^ yzY  X 

where  r'(3Ci,yi)  = 'bt/hxx  and  (l/2)f  denotes  one-half  the  thickness  of  the  airfoil. 


(67) 

(68) 


In  the  case  of  a symmetrical  distribution  of  thick- 
ness, the  combined  downwash  w vanishes  over  the  wing 
surface,  while  a value  of  u remains.  The  combined 
pressure  distribution  is  given  by  the  relation 

Ap  = —puV  (69) 

The  evaluation  of  the  integral  (64)  is  again  especially 
simple  in  the  case  of  the  elliptic  plan  form.  If  t*{xiy^ 
is  assumed  constant— corresponding  to  a constant 
source  density  over  the  surface — evaluation  of  Eq. 
(64)  yields  a constant  value  of  u.  The  drag  therefore 
has  the  minimum  value  for  a given  frontal  area.  Since 


the  sections  are  simple  flat-sided  wedges,  the  airfoil 
does  not  close  at  the  trailing  edge,  and  the  figure  is  a 
semi-infinite  body  rather  than  a wing.  Since  the  cal- 
culations are  similar  to  those  given  for  the  lifting  wing, 
they  need  not  be  repeated.  The  result  is 

Il/Vl  + (aV6^)]  (70) 

If  the  source  intensity  is  assumed  to  vary  linearly  with 
Xi  so  that  i'^(ri,yi)  is  a constant,  it  is  found  that  du/dx 
is  constant  over  the  area  of  the  wing.  In  this  case  the 
distribution  of  thickness  yields  the  minimum  drag  con- 
sistent with  a given  volume— i.e.. 


577 


JOURNAL  OF  THE  AERONAUTICAL  S C I E N C E S— D E C E M B E R,  1952 


AXIS  RATIO  b/g 

Fig.  8.  Minimum  drag  of  elliptic  wings  having  (1)  a given 
volume  and  (2)  a given  base  area. 


( l + 2 p)  (71) 

V-vT+la^/  \ feV 


In  this  case  the  sections  have  a constant  curvature  in 
the  stream  direction.  Eqs.  (70)  and  (71)  are  plotted  in 
Fig.  8. 

In  each  case  the  area  of  the  cross  sections  has  the 
same  distribution  along  x as  that  of  the  corresponding 


optimum  body  of  revolution.  It  is  interesting  to  note 
that  each  of  these  figures  yields  the  minimum  dra^  for 
all  distributions  of  thickness  within  the  space  defined 
by  the  intersection  of  its  forward  and  reversed  char- 
acteristic  envelopes. 


Rj^erbncbs 

* Muuk,  Max.  M.,  The  Minimum  Induced  Drag  of  AirfoUs, 
N.A.CA,.T.R.  No.  121, 1921. 

* Jones,  Robert  T./The  Minimum  Drag  of  Thin  Wings  in 
Frictionless  Flow,  Journal  of  the  Aeronautical  Sciences,  Vol.  18, 
No.  2,  p.  76,  February,  1951. 

* Whittaker,  E.  T.,  and  Watson,  G.  N.,  Modern  Analysis,  pp. 
388-403;  The  Macmillan  Company,  New  York,  1945. 

4 Bergman,  Stefan,  Classes  of  Solutions  of  Linear  Partial  Dif- 
ferential Bqualions  in  Three  Variables,  Duke  Mathematical  Jour- 
nal, Vol.  13,  No.  3,  September,  1946. 

* Jones,  Robert  T.,  Leading  Edge  Singularities  in  Thin  Airfoil 
Theory,  Journal  of  the  Aeronautical  Sciences,  Vol.  17,  No.  6, 
pp.  307-^10,  May,  1950. 

* von  KhxtH&n,  Th.,  Supersonic  Aerodynamics — Principles 
and  Applications,  Journal  of  the  Aeronautical  Sciences,  Vol.  14, 
No.  7,  pp.  373-409,  July,  1947. 

’ Hayes,  Wallace  D.,  Linearized  Supersonic  Flow,  North 
American  Aviation,  Inc.,  Lc»  Angeles,  Repc^  No.  A.L.  222, 
June,  1947. 

* Bateman,  H.,  Partial  Differential  Equations,  pp.  95-100; 
Dover  Publications,  New  York,  1944. 

® Bierens  de  Haan,  D.,  Nouvelles  Tables  DLntegrals  Definies, 
Table  68,  pp.  104-105;  G.  E.  Stechert  & Company,  New  York, 
1939. 

Hobson,  E.  W.,  Spherical  and  Ellipsoidal  Harmonics,  pp.  360- 
364;  Cambridge  University  Press,  1931. 

Busemann,  A.,  Infinitesimale  Kegelige  Tiber schallstromung. 
Yearbook  of  the  German  Academy  for  Aeronautical  Research, 
Vol.  713,  No.  3,  pp.  105-122,  1943. 


578 


POSSIBILITIES  OF  EFnCIENT  HIGH-SPEED  TRANSPORT 

AIRPLANES 


Robert  T.  Jones 

Proceedings  of  the  Conference  on  High  Speed  Aeronautics,  Brooklyn 


1955 


579 


Jones,  R.  T.  "Possibilities  of  Efficient  High-Speed  Transport  Airplanes,"  in 
Conference  on  High  Speed  Aeronautics,  Polytechnic  Institute  of  Brooklyn, 
Jan.  20-22,  1955.  Proceedings.  Edited  by  A.  Ferri,  N.  J.  Hoff,  and 
P.  A.  Libby.  Brooklyn,  1955,  pp.  144-156.  © 1955  by  the  Polytechnic 

Institute  of  Brooklyn. 

Reprinted  by  permission  of  its  successor,  the  Polytechnic  Institute  of 
New  York,  Brooklyn,  N.  Y. 


580 


POSSIBILiTiES  OF  EFFICIENT  HIGH-SPEED 
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By 

Robert  T.  Jones 

Nationul  Advisory  CommlHee  for  Aeronautics 


We  are  accustomed  to  thinkii^  of  the  airplane  In  terms  of  speed. 
Less  familiar  is  the  fact  that  the  airplane  actually  achieves  its  speed 
with  relatively  good  fuel  economy.  Recently  I flew,  together  with  eighty 
other  passengers,  in  a scheduled  airliner  from  Kansas  City  to  Los 
Angeles.  On  this  flight  we  averaged  about  8/10  of  a mile  per  gallon,/ 
or  65  miles  per  gallon  for  each  passenger.  Thus  we  achieved  about 
the  same  mile^e  as  an  ordinary  automobile  while  traveling  at  six 
times  the  speed. 

It  is  easily  seen  that  the  efficiency  of  the  subsonic  airplane  depends 
on  the  favorable  aerodynamic  properties  of  the  wing  in  this  speed 
range.  The  possibility  of  such  good  lifting  efficiency  was  not  obvious 
to  earlier  students  of  hydrodynamic  theory— because  of  an  imcertainty 
in  the  choice  among  possible  solutions  of  the  flow  equations. 

Early  predictions  of  airplane  performance  were  based  on  the  choice 
of  the  Helmholtz  flow.  In  this  flow  what  is  now  known  as  the  Kutta 
condition  was  applied  at  both  the  leading  edge  and  the  trailing  edge, 
and  the  wing  was  followed  by  a wake  of  dead  air  attached  to  its  upper 
surface.  One  of  the  first  text  books  on  aeronautics  I studied  was  en- 
titled "Aeroplane  Construction  and  Operation, by  John  B.  Rathbun 
(Ref.  1).  It  was  written  in  1918  when  the  wing  theory  as  we  now  under- 
stand it  was  relatively  unknown  in  this  country.  On  page  93,  I find  the 
following  statement:  “As  already  explained,  the  behavior  of  a body  in 
an  air  stream  cannot  be  predicted  with  any  certainty  by  direct  mathe- 
matical calculation  and,  for  this  reason,  each  and  every  aerodynamic 
body  must  be  tested  under  conditions  that  are  as  nearly  similar  to  the 
actual  working  conditions  as  possible.  Prior  to  Professor  langley’s 
first  experiments  in  1887,  mechanical  flight  with  a heavier -than-air 
machine  was  derided  as  an  impossibilily,  even  by  such  scientists  as 
Navier,  von  Helmoltz,  Gay-Lussac,  and  others  who  proved  by  the  most 
intricate  calculations  that  a body  larger  than  a bird  could  not  be  sup- 
ported by  its  own  energy.  Such  calculations  were,  of  course,  based  on 
a wrong  understanding  of  air  flow  and,  as  no  experimental  work  had 
been  done  up  to  that  time,  the  flow  was  assumed  according  to  the  in- 
dividual taste  and  belief  of  the  demonstrator.  The  presence  of  a vacu- 
um on  the  back  of  a plate  was  not  understood  and,  as  this  contributes 
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fuU  two-thirds  of  the  lift,  it  is  an  easy  matter  to  see  why  aU  of  the 
early  predictions  fell  short  of  the  actual  lifting  forces.  To  quote  one 
classic  absurdity,  the  scientist  Navier  proved  mathematicaUy  that  if 
mechanical  flight  were  possible,  then  17  swallows  would  be  capable  of 
developing  one  horsepower.” 

Also  in  1918,  we  find  in  the  work  of  de  Bothezat  (Ref.  2)  (NACA  Rep. 
28)  a theory  of  airfoils  based  on  the  assumption  of  leading-edge  sepa- 
ration and  the  introduction  of  a Karman  vortex  trail  in  the  wake  above 
and  behind  the  wing.  In  his  consideration  of  the  tip  vortices  de  Bothe- 
zat obtains  the  modern  form  of  the  law  of  induced  drag.  This  compo- 
nent of  the  dragwas,  however,  negligible  in  comparison  to  that  induced 
by  the  lateral  vortices  in  the  wake. 

In  contrast  to  these  more  conservative  assumptions,  the  Kutta- Jou- 
kowsky  theory  predicts  large  values  of  the  lift  without  accompanying 
pressure  drag  in  two-dimensional  motion.  The  degree  to  which  this 
ideal  dragless  t3q>e  of  flow  can  actually  be  approached  under  suitable 
conditions  is  weU  illustrated  by  an  experiment  made  by  E.  N.  Tqcobs 
(Ref.  3)  at  the  NACA’s  Langley  Laboratory  a number  of  years  ago. 
The  airfoil  in  this  experiment  had  a 5-foot  chord  and  extended  com- 
pletely across  the  (low  turbulence)  wind  tunnel  (Fig.  1).  At  an  air- 
speed of  50  miles  per  hour  and  an  angle  of  attack  of  7° , a lift  force  of 
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Figure  1 ->  Airfoil  compared  with  circular  wire  having 
equal  drag. 


100  pounds  was  measured.  The  drag  amounted  to  only  slightly  more 
than  one -third  of  a pound,  so  that  the  lift-drag  ratio  was  nearly  300  to 
1.  For  comparison  a round  rod  or  wire  having  the  same  drag  as  the 
lifting  airfoil  is  also  shown. 

Flows  of  the  Helmholtz  or  de  Bothezat  type  are  not  completely  con- 
trary to  experience,  and  yet  an  airplane  designed  according  to  those 
formulas  would  have  a decidedly  unconventional  appearance  and  would 
require  a large  thrust.  A modern  airplane  in  cruising  flight  obtains 
about  three  times  as  much  thrust  from  the  suction  developed  in  the 
flow  around  the  leading  edge  as  it  does  from  its  engines.  This  type  of 
assistance  from  the  flow  requires  a wing  of  large  aspect  ratio.  In  re- 
cent years  the  aspect  ratios  of  transport  airplanes  have  increased  to 
values  of  10  or  more.  Calculations  can  be  made  which  show  that,  if 
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the  energy  required  to  transport  a given  payload  were  the  decidii^ 
factor,  then  still  further  increases  in  aspect  ratio  at  the  cost  of  struc- 
tural weight  would  be  desirable. 

As  is  well  known,  the  fuel  consumption  of  most  vehicles  increases 
disproportionately  when  we  try  to  Increase  their  speed  simply  by  in- 
stalling more  horsepower.  The  airplane  differs  from  earth-bound 
vehicles  in  this  respect,  however,  since,  by  climbing  to  a higher  alti- 
tude, it  can  increase  its  speed  without  necessarily  increasing  the  fuel 
consumption  per  mile  of  flight. 

In  1929,  B.  V.  Korvin-Kroukovsky  (Ref.  4)  published  a series  of 
articles  in  “Aviation”  entitled,  “The  High  Altitude  Airplane.”  In  that 
discussion  it  was  pointed  out  that  high  economical  cruising  speeds 
could  be  achieved  by  an  ordinary  low -speed  airplane  if  this  airplane 
and  its  power  plant  could  be  equipped  for  operation  at  high  altitudes. 
Kprvin-Kroukovsl^’s  argument  was  roughly  as  follows:  The  ratio  of 
lift  to  drag  of  a conventional  airplane  is  determined  primarily  by  its 
external  form  and  is  essentially  independent  of  the  airspeed,  the  wing 
loading,  and  the  air  density.  If  the  airspeed  is  increased  while  thd 
airplane  is  held  at  a fixed  angle  of  attack,  both  the  lift  and  the  drag 
will  increase  with  the  square  of  the  speed  but  tend  to  remain  in  the 
same  ratio.  Now  an  airplane  of  conventional  form  and  loading  achieves 
its  maximum  lift-drag  ratio  at  a rather  high  angle  of  attack,  which 
corresponds  to  a low  airspeed  at  sea  level.  One  method  of  increas- 
ing the  speed  is  to  supply  more  thrust  and  counteract  the  increased 
lift  by  reducing  the  angle  of  attack.  Eventually  the  horsepower  re- 
quired begins  to  increase  as  the  cube  of  the  Speed  and  the  fuel  con- 
sumption per  mile  increases,  as  it  does  for  other  vehicles.  However, 
if  the  airplane  is  kept  trimmed  at  its  optimum  angle  of  attack  and  the 
altitude  is  increased  so  that  the  air  density  diminishes  in  proportion 
to  the  inverse  square  of  the  speed,  then  the  air  forces,  both  the  lift 
and  the  drag,  remain  constant.  In  this  way  the  speed  can  be  increased 
without  the  requirement  of  any  additiona.1  thrust.  Since  the  drag  and 
the  thrust  required  do  not  increase,  then  the  energy  expended  per  mile 
of  flight  remains  constant  and  we  can  obtain,  theoretically,  the  same 
number  of  miles  per  gallon  at  progressively  higher  speeds. 

Let  us  see  what  happens  if  we  apply  this  concept  to  a small  lightly 
loaded  airplane  of  the  “Cub”  type.  Such  an  airplane  might  cruise  at 
perhaps  100  miles  per  hour  at  a lift -drag  ratio  of  15  to  1.  Suppose  a 
thrust  of  1/15  the  weight  can  be  supplied  at  any  altitude  and  that  some 
excess  thrust  is  available  for  climbing.  Figure  2 shows  the  progres- 
sive increase  of  cruising  speed  with  altitude.  At  40,000  feet  the  speed 
will  have  increased  to  200  miles  per  hour  and  at  68,000  feet  the  Cub 
will  be  traveling  at  400  miles  per  hour.  We  may  ask  whether  the  fab- 
ric wings  will  withstand  such  a speed  or  whether  there  will  be  difficulty 
in  moving  the  controls.  Of  course  the  indicated  airspeed  has  remained 
at  100  miles  per  hour  so  that  the  air  forces  remain  essentially  un- 
changed. One  effect  that  might  be  noticeable  Is  a relative  loss  in  the 
damping  of  angular  motions.  An  obvious  advantage  of  this  method  of 
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Figuie  2 -r  Increase  of  cruising  speed  with  altitude  for  constant 
thrust. 


gaining  speed  is  that  it  does  not  interfere  with  the  ability  of  the  air- 
plane to  slow  down  for  lading  at  lower  levels. 

At  first  thought  one  is  inclined  to  ask  whether  the  climb  to  such  a 
great  altitude  would  be  worth-while  for  any  except  the  longest  journeys. 
Although  the  increased  distance  involved  in  the  high  altitude  path  is  not 
important^  the  time  spent  at  lower  altitudes  and  slower  speeds  amounts 
to  a considerable  fraction  of  the  duration  of  trips  less  than  500  miles. 
However,  calculations  I have  made  indicate  that,  if  the  means  were 
available,  a climb  as  high  as  80,000  feet  would  save  time  on  a 500  mile 
flight. 

In  this  connection  it  is  interesting  to  note  that  the  plan  of  operation 
of  the  Comet  airliner,  as  explained  by  A,  C.  Campbell-Orde  (Ref.  5) 
in  his  paper  given  at  the  20th  annual  meeting  of  the  Institute  of  the 
Aeronautical  Sciences,  requires  a climb  to  35,000  feet  for  the  pur- 
pose of  reachii^  an  alternate  airport  only  250  miles  distant.  The  sav- 
ing of  time  here  is  essential  because  of  the  fuel-burning  characteristics 
of  the  turbojet  engine. 

Since  density  is  a relative  matter,  we  might  consider,  alternatively, 
increasing  the  economical  cruising  speed  at  low  levels  simply  by  in- 
creasing the  density  of  the  airplane.  This  method  has  a marked  struc- 
tural advantage,  since  the  same  load  would  be  supported  by  a more 
compact  structure,  A comparison  of  these  methods,  that  is,  increas- 
ing altitude  vs.  increasing  airplane  density  leads  to  some  interesting 
results.  We  should  also  consider  the  possibility  of  simply  increasing 
the  thrust.  This  latter  method  may  be  thought  of  as  that  presently  in 
vogue  among  automobile  manufacturers. 

The  following  table  (Fig.  3)  shows  some  results  of  this  comparison— 
which,  needless  to  say,  is  made  on  the  simplest  possible  basis.  The 
numbers  listed  under  the  three  airplanes  to  the  right  show  various  re- 
sults of  doubling  the  speed  in  the  subsonic  range.  In  the  first  method 
the  speed  is  increased  simply  by  increasing  the  thrust  and  the  balance 
between  lift  and  weight  maintained  by  reducing  the  angle  of  attack  be- 
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Figure  3 — Comparison  of  three  methods  of-increasing  speed. 


low  the  optimum  value.  In  the  case  of  a propeller-driven  airplane  the 
range  in  miles  per  gallon  would  fall  to  about  one -half  and,  because  of 
the  increased  gust  force,  the  ride  would  be  twice  as  “bumpy.*^  With  jet 
propulsion  the  range  in  either  case  would  be  rather  poor  but  would  not ' 
be  decreased  by  going  to  the  higher  speed.  Of  course  a considerable 
increase  in  the  structural  stiffness  would  be  required  for  the  higher 
speed. 

Infollowing  the  second  methfKi  we  would  attempt  to  conceal  the  same 
mass  and  payload  in  an  airplane  of  one -half  the  size.  If  this  can  be 
done  it  is  seen  that  the  speed  may  be  doubled  without  any  increase  in 
the  required  thrust.  Thus  with  jet  propulsion  the  range  in  miles  per 
gallon  will  be  increased  by  about  the  same  factor.  Furthermore,  the 
riding  qualities  of  the  airplane  will  be  improved.  The  engineering  ad- 
vantage of  supporting  the  given  load  on  a more  compact  structure  is 
immediately  apparent.  One  difficulty  with  this  method  is  that  the  land- 
ing speed  increases  in  the  same  ratio  as  the  cruising  speed. 

If  only  the  final  result  is  considered,  it  is  clear  that  an  increase  of 
the  cruising  altitude  is  the  best  method  of  gaining  speed.  If  we  can 
assume  that  gust  velocities  diminish  at  higher  altitudes  then  the  gust 
forces  will  be  even  lower  than  indicated  by  the  table.  Each  method  is 
essentially  limited  by  the  possibilities  of  engine  development.  The 
denser  airplane  requires  the  same  thrust  from  engines  having  one- 
fourth  the  normal  frontal  area,  while  the  engines  of  the  high  altitude 
airplane  must  develop  the  required  thrust  in  an  atmosphere  of  one- 
fourth  normal  density. 

It  seems  that  airplane  constructors  have  actually  utilized  the  bene- 
fits of  increased  density  as  far  as  practicable,  but  the  result  has  been 
heavier  airplanes  rather  than  smaller  ones.  Figure  4 shows  a log- 
arithmic plot  of  weight  versus  wing  span  for  a number  of  successful 
commercial  aircraft.  It  will  be  noted  that  older  airplanes  and  smaller 
ones,  whose  design  has  not  changed,  tended  to  follow  the  law  of  con- 
stant wing  loading,  that  is,  W b^  . Modern  airplanes,  especially  since 
restrictions  on  the  landing  speed  have  been  removed,  tend  to  follow 
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Figure  4-*  Airplane  wei^ts  as  a function  of  a linear  dimension. 


what  might  be  termed  a line  of  "maximum  density.*'  Such  a trend, 
corresponding  to  constant  weight  per  unit  volume,  seems  to  indicate  a 
maximum  practical  utilization  of  the  space  within  the  airplane.  The 
weight  per  unit  of  actual  volume  along  this  line  approaches  tha.t  of  a 
loaded  railway  coach.  With  the  original  engine  used  by  Orville  and 
Wilbur  Wright  the  possibility  of  flight  depended  on  achieving  a struc- 
ture having  the  minimum  density.  With  present  ermines  it  seems  that 
the  successful  constructor  must  achieve  a maximum  density.  Although 
calculations  of  the  landing  speed  have  always  occupied  an  important 
place  in  aeronautical  engineering,  they  do  not  seem  to  have  influenced 
the  final  result  appreciably. 

For  many  years  the  airplane  designer  has  advocated  a decrease  in 
landing  speeds,  and  yet  he  has  evidently  been  forced  by  economic  con- 
siderations to  follow  the  trend  of  maximum  density  according  to  which 
the  landing  speed  increases  with  the  size  and  weight  of  the  airplane. 
Not  long  ago  landing  speeds  greater  than  65  miles  per  hour  were  con- 
sidered unsafe.  Last  year,  however,  approximately  50,000,000  people 
took  off  and  landed,  mostly  at  speeds  of  over  100  miles  per  hour.  The 
landing  of  transport  airplanes  at  present-day  speeds  and  loadii^s  has 
proved  to  be  a far  safer  and  more  reliable  proposition  than  the  land- 
ing of  early  model  airplanes,  which,  with  their  light  wing  loadii^s  and 
slow  speeds,  could  hardly  be  managed  in  normal  winds  and  gusts. 

There  is,  of  course,  a limit  to  increases  of  the  economical  cruising 
speed  of  the  subsonic  airplane  and  the  same  limit  appears  whether  we 
attempt  to  increase  the  speed  by  increasing  the  density  of  the  airplane 
or  by  increasing  the  altitude  of  flight.  This  limit  is  set  by  the  well- 
known  sudden  increase  of  pressure  drag  at  a critical  Mach  number. 
If  the  optimum  lift  coefficient  and  the  critical  Mach  number  are  given, 
then  we  can  derive  an  optimum  ratio  between  the  wing  loading  and  the 
ambient  atmospheric  pressure  . This  ratio  is 


w/S  ^ y 

Pa  ~2 


M^ 


(1) 


and  corresponds  to  the  highest  cruising  speed  without  loss  of  efficiency, 
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At  Cl  = 1.0  and  = 0.7  we  obtain  a wing  loadit^  of  1/3  of  an 
atmosphere.  Thus,  for  cruisii^  flight  at  sea  level  we  require  about 
700  pounds  per  square  foot.  At  60,000  feet,  however  , the  ambient  pres- 
sure falls  to  only  150  pounds  per  square  foot,  so  that  the  optimum  wing 
loading  becomes  50  pounds  per  square  foot.  This  latter  value  cor- 
responds to  the  current  density  of  construction  and  loading  and  enables 
landings  to  be  made  at  not  over  100  miles  per  hour.  It  is  certainly 
surprising  that  our  present  day  heavy  wing  loadings  are  really  best 
adapted  to  the  thin  air  at  60,000  feet. 

It  has  been  said  that  as  the  speeds  of  aircr^t  increase  the  wings 
must  become  proportionately  smaller.  However,  it  is  hard  to  discern 
this  trend  in  the  geometric  proportions  of  actual  airplanes.  Thus,  the 
Comet  airliner  which  flies  at  about  4-1/2  times  the  speed  of  the  Ford 
Trimotor  seems  to  have  proportionately  even  larger  wings.  Such  stud- 
ies as  I have  made  indicate  that  if  economy  of  propulsion  is  to  be  a 
major  factor,  then  the  relative  proportions  of  the  wings  will  not  di- 
minish even  at  supersonic  speeds. 

With  the  velocity  given  in  terms  of  the  Mach  number  there  exists  , 
the  temptation  to  think  of  supersonic  speeds  in  increments  of  a whole 
unit.  However  as  our  understanding  of  supersonic  wave  drag  and  lift 
increases  it  seems  increasingly  probable  that  the  speeds  of  commer- 
cial aircraft  will  grow  continuously  in  this  range,  just  as  they  have  in 
the  subsonic  range.  If  we  are  willing  to  assume  such  a continuous 
transition  to  the  problems  of  air  transportation  at  supersonic  speeds, 
then  it  will  seem  appropriate  to  follow  the  trends  of  loading,  density, 
and  altitude  disclosed  by  the  preceding  development  of  the  subsonic 
airplane. 

The  appearance  of  the  wave  drag  at  supersonic  speeds  does  of 
course  require  a marked  change  in  the  form  of  an  airplane  designed 
for  economical  flight.  Figure  5a  illustrates  for  bodies  of  revolution 
the  change  in  the  optimum  slenderness  ratio  on  going  to  supersonic 
speeds.  The  volume  of  both  bodies  is  the  same  and  the  proportions 
shown  minimize  approximately  the  sum  of  the  drag  arising  from  the 
normal  pressures  and  from  the  friction  of  a turbulent  boundary  layer. 
The  balance  between  friction  and  wave  drag  is  such  that  a single  ob- 
ject 5 feet  in  diameter  requires  a fairing  75  feet  long. 

As  a further  illustration  of  the  relative  magnitude  of  the  wave  drag 
for  different  forms,  I show  in  Figure  5b  two  models  which,  according 


Figure  5a— Change  in  the  ideal  proportions  of  a body  of  revo- 
lution on  transition  to  supersonic  speeds. 
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Figure  5b  — Models  having  same  drag  at  low  super- 
sonic speed,  (zero  lift). 


to  the  indications  of  our  experiments,  would  have  the  same  total  drag 
at  a low  supersonic  Mach  number.  This  comparison  of  course  ddes  not 
apply  to  cruising  flight  since  the  comparison  is  made  at  zero  lift. 

With  regard  to  the  ideal  form  of  the  supersonic  wing  it  is  interest- 
ing to  translate  the  following  from  Dr.  Busemann’s  paper  given  20 
years  ago  at  the  Volta  Congress  in  Rome  (Ref.  6): 

"It  is  clear  that  the  arrow  form,  quite  apart  from  other  considera- 
tions, must  be  favorable  since  the  pressure  differences  producing  lift 
are  fully  effective,  whilst  those  producii^  drag  have  only  a component 
in  the  direction  of  flight.  If  now  a reduction  of  the  effective  Mach  num- 
ber makes  possible  the  utilization  of  a greater  surface  loading  at  the 
same  angle  of  incidence,  the  relative  effect  of  the  shearing  forces  in 
the  friction  layer  necessarily  decreases.’’  According  to  our  present 
concept  a "subsonic”  sweep  angle  will  be  required  to  achieve  this  ob- 
jective. 

On  the  basis  of  the  papers  of  Prandtl  (Ref.  7)  and  vonKarman  (Ref.  8) 
at  the  1935  Volta  Congress  linearized  supersonic  floyf  theory  has  been 
used  to  develop  the  means  for  estimating  the  wave  resistance  of  a wide 
variety  of  shapes.  Even  on  this  simplified  basis,  however,  the  formulas 
often  become  rather  complex  so  that  the  trends  to  be  followed  by  the  de- 
signer are  not  clearly  displayed.  One  method  of  obtaining  more  in- 
structive formulas  is  to  study  the  minimum  values  of  the  drag  under 
various  engineering  constraints.  As  an  example  we  may  think  of  Munk’s 
problem  of  the  minimum  induced  drag  of  a wing  with  a limited  span. 

At  subsonic  speeds,  even  if  we  allow  a large  area  for  the  production 
of  lift,  the  minimum  drag  can  still  be  achieved  by  a concentration  of 
the  lift  along  a narrow  “lifting  line”  having  a small  exposed  area  and 
hence  small  friction.  At  supersonic  speeds  the  minimum  pressure 
drag  usually  requires  that  the  given  lift  be  spread  over  as  large  an 
area  as  allowed  by  the  constraint.  An  interesting  example  is  pro- 
vided by  the  wing  of  elliptic  plan  form,  which  curiously  enough  seems 
to  have  especially  simple  mathematical  properties  at  supersonic 
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speeds  (Ref,  9),  Here  the  optimum  distribution  shows  no  concentra- 
tion of  the  lift  in  any  preferred  region,  but  spreads  uniformly  over 
whatever  elliptical  area  is  allotted.  The  resulting  formula  for  the 
pressure  drag  is 


2 pV2S 


(2) 


Here  a/b  is  the  axis  ratio,  subject  to  the  Prandtl-Glauert  transforma- 
tion. 

E.  W.  Graham,  H.  Luskin,  and  P,  A.  Lagerstrom  (Ref.  10),  in  stud- 
ies made  for  the  Doc^las  Aircraft  Company  (Ref,  10  et.  seq.),  have 
extended  these  ideas  to  distributions  of  lift  in  three  dimensions.  As 
pointed  out  to  the  author  by  Graham,  formula  (2)  yields  the  minimum 
drag  not  only  for  the  given  elliptical  area  but  also  for  an  enlarged  area 
bounded  by  Mach  lines  and  by  lines  parallel  to  the  stream  direction. 

With  a straight  ellipse  the  reduction  of  drag  for  a given  total  lift  or 
for  a given  maximum  thickness  depends  primarily  on  increasing  the 
exposed  wing  area  s.  If  we  consider  an  oblique  ellipse,  then  a different 
form  of  dependence  appears.  In  this  case  £q.  (2)  is  replaced  by 

-pm  ae  yl  - (m'  + itf  (3) 


Here  m is  defined  by  the  shearing  transformation  of  the  ellipse: 

xV=x  + m*y  , y * = y, 

a * is  the  intercept  of  the  sheared  ellipse  with  the  longitudinal  x axis 
andb’  is  the  maximum  semispan  (see  Ref.  9).  If  we  now  assume  that 
the  area  allotted  by  our  constraint  is  that  bounded  by  the  Mach  lines 
and  the  streamlines  as  shown  in  Fig.  6,  it  is  seen  that  the  area  ac- 
tually occupiedby  theideal  distribution  becomes  extraordinarily  small 
when  the  wing  is  yawed  behind  the  Mach  cone.  This  change  coincides 
with  the  reappearance  of  the  Kutta-Joukowsky  flow,  and  enables  the 


Figure  6— Optimum  distribution  of  lift 
for  area  bounded  by  streamlines  and 
Mach  lines  tangent  to  ellipse. 
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requirements  of  minimum  pressure  drag  and  minimum  friction  drag 
to  be  satisfied  simultaneously. 

At  large  angles  of  sweep  or  yaw  the  drag  due  to  lift  becomes  in  a 
large  measure  independent  of  the  exact  distribution,  but  depends  pri- 
marily on  the  span  b and  the  length  1 of  the  wing.  For  such  cases  the 
simpler  approximate  formula 


n L ^ M ^ - 1 I? 

^min  - * 2 Trql® 


(4) 


shows  the  essential  dependence.  The  minimum  drag  occurs  when  both 
the  lengthwise  and  the  spanwise  loadings  are  elliptical. 

For  supersonic  speed  we  thus  require  the  maximum  span  b and  the 
maximum  length  I,  together  with  the  minimum  of  exposed  area.  These 
conditions  determine  the  oblique,  elliptically  loaded  lifting  line  as  an 
ideal  limiting  form  for  the  supersonic  wing.  It  seems  unfortunate  that 
a bilaterally  symmetrical  form,  such  as  a swept  wing  or  a V-shaped 
lifting  line  could  not  satisfy  the  requirement.  However  if  we  bend  the 
lifting  line  at  the  middle  to  form  a V it  is  seen  that  the  wave  resistance 
increases  considerably. 

In  order  to  show  the  effect  of  more  conventional  wing  forms  on  po- 
tential supersonic  cruising  efficiency,  I have  estimated  the  lift-drag 
ratios  of  several  wings  in  combination  with  a slender  fuselage.  Con- 
verting these  to  values  of  the  thrust  required  by  an  airplane  weighing 
50,000  pounds  and  cruising  at  900  miles  per  hour  yields  the  values 
shown  on  Fig.  7.  For  this  comparison  the  wing  thicknesses  were  se- 
lected so  as  to  make  possible  equal  bending  stiffness.  The  order  of 
the  comparison  wouldnotbe  changed,  however,  if  a wing  of  zero  thick- 
ness were  substituted  in  any  one  of  the  examples. 

For  an  operating  altitude  of  60,000  feet  the  wing  loading  in  the  first 
two  examples  should  be  about  50  pounds  per  square  foot— or  the  same 
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Figute  7 — Effect  of  wing  form  on  required  cruising 
thrust.  Values  shown  ate  for  50,000-lb.  airplane. 
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as  that  of  a subsonic  airplane  of  this  size.  Since  the  indicated  airspeed 
at  60,000  feet  is  one-third  the  true  airspeed,  the  structure  needs  to  be 
sufficiently  rigid  to  withstand— with  custonaary  safety  margins— a sea- 
level  cruising  speed  of  only  300  miles  per  hour. 

Figure  7 also  shows  the  relative  proportions  of  a conventional  turbo- 
jet engine  designed  to  produce  10,000  pounds  of  thrust  at  sea  level. 
Under  our  conditions  the  thrust  will  be  diminished  to  about  one-fourth 
this  value,  so  that  two  such  engines  would  be  required  in  the  first  ex- 
ample. In  this  case  we  obtain  a specific  range  of  more  than  one  mile 
per  gallon.  This  latter  value  compares  favorably  with  that  achieved  by 
early  model  Trimotors,  but  is  of  course  somewhat  less  than  that  ob- 
tained with  present-day  transports  operating  at  subsonic  speeds. 

We  hear  a greatdeal  these  days  about  the  “heat  barrier,”  However, 
at  900  miles  per  hour  and  60,000  feet  this  barrier  has  not  yet  been 
reached.  It  may  be  readily  calculated  that  at  this  speed  the  aerody- 
namic heating  is  no  more  sufficient  to  bring  the  airplane  up  to  room 
temperature  at  these  levels.  Of  course,  demonstrations  of  speed  at 
sea  level  would  be  rigidly  prohibited,  both  for  structural  and  therngial 
reasons. 

To  adapt  the  airplane  to  a lower  altitude  the  wing  loading  needs  to 
be  increased.  However,  if  we  assume  that  the  maximum  density  has 
already  been  reached  in  examples  I and  H,  this  cannot  be  done  within 
the  limitation  of  strict  geometric  similarity.  On  the  other  hand,  if  the 
airplane  is  adapted  to  the  lower  altitude  simply  by  reducing  the  size  of 
the  wing,  then  the  lift-drag  ratio  will  naturally  be  reduced,  in  example 
HI  of  Figure  7 the  wing  area  was  so  reduced  to  suit  conditions  at  40,000 
feet.  The  thrust  required  to  support  the  given  load  then  increased  to 
9000  pounds.  Of  course  if  strict  geometric  similarity  could  be  main- 
tained, a sacrifice  of  economy  would  not  be  involved. 

Comparisons  of  such  oversimplified  wing-body  combinations  as 
shown  here  may  not  disclose  the  full  effect  of  a loss  in  aerodynamic 
efficiency.  If  the  thrust  needs  to  be  increased  at  a given  altitude  then 
more  or  larger  engines  will  have  to  be  used  and  the  possibility  of  con- 
cealing them  becomes  less.  In  this  process  the  lift-drag  ratio  of  the 
complete  airplane  may  become  still  more  unfavorable  than  indicated 
by  the  comparison. 

These  primarily  aerodynamic  and  structural  considerations  point 
toward  the  development  of  turbojet  engines  specifically  adapted  to 
operation  in  an  atmosphere  of  one  tenth  normal  density.  In  addition  to 
the  numerous  other  technological  problems  associated  with  operation 
at  these  high  altitudes,  the  problems  of  safe  descent  and  effective  limi- 
tation to  low  speeds  at  low  altitudes  seem  important. 
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MINIMUM  WAVE  DRAG  FOR  ARBITRARY  ARRANGEMENTS  OF  WINGS  AND  BODIES  ‘ 


By  Robert  T.  Jones 


SUMMARY 

Studies  of  various  arrangements  of  wings  and  bodies  designed 
to  provide  favorable  wave  interference  at  supersonic  speeds  lead 
to  the  problem  of  determining  the  minimum  possible  value  of  the 
wave  resistance  obtainable  by  any  disposition  of  the  elements  of 
an  aircraft  within  a definitely  prescribed  region.  Under  the 
assumptions  that  the  total  lift  and  the  total  volume  of  the  aircraft 
are  given^  conditions  that  must  be  satisfied  if  the  drag  is  to  be  a 
minimum  are  found.  The  report  concludes  with  a discussion  of 
recent  developments  of  the  theory  which  lead  to  an  improved 
understanding  of  the  drag  associated  with  the  production  of  lift. 

INTRODUCTION 

The  losses  associated  with  the  production  of  a given  lift  in 
frictionless  flow  are  generally  diminished  by  increasing  the 
mass  of  air  entrained  or  influenced  by  the  wing  system.  At 
the  same  time,  however,  the  loss  due  to  friction  becomes 
greater  when  the  exposed  surface  area  of  the  wing  is  in- 
creased. To  minimize  the  resultant  drag  we  thus  require  a 
lifting  system  which  effects  the  largest  entrainment  and  yet 
has  the  smallest  exposed  surface  area. 

At  subsonic  speeds  the  mass  of  air  entrained  depends  only 
on  the  lateral  dimensions  of  the  wing  and  is  not  diminished  by 
concentrating  the  lift  within  a narrow  chord  wise  dimension. 
The  fact  that  a lifting  line  perpendicular  to  the  direction  of 
flight  has  such  an  extensive  lateral  influence  must  be  con- 
sidered a peculiarity  of  subsonic  flow;  it  depends  of  course  on 
the  unlimited  propagation  of  the  pressure  field  ahead  of  the 
wing.  At  supersonic  speed  the  lateral  entrainment  begins 
only  at  the  foremost  points  of  the  wing  surface  and  is  con- 
fined to  the  interior  of  the  rearward-sloping  Mach  waves  from 
this  point.  Finally,  at  extreme  speeds  for  which  Newtonian 
flow  may  be  envisioned,  the  mass  of  air  affected  is  limited  to 
the  mass  coming  directly  into  contact  with  the  wing,  so  that 
the  area  of  influence  is  simply  the  frontally  projected  area  of 
the  wing. 

Another  peculiarity  of  the  subsonic  inviscid  flow  is  the 
complete  lack  of  resistance  associated  with  the  thickness  of 
the  bodies  or  wings.  At  supersonic  speeds,  however,  such  a 
component  of  drag  does  arise  and  this  drag  appears  in  the 
energy  required  for  the  continual  extension  of  the  wave 
system. 

Now  the  problem  of  minimizing  drag  at  supersonic  speeds 
may  be  treated  mathematically  in  several  ways,  depending 
on  the  constraints  adopted  in  the  statement  of  the  problem. 
If,  following  Munk^s  problem  of  the  minimum  induced 
drag  at  subsonic  speeds,  we  impose  a constraint  merely  on 

• Supersedes  NACA  TN  3530  by  Robert  T.  Jones.  1956. 


the  lift  L and  the  span  b of  the  wing,  then  we  obtain  the 
same  value  for  the  drag  at  all  Mach  numbers,  namely  the 
induced  drag  associated  with  the  vortex  wake.  However* 
to  achieve  this  value  at  supersonic  speeds  the  wing  would 
be  required  to  have  an  infinitely  great  length  in  the  flight 
direction  so  that  the  downward  momentum  associated  with 
the  lift  could  be  introduced  gradually  along  the  flight  path, 
without  appreciable  wave  formation. 

In  order  to  put  the  problem  of  drag  at  supersomc  speeds 
m a definite  form  the  present  writer  proposed  (ref.  1)  that 
the  outline  or  plan  form  S of  the  wing  be  adopted  as  a 
constraint  rather  than  single  lengthwise  or  spanwise  dimen- 
sions. Thus  for  supersonic  speeds  we  are  led  to  consider 
the  distribution  of  a given  total  lift  L o^er  a specified  plan 
form  S in  such  a way  as  to  minimize  the  drag  D. 

In  the  latter  problem  it  is  presupposed  that  the  lifting 
system  is  confined  to  a plane.  However,  the  possibility 
of  favorable  interference  with  three-dimensional  arrange- 
ments of  airfofls  and  bodies  should  not  be  overlooked. 
Thus,  Busemann  has  shown  (ref.  2)  that  the  wave  drag  <»n 
be  completely  canceled  by  reflection  between  the  upper  and 
lower  wings  of  a biplane.  Later  Ferrari  (ref.  3)  showed 
that  the  drag  of  a body  of  revolution  could  be  canceled  by 
the  addition  of  a ripog  airfofl  to  catch  the  wave  from  the 
nose  and  reflect  it  back  to  the  tail. 

The  examples  in  which  the  wave  cancellation  is  complete 
are,  however,  limited  to  systems  in  which  the  net  lift  md 
lateral  force  are  zero.  Neverthdess,  examples  cited  by 
Ferri  (ref.  4),  Lomax  and  Heaslet  (ref.  5),  and  Graham 
(ref.  6)  indicate  that  the  wave  drag  associated  with  the 
lift  can  be  diminished  by  various  three-dimensional  arrange- 
ments of  wings  and  bodies.  These  examples  lead  to  a search 
for  some  general  statements  or  criteria  regarding  the  drag 
of  such  three-dimensional  arrangements. 

CONDITIONS  FOR  MINIMUM  DRAG 

To  put  the  present  question  in  a definite  form  it  will  be 
assumed  the  airfoils  and  bodies  are  disposed  in  the  interior 
of  a definite  three-dimensional  region  B (see  fig.  1).  The 
region  R thus  represents  a geometrical  constraint  on  the 
dimensions  of  the  aircraft.  Three-dimensional  problems 
of  a similar  type  have  been  considered  by  E.  W.  Graham 
and  his  colleagues  (ref.  6)  who  give,  for  example,  the  optimuna 
distributions  of  lift  in  spherical  and  dlipsoidal  r^ons. 
Here  we  assume  the  total  lift  L and  the  volume  V to  be 
given.  In  a typical  situation  the  lift  X will  be  produced 
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Figure  1. — Conditions  for  minimum  drag  distributions  of  lift  and 
volume  in  region  R. 


by  one  or  more  airfoils  while  the  volume  V will  represent 
the  internal  volume  of  one  or  more  bodies  of  revolution  plus 
the  volume  of  the  wing.  The  region  R may  then  be  thought 
of  as  the  region  within  which  the  parts  of  the  aircraft  may 
be  disposed  so  as  to  gain  the  ma:dmum  favorable  interference. 
From  a slightly  different  standpoint,  R merely  represents 
the  maximum  dimensions  of  the  aircraft.  We  shall  be 
especially  interested  in  structures  which  minimize  the 
drag  for  the  largest  possible  region,  but  which  in  themselves 
occupy  only  a small  part  of  this  region. 

Suppose  a region  R together  with  a distribution  of  singu- 
larities, such  as  sources  or  lifting  vortices,  is  given  (see  fig.  1). 
Then  by  Karman  and  Hayes'  theorem  (ref.  7)  the  drag  will 
be  unchanged  by  a reversal  of  the  whole  system.  The 
geometry  of  the  flow,  including  that  of  the  airfoils  and  bodies, 
will  be  changed  by  the  reversal  but  the  total  lift  and  the 
total  volume  will  not.  The  drag  for  either  direction  of  flow 
may  then  be  computed  by  means  of  a fictitious  “combined 
disturbance  field"  obtained  by  superimposing  the  disturb- 
ances in  forward  and  reversed  motion.  The  perturbation 
velocities  in  this  combined  field  may  be  denoted  by: 

2u=^Uf~\-Ur 

2v^Vf~\-Vr 

2w^Wf+Wr 

It  may  be  shown  that  an  arrangement  of  sources  or  lifting 
elements,  or  their  combination,  which  yields  the  minimum 
drag  is  characterized  by  the  following  conditions 

constant^ 
constant 

throughout  R. 

If  conditions  (1)  are  satmfied,  then  the 
the  whole  system  will  be  given  simply  by 


(1) 

integrated  drag  of 


The  first  term  on  the  right-hand  side  of  this  expression  will 
be  recognized  as  the  drag  arising  from  the  rearward  inclina- 
tion of  the  lift  vector,  whereas  the  second  term  is  simply  the 
product  of  the  volume  and  the  constant  gradient  of  pressure 
in  the  combined  flow  field. 

These  conditions  may  be  verified  by  making  use  of  a 
“mutual  drag  relation"  (ref.  1),  essentially  similar  to  the 
well-known  Ursell-Ward  reciprocal  relation,  which  connects 
the  drag  of  any  two  interfering  distributions  of  singularities 
in  the  combined  flow  field.  According  to  this  relation,  the 
drag  of  distribution  A caused  by  the  interference  of  a second 
distribution  B is  equal  to  the  drag  added  to  B by  the  inter- 
ference of  A,  How  let  A be  a distribution  within  Rji  satis- 
fying conditions  (1).  For  B select  a distribution  having 
zero  total  lift  and  zero  total  volume.  If  Rb  is  contained 
within  Ra,  then  the  addition  of  .B  will  amount  simply  to  a 
redistribution,  without  changing  the  given  lift  L or  volume 
V of  A.  The  drag  oi  A AB  may  then  be  written  in  short- 
hand notation 

D{AAB)~DaaA^abAT)baABbb  (3) 

Then,  since  by  the  mutual  drag  relation  Dab^Dba,  this 
equation  may  be  written  as 

D(AAB)  = DAAAiPBAADBB  (4) 

Here  Dba  is  the  drag  of  B in  the  combined  disturbance  field 

of  A.  Since  constant,  Va— 0 and  = constant  in 

Rai  this  interference  drag  may  be  written  simply  as 

D..=L.^+pUVs(g)^  (5) 

However,  since  Lb  and  Vb  are  both  zero  Dba  vanishes  and 
the  added  drag  is  that  of  distribution  B alone,  or  Dbb-  Now 

the  drag  of  an  isolated  system  can  never  be  negative,  hence 
D{AAB)  cannot  he  less  than  D{A)  under  the  conditions  (1). 

On  the  other  hand,  suppose,  for  example  that  the  side- 
wash  Va  were  not  zero.  A distribution  of  lateral  forces 
could  then  be  found  which  would  result  in  a negative  inter- 
ference drag,  dominating  the  quadratic  term  Dbbj  so  that 
the  total  drag  could  be  reduced.  Hence,  if  the  drag  of 
distribution  A actually  is  a minimum  value,  then  conditions 
(1)  must  be  complied  with. 

The  question  of  uniqueness  depends  on  the  existence  of 
distributions  of  type  B for  which  the  drag  is  zero.  As  shown 
by  Graham,  such  distributions  exist  in  three  dimensions 
and  hence  the  minimum  drag  corresponding  to  a given 
region  R may  be  achieved  by  a variety  of  arrangements. 
In  the  case  of  a planar  region,  such  as  the  plan  form  S of  a 
wing,  distributions  of  lift  or  volume  having  zero  drag  do  not 
exist,  and  hence  in  these  cases  the  optimum  distributions  are 
unique. 

Since  ^ and  it  can  be  seen  that  con- 

oy  ox  ox^ 

ditions  (1)  do  no  t agree  with  the  linearized  flow  equation 

{\^M^)(pxxA<l’yyA<Pzz—^  (fi) 

in  general,  but  only  if 

g=°  ® 
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Since  ^ is  proportional  to  tlie  dra^  per  unit  volume,  one 

concludes  that  the  drag  cannot  be  minimized  in  an  absolute 
sense  unless  the  drag  associated  with  the  volmne  of  the 
system  is  zero,  or  unless  the  distribution  of  singularities  is 
continuous  throughout  R.  Examples  such  as  the  Busemann 

biplane  satisfy  the  condition  ^=0. 


It  is  interesting  to  note  that  conditions  analagous  to  w= 
constant  and  ?=0  were  fomid  by  Munk  in  connection  with 
the  vortex  drag  of  hfting  systems  at  subsonic  speeds.  In 
that  problem,  the  conditions  apply  to  the  two-dimensional 
motion  associated  with  the  trace  of  the  wing  system  in  the 
Trefftz  plane.  If  the  idea  of  superimposed  disturbance 
fields  is  utilized  in  the  subsonic  problem,  one  finds  that  the 
cylindrical  flow  associated  with  the  Trefftz  plane  steads 
along  the  whole  flight  path,  including  the  region  R,  Con- 
ditions (1)  thus  apply  at  both  subsonic  and  supersonic 
speeds. 

Munk’s  condition  of  constant  downwash  and  zero  side- 
wash  were  used  by  Hemke  (ref.  8)  to  calculate  the  effective- 
ness of  end  plates  in  reducing  the  vortex  drag  at  low  speeds. 
In  such  problems  the  condition  is  usually  imposed  by  the 
statement  that  the  trace  of  the  airfoil  system  must  move 
downward  as  a rigid  body.  It  will  be  interesting  to  see 
how  this  condition  might  be  used  under  more  general  cir- 
cumstances. This  application  is  illustrated  in  figure  2 for 
an  end  plate  on  the  tip  of  a wing. 

With  the  wing  in  forward  motion,  the  lateral  velocity 
Vf  at  the  surface  of  the  end  plate  is  simply  the  lateral  slope 
of  the  fin  surface  multiplied  by  the  stream  velocity.  The 
condition  v=0  implies  that  v,~—Vf  and  this  condition  is 
obviously  satisfied  by  keeping  the  geometry  of  the  fin  fixed 
when  the  flow  is  reversed.  At  the  same  time,  however, 
recall  that  the  distribution  of  lift  and  lateral  force  must  be 
kept  the  same  in  forward  and  reversed  flow.  Hence,  the 
problem  of  finding  the  optimum  setting  and  camber  for  such 
a fin  is  solved  by  finding  that  particular  shape  for  which  the 
flow  is  exactly  reversible,  that  is,  the  lateral  pressure  distri- 
bution remains  unchanged  by  a reversal  of  flow  direction. 
At  first  it  seems  impossible  to  satisfy  such  a requirement, 
since,  for  example,  the  direction  of  the  force  on  an  inclined 
surface  is  usually  reversed  by  a reversal  of  the  direction  of 
flow.  However,  the  form  of  the  adjacent  wing  surface 
must,  in  general,  change  with  the  reversal,  since  w^O  and 
since  the  lift  distribution  on  the  wing  must  remain  unchanged. 
Then  it  is  evident  that  the  conditions  might  be  satisfied  if 
the  pressures  on  the  fin  surface  were  dominated  by  the  wing 
pressures  through  interference. 

Recently  W.  Wilmarth  (ref.  9)  has  found  several  examples 
of  wings  with  end  plates  which  minimize  the  drag  for  certain 
prismatic  regions. 

The  conditions  for  minimum  drag  are  of  course  simply  the 
result  of  the  constraints  adopted  in  the  mitial  statement  of 
the  problem;  and  these  are  to  a certain  extept  arbitrary. 
Nevertheless,  experience  shows  that  the  study  of  such 
problems  is  likely  to  disclose  essential  relations  m their 
clearest  form. 

With  the  aid  of  the  combined  flow  field  and  the  mutual 
drag  theorem,  it  k a relatively  simple  matter  to  extend  the 


Vertical  fin 


= A/? ; Lateral  force  distribution  undfonged 
t^=  -1^  ; Fin  geometry  unchanged 

Figure  2. — Use  of  condition  0 to  determine  optimum  setting  of 
vertical  fin  on  wing  tip. 

constraints  in  various  ways.  Thus  in  the  case  of  a planar 
wing  if  both  the  total  lift  L and  the  span  wise  loading  are 
specified,  minimum  drag  requires  that  w be  constant  along 
chordwise  strips,  but  may  vary  laterally.  Here  we  have 

w=/(y)  ' (8) 

In  case  theyengthwise  loading  is  specified  we  have 

w=J(x)  (9) 

Again,  if  the  first  moment  of  the  load  distribution  about  the 
y axis  is  specified 

w~ao+aix  (10) 

and  so  on. 

If  the  conditions  on  the  combined  disturbance  velocities 
hold  beyond  the  boimdaries  of  the  region  i?,  then  the  drag 
cannot  be  changed  by  extending  the  distribution  of  lift  or 
volume  into  the  new  region.  In  general,  this  will -not  be 
the  case,  however,  and  the  drag  can  be  continually  diminished 
by  increasing  the  dimensions  of  R.  Thus  in  the  case  of  a 
monoplane  wing  a strong  upwash  appears  beyond  the  wing 
tips,  indicating  that  thfe  drag  could  be  diminished  by 
increasing  the  span.  Similarly,  sidewash  velocities  appear 
just  above  and  below  the  planar  region,  and  the  drag  could 
be  reduced  by  extending  vertical  fins,  or  “fences’^  into  this 
region. 

It  must  be  admitted  that  the  considerations  have  thus 
far  been  rather  abstract.  A more  concrete  result  would 
yield  the  actual  magnitudes  of  the  drag  associated  with 
various  regions,  as  well  as  the  shapes  of  the  bodies  or  wings. 
Although  no  direct  method  of  calculation  has  been  proposed, 
numerous  examples  have  been  foimd.  Thus  reference  6 
gives  the  optimum  distributions  of  lift  in  spherical  and 
ellipsoidal  regions. 

A rough  lower  bound  for  the  minimum  wave  drag  associated 
with  any  region  may  be  obtained  from  Hayes'  formula  (ref. 
7)  or  the  formula  of  Lomax  (ref.  5).  With  these  formulas  a 
spatial  distribution  of  lift  or  volume  may  be  resolved  into 
a number  of  equivalent  linear  distributions,  the  latter 
obtained  from  the  intersections  of  the  region  R by  plane 
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waves  lying  at  various  angles  $ around  the  x axis.  The  wave 
drag  of  the  system  is  then  the  sum  of  values  for  the  linear 
distributions  integrated  from  0=0  to  6=2v.  The  expression 
for  the  wave  drag  of  a single  linear  distribution  is  the  same 
(except  for  a constant  factor)  as  the  expression  for  the  vortex 
.drag  of  a lifting  line  in  subsonic  flow.  Thus,  for  a single 
elliptically  loaded  lifting  line  of  length  I parallel  to  the  flight 
direction  the  wave  drag  is: 


2 vqP 


(11) 


This  value  may  be  used  as  an  approximation  for  the  wave 
drag  of  any  narrow  wing  lying  near  the  center  of  the  Mach 
cone.  Deviations  are  to  be  expected  for  wider  wings; 
however,  these  deviations  are  not  very  pronounced,  as 
figure  3 shows.  In  this  figure  values  of  the  wave  drag 
obtained  from  exact  theoretical  formulas  are  compared 
with  the  values  given  by  the  approximate  expression  (11). 
The  ^^exact^'  values  were  obtained  by  superimposing  \mi- 
fonnly  loaded  wings  of  eUiptical  plan  form  and  are  not  the 
minimum  values  for  the  resulting  plan  forms. 

A sufficient  condition  for  the  wave  drag  of  a lifting  system 
to  have  a minimum  value  is  that  all  the  projected  loadings, 
in  addition  to  the  lengthwise  loading,  be  elliptical.  In  tins 
case  we  obtain  the  formula 


n ^ 

2 

where 

1 1 

p irjo  imr 


(12) 


(13) 


and  1{B)  is  the  projected  length  of  the  region  R as  defined  in 
figure  4 with 

The  value  given  by  equations  (12)  and  (13)  is  actually 
attained  by  elliptic  wings  and  by  distributions  of  lift  in 
spherical  or  ellipsoidal  regions  (ref.  6).  However,  for 


^WQve'^' 


2 


Figure  4. — Lower  bound  for  wave  drag  associated  with  the  ^gion  ^ 
and  the  lift  L* 

triangular  or  swept  wings  of  the  type  depicted  in  figure  3, 
the  values  given  by  the  simpler  expression  equation  (11)  are 
more  accurate. 

In  a recent  paper  (ref.  IG)  M.  I.  Kogan  has  pointed  out 
that  determ.mation  of  the  minimum  drag  of  a lifting  surface 
having  no  subsonic  edges  can  be  reduced  to  the  solution  of 
Laplace’s  equation  in  the  two-dimensional  region  bounded 
externally  by  the  trace  of  the  characteristic  envelope,  and 
boimded  internally  by  the  vortex  trace  of  the  wing.  In 
addition  to  the  boundary  condition  that  no 

disturbance  extend  beyond  the  Mach  cone  corresponds  to  the 
condition  ^=0  on  the  outline  of  the  characteristic  trace  Sj 
(i.  e.,  the  outer  rim  of  the  Mach  envelope  in  fig.  1)  while  the 
condition  of  constant  downwash  corresponds  to  ^g=constant 
on  the  vortex  trace. 

The  result  given  by  Kogan  has  been  derived  independently 
by  E.  W.  Graham  (ref.  11)  and  by  G.  JST.  Ward  (ref.  12). 
Graham  makes  use  of  the  combined  flow  field,  and  shows 
that  fields  which  are  two-dimensional  throi^hout  the 
interior  of  any  given  characteristic  envelope,  and  which 
satisfy  the  condition  constant  on  a vortex  trace 

passing  through  the  region,  can  be  constructed. 

Such  solutions  correspond  to  our  previous  conditions  (6) 
and  (7)  and  are  not  restricted  to  wings  having  supersonic 
edges.  ' 

In  Ward’s  analysis  the  physical  flow  is  used,  but  the  drag 
is  calculated  by  using  the  forward-going  surface  of  the 
characteristic  envelope  as  a control  surface.  Smce  ^==0 
there  in  the  reversed  flow,  it  can  be  seen  that  the  values  of  <p 
in  the  real  flow  comcide  with  those  in  the  combined  flow  on 
this  surface.  By  a projection  of  the  disturbance  velocities 
on  this  surface,  Ward  reduces  the  integral  for  drag  to  Diri- 
chlet’s  integral,  which  is  a minunum  when  the  derived  velocity 
field  satisfies  Laplace’s  equation. 

Applications  of  this  method  to  problems  involving  thick- 
ness and  volume  have  been  given  by  M.  A.  Heaslet  (ref.  13). 
Problems  in  which  both  the  lift  and  the  center  of  pressure  are 
given  have  been  treated  by  P.  Gennain  (ref.  14). 

These  theoretical  developments  provide  an  interesting 
intuitive  picture  of  the  drag  asisociated  with  the  production 
of  lift  at  supersonic  speeds.  At  subsonic  speeds  the  lifting 
wing  leaves  in  its  wake  a two-dimensional,  essentially  in- 
compressible downwash  flow  bounded  internally  by  the 
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voPtex  wake,  but  unbounded  externally.  According  to 
Kelvin  theorem  such  an  incompressible  down  wash  flow 
satisfying  minimizes  the  kinetic  energy  rela- 

tive to  all  other  streamline  motions  satisfying  the  same 
boundary  conditions.  For  a given  lift,  (or  downward 
momentum)  the  kinetic  energy,  and  hence  the  drag,  is 
minimized  when  the  wake  moves  with  constant  downwash. 
At  supersonic  speeds  we  are  led  to  consider  not  the  flow  in 
the  Trefftz  plane  at  infinity,  but  the  flow  in  the  last  charac- 
teristic surface  where  the  zone  of  influence  lies  entirely 
behind  the  wing.  The  two-dimensional  flow  obtained  by 
projection  on  this  surface  will  be  limited  laterally  by  its 
intersection  with  the  real  Mach  wave,  where  must  vanish, 
and  will  be  bounded  internally  by  the  vortex  wake  on  the 
the  trailing  edge  of  the  wing.  This  flow  is  certainly  not  in- 
compressible in  general.  However,  if  the  wing  is  to  have 
the  minimum  drag  consistent  with  the  given  span  and  with 
the  given  limitations  of  the  lateral  zone  of  influence,  then 
by  Kelvin ^s  theorem  the  flow  must  imitate  the  streamlines 
of  an  incompressible  lateral  flow  in  this  intervening  limited 
region.  For  a given  total  lift  the  vortex  wake  should  again 
move  with  constant  downwash. 

The  condition  ^—0  on  the  rim  of  the  characteristic 
envelope  is  exactly  the  same  as  that  imposed  at  the  bound- 
ary of  an  open-jet  wind  tunnel.  Hence,  we  are  led  to  com- 
pare the  action  of  the  wing  in  supersonic  flow  with  that  of  a 
wing  in  a finite  jet  (fig.  5).  Wings  having  small  fore  and 
aft  dimensions  have  a limited  lateral  entrainment,  as  shown 
by  the  small  cross  sections  of  their  equivalent  incompressible 
jets  (see  fig.  6). 

In  Munk's  theory  of  the  minimum  induced  drag  the  ^‘area 
of  the  additional  apparent  mass”  associated  with  the  vortex 
trace  of  the  wing  plays  an  important  role.  Denoting  this 
area  by  Stp',  we  have  for  the  drag  due  to  lift 


D: 


1 U 


(14) 


This  formula  actually  applies  m perfect  fluid  flow  at  all 
speeds  if  SJ  is  replaced  by  S^oft  the  additional  apparent 


Figure  5.— -Equivalent  incompressible  jet  for  wing  at  supersonic  speed. 


Figure  6. — Effect  of  fore  and  aft  dimension  of  wing  on  area  of  lateral 
entrainment. 


mass  of  the  wing  in  the  limited  jet  determined  by  the  Mach 
waves.  If  the  Mach  number  of  the  stream  is  reduced,  the 
waves  become  more  nearly  vertical  and  the  equivalent  jet 
expand  s laterally,  reaching  an  infinite  cross  section  at  Af=  1.0. 
Below  M=l,0  the  wing  is  operating  in  unlimited  flow  and 
we  then  have: 

¥ 

(16) 

which  leads  to 


D 


t}T2 

T^pUW 


(16) 


On  the  other  hand,  at  extremely  high  supersonic  speeds,  the 
equivalent  jet  contracts  into  a narrow  space  around  the 
frontal  projection  of  the  wing.  In  this  case  the  streamlines 
of  the  downflow  in  the  jet  wiU  be  nearly  straight  and  parallel, 
as  illustrated  in  figure  6,  and  the  area  Sto/  will  be  substan- 
tially equal  to  the  area  of  the  jet  Sj. 

In  special  cases  the  two-dimensional  downflow  in  the 
characteristic  trace  or  j et  can  be  readily  calculated . Thus 
in  the  case  of  the  elliptic  wing  the  envelope  of  characteristics 
has  an  elliptic  cross  section,  with  the  vortex  trace  of  the  wing 
extending  between  the  foci.  Now  if  a flat  plate  moves  down- 
ward (along  z)  in  unlimited  flow,  the  potential  at  the  surface 
of  any  confocal  elliptic  cylinder  will  be  of  the  form  <pg~kze. 
Hence  the  boimdary  condition  0=0  may  be  satisfied  on  any 
such  confocal  ellipse  by  adding  a uniform  downwash  through- 
out its  interior  so  that  w=  —k  or  —kz.  When  the  down- 
ward momentum  of  the  resultant  flow  is  computed,  it  is 
found  to  correspond  to  a virtual  mass  with  area  S^o/  given 

by 

1 1 1.1  /.m 

s„;~‘  Si  Si^srsj 

where 


(18) 
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Figure  7.— Effect  of  Mach  number  on  lateral  entrainment. 


In  the  ease  of  a long  slender  wing  lying  near  the  center 
of  the  Mach  cone  (slender  wing  theory)  the  characteristic 
trace  wiU  be  circular.  An  elliptical  lengthwise  distribution 
of  lift  then  produces  an  incompressible  downwash  flow 
resembling  that  of  a dipole  at  the  center  of  the  circle.  The 
added  downwash  required  to  make  ^—0  on  this  circular 
boundary  then  yields  our  formula  (11)  for  the  wave  drag. 

If  we  try  to  find  the  surface  loading  or  shape  that  corre- 
sponds to  the  drag  given  by  equation  (14),  we  discover  that 
Kogan’s  analysis  has  in  fact  carried  us  away  from  our  origi- 
nal problem  in  which  the  plan  form  of  the  wing  (or  the 
region  R occupied  by  the  lifting  system)  was  given.  The 
information  given  now  concerns  only  the  trace  of  the  wing 
and  its  characteristic  envelope.  Now,  the  relation  between 
the  plan  form  of  a wing  and  its  characteristic  trace  is  certainly 
not  unique.  On  the  other  hand  the  particular  form  of  the 
two-dimensional  flow  on  the  reversed  characteristic  surface 
must  require  a unique  distribution  of  lift  in  the  plane  of  the 
wing.  Otherwise  one  could  show  by  superposition  that 
planar  distributions  of  lift  having  no  drag  would  exist.  It 


must  be  concluded  therefore  that  of  all  the  plan  forms  having 
a given  characteristic  envelope,  only  those  whose  surface 
area  is  extensive  enough  to  enclose  the  required  surface  dis- 
tribution of  lift  can  achieve  the  minimum  drag  given  by 
equation  (14). 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  Awg.  H,  1967 
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Robert  r.  Jones,  Moffett  Field,  Calif.  (USA.)^)  DK  533.691.11.011.5 

Some  Recent  Developments 

in  the  Aerodynamics  of  Wings  for  High  Speeds^’') 

Ohersicht:  Die  in  der  vorlte%enden  Arbeit  hehandelten  Gegenstdnde  hetreffen  1.  eine  kiirzlich  vorgeschlagene  Korrekturformel 
fur  den  Eihflufi  der  Kompressibilitdt  bei  der  zweidimensionalen  Unterschallstromung,  2.  Aquivalenzsatz  und  Fldchenregel  fur 
tran$sonis(he  Stromungen,  3.  Reziprozitdtsbeziehungen  in  der  linearisterten  Tragflugeltheorie  und  4.  einige  allgemeine  Ergehnisse, 
die  mit  dem  Problem  des  minimalen  Wellenwiderstandes  zusammenhdngen.  Die  Arbeit  sMefit  mit  einem  Beispiel  iiber  die  Ein- 
$d>niirung  des  Rumpfes  zur  Erzielung  einer  gunstigen  Interferenz  mit  dem  FlUgel  bei  Vberschallgesdswindigkeit. 

Summary:  The  items  discussed  in  this  summary  paper  are  1,  a recently  proposed  correction  formula  for  the  effect  of  compressibi- 
lity in  two-dirhensional  subsonic  flow,  2.  the  equivalence  rule  and  the  area  rule  for  transonic  speeds,  3.  reciprocal  relations  in 
linearized  wing  theory,  and  4.  some  general  results  connected  with  the  problem  of  minimum  wave  resistance.  The  paper 
concludes  with  an  example  showing  indentation  of  the  fuselage  to  obtain  favorable  interference  with  the  wing  at  supersonic 
speeds. 

Resume:  Les  problemes  traites  dans  le  travail  present  concernent:  1)  une  formule  de  correction,  recemment  proposee,  destinSe  d 
determiner  I* *•) influence  de  la  compressibilite  dans  le  cas  de  Vkcoulement  subsonique  bidimensionnel;  2)  le  theoreme  de  Inequivalence 
et  la  regie  de  la  surface  des  ecoulements  transsoniques;  3)  des  relations  de  reciprocite  de  la  theorie  linearisee  des  ailes  portantes; 
4)  quelques  resultats  generaux  lies  au  probleme  du  minimum  de  la  resistance  d^ondes.  Le  travail  conclut  en  relevant  un  exemple 
de  retrecissement  du  fuselage  destine  d provoquer  une  interference  plus  favorable  avec  Vaile  aux  vitesses  supersoniques. 

The  student  of  fiuid  medianics  cannot  fail  to  be  impressed 
by  the  complexity  of  the  phenomena  that  arise  under 
simple  circumstances.  Even  if  we  admit.only  the  simplest 
properties  of  the  fluid  together  with  elementary 
dynamical  laws  for  the  motion,  unexpectedly  intricate 
motions  may  appear.  As  examples,  I may  mention  the 
periodic  Taylor-Gortler  vortices  that  appear  when  a 
slightly  viscous  liquid  flows  over  a concave  surface  or, 
again,  the  characteristic  geometrical  shapes  of  the 
‘*patdies“  of  turbulence  that  have  recently  been  observed 
by  Emmons  2sA.S<hubauer  (NACA  TN  3489,  Sept.  1955) 
in  regions  of  transition  from  laminar  to  turbulent 
boundary-layer  flow. 

In  what  is  commonly  understood  by  the  term  “airfoil 
theory"  we  limit  the  range  and  complexity  of  our 
investigations  considerably  by  studying  particularly 
simple  flows  that  are  apt  to  be  of  efficient  service  in  the 
flight  of  an  airplane.  Thus  in  the  Prandtl  wing  theory  we 
study  the  properties  of  long,  narrow  wings,  whidi  afford 
the  highest  aerodynamic  efficiency  at  ordinary  speeds 
an4-whidi  at  the  same  time  admit  a mathematical  simpli- 
fication because  of  their  extreme  proportions.  Further- 
more, in  Pmwdtfs  theory  we  consider  only  section  flows 
of  the  Kutta-Joukowsky  type. 

With  a different  type  of  section  flow,  sudi  as  might  be 
produced  by  shafpening  the  leading  edge,  the  long, 
narrow  wing  loses  its  advantage  and  the  dependence  of 


drag  on  aspect  ratio  follows  more  unfavorable  laws.  (See, 
e.g.,ref.[l].) 

The  extraordinary  efficiency  of  a well  designed  airfoil 
in  two-dimensional  flow  is  illustrated  in  Fig.  1.  Sudi  an 
airfoil,  of  conventional  form,  may  show  a lift-to-drag 
ratio  of  100  to  1 or  at  smaller  lift  coefficients,  a drag 
coefficient  of  0,005.  The  latter  coefficient  corresponds 
roughly  to  the  drag  of  a circular  cylinder  having  a 
diameter  V200  th  of  the  wing  chord. 


Fig.  1.  Airfoil  compared  with  circular  wire  having  equal  drag 


As  is  well  known,  airfoil  flows  basically  similar  to  the 
Kutta-Joukowsky  flow  can  be  maintained  up  to  very 
high  speeds  in  the  subsonic  range.  Within  this  range  the 
drag  of  the  wing  consists  essentially  of  the  induced  drag 
and  the  surface  friction,  so  that  the  plan  form  of  the  wing 
is  determined,  roughly  speaking,  by  the  criterion  of 
maximum  span  together  with  that  of  minimum  surface 
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area.  For  this  range  of  speeds  the  straight  wing  having 
the  highest  practicable  aspect  ratio  thus  remains  the  most 
efficient  aerodynamic  form. 

The  efficient  operation  of  airfoils  at  the  upper  end  of  this 
speed  range  seems  to  require  primarily  that  the  sections 
be  thin  — so  that  a method  of  calculation  based  on 
expansion  in  powers  of  the  thickness-chord  ratio  would 
appear  to  be  especially  appropriate.  Such  methods  are 
well  known  through  the  work  of  Gortler  [2],  Hantzsde 
and  Wendt  [3],  Kaplan  [4],  Imai  [5],  and  others. 
Recently  Van  Dyke  [6],  utilizing  a result  of  Hayes  [7], 
has  shown  that  the  pressure  distribution  around  a thin 
airfoil  in  two-dimensional  motion  can  be  related  in  a 
simple  way  to  the  corresponding  distribution  in  in- 
compressible flow  by  this  method.  If  the  leading  terms  in 
the  expansion  of  the  surface  pressure  coefficient  Cp  in 
powers  of  the  thickness-diord  ratio  t are 


(1)  Cpinc  = tf{x)  g (jx) 

for  incompressible  flow,  then  Van  Dyke  gives  for  com- 
pressible flow  (see  Fig.  2) 


(2) 

with 

Cp  comp  ^ 

(3) 

(4) 

This  simple  rule  is  found  to  yield  results  previously 
obtained  by  rather  difficult  calculations. 


Cp.  =tf{x)  + t2g(x)  + Kgt^glx) 

•^inc  comp 


Fig.  2.  Pressure  correction  formula  for  subsonic  flow 
in  two  dimensions,  Eq.  f 1)  — (4) 


As  the  Speed  of  sound  is  approached,  the  three- 
dimensional  wing  flow  can  no  longer  be  approximated  by 
the  assumption  of  locally  two-dimensional  flows  over  the 
wing  sections.  As  shown  by  the  linear  Prandtl-Glauert 
theory,  the  disturbance  field  of  a wing  section  expands 
vertically  without  limit,  so  that  the  dimensions  of  the 
region  of  disturbance  eventually  become  large  compared 
to  the  chord  of  the  wing  sections.  The  section  flow  is 
then  no  longer  a local  phenomenon  but  must  be  modified 
by  the  spanwise  dimensions  of  the  wing. 

In  linear  theory  we  treat  the  disturbance  field  of  a 
moving  wing  by  ’ the  approximations  employed  in 
acoustics.  Thus  the  velocity  potential  of  the  flow 
disturbance  around  the  wing  at  either  subsonic  or  super- 
sonic velocities  satisfies  the  well-known  sound  wave 
equation 

(5)  <pxx  “h  “h  (pgg — 0* 

a 

To  represent  dismrbances  of  fixed  form  travelling  in  the 
direction  of  x with  a velocity  equal  to  the  speed  of  sound, 
we  may  write  the  solution  in  the  form 

(6)  <p  ^ f(y  iz,x-~at). 

Such  disturbances  thus  satisfy,  in  addition,  the  relation 

(7)  (py  y H-  = 0 


or  Laplace* s equation  for  an  incompressible  flow  in  planes 
perpendicular  to  the  direction  of  propagation  of  the 
disturbance.  Now,  such  a disturbance  of  fixed  form  may 
easily  be  reduced  to  a steady  flow,  so  that  the  stream 
tubes  in  the  oncoming  flow  must  agree  with  the  simple 
One-dimensional  flow  ecjuation  for  stream  tubes  or 
channels  of  slowly  varying  width.  As  is  well  known,  the 
stream  tube  cross  Sections  reach  an  absolute  minimum  at 
the  speed  of  sound.  It  is  clear  then  that  the  “lateral 
incompressibility*  of  the  flow  at  sonic  speed  may  be 
related  to  this  stationary  property  of  the  stream  tube 
areas. 

The  stationary  character  of  the  stream  tube  areas  at 
sonic  velocity  does  not  depend  on  the  linearization,  but 
is  a characteristic  of  nonlinear  steady  flows  as  well.  For 
such  flows  the  one-dimensional  flow  equation  forms  a 
necessary  condition  to  be  satisfied  along  every  stream 
tube.  Here  too,  we  must  expect  that  the  lateral  flow  will 
agree  closely  Laplace* s equation  for  two-dimensional 

motion  in  those  regions  of  nearly  sonic  velocity.  These 
conditions  are,  of  course,  not  ordinarily  sufficient  to 
determine  the  flow  field  as  a whole  but  they  are  of 
considerable  assistance  in  the  intuitive  understanding  of 
transonic  flow  phenomena. 

While  these  elementary  considerations  dp  not  furnish  an 
exact  Or  detailed  picture  of  the  transonic  flow,  it  is 
possible  to  determine  certain  integrated  properties  such^ 
as  the  lift  and  moment  of  slender  wings  from  them.  The 
theory  of  slender  wings  is  based  on  just  the  assumptions 
implied  in  equation  (7).  The  applicability  of  this  theory 
at  transonic  speeds  has  been  investigated  by  Robinson 
and  Young  [8]  and  by  Heaslet,  Lomax,  ^nd  Spreiter  [9], 
following  the  lines  of  a theory  given  by  the  present 
writer  [10]. 

It  is  interesting  to  note  how  far  the  experimental  lift  and 
lift  distribution  follow  this  simple  linear  theory  in  the 
transonic  range.  Fig.  3,  taken  from  some  experiments 
made  at  the  NACA*s  Ames  Aeronautical  Laboratory  by 
Nelson  and  McDevitt  [11,  12]  shows  the  variation  with 
aspect-ratio  parameter  of  the  lift-purve  slope  and  the 
pressure  drag  for  a family  of  rectangular  wings  at  a 
Mach  number  very  close  to  1.  In  spite  of  the  fact  that 
these  wings  can  hardly  be  considered  slender,  the  linear 
theory  holds  well  up  to  an  aspect  ratio  of  nearly  3. 
Another  interesting  result  is  the  tendency  noted  in  these 
experiments  for  the  center  of  pressure  to  approach  the 
wing  leading  edge  as  the  aspect  ratio  is  reduced,  in  accord 
with  the  prediction  of  slender-wing  theory. 
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Fig.  3.  Drag  aad  lift  at  1.  Rectangular  wings, 
NACA  65  A 0 XX  profiles 


Z.  f.  HugWiSS.  4 (1956),  Heft  8 T.  Jones,  Some  Recent  Developments  in  the  Aerodynamics  of  Wings 


At  higher  aspect  ratios  the  values  of  lift  and  drag  given 
by  Guderley  snd  Yoshihara  [13]  are  approached. 

When  we  try  to  determine  the  disturbance  field  produced 
by  a body  or  wing  moving  at  sonic  velocity  we  face  the 
difficulty  that  the  form  of  the  disturbance  is  not  very 
definitely  connected  with  the  geometry  of  the  body.  At 
this  speed  extensive  longitudinal  disturbances  can  travel 
almost  indefinitely  without  the  assistance  of  a moving 
solid.  Hence  it  is  perhaps  not  surprising  that  a relatively 
intense  longitudinal  wave  is  built  up  by  a solid  which 
travels  for  some  time  at  this  speed.  Those  who  have  been 
in  the  path  of  the  well-known  “sonic  boom“  have  had  a 
direct  experience  of  this  longitudinal  wave. 

According  to  the  “equivalence  principle**  of  Oswatitsch 
[14],  the  potential,  <p,  of  this  large-scale  longitudinal 
disturbance  is  determined  by  the  longitudinal  distribution 
of  areas  presented  in  planes  perpendicular  to  the  flight 
direction.  Hence,  the  potential  at  large  distances  reduces 
to  that  for  an  equivalent  body  of  revolution.  In 
Whitcomb's  paper  [15]  on  the  “area  rule“  both  the  form 
of  the  wave  disturbance  and  the  incremental  drag  at 
transonic  speeds  were  shown  to  depend  o«  this 
distribution  of  cross-sectional  area.  The  dependence  of 
wave  drag  on  the  area  distribution  was  given  by  Hayes 
[16]  as  a formal  result  of  the  linear  theory  at  transonic 
speed.  In  Whitcomb's  experiments  it  was  demonstrated 
further  that  the  drag  associated  with  the  thidsness  of  a 
wing  can  he  effectively  suppressed  by  removing  an 
appropriate  “area  distribution“  from  the  fuselage.  With 
these  new  developments  it  appears  that  wing  theory  at 
transonic  speeds  should  not  be  limited  to  the  properties  of 
isolated  airfoils. 

As  a simple  test  of  Whitcomb's  drag-equivalence  idea, 
Spreiter  [17]  has  analysed  the  results  of  experiments 
made  at  Ames  Laboratory  on  rectangular  airfoils  having 
various  aspect  ratios  and  various  thidtness-diord  ratios. 
To  maintain  the  same  area  distribution  an  airfoil  having 
a high  aspect  ratio  and  a thin  section  is  compared  with 
one  of  lower  aspect  ratio  but  with  a thidter  section.  For 
nonlifting  wings  with  symmetrical  sections  the  rule  is 
verified  up  to  aspect  ratios  of  3 or  more.  Fig.  4 shows  the 
comparison  for  aspect  ratio  4, 


Fig.  4.  Drag  of  wings  haying  same  area  distribution 

Rectangular  wings  of  the  forms  shown  have,  of  course,  a 
large  incremental  drag  at  transonic  speeds.  Perhaps  the 
most  effective  practical  method  of  reducing  the  drag  at 
transonic  speeds  is  the  use  of  extreme  angles  of  sweep,  thin 
sections,  and  slender  bodies.  As  an  illustration  of  the 
magnitudes  involved  I would  like  to  show  drawings  of 
two  models  that  have  been  tested  by  the  NACA  (Fig.  5). 
The  two  models  with  the  relative  dimensions  shown  would, 
according  to  the  indication  of  our  experiments,  have  the 
same  drag  at  a slightly  supersonic  Ma<h  number. 

At  the  present  time  the  calculation  of  three-dimensional 
wing  flows  at  supersonic  speed  is  carried  out  almost 


Fig.  5.  Models  having  same  drag  at  low  supersonic  speed  (zero  lift) 


exclusively  by  means  of  the  linearized  theory.  The 
principles  employed  in  these  calculations  ww  brought 
into  sharp  focus  in  the  papers  of  Prandtl  [18],  von  Kdr- 
man  [19]  and  Busemann  [20]  at  the  1935  Volta  Congress, 
while  the  first  known  application  to  the  three-dimensional 
lifting  wing  appeared  in  SchUdjting's  paper  of  1936  [21]. 

Linearization  of  the  flow  equations  brings  the  three- 
dimensional  wing  theory  within  the  realm  of  classical 
methods  of  analysis  and  so  has  disclosed  a variety  of 
interesting  and  unexpectedly  ’simple  relations.  For 
example,  if  we  consider  a thin  wing  or  body  whose 
disturbance  field  can  be  produced  by  the  action  of  simple 
sources,  then  the  drag  of  this  body  will  be  undianged  by 
a reversal  of  the  flow  direction.  Our  attention  was  called 
to  this  “reversed  flow“  relation  by  von  Kdrmdn  and  it 
was  generalized  by  Hayes  [16]  to  include  arbitrary 
distributions  of  singularities  sudi  as  lifting  elements  and 
sources  in  three-dimensions.  Reversal  of  the  flow  may 
change  the  geometrical  shapes  however.  In  an  interesting 
paper,  Munk  [22]  has  shown  how  such  reversed  flow 
relations  can  be  derived  by  considering  the  abstract 
disturbance  field  obtained  by  superimposing  the  distur- 
bance velocities  generated  by  the  forward  motion,  and 
those  generated  by  the  reversed  motion  of  the  system. 
Utilizing  this  idea.  Brown  [23]  has  been  able  to  show 
that  the  lift-curve  slope  of  a wing  of  any  planform  is 
undianged  by  a reversal, 

A more  general  form  of  reversed-flow  relation  in  steady 
wing  flow  theory  is  the  reciprocal  relation  discovered  by 
Ursell  and  Ward  [24].  Starting  with  a thin  lifting  surface 
of  planform  S)  we  may  consider  the  effect  of  warping  Or 
twisting  the  wing  in  various  ways,  represented  by 
permitting  the  local  angle  of  attack  a to  vary  with  the 
position  x,y  of  a.  point  on  the  planform.  Sudb  a warp  or 
twist  a (x,  y)  w;ill  give  rise  to  a distribution  of  lifting 
pressure  p (x,y)  whidi  is  a linear  functional  of  a deter- 
mined by  the  flowequation  and  by  the  outline  shape  of  the 
wing.  Let  aj  and  pj  be  two  functions  so  related  and  let 
«2  and  pg  be  a different,  but  similary  related,  pair  of 
distributions  for  the  wing  S in  reversed  flow;  then  the 
Vrsell-Ward  relation  is 

(8)  J Ogpi  do  = J atp^  do. 

Fig.  6 illustrates  one  of  the  many  interesting  applications 
of  this  theorem.  Here  aj  is  taken  as  a constant  value,  equal 
to  unity,  over  the  whole  surface,  so  that  pj  is  the  distri- 
bution of  lift  arising  when  the  wing  as  a whole  is  given  a 


Fig.  6.  Reciprocal  relation.  Eg.  (8) 
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unit  angle  of  attack.  «2  has  the  value  unity  over  a portion 
of  the  wing,  or  a flap,  but  has  the  value  zero  elsewhere. 
p2  then  represents  the  distribution  of  lift  over  the  whole 
wing,  resulting  from  the  deflection  of  a flap.  The 
reciprocal  relation  then  tells  us  that  the  lift  on  the  wing 
due  to  deflecting  the  flap  is  equal  to  the  lift  on  the  flap 
due  to  deflecting  the  wing  with  the  flow  reversed.  This 
relation  is  applicable  at  both  subsonic  and  supersonic 
speeds.  The  extension  to  airfoils  in  unsteady  motion  has 
been  given  by  Flax  [25]  and  by  Heaslet  and  Spreiter  [26] 
who  point  out  its  connection  with  classical  reciprocal 
theorems  of  Helmholtz,  Maxwell,  and  Rayleigh, 

It  is  interesting  to  note  that  extension  of  the  reciprocal 
theorem  to  nonstationary  motion  provided  a means  for 
verifying  the  coincidence  between  Kuessner  and  Sears* 
“gust  lift  functions"  and  Wagner*s  function  describing 
the  growth  of  circulation  around  an  airfoil  starting  from 
rest  for  wings  in  three-dimensional  flow. 

A classical  problem  in  the  theory  of  airfoils  is  the 
determination  of  the  form  of  the  wing  or  the  distribution 
of  lift  for  minimum  drag.  Thus  we  may  think  of  Munk*s 
problem  of  the  minimum  “induced"  drag  for  a given 
total  lift  A and  a given  span  b [27].  At  supersonic  speeds 
we  have  to  consider  in  addition  to  the  induced  drag  a 
wave  drag  whidi  depends  in  a rather  complex  way  on  the 
distribution  of  lift  over  the  whole  surface.  Surprisingly 
enough,  however,  we  find  a continual  recurrence  of  ideas 
derived  from  this  earlier  problem  in  our  studies  of  wave 
drag  of  lifting  surfaces  at  supersonic  speeds. 

In  Munk*s  problem  it  was  found  that  minimum  drag 
occurs  when  the  “induced  downwash"  is  constant  at  all 
points  of  the  span.  To  extend  these  considerations  to 
supersonic  speeds  we  find  it  essential  to  specifiy  not 
merely  the  span,  but  the  plan  form  of  the  wing  [28].  By 
making  use  of  the  reversibility  theorem  we  are  able  to 
express  the  drag  in  terms  of  a fictitious  disturbance  field, 
obtained  by  combining  linearly  the  disturbances  produced 
by  a given  distribution  of  lift  in  forward  and  in  reversed 
motion.  The  mean  downwash  w,  obtained  by  averaging 
at  each  point  the  values  in  forward  and  reverse  flow,  then 
takes  the  place  of  the  “induced  downwash"  and  is 
quantitatively  equal  to  the  latter  if  the  speed  is  subsonic. 
The  drag  is  obtained  by  integrating  over  the  plan  form  S the 
product  of  the  local  lifting  pressure  A p and  the  mean  angle 
of  attack  a = wlV,  With  a given  total  lift  L and  a given 
plan  form  S the  minimum  drag  occurs  when  the  mean 
downwash  ^ has  the  same  value  at  all  points  of  S.  This 
result  holds  whether  the  speed  is  subsonic  or  supersonic. 


Fig.  7.  Conditions  for  minimuin  drag:  distributions  of  lift  and  volume 
in  region  R 


It  is  interesting  to  note  that  the  idea  of  superimposing  the 
forward  and  reversed  disturbance  fields  was  utilized  in 
Munk*s  original  proof  of  the  so-called  stagger  theorem. 

If  we  accept  the  idea  of  a combined  supersonic  distur- 
bance field,  then  the  necessary  conditions  for  minimum 
resistance  can  be  generalized  to  include  interfering 
distributions  of  lift  and  volume  in  three-dimensional 
regions.  Here  we  may  think  of  an  arrangement  of  airfoils 
or  lifting  elements  in  space,  but  limited  to  the  interior  of 
a region  R,  If  the  total  lift  L and  the  region  A are  given 
then  the  minimum  drag  occurs  when  (see  Fig.  7) 

(9)  w = const,  v = 0 
throughout  R.  The  value  of  the  minimum  drag  is  then 

(10)  = L wjV, 

The  computation  of  the  drag  of  interfering  lift  distribu- 
tions is  simplified  by  a reciprocal  relation,  essentially 
similar  to  the  Ursell'-Ward  relation,  whidbi  appears  in 
the  combined  flow  field.  Thus  if  we  consider  any  two 
distributions  of  lift  represented  by  {x,y,  z)  and  (x,  y,  z) 
then  we  may  write  in  short-hand  notation: 

(11)  F)ab  ^ Hba 

or,  in  words,  “the  drag  of  a caused  by  the  (combined) 
disturbance  field  of  b is  equal  to  the  drag  of  b caused  by 
the  (combined)  disturbance  field  of 

In  view  of  this,  we  may  Write  for  the  total  drag 

(12)  D (^  + ^)  - Daa  + 2D&«  + 

Now  suppose  that  la  satisfies  conditions  (9)  and  suppose 
that  Rb  lies  entirely  within  Ra,  Then 

(13)  Db  a ==  h wa/V 
with 

(14)  Wa/V  = const  — Da  a/ Lay 

so  that  the  total  drag,  including  the  interference,  is  given 
by 

(15)  D (a  + h)  = Daa{l  + Lb! La)  + Dbb. 

As  is  well  known,  the  elliptical  spanwise  distribution  of 
lift  yields  the  minimunt  drag  for  a monoplane  wing  at 
subsonic  speeds.  In  our  studies  of  minimum  drag  at 
supersonic  speeds  we  have  found  that  the  closest 
connection  with  the  theory  for  subsonic  speeds  can  be 
maintained  if  We  employ  a special  method  for  the 
calculation  of  drag.  In  this  method  [29]  we  make  use  of 
Hayes*  idea  of  equivalent  positions  of  sources  or  lifting 
elements,  together  with  the  idea  of  the  combined 
disturbance  field.  Following  this  method,  the  combined 
disturbance  field  of  a lifting  surface  is  constructed  by  the 
superposition  of  infinitely  many  plane  waves,  all  lying  at 
the  angle,  but  at  varying  angles  0 around  the  flight 
axis  (x  axis).  At  each  angle  0 we  construct  an  equivalent 
“lifting  line"  by  integrating  the  lift  distribution  in  the 
direction  parallel  to  these  planes.  A sufficient  condition 
for  the  wave  drag  to  be  a minimum  is  that  each  equivalent 
fitting  line  be  elliptically  loaded.  I find  it  quite  surprising 
that  the  elliptic  loading  appears  again  in  the  problem  of 
minimum  drag  at  supersonic  speeds,  although  von  Kar- 
mdn  and  Busemann  have  already  noticed  a similar 
connection  with  the  wave  drag  of  bodies  of  revolution. 

With  a wing  of  elliptic  plan  form  the  minimum  drag 
occurs  when  the  lift  L is  distributed  uniformly  over  the 
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surface.  In  this  case  integration  of  the  surface  loading  in 
any  oblique  direction  yields  an  elliptically  loaded  lifting 
line,  as  shown  by  Fig.  8.  Since  the  spanwise  loading  is 
elliptic,  the  induced  drag  or  vortex  drag  is  also  a 


The  assumption  that  the  integrated  loading  for  each  angle 
O is  elliptical  can  be  used  to  derive  a lower  bound  for  the 
wave  resistance  associated  with  a given  total  lift  and  a 
region  R.  This  formula  is  illustrated  in  Fig.  9.  For  the 
minimum  vortex  drag  under  these  conditions  we  may 
refer  to  Munk^s  original  paper  [27]. 
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Fig.  9.  Lower  bound  for  wave  drag  associated  with  the  region  R 
and  the  lift  h 


For  a region  R lying  everywhere  close  to  the  x axis  at  the 
center  of  the  Much  cone,  the  loadings  integrated  along 
Mach  planes  will  all  be  similar  to  a “lengthwise  loading* 
obtained  by  integrating  the  lift  over  planes  x = const. 
If  this  loading  is  elliptical,  we  may  write  for  the  wave 


drag 

(16) 


M'^-l 

1 
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For  wider  wings  the  deviation  from  this  value  can  be 
taken  into  account  by  a factor  K.  Values  of  K for  several 
different  plan  forms  are  shown  in  Fig.  10. 


Fig.  10,  Approximate  expression  for  wave  drag  of  lifting  surface 


As  is  well  known,  there  exists  a certain  correspondence  in 
airfoil  theory  between  problems  involving  distributions 
of  lift  and  those  involving  distributions  of  thidkness.  If 
the  solution  of  a problem  of  one  type  is  known,  then  a 
corresponding  solution  of  the  other  type  can  usually  be 
constructed.  Thus  our  studies  of  wave  drag  associated 
with  distributions  of  lift  can  readily  be  extended  to 


problems  involving  the  optimum  distribution  of  *.»d<kness 
or  volume  within  a r^ion  Jft  or  a plan  form  S. 

Following  along  the  lines  of  the  previous  discussion,  we 
suppose  that  a region  R is  given  and  also  a certain  volume 
V to  be  contained  in  slender,  closed  bodies  or  airfoils 
within  R,  The  condition  for  minimum  drag  is  then  that 
the  pressure  gradient,  proportional  to  3»/3x,  in  the 
combined  flow  field  be  constant.  Since  the  total-  drag  is 
obtained  by  integrating  the  product  of  the  local  pressure 
gradient  over  the  volume,  we  may  say  that  minimum 
drag  for  a given  volume  occurs  when  the  drag  per  unit 
volume  is  constant  throughout  the  region.  It  must  be 
remembered,  however,  that  the  distribution  of  drag 
implied  in  this  statement  refers  to  the  fictitious 
disturbance  field  obtained  by  averaging  the  forward  and 
the  reversed  disturbances. 

The  drag  of  interfering  bodies  and  airfoils  in  three- 
dimensional  regions  has  been  discussed  in  a recent  paper 
by  Graham^  Beancy  and  Lidter  [30].  For  nonlifting 
systems  the  wave  drag  can  always  be  reduced  to  zero  by 
reflections  within  the  system  as,  in  Ferraries  well-known 
example  of  a shrouded  body,  or  the  Busemann  biplane. 

The  projectile  shapes  of  von  Kdrmdn  [17],  Sears  [31], 
and  Haade  [32]  satisfy  the  condition  dp/3  x = const 
throughout  the  region  it  determined  by- the  interior  of  the 
“double  cone*  with  vertices  at  the  nose  and  the  tail. 
In  this  case,  of  course,  the  drag  is  only  a relative  minimum. 
However,  it  is  interesting  to  see  how  we  may  simplify  the 
computation  of  interference  drag  in  sudi  cases  as 
illustrated  in  Fig.  11.  In  this  example  we  start  with  a 
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Fig.  11,  Use  of  combined  disturbance  fields  in  calculating 
wing-body  drag 


planar  source  distribution,  or  a nonlLfting  wing  and 
introduce  a linear  distribution  of  sources  along  the  central 
axis,  denoted  by  “c“.  For  the  drag  of  this  combination  we 
may  write 

(17)  D (^  + C)  = Daa  + 2Dac  + Dec, 

where  Dac  is  the  drag  of  the  wing  in  the  combined 
disturbance  field  of  the  linear  source  distribution.  Now 
if  the  combined  disturbance  field  of  the  linear  source 
distribution  satisfies  the  condition  3 p/3  x — const,  as  in 
the  case  of  a Sears-Haade  body,  it  will  do  so  throughout 
the  interior  of  its  double  Mad>  cone.  Furthermore,  by 
making  this  source  distribution  sufficiently  long,  the  wing 
can  be  contained  entirely  within  this  region.  The  inter- 
ference drag  is  then  simply  the  volume  of  the  wing,  va, 
times  the  constant  gradient  of  pressure  in  the  field  around 
the  body;  or 

(18)  2Dac  = 2^—Va- 
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A negative  interference  drag  can  be  produced  by  using  a 
source  distribution  of  reversed  sign,  leading  to  a 
“negative  volume*  for  c»  If  this  “volume*  is  made  equal 
and  opposite  to  the  volume  of  the  wing  then  the 
distributions  a and  c can  be  added  to  a larger  Sears- 
Haack  body  b without  interference.  The  resultant  drag  is 

(19)  D (a  + b + c)  = Da  a + Dbb  — Dec- 

This  equation  shows  the  reduction  in  over-all  drag  pro- 
duced by  the  source  distribution  c. 
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THEORY  OF  WING-BODY  DRAG  AT  SUPERSONIC  SPEEDS  ‘ 

By  Robert  'T.  Jones 


SUMMARY 

The  relation  oj  Whitcomb^ s area  rvle”  to  the  linear  Jorm'ulas 
for  wave  drag  at  slightly  miyersonie  speeds  is  discussed.  By 
adopting  an  approximate  relation  between  the  source  strength 
and  the  geometry  of  a wing-body  combination^  the  wave-drag 
theory  is  expressed  in  terms  involving  the  areas  intercepted  by 
oblique  planes  or  Mach  planes.  The  resulting  formulas  are 
checked  by  comparison  with  the  drag  measurements  obtained  in 
windr4unnel  experiments  and  in  experiments  withfaMing  models 
in  free  air.  Finally ^ a theory  for  determining  wing-body 
shapes  of  minimum  drag  at  supersonic  Mach  numbers  is 
discussed  and  some  preliminary  experiments  are  reported. 

DISCUSSION 

At  subsonic  speeds  the  pressure  drag  arising  from  the  thick- 
ness of  the  body  or  wings  is  negligible  so  long  as  the  shapes  are 
sufficiently  well  streamlined  to  avoid  flow  separation.  In 
that  range  there  exists  no  possibility  of  either  favorable  or 
adverse  interference  on  the  pressure  distributions  t!\emselves. 
If  one  body  is  so  placed  as  to  i*eceivo  a drag  from  the  pressvire 
field  of  another  then  the  second  body  is  sure  to  receive  a 
corresponding  increment  of  thrust  from  the  first. 

At  supersonic  speeds  this  toleraiu'c,  which  was  permitted 
the  designer,  disappcai-s,  and  the  drag  becomes  sensitive  to 
the  shape  and  an’angement  of  the  bodies.  To  be  sure,  the 
primary  factor  here  is  the  thickness  ratio,  but  nevertheless 
there  exist  arrangements  in  which  a iai^e  cancellation  of  drag 
occurs.  Examples  of  the  latter  are : the  sweptback  wing  and 
the  Busemann  biplane. 

Kecently  E.  T.  Whitcomb  (ref.  1)  lias  sliown  how  the  drag 
at  transonic  speeds  may  be  reduced  to  a surprising  extent  by 
simply  cutting  out  a portion  of  the  fuselage  to  compensate 
for  the  area  blocked  by  the  wing.  The  purpose  of  the  present 
paper  is  to  discuss  some  of  the  theoretical  aspects  of  this 
method  of  drag  reduction  and  to  show  how  the  basic  idea 
may  be  extended  to  higher  speeds  in  the  supersonic  range. 

l^itcomb’s  deduction  of  the  area  rule''  was  based  on 
considerations  of  stream-tube  area  and  tbe  phenomenon  of 

choking'^ — ^which  follow  from  one-dimensional-liow  theory. 
Each  individual  stream  tube  of  a three-dimensional-flow  field 
must  obey  the  law  of  one-dimensional  flow.  While  we  can- 
not actually  determine  the  three-dimensional  field  on  this 
basis  alone,  nevertheless  it  provides  a good  starting  point  for 
our  thinking.  The  results  demonstrate  again  the  effective- 
ness of  basic  and  simple  considerations. 

> SupersedesNACA  RM  ASSHlSa  by  Robert  T.  Jones,  1953. 
m91S—S7 


While  one-dimensional-flow  theory  thus  provides  a clue 
to  the  area  rule,  the  necessary  principle  appears  more  spe- 
cifically in  the  three-dimensional-flow  theory.  Thus,  the 
formulas  for  wave  drag  given  by  linear  theory,  if  followed 
toward  the  limit  as  M approaches  1 .0  (from  above) , show 
that  the  wave  drag  of  a system  of  wings  and  bodies  depends 
solely  on  the  longitudinal  area  distribution  of  the  system  as  a 
whole.  This  was  first  noted  by  W.  D.  Hayes  in  bis  i94fi 
thesis  (ref.  2).  However,  because  of  the  limitations  of  the 
theory  at  transonic  speeds,  this  result  was  not  thought  to  be  of 
practical  significance.  Later  G.  N.  Ward  (ref.  3),  E.  W. 
Graham  (ref.  4),  and  others,  restricting  themselves  to  very 
narrow  shapes,  expressed  the  wave  drag  in  terms  of  the 
longitudinal  area  distribution  for  Mach  numbers  above 
1.0,  where  the  linear  theory  has  a better  Justification. 

It  should  be  noted,  however,  that  both  of  the  problems 
cited  are  limiting  cases  of  the  more  general  problem  of  super- 
sonic drag  and  it  should  be  borne  in  mind  that  only  in  certain 
cases  1ms  it  been  possible  to  reduce  the  general  theoretical 
formulas  to  the  form  of  an  area  rule.  It  can  be  shown  that 
the  flow  field  about  any  system  of  bodies  may  be  created  by  a 
(‘ertain  distribution  of  sources  aiul  sinks  over  the  surfaces 
of  tlie  bodies.  Hayes’  formula,  and  the  fonmdas  given  in 
reference  5 relate  the  drag  of  such  a system  to  the  distribution 
of  tiieso  singularities.  To  obtain  a formula  for  the  wave 
drag  in  terms  of  area  distributions  we  have  to  adopt  a simpli- 
fied relation  between  the  source  strength  and  the  geometry 
of  the  bodies,  namely.,  that  tiie  source  strength  is  proportional 
to  the  normal  component  of  the  stream  velocity  at  tiie  body 
surface.  Tliere  are  examples  (e.  g.,  Busemann  biplanes  and 
ducted  bodies)  for  which  this  assumptiGn  is  not  valid.  If, 
on  the  other  hand,  we  limit  ourselves  to  thin  symmetrical 
wings  mounted  on  vertically  symmetrical  fuselages,  there  are 
indications  that  a good  estimate  of  the  wave  drag  at  super- 
sonic speeds  can  be  obtained  on  the  basis  of  the  simplified 
relation  assumed. 

Following  Hayes^  method  of  calculation,  we  find  that  at 
M^  l.O  the  expression  for  the  wave  drag  of  a system  of  wings 
and  bodies  reduces  to  Kerman well-known  forniula  (ref.  6) 
for  the  wave  drag  of  a slender  body  of  revolution,  that  is, 

^ log  \x—Xi\dx  dar, 

Here  S(X)  represents  the  total  cross-sectional  area  inter- 
cepted by  a plane  perpendicular  to  the  stream  at  the  station 
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{{)  Equivalent  body  of  revolution 


(2)  Gradient  of  area 


and 


X — XoGOS  4> 

jS'(x)  = 2^„sin  n4> 
we  obtain  for  the  wave  resistance 


Of  all  the  terms  of  the  series,  each  contributes  to  the  drag, 
but  only  Ai  and  A2  contribute  to  the  volume  or  the  base 
area  of  the  system.  Thus,  to  achieve  a small  drag  with  a 
given  base  area,  or  with  a given  over-all  volume  within  the 
given  length,  the  higher  harmonies  in  the  curve  5"  (x)  should 
be  suppressed.  Tliis  formula  enables  us  to  cliaraeterize  the 
smoothness  of  a given  shape  in  a quantitative  fashion. 

To  extend  these  considerations  to  supersonic  speeds  we 
have  to  consider  a series  of  cross  sections  of  the  system  made, 
not  by  planes  perpendicular  to  the  stream  but  by  planes  in- 
clined at  the  Macli  angle,  or  “Mach  planes.”  By  means  of 


(4)  Wove  drug: 


Figure  1. — ^.Steps  in  the  calculation  of  wave  drag  for  71/-^  1.0. 

X (see  fig.  1)  and  is  the  second  derivative  of  S with 

respect  to  x.  Following  Sears  (ref.  7)  we  may  expand 
S^{x)  in  a Fourier  series  and  obtain  in  this  way  a formula  for 
the  drag  which  is  completely  analogous  to  the  well-known 
formula  for  the  induced  drag  of  a wing  in  terms  of  its  span- 
wise  load  distribution.  Thus,  if  we  write 


Figure  2. — Arua  distribution  given  by  intersection.'?  of  Mach  plaiu's. 


a set  of  parallel  Mach  planes  (see  fig.  2)  we  construct  an 
“equivalent  body  of  revolution,”  using  the  intercepted 
areas,  and  compute  the  drag  by  Von  Karman’s  formula. 
The  theoretical  basis  of  tins  step  is  tlie  fact  that  tlie  complete 
three-dimensional  disturbance  field  may  be  constructed  by 
the  superposition  of  elementary  one-dimensional  disturbances 
in  the  form  of  plane  waves  (ref.  8).  It  is  evident  that  the 
set  of  parallel  Mach  planes  may  be  placed  at  various  angles 
around  the  x axis.  In  constructing  the  flow  field  it  is  neces- 
sary to  superimpose  disturbances  at  all  of  these  angles  and, 
in  computing  the  drag,  to  consider  the  drags  of  all  the  equiv- 
alent bodies  of  revolution.  The  final  value  of  the  drag  is 
simply  the  average  of  the  values  obtained  through  a complete 
rotation  of  the  Mach  planes. 

In  order  to  make  tliese  statements  more  specific,  we  may 
write  the  equation  of  one  such  Mach  plane  as  follows: 

X=x—y' Go^  6 

where  = 1 y,  s' ~ s,  and  0 is  the  angle  of 

rotation  of  the  Mach  plane.  By  assigning  different  values 
to  A while  keeping  0 constant,  we  obtain  a series  of  parallel 
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planes  at  the  same  angle  6 around  the  x axis.  By  assigning 
different  values  to  & while  keeping  X a constant,  we  obtain 
a set  of  planes  enveloping  that  Mach  cone  whose  apex  lies 
at  the  point  X=x. 

Selecting  a value  of  6j  we  cut  through  the  wing-body 
system  with  a series  of  planes  corresponding  to  different 
values  of  X.  The  total  intercepted  area  in  each  plane  is 
then  equated  to  the  area  intercepted  by  this  plane  passing 
through  the  equivalent  body  of  revolution.  If  we  denote 
the  area  intercepted  obliquely  by  siX^B),  then  the  area 
8{Xj0)  is  defined  by 

S=s  sin  M 

where  m is  the  Mach  angle  (i.  e.,  sin  Thus,  S is 

the  area  intercepted  by  normal  planes  passing  through  the 
equivalent  body  of  revolution  on  the  assumption  that  this 
body  is  slender.  Again,  we  write 

S\Xje)==^^ S{X,6)=XAn  sin  ncp 

with 

cos  ip=^ 

Here,  however,  both  the  length  2Xq  and  the  shape  of  the 
equivalent  body  vai*y  with  the  angle  0.  The  drag  of  each 
equivalent  body  of  revolution,  which  we  may  denote  by 
D'  (6)  is  then  determined  by  applying  Sears’  formula: 

The  total  drag  of  the  wing-body  S3^stem  is  the  average  of  all 
these  values  between  0=0  and  0~2ir,  that  is, 

D=^  D\B)d8 

Jo 

In  general,  the  coefficients  An  will  be  functions  of  the  angle 
of  projection  0.  However,  calculation  shows  that  the  first 
two  coefficients  Ai  and  A2  are  again  related  in  a simple  wa\^ 
to  the  base  area  and  the  volume  v.  Thus, 

. 2S{x;) 

^ — 

TT  JLa 

4 V 

^2=2^1— 

7T  0 

None  of  the  higher  coefficients  contribute  to  the  base  area 
of  volume,  but  they  invariably  contribute  to  the  drag. 

The  rules  for  obtaining  a low  wave  drag  now  reduce  to 
the  rule  that  each  of  the  equivalent  bodies  obtained  by  the 
oblique  projections  should  be  as  smooth  and  slender  as 
possible,  the  * ‘smoothness”  again  being  related  to  an  absence 
of  higher  harmonics  in  the  series  expression  for  S'(X).  Thus 
in  the  case  of  given  length  and  volume  the  series  should 
contain  only  the  term  A2  sin  2(p  (see  fig.  3).  It  should  be 
noted  that  in  this  theory,  the  equivalent  bodies  of  revolution 
do  not  have  a physical  significance.  The  concept  is  simply 
an  aid  in  visualizing  the  magnitude  of  the  drag  of  the  com- 
plete system. 

394915—57 2 


S'{jc)'~A2sm2<f} 

(Sears -Haack  body) 

Figure  S.^Optimum  area  distribution  for  given  length  and  volume. 

To  check  the  agreement  between  these  theoretical  formulas 
for  the  wave  drag  and  experimental  values,  we  have  com- 
pared our  calculations  with  the  results  of  tests  made  by 
dropping  models  from  a high  altitude.  This  comparison 
was  made  by  George  H.  Holdaway  of  Ames  Laboratory  who 
supplied  the  accompanying  illustration  (fig.  4).  In  some  of 
these  cases  it  was  found  necessarj^  to  retain  more  than  20 
terms  of  the  Fourier  series  in  order  to  obtain  a convergent 
expression  for  the  drag. 

Considering  the  variety  of  the  shapes  represented  here,  the 
agreement  is  certainly  as  good  as  we  ought  to  expect  from 
our  linear  simplifications.  The  agreement  is  naturally  better 
in  those  interesting  cases  in  which  the  drag  is  small. 


Theory 

— — Experiment 


M 


Figure  4. — Comparison  of  theory  with  results  of  Ames  Laboratory 
drop  tests. 

Figure  5 shows  an  analysis  of  one  of  Whitcomb’s  experi- 
ments. The  linear  theory,  of  course,  shows  the  transonic 
drag  rise  simply  as  a step  at  M=1.0,  We  ma^-  expect  such 
a variation  to  be  approached  more  closely  as  the  thickness 
vanishes.  To  represent  actual  values  here  a nonlinear 
theory  would  be  needed.  For  many  purposes  it  will  be  suffi- 
cient to  estimate  roughly  the  width  of  the  transonic  zone  by 
considerations  such  as  those  given  in  reference  9.  In  the 
present  case  it  will  be  noted  that  agreement  with  the  linear 
theory  is  reached  at  Mach  numbers  above  about  1.08,  and 
the  linear  theory  clearly  shows  the  effect  of  the  modification. 

For  further  theoretical  studies  of  wing-body  drag,  shapes 
have  been  selected  which  are  especially  simple  anah^tically, 
namely,  the  Sears-Haack  body  and  biconvex  wings  of  elliptic 


613 


REPORT  1284— -NATIONAL  ADVISORY  COMMITTEE  FOR  AERONAUTICS 


plan  form,  having  aspect  ratios  of  2.54  and  0.635.  Figure  6 
shows  the  effect  of  wing  proportions  on  the  variation 
of  wave  drag  with  Mach  number,  both  with  and  without  the 
Whitcomb  modification.  In  each  case  the  modification  has 
the  effect  of  reducing  the  wave  drag  to  that  of  the  body 
alone  at  ikf=  1.0.  In  the  case  of  the  low-aspect-ratio  wing 
this  drag  reduction  remains  effective  over  a considerable 
range  of  higher  Mach  numbers.  With  the  higher  aspect 
ratio,  however,  the  drag  increases  sharply  at  higher  speeds, 
so  that  at  M=1.6  the  modification  nearly  doubles  the  wave 
drag. 

The  rapid  increase  of  drag  in  the  case  of  the  high-aspect- 
I'atio  wing  is,  of  course,  the  result  of  the  relatively  abrupt 
curvatures  introduced  into  the  fuselage  lines  by  the  cutout. 
Such  abrupt  cutouts  are  necessarily  associated  with  wings 
having  small  fore  and  aft  dimensions,  that  is,  unswept  wings 
of  high  aspect  ratio. 

These  considerations  led  to  the  problem  of  determining  a 
fuselage  shape  for  such  wings  that  is  better  adapted  to  the 
higher  Mach  numbers.  The  first  step  in  this  direction  is, 
obviously,  simply  to  lengthen  the  region  of  the  cutout — thus 
avoiding  the  rapid  increase  of  drag  with  Mach  number.  The 
problem  of  actually  determining  the  best  shape  for  the  fuse- 
lage cutout  at  any  specified  Mach  number  has  been  under- 


Figure  5.— Comparison  of  Whitcomb’s  experiments  with  theory. 
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Figure  6. — Effect  of  Whitcomb  modification  on  calculated  wave  drag. 


Figure  7. — Design  of  fuselage  modification  for  specified  Mach  number. 


taken  by  Harvard  Lomax  and  Max.  A.  Heaslet  at  Ames 
Laboratory  (ref.  10).  Their  solution  of  this  problem  provides 
a definite  method  for  determining  the  distribution  of  sources 
and  sinks  along  the  fuselage  axis  that  will  achieve  a minimum 
value  of  the  drag  for  a given  wing  shape  at  any  specified 
Mach  number.  Furthermore,  by  admitting  singularities  of 
higher  order — quadrupoles,  etc.^,  which  would  distort  the 
rotational  symmetry  of  the  fuselage,  they  have  been  able  to 
show  that  the  wave  drag  of  a v-dng-body  system  can  be 
reduced,  in  principle  at  least,  to  a minimum  value  associated 
with  the  given  overall  length  and  volume  of  the  system,  that 
is,  to  the  value  for  a simple  Sears-Haack  body  containing  the 
whole  volume  of  the  system.^ 

By  adopting  our  simplified  relation  between  the  source 
strength  and  the  body  shape,  we  may  describe  the  result  of 
this  theory  by  a relatively  simple  concept,  which  is  illustrated 
in  figure  7.  For  modifications  of  the  first  type,  the  problem 
is  to  determine  the  area  ASj?  to  be  removed  from  the  fuselage 
to  best  compensate  for  a given  wing.  (See  fig.  7.)  Selecting 
a station  along  the  fuselage  axis  and  a Mach  plane  passing 
through  this  station,  we  revolve  this  plane  around  the  axis, 
measuring  at  each  angle  ^ the  normal  projection,  or  frontal 
projection,  of  the  area  intercepted  where  the  plane  cuts 
through  the  wing./  After  plotting  these  areas  against  ^ and 
integrating  between  0 and  2^,  we  obtain  ASp  as  the  average 
of  the  values  of  S„,.  At  any  Mach  number  the  total  volume 
to  be  subtracted  from  the  fuselage  is  equal  to  the  wing  vol- 
ume. At  higher  Mach  numbers,  since  the  modification  ex- 
tends over  a greater  length,  the  area  subtracted  at  individual 
cross  sections  becomes  less. 

Figure*  8 shows  the  calculated  result  of  designing  the 
fuselage  cutout  for  a specific  Mach  number,  1.2  in  this  case. 
The  lower  curve  is  an  envelope  showing  the  minimum  values 
that  can  be  achieved  by  such  a radially  symmetric  cutout. 

Figure  9 shows  the  magnitude  of  the  gain  that  is  theo- 
retically possible  by  higher  order  modifications  of  the  fuselage 
shape.  There  are  three  lower  bounds  here,  and  the  symbols 
Go,  0.2,  etc.,  attached  to  them  refer  to  a representation  of  the 
fuselage  shape  by  singularities  of  increasingly  higher  order. 

* This  value  is,  of  couree,  not  an  absolute  minimum  for  a given  volume  since,  as  shown  by 
Ferrari,  the  wave  drag  of  a body  can  be  reduced  to  zero  by  special  volume  distributions  (see 
ref.  11). 
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The  curve  labeled  ao  is  that  given  on  the  previous  figiu’e  and 
shows  the  maximum  effect  of  radially  S3mimetric  modifica- 
tions. While  the  fuselage  shapes  for  the  other  curves  have 
not  actually  been  determined,  the  curve  labeled  ao+<*2  may 
be  thought  of  as  referring  to  a cutout  with  an  additional 
elliptic  modification. 

In  order  to  test  this  theory  of  determining  optimum  body 
shapes  we  have  started  a program,  using  models  similar  to 
those  investigated  theoretically.  Several  of  these  models 
have  already  been  tested  in  the  Ames  2-  by  2-foot  wind 
tunnel,  with  results  that  agree  quite  well  with  calculations 
made  on  the  assumptions  given  earlier.  Shovn  in  figure  10 
are  the  experimental  and  theoretical  curves.  It  is  evident 
that  the  calculated  differences  are  all  reproduced  approxi- 
mately in  the  experimental  values. 


Figure  8.— Effect  of  modification  designed  for  a specified  Mach 
number. 


Figure  9. — Envelopes  for  drag  at  design  Mach  number. 


Modified 

Unmodified  forA/=1.0 


(a)  Experimental  values. 

(b)  Calculated  values. 

Figure  10. — ^Drag  of  bodies  with  elliptic  wings. 


There  are,  of  course,  examples  of  wing-body  systems  which 
would  hardly  benefit  by  any  change  in  shape  of  the  fuselage. 
It  is  easy  to  decide  whether  a gain  is  possible,  or  worthwhile, 
by  comparing  the  actual  wave  drag  of  the  system  with  that 
of  a Sears-Haack  body  containing  the  over-all  volume  of  the 
system.  In  the  case  of  63°  the  wing-body  eombination,  which 
has  been  described  in  several  previous  reports,  this  compari- 
son 3delds  0.0045  as  a lower  bound  for  the  wave-drag  coeffi- 
cient and  0.005  for  tlie  actual  value.  In  such  cases,  for 
wliich  the  wave  drag  is  inUially  very  low,  further  reduction 
by  reshaping  the  fuselage  is  not  worthwhile. 

It  is  clear  from  the  foregoing,  however,  that  appreciable 
savings  in  drag  can  be  made  in  many  cases  by  a suitable 
sliapiug  of  the  fuselage.  Unswept  wings  of  higli  aspect  ratio 
are  benefited  most  and  require  the  most  careful  consideration 
of  the  fuselage  shape. 

These  new  developments  illustrate,  again,  the  fact  that 
the  disturbance  fields  at  transonic  and  supersonic  speeds  are 
essentially  three-dimensional  phenomena.  It  was  not  long 
ago  that  our  ideas  concerning  the  wing  section— -which  had 
their  origin  in  the  older  incompressible  flow  thenry— had  to 
be  relinquished  because  of  the  predominating  effects  of  the 
wing  plan  form.  Now  we  must  learn  how  to  design  the 
wing  and  the  fuselage  together. 

Ames  Aeronautical  Laboratory 

National  Advisory  Committee  for  Aeronautics 
Moffett  Field,  Calif.,  July  8,  195S 
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APPENDIX  A 

SIMPLIFIED  CALCULATION  OF  DRAG  IN  SPECIAL  CASES 


If  Special  shapes  such  as  the  Sears-Haack  body  (ref.  7)  and 
the  elliptic  wing  (ref.  8)  are  selected  for  exploratory  studies, 
then  the  calculation  of  drag  can  be  greatly  simplified. 

The  radius  r of  the  Sears-Haack  body  at  any  station  X is 
given  by 

==[‘-©T 

For  this  shape 

SXX)=A2  sin  2(p 


(Al) 

(A2) 


and  the  drag  has  a minimum  value  for  the  given  volume  and 
length.  The  value  of  the  drag  is  given  by 


Co=- 


D 


^(^ 


Xo^ 


(A3) 


The  existence  of  a constant  pressure  gradient  makes  the 
computation  of  interference  drag  particularly  simple  for  such 
shapes,  provided  the  interfering  body  lies  entirely  within 
the  characteristic  region  R.  Thus  the  additional  drag  of  an 
aii*foil  a placed  within  the  double  cone  of  the  fuselage  will  be 
given  by 

(A7) 

Now,  by  the  mutual  drag  theorem  (ref.  13)  we  have 

Dab~Dba  (A8) 

or,  drag  of  the  fuselage  caused  by  the  presence  of  the 
wing  is  equal  to  the  drag  of  the  wing  caused  by  the  presence 
of  the  fuselage.’^  In  this  way  we  obtain  the  general  formula 

D(a~i~b)  -h  2Dab~hDaa  (A9) 


The  elliptic  wing  has  symmetrical  biconvex  sections,  with 
ordinates  2 given  by 


Zmax 


(A4) 


wliere  a and  b are  tlie  semiaxes.  The  area  distribution  for 
every  angle  of  projection  is  similar  to  that  of  the  Sears-Haack 
body,  but  the  projected  length  varies  with  the  angle.  The 
wing  thus  yields  a minimum  value  of  the  wave  drag  consistent 
with  a given  volume  and  the  elliptic  plan  form.  The  value 
of  this  drag  is  : 


Cz}-- 


D 


(AS) 


where  S is  the  plan  area  of  the  wing. 

By  making  use  of  the  reversal  theorem  for  drag  we  may 
compute  the  wave  drag  of  any  body  from  the  fictitious 
pressure  field  obtained  by  superimposing  the  perturbation 
velocities  for  forward  and  reversed  motion  (refs.  12  and  13). 
This  process  leads  to  some  interesting  relations  for  the  shapes 
selected.  Thus  in  the  case  of  the  Sears-Haack  body  it  may 
be  shown  that  the  combined  pressure  distribution  p consists 
of  a uniform  gradient  of  pressure  over  the  whole  interior  R 
of  its  “characteristic  envelope”  defined  by  the  Mach  cone 
from  the  nose  together  with  the  reversed  Mach  cone  from 
the  tail.  (See  fig.  11.) 

By  thinking  of  the  characteristic  region  R as  a region  of 
uniform  horizontal  buoyancy,  and  of  the  body  6 in  terms  of  a 
certain  volume,  vt,,  we  see  that  the  drag  is  simply  the  product 

(A6) 


"(a)  Body  of  revolution. 

(b)  Elliptic  wing. 

Figuke  11.— Characteristic  envelopes. 


616 


THEORY  OF  WING-BODY  DRAG  AT  SUPERSONIC  SPEEDS 


and  for  the  special  shapes  selected: 

(^  -{-2  -;^-\-Daa  {-^10) 

The  effect  of  an  indentation  or  cutout  in  the  fuselage  may 
be  calculated  by  introducing  a second  *‘body,”  e,  shorter 
than  the  fuselage^  and  having  a negative  volume  equal  to  the 
volume  subtracted  by  the  indentation.  In  order  to  simplify 
the  situation  as  much  as  possible  it  will  be  assumed  that  the 
wing  lies  enth-ely  within  the  characteristic  region  of  the 
indentation,  and  furthermore  that  the  latter  may  be  repre- 
sented b;y  a “negative’^  Sears-Haack  body  with  volume  equal 
to  that  of  the  wing. 

Sears- H Dock  body; 

Negative  volume  Wing 


Sears-Haack  body 


Figure  12.— Simplified  calculation  of  iuterferei\ce  drag. 


'^Phe  calculation  of  drag  in  this  case  is  illustrated  in  figure 
12.  For  the  aii-foil  and  cutout  wc  have 


but,  since. 


7)(a-l- C)  — />aa -{- -j- 

2Dac^~2Dcc 

D{a-\-e)=Daa~Dcc  j 


(All) 


Now,  the  combination  (a-^e)  may  be  placed  inside  the  charac- 
teristic region  of  the  body  6 without  interference,  since 
^a-hyc—0.  Hence, 


Z)  (a  4*  b 4"  c)  = Daa  H"  i>  — Dec  (A  12) 

This  formula  yields  the  minimum  drag  for  the  shapes  selected 
under  the  assumption  tha^t  vi,^.c  is  fixed.  In  this  case  the 
drag  saving  is  equal  to  the  drag  of  the  indentation  alone. 

The  negative  Seai*s-Haack  body  is  not  the  optimum  shape 
of  the  iiidentation  c for  the  elliptic  wing,  as  shown  by  the 
result  of  Heaslet  and  Lomax  quoted  earlier  (ref.  10).  Again, 
however,  in  the  case  of  the  optimum  shape  for  c,  our  previous 
e<(uation  holds.  However,  tlic  calculation  of  is  more 
complex  in  this  case  and  its  value  is  somewliat  greater. 
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Summary 

It  is  shown  that  the  drag  of  any  semi-infinite  airfoil  section  in 
purdy  subsonic  inviscid  flow  follows  precisely  the  Prandti- 
Glauert  compressibility  rule.  The  result  for  the  parabola  has 
application  to  leadmg-edge  corrections  in  thin  airfoil  theory. 

Introduction 

SEMI-INFINITE  BODIES  have  long  been  used  to  repre- 
sent the  noses  of  elongated  aerodynamic  shapes. 
This  role  assumes  increased  importance  in  compressible 
flow,  because  the  approximate  linearized  theory  must 
usually  be  employed,  and  it  breaks  down  in  the  neigh- 
borhood of  stagnation  points.^  It  can  be  corrected, 
however,  if  the  flow  is  known  past  a simple  semi- 
infinite  shape  (such  as  a parabola)  that  matches  the 
actual  body  near  its  nose.^  Except  in  incompressible 
flow,  the  semi-infinite  shape  itself  cannot  be  treated 
exactly,  but  only  by  another  approximation  such  as 
the  Janzen-Rayleigh  method.  However,  it  is  shown 
in  the  present  paper  that  for  the  drag  itself  the  effect 
of  compressibility  is  known  exactly. 

Drag  of  a Parabola  in  Subsonic  Flow 

As  discussed  by  Prandtl  and  Tietjens,®  the  drag  of  a 
semi-infinite  body  in  inviscid  flow  is  understood  to  be 
the  limit  of  the  pressure  drag  on  a finite  section  isolated 
by  a transverse  slit  into  which  the  surrounding  pres- 
sure penetrates  (see  Fig.  1).  With  this  definition,  the 
drag  (per  unit  span)  of  an  infinite  parabolic  cylinder  in 
incompressible  flow  along  its  axis  is  icR  times  the  dy- 
namic pressure,  R being  the  nose  radius. 

As  the  free-stream  Mach  Number  increases  to  any 
value  short  of  uiiity,  the  entire  flow  field  remains  sub- 
sonic and  hence  free  of  shock  waves,  because  a pa- 
rabola exerts  only  a retarding  influence  on  the  flow. 
Local  pressures  do  not,  of  course,  follow  the  Prandtl- 
Glauert  compressibility  rule  even  approximately  near 
the  stagnation  point.  Nevertheless,  the  particular 
weighted  average  of  surface  pressures  that  5delds  the 
drag  does  obey  that  rule  exactly.  Thus,  at  any  free- 
stream  Mach  Number  M less  than  unity,  the  drag  is 

B = (l/2)pi72  - M\  (1) 

The  proof  can  be  based  on  consideration  of  any  thin 
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airfoil  (say,  a symmetrical  Joukowski  section)  of  thick- 
ness r.  If  the  leading  edge  is  analytic,  it  has  a nose 
radius  proportional  to  r®.  Now  suppose  the  airfoil 
divided  into  a short  nose  section  of  length  r and  a re- 
maining tail  section  (see  Fig.  2),  and  consider  the  con- 
tribution of  each  to  the  total  drag.  The  drag  vanishes 
as  r approaches  zero,  but  the  drag  coefficient  remains 
finite  if  referred  to  a length  of  order  t\  such  as  the  nose 
radius.  The  nose  section  disappears  in  the  same  limit  ; 
but  if  it  is  magnified  so  that  its  nose  radius  remains 
constant,  it  approaches  an  infinite  parabola. 

Over  the  rear  section  the  slope  is  uniformly  smalt,  so 
that  the  linearized  theory  becomes  exact  in  the  limit, 
giving  a drag  coefficient  proportional  td  (1  — 

Over  the  nose  section  Unearized  theory  cannot  be  ap- 
plied. However,  if  the  flow  is  purely  subsonic,  the 
total  drag  is  zero  according  to  Theodorsen's  extension 
to  subsonic  flow  of  d’Alembert’s  paradox.^  Hence 
the  drag  of  the  nose  also  varies  as  (1 

The  same  compressibility  rule  holds  for  the  well- 
known  leading-edge  suction  force  associated  with  angle 
of  attack.  This  is  clear  from  a repetition  of  the  pre- 
ceding argument  with  the  airfoil  considered  to  have  an 
angle  of, attack  « that  tends  to  zero  in  proportion  to  the 
thickness  r.  In  the  limit  we  obtain  asymmetric  flow 
past  an  infinite  parabola  (see  Fig.  3).  One  cannot 
speak  of  the  angle  of  attack,  because  the  slope  of  all 
streamlines  tends  toward  zero  far  upstream,  decaying 
finally  like  [so/(“2c)  where  So  is  some  characteristic 
length.  However,  one^  can  instead  characterize  the 
degree  of  asymmetry  of  the  flow  field  far  upstream  by 
specifying  this  parameter  sq  in  the  dimensionless  form 
So/R,  (In  the  limiting  process  just  envisioned,  the 


Fig.  1.  Flow  past  a semi-infinite  airfoil. 
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Fig.  2.  Division  of  airfoil  into  nose  and  tail  sections. 


ratio  a/  r that  was  held  fixed  is  proportional  to  "s/sq/R.) 
As  indicated  in  Fig.  3,  the  stagnation  point  lies  a dis- 
tance So  downstream  of  the  vertex  in  incompressible 
flow,  but  moves  nearer  the  vertex  as  the  Mach  Number 
is  increased.  Then  for  a fixed  flow  pattern  far  up- 
stream, corresponding  to  constant  so,  the  drag  of  a 
parabola  is  given  by 

D = (l/2)pi7Mir(i2  - Jo)/Vl  - AP]  (2) 

This  rule  now  holds  only  below  the  critical  Mach  Num- 
ber, which  is  less  than  unity  for  asymmetric  flow.  At 
speeds  above  the  critical  Mach  Number,  local  super- 
sonic zones  appear  which  xmdoubtedly  terminate  in 
shock  waves,  and  these  invalidate  the  extended  d’Alem- 
bert paradox  on  which  the  argument  rests.  It  may  be 
noted  in  Eq.  (2)  that  even  in  nonlinear  flow  the  drag 
terms  are  additive. 

The  rule  provides  an  integral  check  on  detailed  ap- 
proximate solutions.  For  example,  Imai^  has  calcu- 
lated the  Janzen-Rayleigh  expansion  in  powers  of 
for  the  surface  speed  on  a parabola  in  symmetric  flow, 
retaining  terms  in  M*.  Carrying  out  the  complicated 
integration  for  the  drag  gives 

D/{\/2)pU^TrR  = 1 + (1/2) _|_  (s/s)M^  + . • . (3) 

This  is  just  the  expansion  to  order  of  the  Prandtl- 
Glauert  factor  (1  — so  that  Imai’s  approxi- 

mation is  in  accord  with  the  present  rule.  Again, 
Kaplan®  and  others  have  treated  the  inclined  ellipse  by 
the  Janzen-Rayleigh  expansion  to  order  M^,  and  from 
that  has  been  extracted  the  series  to  for  asymmetric 
flow  past  the  parabola.^  Integrating  for  the  drag  gives 
again  the  compressibility  factor  [1  + 0-/2) . ]. 
To  obtain  sufficient  accuracy  for  purposes  of  correcting 
compressible  thin-airfoil  theory  for  lifting  round-nosed 
wings, ^ this  last  solution  should  be  extended  to  include 
terms  in  when  that  is  accomplished  the  present 
rule  wilkprovide  a useful  partial  check  on  the  formidable 
calculations  involved. 

Drag  OF  Other  Semi-infinite  Bodies 

It  is  clear  that  the  proof  given  for  the  parabola  will 
not  be  invalidated  by  local  changes  from  parabolic 
shape  near  the  vertex.  Hence  any  semi-infinite  cylin- 
der that  approaches  a parabola  far  downstream  has 
(below  its  critical  Mach  Number)  the  drag  of  that 
parabola.  For  example,  in  Helmholtz’  solution  for 
incompressible  free-streamline  flow  past  a plate  of  unit 
height  normal  to  the  stream,  the  dead-water  region 
far  downstream  approaches  a parabola  of  nose  radius 
2/(7t  4-  4).  According  to  Eq.  (1),  the  dead-water  re- 


gion replaced  by  a solid  body  would  have  a drag  of 
TrplP/Or  + 4),  and  this  is  in  fact  Helmholtz*  value  for 
the  plate.  For  the  solid  body  this  value  would  rise 
with  Mach  Number  as  (1  — until  the  speed 

of  sound  was  attained  on  the  surface. 

Furthermore,  the  proof  indicates  that  the  rule  applies 
as  well  to  a semi-infinite  body  that  ultimately  grows 
more  slowly  or  more  rapidly  than  a parabola.  How- 
ever, a body  has  zero  drag  if  it  grows  more  slowly  and 
infinite  drag  if  it  grows  more  rapidly.  Hence  only  the 
dividing  case  of  a body  asymptotic  to  a parabola  pro- 
vides  a significant  result. 

Similar  considerations  could  be  applied  to  a three- 
dimen^onal  semi-infinite  body— for  example,  a body  of 
revolution.  However,  the  significant  shape  that  sep- 
arates axisymmetric  bodies  of  zero  and  infinite  drag 
has  been  found  by  Gurevich®  to  be  a peculiar  one  whose 
radius  varies  asymptotically  as  As  in 

plane  flow,  its  ultimate  form  must  be  the  same  as  that 
of  the  dead-water  region  in  axisymmetric  free-stream- 
line flow,  for  which  Levinson®  has  indeed  found  the 
same  form.  For  a body  of  noncircular  cross  section, 
since  the  drag  depends  only  on  the  ^ape  far  down- 
stream, where  slender  body  theory  becomes  accurate, 
the  area  rule  shows  that  the  drag  depends  only  on  the 
cross-sectional  area.  Hence,  any  three-dimensional 
semi-infinite  body  having  finite  drag  in  subsonic  flow 
grows  with  cross-sectional  area  ultimately  proportional 

Application  to  Subsonic  Leading  Edges 

Thin  airfoil  theory  breaks  down  near  the  leading  edge 
of  a wing  in  subsonic  flow  or  in  supersonic  flow  with 
the  edge  swept  behind  the  Mach  cone.  For  roimd 
edges,  the  error  in  pressure  is  such  that  the  drag  can 
be  found  correct  only  by  including  a leading-edge  force 
associated  with  the  singularity.^  This  force  is  just  the 
drag  of  a parabola  having  the  same  nose  radius,  given 
by  Eq.  (1).  (On  swept  edges,  U and  M are  to  be  re- 
placed by  their  components  normal  to  the  edge.)  The 


Fig.  3.  Asymmetric  flow  past  a pamhola. 
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derivation  of  these  coKrections  on  the  baris  of  thin  air- 
foil theory  was,  of  course,  inadequate  since  the  flow  is 
clearly  nonlinear  in  local  regions,  but  when  the  deriva- 
tion is  based  on  the  extmded  d’Alembert  paradox  the 
corrections  are  seen  to  apply  to  more  realistic  fluids 
provided  only  that  the  flow  remains  of  the  reversible 
subsonic  type. 
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AERODYNAMIC  DESIGN  FOR  SUPERSONIC  SPEEDS 

By  Robert  T.  Jones* 

National  Advisory  Committee  for  Aeronautics 
Ames  Aeronautical  Laboratory 
Moffett  Field,  California 

Summary — ^The  aerodynamic  phenomena  that  may  profitably  be  employed  by 
the  designer  at  subsonic  speeds  seem  now  to  be  well  imderstood.  At  supersonic 
speeds  such  phenomena  show  a greater  and  more  interesting  variety.  Search 
for  the  mmimiim  number  of  guiding  principles  of  design  thus  becomes  more 
difficult  and  more  dangerous. 

Studies  which  can  cover  an  adequate  range  of  geometrical  form  are  at  present 
limited  to  the  linearized  version  of  aerodynamic  theory.  Such  studies,  especially 
those  by  variational  methods,  have  disclosed  certain  basic  principles  of  design  for 
aerodynamic  efficiency.  In  present-day  experiments,  however,  the  indicated 
trends  are  rather  quickly  confronted  with  elfects  of  viscosity  and  nonlinearities. 
While  the  theory  indicates  that  good  values  of  aerodynamic  efficiency  are  possible 
at  supersonic  speeds  it  is  not  yet  clear  how  closely  these  expectations  may  be 
approached  in  practice. 

In  the  present  paper  several  arrangements  of  supporting  surfaces  and  bodies 
are  discussed  and  in  some  cases  comparisons  of  theory  and  experiment  are  made. 
Finally,  certain  phenomena  connected  with  lift  and  drag  in  a rarefied  medium 
are  considered  briefly. 


INTRODUCTION 

In  its  earlier  development  the  subsonic  airplane  showed  a great  variety 
in  the  arrangement  of  airfoils,  boffies,  and  other  parts.  For  the  past  15 
or  20  years,  however,  those  airplanes  which  have  passed  the  tests  of 
experience  have  shown  little  alteration  in  basic  form.  The  aerodynamic 
principles  which  have  determined  this  form  seem  now  to  be  well  under- 
stood and  agreed  upon. 

The  situation  is  different  in  the  case  of  the  supersonic  airplane.  Here 
the  aerodynamic  rules  seem  more  complex.  No  clear  direction  toward 
a specific  form  is  evident.  Our  theoretical  investigations  have  taken  a 
rather  wide  range — seeming  in  some  cases  rather  far  removed  from 
practical  questions. 

In  the  present  paper  we  shall  review  some  of  the  recent  theoretical 
and  experimental  work  in  supersonic  aerodynamics  with  its  practical 
application  in  mind. 

*Aeronautical  Research  Scientist 


Aerodynamic  Design  for  Supersonic  Speeds 
COMPONENTS  OF  DRAG 

When  considering  the  drag  of  a complete  airplane  it  is  natural  to 
simplify  our  thinking  by  dividing  the  drag  into  components  according  to 
differences  in  origin.  One  possibility  here  is  to  assign  a drag  to  the  in- 
dividual parts  of  the  airplane  and  then  allow  for  a certain  “interference” 
between  the  various  components.  This  scheme  is  not  completely  satis- 
factory at  supersonic  speeds  since  the  individual  drags  often  tend  to  be 
outweighed  by  the  interference.  A somewhat  more  satisfactory  division 
associates  a component  of  the  drag  with  lift-producing  elements,  elements 
of  volume  or  thickness,  and  a component  of  surface  friction.  Here  again 
the  interference  must  not  be  dkcounted  and  it  is  necessary  to  guard  against 
the  acceptance  of  any  such  division  as  having  a fundamental  significance. 

Thus  the  division  of  drag  according  to  normal  pressure  and  skin 
friction  or  “tangential  pressure”  seems  a natural  one,  and  yet  situations 
arise  in  which  this  convention  is  not  appropriate.  In  the  case  of  a cooled 
body  in  a rarefied  gas  stream  the  resultant  stress  acts  nearly  in  the  stream 
direction,  independently  of  the  inclination  of  the  surface.  Here  the 
resultant  affords  a simpler  description  than  any  of  its  components. 

If  we  accept  tentatively  the  division  according  to  lift,  volume,^  and 
surface  area,  then  it  is  possible  to  trace  the  variation  in  the  relative  magni- 
tude of  these  items  as  the  Mach  number  increases.  The  range  of  low 
supersonic  speeds  is  characterized  by  the  development  of  large  pressures 
on  surfaces  having  a small  inclination.  Thus  the  drag  due  to  thickness 
or  volume  is  relatively  large  in  comparison  with  the  drag  due  to  lift.  At 
the  same  time  any  disturbance  causes  an  extensive  lateral  influence,  giving 
rise  to  pronounced  interference  effects.  The  surface  friction  is,  however, 
hardly  changed  from  its  subsonic  value,  provided  the  increased  tendency 
toward  separation  can  be  avoided. 

At  higher  speeds  the  Mach  waves  bend  back  so  that  the  zone  of  influence 
is  contracted  laterally  into  a smaller  space  armmd  the  body.  The  pressure 
developed  by  a given  surface  inclination  becomes  smaller  in  proportion 
to  the  dynamic  pressure.  For  this  reason  the  drag  associated  with  the 
thickness  is  reduced.  To  support  a given  lift  the  wing  must  have  a larger 
angle  of  attack,  so  that  the  drag  due  to  lift  is  increased.  The  friction  co- 
efficient with  either  laminar  or  turbulent  flow  diminishes,  but  not  as 
rapidly  as  the  normal  pressure. 

The  drag  arising  from  the  volume  of  the  wings  or  bodies  is  most  pro- 
nounced at  low  supersonic  speeds  near  M — 1-0.  For  airplanes  intended 
to  fly  in  this  range  a proper  distribution  of  volume  according  to  the  area 
rule  is  important.  As  in  the  case  of  the  lift  distribution,  however,  our 
studies  have  shown  that  the  minimum  of  the  drag  is  not  a sharp  minimum, 
but  there  exist  many  smooth  shapes  near  the  optimum  which  have  essen- 
tially the  minimum  drag.  From  the  designer’s  standpoint  the  influence 
of  the  over-all  proportions  is  perhaps  the  dominant  influence,  the  wave 
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drag  being  reduced  most  effectively,  of  course,  by  extending  the  volume 
in  the  flight  direction. 

MINIMUM  DRAG  OF  LIFTING  SURFACES 
In  the  problem  of  minimum  drag,  as  previously  considered  by  the  present 
writer  the  plan  form  of  the  wing  is  assumed  to  be  given  as  well  as  the 
total  lift.  The  result  provides  a certain  unification  of  subsonic  and  super- 
sonic airfoil  theories  through  the  artifice  of  a “combined  flow  field”.  By 
considering  this  problem  from  a different  point  of  view,  M.  N.  Kogan^^^ 
has  recently  given  a derivation  in  which  the  significant  quantities  seem 
to  have  a closer  relation  to  the  physical  phenomena.  Rather  than  consider 
a reversed  motion  of  the  wing,  Kogan  utilizes  the  reversed  Mach  wave 
as  a control  surface  in  applying  the  momentum  theorem  to  the  calculation 
of  drag.  As  a result  of  this  choice,  the  expression  for  the  drag  reduces  to 
the  Dirichlet  integral  of  the  local  disturbance  velocities  projected  on  this 
surface.  Thus 


-D  = ip  J Jw  + <p/Wdz 

r 

while  the  lift  is  given  by 

L===pU J J 


(1) 

i 

(2) 


Here  <py  and  92  are  the  y and  z components  of  the  disturbance  velocity 
after  projection  on  the  characteristic  surface  JT.  The  lift  is  thus  propor- 
tional to  the  downward  momentum  of  this  lateral  flow  and  the  drag  to 
its  kinetic  energy.  Now,  of  flows  having  a given  momentum,  the  one 
having  the  smallest  kinetic  energy  is  that  one  which  follows  the  stream- 
lines of  an  incompressible  fluid.  Hence  a wing  of  minimum  drag  should, 
if  possible,  produce  on  this  rear  characteristic  surface  a flow  satisfying 
Laplace’s  equation  in  two  dimensions,  that  is: 


^yy  + ^>zz  — 0 


(3) 


The  projected  velocity  distribution  on  the  revelled  characteristic  surface 
thus  plays  a role  similar  to  the  lateral  velocity  distribution  in  the  Trefftz 
plane  in  ordinary  wing  theory.  Unlike  the  Trefftz  plane,  however,  the  zone 
of  disturbance  on  the  reversed  characteristic  surface  is  limited  in  extent. 
Beyond  the  Mach  waves  from  the  leading  edge  the  lateral  entrainment  of 
the  wing  ceases,  leading  to  the  boundary  condition  <p  — 0,  so  that  the 
wing  operates  effectively  on  a limited  jet  of  air.  The  problem  is  thus 
analytically  the  same  as  that  of  a wing  at  low  speed  in  an  open  jet  wind 
tunnel  (see  Fig.  1).  The  increase  of  the  induced  drag  which  results 
from  the  limitation  of  the  wing  in  the  finite  jet  is  exactly  equal  to  the 
“wave  drag”  of  the  wing  in  unlimited  supersonic  flow.  Wings  having 
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short  fore-and-aft  dimensions  have  a small  area  of  entrainment,  as  shown 
by  Fig.  2.  The  effect  of  increasing  the  Mach  number  is  shown  in  Fig.  3. 


Fig.  1.  Equivalent  incompressible  jet. 


Fig.  2.  Effect  of  fore-and-aft  dimension  of  wing  on  area  of  lateral  entrainment. 
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M=1.4 


M=2J 


Fig.  3,  Effect  of  Mach  number  on  area  of  lateral  entrainment. 


We  recall  the  formulas  of  Prandtl  and  Munk  for  lift  and  drag  of  the 
wing  at  low  speed,  that  is 

L = pwUS*  (4) 

D = \pw^S'  (5) 

where  w is  the  downwash  and  5'  is  the  area  of  virtual  additional  mass  of 
the  wing’s  trace.  In  the  new  theory  these  same  formulas  will  apply  at 
supersonic  speed  if  the  area  S'  is  replaced  by  the  area  of  virtual  mass  of 
the  wing  trace  in  the  finite  jet  as  limited  by  the  Mach  waves. 

It  seems  unlikely  that  a result  of  this  kind,  referring  to  principles  of 
momentum  and  energy,  would  be  strictly  limited  to  the  linearized  version 
of  the  wing  theory.  Following  tiiis  thought,  M.  D.  Van  Dyk^  and  I have 
recently  found  that  equations  (1),  (2),  and  (3)  remain  vdid  even  when 
quantities  of  second  order  in  the  velocities  and  pressures  are  retained. 

As  Ward  has  indicated  the  relation  between  the  characteristic  trace 
of  the  wing  and  its  plan  form  is  not  unique.  Now  Kogan’s  analysis  3rields 
the  minimum  drag  consistent  with  a given  characteristic  trace  (including 
the  vortex  trace)  and  a given  total  lift,  or,  by  an  obvious  extension,  a given 
spanwise  load  distribution,  but  it  does  not  give  necessarily  the  minimum 
drag  associated  with  a given  plan  form,  only  a lower  bo\md.  For,  consider 
two  outline  shapes,  one  lying  within  the  other,  yet  both  having  the  same 
characteristic  trace,  so  that  the  two-dimensional  solution  is  the  same  for 
both.  Subtract  one  flow  from  the  other:  the  disturbance  is  canceled 
completely  at  the  characteristic  surface,  indicating  zero  drag,  yet  a dis- 
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tribution  of  lift  remains  in  the  region  of  the  wings.  Thus  in  determining 
the  minimum  drag  for  a specified  characteristic  trace  we  are  also  deter- 
mining the  associated  plan  form.  For  the  solution  of  the  minimum 
problem  when  the  plan  form  is  given  we  have  to  return  to  the  criterion 
of  constant  downwash  given  earlier. 

E.  W.  Graham^^^  has  shown  that  a result  similar  to  Kogan’s  can  be 
derived  by  utilizing  the  idea  of  the  combined  flow  field.  Graham’s 
analysis  provides  further  a simple  determination  of  the  loadings  of  the 
wing  when  integrated  in  various  oblique  directions,  Graham’s  analysis 
brings  out  the  following  interesting  question : Suppose  we  have  a surface 
distribution  of  lift  l{x^y)  and  suppose  the  projected  linear  loadings 
JL{xq^o^  obtained  by  integrating  l{Xjy)  along  lines  in  various  directions 
x — Xq-\-  ocy  are  known.  Can  the  surface  distribution  l{x,y)  be  deter- 
mined from  IL(xo,a)  ? 

Graham gives  the  following  result;  if 


then 


JL{x„,oi}=  J J l{x,y)8{x—xo—ocy)dxdy  = J lixo+ocy,y)dy  (6) 


l{x,y) 


1 

2tt2 


rnm 
J J 


"bJL  d>?oda 


x-~XQ—ocy 


(7) 


A somewhat  more  symmetrical  relation  can  be  achieved  if  we  substitute 
for  the  Dirac  delta  function,  S,  its  equivalent  Cauchy  integral  formula: 

/ %)8(^-^o)d^=  dx  = %o) 

— 

Then  we  may  write 


JL{xQ,a)  = 


_1^ 

27rt 


l{x+%y) 

x-XQ-ocy 


dy  d^ 


(8) 


The  integrations  should  extend  over  the  largest  plan  form  consistent  with 
the  projected  lengths  of  the  loadings  IL,  though  the^  lift  distribution 
l{x,y)  may  not  do  so. 

Studies  by  variational  methods  often  establish  essential  relations  with 
greater  clarity  than  other  methods.  Here  the  relation  of  the  drag  to  the 
area  of  entrainment  and  to  the  momentum  and  energy  of  the  downwash 
flow  is  perhaps  more  significant  than  the  relation  for  the  drag  to  be  an 
absolute  minimum.  Following  this  thought  we  may  seek  functions  for  <p 
which  satisfy  the  condition  9 — 0 on  the  outer  boundary  of  the  charac- 
teristic trace  and  “ constant  on  the  wing  trace,  but  which  satisfy 
cpyy  + cpzz  ==  0 only  approximately.  Thus  Heaslet  and  Fuller  find 
quite  simple  expressions  for  the  drag  of  wings  having  the  plan  form  of  a 
hyperbola  by  relaxing  this  latter  condition.  Their  solutions  correspond 
to  exact  minima  of  the  drag  for  special  positions  of  the  center  of  pressure. 
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The  problem  of  minimum  drag  when  both  the  lift  and  the  center  of 
pressure  are  fixed  has  been  considered  by  P.  Germain^’^  In  this  case 
the  divergence  of  the  velocity  field  is  not  zero  as  in  equation  (3)  but  has 
a constant  value.  From  the  practical  standpoint  it  may  be  noted  that  a 
wing  whose  width  increases  toward  the  rear  generally  has  a smaller  drag 
when  the  centroid  of  the  lift  distribution  is  placed  ahead  of  the  aero- 
dynamic center.  Thus  we  may  say  that  the  triangular  wing  has  a ‘"negative 
trim  drag”.  The  optimum  loading  of  wings  having  fore-and-aft  symmetry, 
however,  acts  at  the  middle  of  the  wing,  behind  the  aerodynamic  center. 
Hence  wings  having  fore-and-aft  symmetry  or  wings  whose  width  de- 
creases toward  the  rear  (e.g.,  a reversed  triangular  wing)  may  be  expected 
to  have  a positive  trim  drag. 

YAWED  AND  SWEPT  WINGS 

With  planar  wings  the  wave  drag  is  reduced  as  the  lift  distribution  is 
extended  in  the  flight  direction,  while  the  vortex  drag  is  reduced  by  ex- 
tending the  span.  At  the  same  time  the  friction  drag  is  reduced  by 
diminishing  the  exposed  area  of  the  wing.  At  subsonic  speeds  the  last 
•two  considerations  are  effective  and  they  lead  to  wing  forms  approaching 
a lifting  line  perpendicular  to  the  flight  direction.  At  supersonic  speeds 
the  added  condition  on  the  length  leads  to  a long,  narrow  wing  placed 
at  an  angle  of  yaw. 

It  is  interesting  to  analyze  the  yawed  lifting  line  in  terms  of  its  area  of 
entrainment.  The  forward  and  reversed  Mach  waves  are  simply  circular 
cones  drawn  from  the  ends  of  the  line.  At  subsonic  angles  of  yaw  the 
cones  are  displaced  laterally  so  that  the  contour  of  their  inter-section, 
which  outlines  the  equivalent  jet,  is  an  ellipse.  The  area  of  this  ellipse 
vanishes  rapidly,  however,  and  disappears  completely  as  the  lifting  line 
approaches  the  Mach  angle.  The  area  of  entrainment  is  zero  and  the 
wave  drag  given  by  the  theory  is  infinite  at  supersonic  angles  of  yaw. 

If  we  convert  a yawed  wing  into  a swept  wing  by  bending  it  at  the 
middle,  keeping  the  same  structural  slenderness,  we  see  that  the  length 
in  the  flight  direction  is  reduced  to  about  one-half.  The  wave  drag  is 
then  increased,  so  that  the  potential  lift-drag  is  invariably  smaller  for 
the  bilaterally  symmetric  arrangement. 

Figure  4 shows  the  estimated  lift-drag  ratios  for  a slender  elliptic  wing 
at  various  angles  of  yaw.  The  Mach  number  considered  here  is  14,  so 
that  the  transition  from  flow  of  the  Kutta-Joukowsky  type  to  the  Ackeret 
type  occurs  in  the  vicinity  of  45"^.  The  best  angle  of  yaw  is  30°,  placing 
the  wing  at  a transverse  Mach  number  of  approximately  0*70.  The  lift 
coefficient  required  for  maximum  LjD  at  this  point  is,  however,  too  high 
for  the  Kutta-Joukowsky  type  of  flow;  hence,  additional  curves  have  been 
computed  to  show  the  effect  of  limiting  the  lift  coefficient  based  on  the 
transverse  component  of  velocity  to  values  of  1*0  in  one  case  and  0*5  in 
another. 
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Whether  the  wing  is  yawed  or  swept,  the  potential  lift-drag  ratio  in- 
creases almost  without  limit  as  the  aspect  ratio  is  increased.  The 
practical  limit  is  reached  when  the  lifting  pressures  become  so  great 
that  Kutta-Joukowsky  flow  is  no  longer  possible.  A similar  situation 
arises  in  the  design  of  a sailplane.  Here  the  lift-drag  ratio  increases 
rapidly  with  aspect  ratio  up  to  the  point  at  which  the  optimum  lift  co- 
efficient begins  to  exceed  the  maximum  lift  coefficient  of  the  wing  sections, 
that  is,  when  Kutta-Joukowsky  flow  is  no  longer  possible. 

Figure  5 shows  the  results  of  some  experiments  made  by  Robert  T. 
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Madden  at  Ames  Laboratory  on  a swept-wing  model  at  a Mach  number 
of  1*53,  Here  the  limitation  imposed  by  the  action  of  viscosity  on  the 
performance  of  the  long  narrow  swept  wing  is  evident— especially  at  low 
Reynolds  numbers.  The  sweep  angle  in  this  case  is  67°. 


Fig.  6.  Effect  of  wing  plan  form  on  L jD, 

Figure  6 shows  experimental  values  of  LjD  obtained  by  Hall  and 
Heitmeyer^®^  for  a model  having  a triangular  wing.  Their  values  are 
compared  with  the  highest  curve  for  the  swept  wing.  The  models  have 
the  same  fuselage  and  are  tested  at  comparable  Reynolds  numbers. 


Fig.  7.  Effect  of  Reynolds  number  on  lift-drag  ratio  ; M = 3-0. 

Figure  7 shows  results  of  experiments  made  by  Elliott  Katzen^®^  of 
Ames  Laboratory  on  a wing  having  80°  of  sweep.  The  Mach  number  in 


Aerodynamic  Design  for  Supersonic  Speeds  ^ ' 

this  case  is  3*0.  The  airfoil  section  of  the  model  shown  is  the  well-known 
Clark  Y,  which  proved  superior  to  especially  cambered  sections  at  these 
Reynolds  numbers. 

The  curve  termed  ‘‘theory”  on  the  figure  (Fig.  7)  is  simply  an  estimate 
in  which  the  limitation  on  the  transverse  lift  coefficient  was  not  imposed. 
At  the  peak  of  this  curve  the  lift  greatly  exceeds  the  maximum  lift  co- 
efficient of  the  Clark  Y airfoil  section  in  two-dimensional  flow.  The 
two  arrows  shown  indicate  values  of  TO  and  2*0  for  this  transverse  lift 
coefficient.  There  is  clearly  an  uncertainty  in  our  considerations  here 
since  the  wing  has  widely  different  angles  of  sweep  at  the  leading  and 
trailing  edges. 

In  spite  of  their  limitations,  the  swept  wings  nevertheless  maintain  a 
margin  of  superiority  over  rectangular  or  triangular  plan  forms  except 
at  the  lowest  Reynolds  numbers.  The  narrow  swept  wings,  however, 
have  a greater  structural  weight  and  a smaller  usable  lift  coefficient  for 
landing.  Unless  their  potential  LjD  ratios  can  be  approached  more 

closely  in  practice,  their  use  is  difficult  to  justify  in  many  applications. 

{ 

REDISTRIBUTION  OF  LIFT  BY  FUSELAGE 

In  steady  flow  at  subsonic  speeds  the  fore-and-aft  influence  of  the  wing 
is  complete  so  that  concentration  of  the  lift  within  a narrow  chordwise 
dimension  causes,  theoretically,  no  increase  in  the  pressure  drag  asso- 
ciated with  the  lift.  At  supersonic  speeds  the  unlimited  forward  influence 
of  the  wing  is  lacking,  and  the  lifting  system  itself  must  have  an  extension 
in  the  flight  direction  if  lift  is  to  be  produced  with  a minimum  of  wave 
dissipation. 

Since  the  fuselage  of  a supersonic  airplane  tends  to  be  long  and  slender, 
the  question  of  distributing  a part  of  the  lift  along  the  fuselage  arises. 
The  possibilities  inherent  in  this  suggestion  have  been  studied  at  Ames 
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Fig.  8.  Distribution  of  lift  along  fuselage. 
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Laboratory  and  by  the  theoretical  aerodynamics  group  at  the  Douglas 
Aircraft  Company<^®\ 

The  simplest  aspect  of  the  problem  appears  if  we  consider  distributions 
of  lift  on  two  narrow  surfaces  in  t^e  form  of  a cross  (see  Fig.  8).  Both 
the  spanwise  and  the  lengthwise  loadings  should  have  the  form  of  smooth 
regular  functions.  However,  if  appreciable  lift  is  carried  on  the  “fuselage” 
then  the  spanwise  loading  will  show  an  undesirable  concentration  at  the 
center.  Similarly,  a peak  in  the  lengthwise  loading  appears  from  the  lift 
carried  on  the  “wing”.  Desirable  loadings  appear  when  the  wing  and 
the  fuselage  each  carries  a lift  approximately  equal  to  the  specified  value 
L except  at  the  center,  where  a downward  load  of  magnitude  — L must 
appear.  Hence  the  fuselage  should  carry  positive  lift  front  and  rear  but 
negative  lift  in  the  middle. 

Detailed  calculations  show  that  large  gains  are  to  be  expected  if  the 
theoretical  redistribution  of  lift  by  the  fuselage  can  be  accomplished  in 
practice.  The  lifting  pressures  required  on  the  fuselage  are,  however, 
of  the  same  order  of  magnitude  as  those  developed  by  the  wing.  According 
to  present  experience  lifting  forces  of  this  magnitude  cannot  be  developed 
by  bending  or  inclining  a slender  body  of  revolution  without  causing  flow^ 
detachment  and  the  formation  of  discrete  vortices.  Further  study  of  this 
type  of  favorable  fuselage  interference  should  perhaps  include  some 
account  of  flow  detachment  or,  better  still,  some  means  for  avoiding  it. 


HIGH  WING  ARRANGEMENTS 

Interaction  between  lift  and  volume  begins  to  appear  in  the  drag  when 
the  wing  and  fuselage  are  separated  vertically.  This  interference  is 
favorable  in  the  case  of  a high-wing  monoplane,  but  adverse  for  the  low 
wing.  More  generally,  we  may  consider  an  interaction  between  surfaces 
developing  forces  in  a cross-stream  direction  and  elements  of  volume. 
Such  interactions  do  not  appear  at  all  in  the  so-called  “supersonic  area 
rule”.  They  appear  in  Hayes*  formula^^^^  however,  since  the  latter  is 
valid  quite  generally  for  distributions  of  singularities  in  three  dimensions. 
An  equally  general  formulation  is  given  by  Lomax  and  Heaslet<^^>,  which 
expresses  the  drag  directly  in  terms  of  the  volume  distribution  and  the 
lateral  forces.  In  the  well-known  Ferrari  ringed  body  the  interaction 
between  these  terms  may  be  considered  complete,  since  the  wave  drag 
is  canceled  exactly. 

Such  an  arrangement  may  be  made  to  develop  lift,  but  the  wave  cancella- 
tion is  then  of  course  incomplete.  The  most  eflBicient  way  to  gain  lift  seems 
to  be  to  omit  the  lower  half  of  the  ring,  thus  creating  a kind  of  “parasol” 
monoplane  with  a highly  arched  wing  (see  Fig.  9).  The  possibility  of 
obtaining  high  Uft-drag  ratios  with  wing-body  combinations  of  this  form 
has  been  carefully  investigated  in  papers  by  Lomax  and  Heaslet  of  the 
NACA  (ref.  12,  and  unpublished)  and  Beane  and  Ryan  of  the  Douglas 
Company  Figure  9 illustrates  the  wing-body  arrangement  and  shows 
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Fig.  9.  Estimated  lift-drag  ratio  of  body  with  arched  wing. 


some  typical  results  at  design  conditions.  As  in  the  case  of  planar  wings, 
important  gains  could  be  shown  if  the  fuselage  could  be  assumed  to 
develop  sizeable  cross  forces.  When  this  possibility  is  discounted  the  lift- 
drag  ratios  fall  considerably  but  not  below  those  estimated  for  highly 
swept  wings. 

The  arrows  represent  estimates  made  by  Lomax  and  Heaslet  for  a 
wing,  a body,  and  two  supporting  struts.  The  flattened  body  carries  no 
net  lift  but  does  support  a lift  distribution.  The  wide  band  covered  by 
the  arrows  is  necessitated  by  the  lack  of  experimental  information  on  the 
magnitude  of  the  cross  forces  that  can  be  generated  by  body  distortions. 
The  curve  represents  estimates  made  by  Beane  and  Ryan  for  a wing 
and  body  without  the  wing  support  system.  Their  body,  however,  was 
required  to  carry  no  lift,  even  locally.  Further,  their  choice  of  the 
turbulent  skin-friction  drag  coefficient  was  higher,  0-0030  as  compared 
to  0-0025.  The  conclusion  appears  to  be  that  the  highly  arched  wing 
and  body  can  have  as  high  a value  of  L[D  as  the  swept  wing  and  body. 

As  in  the  case  of  the  swept  wing,  the  estimated  L/D  ratio  increases  if 
the  wetted  area  can  be  reduced  by  reducing  the  wing  chord.  Here  again 
we  encounter  the  limitation  imposed  by  the  magnitude  of  the  pressure 
coefficient.  As  the  wing  is  made  narrower  the  pressures  on  the  wing 
increase.  The  wing  pressures  are  moreover  reflected  to  the  rear  of  the 
body  and  increased  by  a focusing  effect.  Thus  we  may  expect  flow 
separation  at  the  rear  of  the  body.  The  influence  of  these  phenomena 
on  the  actual  characteristics  of  such  an  arched  wing  arrangement  will 
have  to  be  determined  experimentally. 

In  the  methods  employed  by  Fern^^^\  and  Rossow^^^\  the  physical 
aspect  of  interference  phenomena  is  made  evident.  Considering  the 
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interference  between  planar  wings  and  bodies,  these  studies  have  shown 
definitely  favorable  effects  for  high-wing  arrangements. 

It  will  be  interesting  to  try  and  determine  a lower  bound  that  might 
be  approached  by  this  method  of  drag  reduction.  Referring  to  Kogan’s 
analysis  we  find  that  the  conditions  imposed  on  the  downwash  flow  in 
the  “equivalent  incompressible  jet”  are  unaltered  by  the  presence  of 
bodies,  provided  these  do  not  extend  beyond  the  characteristic  envelope 
of  the  wing.  The  added  bodies  may  bring  the  drag  of  a given  wing  closer 
to  this  lower  bound.  However,  if  a wing  shape  can  be  found  which  causes 
the  streamlines  of  the  downwash  to  follow  the  pattern  of  an  incompressible 
flow,  then  the  addition  of  bodies  cannot  reduce  the  drag,  except  as  they 
may  extend  the  lateral  zone  of  influence  of  the  wing-body  system. 

CANCELATION  OF  THICKNESS  DRAG 
At  intermediate  supersonic  speeds  the  wave  drag  due  to  thickness  can  be 
reduced  to  small  values  by  the  phenomenon  of  wave  reflection.  There 
exists  a great  variety  of  three-dimensional  toroidal  shapes  for  which  the 
wave  system  is  entirely  self-contained  ; that  is,  the  wave  resistance  is  zero 
at  certain  Mach  numbers,  as  in  the  Busemann  biplane.  One  such  ex-  ’ 
ample  with  which  we  have  experimented  at  Ames  Laboratory  is  illus- 
trated in  Fig.  10.  The  model  is  essentially  a tube  so  shaped  as  to  produce 


Fig.  10.  Drag  of  tube  having  a planar  wave  system. 

in  its  interior  a finite  portion  of  the  plane  wave  system  between  the  wings 
of  a Busemann  biplane.  Such  shapes  are  easily  constructed  by  marking 
out  a stream  surface  of  arbitrary  cross  section  in  the  undisturbed  flow 
ahead  and  then  calculating  the  inward  deflections  of  this  surface  as  it 
passes  through  the  plane  wave  system  of  the  biplane.  Since  the  wave 
system  has  no  lateral  velocities  (i.e.,  no  components  in  the  y direction). 
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the  boundary  conditions  may  be  satisfied  most  conveniently  by  referring 
them  to  sections  of  the  torus  made  by  vertical  planes  (see  Fig.  10). 

Tubular  bodies  having  no  wave  drag  can  also  be  made  with  multiple 
symmetry,  or  with  complete  rotational  symmetry.  However,  such  shapes 
ordinarily  enclose  regions  in  which  the  pressure  rises  to  large  valu^ 
because  of  focusing.  In  the  case  of  plane  waves  the  reflection  involves 
only  a factor  of  2— and  this  seems  to  be  the  smallest  value  obtainable. 

The  experiments  were  made  by  Loren  Bright  of  Ames  Laboratory  and 
showed  a negligible  wave  drag  at  the  design  Mach  number  of  2-0.  The 
most  complete  wave  cancelation,  however,  occurred  at  a slightly  higher 
Mach  number,  M = 2-3.  In  Fig.  10  the  dr^  is  plotted  against  angle 
of  attack  at  M = 2*0.  At  about.  5°  the  wave  system  changes  suddenly 
and  the  drag  increases. 

Similar  experiments  with  a torus  designed  to  produce  an  oblique 
(i.e.,  yawed)  system  of  plane  waves  showed  a somewhat  more  continuous 
behavior. 

While  the  experiments  showed  that  the  wave  drag  associated  with  the 
volume  could  be  eliminated,  the  tubular  bodies  developed  rather  low 
values  of  lift-to-drag  ratio.  It  seems  that  the  added  surface  area  reqiured 
to  enclose  the  wave  system  increased  the  friction  drag  enough  to  over- 
balance the  gain  in  wave  drag.  At  still  higher  Mach  numbers  the  friction 
drag  becomes  increasingly  important  relative  to  the  thickness  drag.  The 
use  of  wave  cancelation  between  interfering  bodies  or  surfaces  is  more 
easily  justified  if  the  added  surfaces  are  also  desirable  for  some  other 
reason,  such  as  stabilization  or  control. 

LIFT  AND  DRAG  AT  HIGH  ALTITUDES 

In  his  article  “Superaerodynamics”  in  the  Journal  of  the  Franklin 
Institute^  Feb.  1934^^®^  Albert  F.  Zahm  refers  to  flight  in  the  upper  atmo- 
spheric layers  and  states  that  “Space  craft  and  projectiles  must  obey  new 
or  modified  laws  of  air  resistance.  These  may  well  be  studied  in  high- 
vacuum  wind  tuimels  or  chambers,  imder  guidance  , of  mathematical 
theory”.  I remember  Zahm’s  paper  well,  since  I was  a student  of  his  at 
the  time  and  made  drawings  for  the  figures  that  appear  in  the  paper.  I 
also  recall  that  the  paper  was  not  accepted  for  publication  by  the  journals 
to  which  it  was  first  submitted.  One  is  tempted  to  think  that  it  might 
be  a great  service  if  journals  published,  in  addition  to  their  tables  of 
contents,  some  notice  of  the  rejected  contributions. 

Zahm  considered  the  flow  of  individual  particles  of  a tenuous  gas  and 
indicated  the  modifications  needed  for  diffuse  reflection  or  re-emission 
of  molecules.  In  later  papers^^^»^®\  E.  Sanger  and  H.  S.  Tsien  brought 
these  considerations  into  closer  contact  with  the  physics  of  gases  as  based 
on  kinetic  theory. 

At  speeds  approaching  20,000  feet  per  second,  we  may  of  course  dis- 
pense with  aerodynamic  lift  for  cruising.  However,  there  are  indications 
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Fig.  1 1 . Effect  of  lift-drag  ratio  on  maximum  deceleration  for  recovery  of 

satellite. 


that  aerodynamic  forces  however  small  will  play  an  important  role  in 
recovery  from  purely  dynamic  orbits  or  trajectories.  Figure  11,  prepared 
from  calculations  made  by  D.  R.  Chapman of  Ames  Laboratory,  shows 
the  maximum  decelerations  encoimtered  in  a spiral  descent  from  an 
initially  circular  orbit  around  the  Earth.  The  descent  is  imcontrolled 
except  that  the  direction  of  the  resultant  aerodynamic  force  is  maintained 
at  a fixed  angle  to  the  direction  of  motion,  corresponding  to  a fixed  LjD 
ratio.  If  the  body  develops  no  lift  the  maximum  deceleration  encoimtered 
is  about  8 g.  However,  even  small  lift  forces  result  in  a much  more  uni- 
form dissipation  of  the  kinetic  energy  so  that  at  a lift-drag  ratio  of  one-half 
the  maximum  deceleration  falls  to  about  2 g. 

Even  such  small  values  of  the  LjD  may  prove  difficult  to  achieve  if 
the  deceleration  occurs  at  altitudes  above  75  miles.  Figure  12  illustrates 
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Aerodynamic  force  on  inclined  plate  in  low-density  flow. 


the  expected  reaction  on  an  inclined  flat  plate  in  air  of  extremely  low 
density.  The  oncoming  molecules  are  deposited  on  the  plate  and  are 
emitted  with  thermal  velocities  corresponding  to  its  temperature.  For  a 
relatively  cool  surface  at  high  flight  velocities  the  pressure  due  to  emission 
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Fig.  13.  Drag  and  lift  coefficients  on  inclined  flat  plate  in  low-density  flow. 

can  be  neglected.  Under  these  conditions  the  aerodynamic  force  is  a 
drag,  given  by  the  relation 

D = pU^S'  (9) 

Here  S'  = 5 sin  a,  is  the  frontally  projected  area  of  the  wing.  Figure  13, 
prepared  from  data  given  in  ref.  20,  shows  how  closely  this  simple  rule 
is  obeyed  by  more  precise  calculations. 

The  loss  of  lift  in  free-molecule  flow  is  a consequence  of  Elnudsen’s 
law,  according  to  which  the  emission  of  molecules  is  independent  of  their 
angle  of  arrival  at  the  surface.  Such  behavior  is  closely  approximated 
in  experiments  conducted  thus  far<^^»^\ 

It  seems  unfortunate  that  the  small  departures  from  Knudsen’s  law 
have  served  to  characterize  a whole  regime  of  rarefied  gas  dynamics  as 
the  region  of  “slip  flow”.  The  main  eflFects  seem  to  be  related  more 
directly  to  the  “sticking”  of  the  molecules  rather  than  to  their  slipping. 

Since  the  pressures  developed  at  high  speed  are  large  compared  to  the 
ambient  pressure,  we  may  expect  an  extensive  range  of  conditions  in  which 
the  medium  behaves  as  a gas  in  the  vicinity  of  the  body  but  as  a mole- 
cular beam  in  the  exterior  flow.  The  investigation  of  this  semi-continuous 
regime  promises  a great  variety  of  yet  undiscovered  aerodynamic 
phenomena. 

In  conclusion,  the  writer  wishes  to  express  appreciation  to  his  colleagues 
at  Ames  Laboratory  for  assistance  in  preparing  this  paper  and  to  Prof. 
H.  W.  Liepmann  of  the  California  Institute  of  Technology  for  helpful 
discussions. 


Robert  T.  Jones 
REFERENCES 

1.  Ro^rt  T.  Jones,  The  Minimum  Drag  of  Thin  Wings  in  Frictionless  Flow. 
y,  Aeron.  Sci,  YoL  18,  No.  2,  pp.  75-81,  Feb.  1951. 

2.  M,  N.  Kogan,  On  Bodies  of  Minimum  Drag  in  a Supersonic  Gas  Stream. 
PnkL  mat.  mech.,  Vol.  XXI,  pp.  207-212,  1957. 

3.  G.  N.  Ward,  On  the  Minimum  Drag  of  Thin  Lifting  Bodies  in  Steady 
Supersonic  Flows,  British  A.R.G,  18,711,  FM  2459,  Oct.  1,  1956. 

4.  E.  W.  Graham,  The  Calculation  of  Minimum  Supersonic  Drag  by  Solution 
of  an  Equivalent  Two-Dimensional  Potential  Problem,  Rep.  SM-22666, 
Douglas  Aircraft  Co.,  Dec.  1956. 

5.  E.  W.  Graham,  A Geometrical  Problem  Related  to  the  Optimum  Distribution 
of  Lift  on  a Planar  Wing  in  Supersonic  Flow,  Rep.  SM-23020,  Douglas 
Aircraft  Co.,  Nov.  1957. 

6.  Max.  A,  Hi^let  and  Franklyn  B.  Fuller,  Drag  Minimization  for  Wings 
and  Bodies  in  Supersonic  Flow,  NACA  Rep.,  1958.  (Supersedes  NACA 
TN’s  3289  and  4227.) 

7.  Paul  Germain,  Sur  le  Minimum  de  Trainee  d’une  Aile  de  Form  en  Plan 
Donnee,  C.R.  Acad.  Set.,  Paris  Vol.  244,  No.  9,  Feb,  25,  1957. 

8.  Charles  F.  Hall  and  John  C.  Heitmeyer,  Lift,  Drag,  and  Pitching  Moment 
of  Low-Aspect-Ratio  Wings  at  Subsonic  and  Supersonic  Speeds— Twisted 
and  Cambered  Triangular  Wing  of  Aspect  Ratio  2 With  NACA  0003-63 
Thickness  Distribution,  NACA  RM  A51E01,  1951. 

9.  Elliott  D.  Katzen,  Idealized  Wings  and  Wing-Bodies  at  a Mach  Number 
of  3,  NACA  TN  4361 , 1958. 

10.  R.  M.  Licher,  Reduction  of  Drag  Due  to  Lift  in  Supersonic  Flight  by  Dis- 
tributing Lift  Along  a Fuselage,  y.  Aero.  Sci.  Vol.  23,  No.  11,  pp.  1037- 
1043,  Nov.  1956. 

11.  Wallace  D.  Hayes,  Linearized  Supersonic  Flow.  Rep.  AL-222,  North 
American  Aviation,  Inc.,  June  18,  1947. 

12.  Harvard  Lomax  and  Max  A.  Heaslet,  Recent  Developments  in  the  Theory 
of  Wing-Body  Wave  Drag.  y.  Aero.  Sci.  Vol.  23,  No.  12,  pp.  1061-1074, 
Dec.  1956. 

13.  B.  J.  Beane  and  B.  M.  Ryan,  Supersonic  Drag  Calculations  for  a Cylindrical 
Shell  Wing  of  Semi-Circular  Gross-Section  Combined  with  a Central  Body 
of  Revolution,  Rep.  SM-22627,  Douglas  Aircraft  Co.,  Oct.  1956. 

14.  Antonio  Ferri,  Recent  Work  in  Supersonic  and  Hypersonic  Aerodynamics 
at  the  Polytechnic  Institute  of  Brooklyn;  Paper  given  at  the  Conference  on 
High  Speed  Aeronautics  held  by  the  Polytechnic  Institute  of  Brooklyn, 
Jan.  22,  1955. 

15.  Vernon  J.  Rossow,  A Theoretical  Study  of  the  Lifting  EflSciency  at  Supersonic 
Speeds  of  Wings  Utilizing  Indirect  Lift  Induced  by  Vertical  Surfaces, 
NACA  RM  A55L08,  1956. 

16.  A.  F.  Zahm,  Superaerodynamics,  y.  Franklin  Inst.  Vol.  217,  pp.  153-166, 
1934. 

17.  Eugen  Sanger,  The  Gas  Kinetics  of  Very  High  Flight  Speeds,  NACA  TM 
1270,  1950. 

18.  Hsue-Shen  Tsien,  Superaerodynamics,  Mechanics  of  Rarefied  Gases. 
y.  Aero.  Sci.  Vol.  13,  No.  12,  pp.  653-664,  Dec.  1946. 

19.  Dean  R.  Chapman,  An  Approximate  Analytical  Method  for  Studying  Entry 
Into  Planetary  Atmospheres,  NACA  TN  4276,  1958. 

20.  Jackson  R.  Stalder  and  Vernon  J.  Zurick,  Theoretical  Aerodynamic 
Characteristics  of  Bodies  in  a Free-Molecule-Flow  Field,  NACA  TN  2423, 
1951. 


Discussion 


21.  R.  G.  J.  Fraser,  Molecular  Rays,  Cambridge  University  Press,  1931. 

22.  Immanuel  Eastermann,  Molecular  Beam  Applications  to  Transport  Pro- 
perties in  Gases,  Presented  at  Second  Biennial  Gas  Dynamics  Symposium 
Technological  Institute  Northwestern  University,  Evanston,  Illinois,  Aug. 
26-28,  1957. 


DISCUSSION 

D.  W.  Holder*:  Has  the  author  made  experiments  on  wings  with  subsonic 
leading  edges  having  sections  other  than  the  Clark  Y section  referred  to  in  the 
lecture  ? What  improvements  of  lift/drag  ratio  does  he  feel  could  be  achieved  by 
using  suitably  designed  section  shapes  ? 

R.  T.  Jones:  The  wing  having  80°  sweep  was  tested  initially  with  Clark  Y 
sections  and  with  its  under  surface  flat.  A cylindrical  bending  of  the  wing  which 
increased  the  angle  of  attack  at  the  apex  and  decreased  it  at  the  tips  resulted  in  a 
slight  improvement.  A further  gain  might  also  result  from  a modification  of  the 
section  shape,  but  the  direction  in  which  improvement  lies  is  uncertain  because  of 
non-linear  effects.  Further  details  of  these  experiments  are  presented  in  N^CA 
TN  4361  by  Elliott  D.  Katzen. 

G.  H.  LeeJ  : The  remark  by  Mr.  Jones  that  there  are  at  present  a great  many 
possible  layouts  for  a supersonic  aeroplane  is  one  that  I should  like  to  endorse. 
The  fact  that  the  designer  has  such  a wide  choice  from  which  to  select  the  layout 
makes  his  job  at  present  difiicult  but  very  interesting ; the  additional  fact  that,  to-day, 
there  is  some  doubt  regarding  military  and  civil  aeroplane  requirements,  adds  to 
his  problems. 

In  such  circumstances,  the  general  work  being  done  by  Mr.  Jones  and  discussed 
in  the  lecture  is  very  valuable  in  helping  the  designer  to  make  his  choice  by  giving 
him  some  idea  of  the  relative  aerodynamic  “attractions”,  or  the  performance 
possibilities,  of  the  different  layouts,  for  example,  the  relatively  small  difference, 
shown  in  one  of  the  slides,  between  the  maximum  LjD  ratio  for  a “swallow-tail” 
and  a delta  wing  suggests  that  in  many  cases  L]D  ratio  would  not  be  the  decisive 
factor,  though  in  certain  applications  the  additional  10%  or  15%  could  be  most 
valuable. 

I think  we  shall  find  the  present  paper  most  useful  in  making  comparisons  of  this 
sort  and  in  indicating  ways  of  tackling  the  various  aerodynamib  problems  which 
arise. 

R.  T.  Jones  : I am  grateful  to  Mr.  Lee  for  his  comments  and  am  glad  to  have  my 
opinions  reinforced  by  those  of  an  experienced  airplane  designer.  Perhaps  the 
present  uncertainty  in  military  and  civil  airplane  requirements  is  simply  a reflection 
of  our  uncertainty  concerning  the  physical  limitation  on  airplane  performance. 
Such  requirements  can  usually  be  modified  rather  quickly  following  the  introduc- 
tion of  a new  phenomena  or  design  principle. 
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INTRODUCTION 

In  linearized  flow  theory,  certain  very  interesting  extremal  properties 
of  wings  can  be  derived  under  rather  broad  conditions  without  the  use  of 
a complicated  mathematical  apparatus.  The  present  chapter  reviews 
certain  results  of  this  theory  and  indicates  some  rather  obvious  extensions 
to  incorporate  various  auxiliary  conditions.  Several  examples  illustrating 
the  relation  between  the  geometrical  features  of  the  wing  and  the  lift 
distribution  for  minimum  drag  are  given. 

2.  MINIMUM  DRAG  PROBLEM 

In  this  section,  we  consider  a thin,  cambered  lifting  surface  of  given 
planform  and  investigate  the  pressure  distribution  p{xy  y)  which  yields 
the  minimum  drag  under  various  auxiliary  conditions  (Ref.  1).  For  this 
purpose,  the  drag  D in  frictionless  flow  is  written  in  the  form 

Z)  = JJ  pocdxdy  (1) 

where  x is  a chordwise  coordinate,  y a spanwise  coordinate,  and  (x{x,y) 
the  rearward  inclination  of  the  normal  to  the  surface  element  dS  = dx  dy 
(Fig.  1).  With  regard  to  the  auxiliary  conditions,  the  following  isoperi- 
metric  constraints  have  engineering  interest: 

L=^^^pdxdy  (2) 

if  the  lift  is  given, 

M,^H^p\y\dxdy  (3) 
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Fig.  1.  Cambered  lifting  surface. 

if  the  bending  moment  is  prescribed,  and 

My  = JJ  px  dx  dy  (4) 

if  the  pitching  moment  is  given.  Incidentally,  the  constraints  (2)  through 
(4)  are  particular  cases  of  a more  general  constraining  relationship  having 
the  form 

= C (5) 

where  C is  a given  constant  and  where /(;»?,  j)  is  a prescribed  weighing 
function.  This  weighing  function  has  the  values  / = 1 if  the  lift  is  given, 
f — I j I if  the  bending  moment  is  prescribed,  and  / = xxi  the  pitching 
moment  is  giyen. 

The  problem  considered  here  consists  of  minimizing  the  drag  integral 
(1)  subject  to  one  or  more  isoperimetric  constraints  having  the  form 
described  by  Eq.  (5).  Clearly,  this  problem  involves  two  independent 
variables  {x^  y)  and  two  dependent  variables  (/>,  a).  The  latter,  however, 
are  related  through  the  partial  differential  equations  and  boundary 
conditions  describing  the  flow  around  the  wing  or  through  certain 
integral  relations.  Since  this  method  of  solution  is  rather  complicated, 
we  abandon  it  and  approach  the  problem  through  the  use  of  the  reverse 
flow  theorems  already  established  for  a wing  in  linearized  supersonic 
flow  (Refs.  2 and  3). 

From  the  linearized  theory,  it  is  known  that  the  drag  associated  with 
a given  distribution  of  lift  remains  unchanged  when  the  direction  of 
motion  of  the  wing  is  reversed.  The  angle  of  attack  distribution  over  the 
wing  surface  in  the  reverse  flow  may  be  denoted  by  y)  and  will,  of 
course,  differ  from  <x{x,  y)  if  the  pressure  distribution  p{x,  y)  is  to  remain 
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unchanged.  In  view  of  the  reverse  flow  theorem,  we  may  express  the  drag 
in  terms  of  a combined  flow  fleld  obtained  by  superimposing  the  disturb- 
ances created  by  the  given  lift  distribution  in  the  forward  and  reverse 
motions  (Fig.  2).  Thus,  if  we  write 


a = (a  + (Xj.)/2 

the  drag  may  be  rewritten  in  the  form 

D = jj  padxdy 

and  is  stationary  provided  (see  Chapter  3) 

J J (a  Bp  + p Sa)  dx  dy  = 0 


(6) 


(7) 


(8) 


where  Bp  and  Boc  denote  variations  calculated  at  a constant  station  x,  y. 
On  the  other  hand,  the  satisfaction  of  the  isoperimetric  condition  (5) 
requires  that 


JJ  f^P  dxdy  =0 


(9) 


Hence,  if  A denotes  an  undetermined,  constant  Lagrange  multiplier  and 
if  Eqs.  (8)  and  (9)  are  combined  linearly,  we  deduce  that 


JJ  [(^  — 2A/)  Bp  p §a]  dx  dy  — 0 


(10) 


Wow 


Supersonic 

flow 


Fig.  2.  Lifting  surfaces  widi  superimposed  disturbance  fields. 
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At  this  point,  we  note  that  the  variations  and  §6c  are  not  independent. 
However,  as  was  shown  in  Ref.  1,  the  symmetry  introduced  by  super- 
imposing the  forward  and  reverse  disturbance  fields  is  such  that  the  two 
interference  drags  are  equal,  that  is, 

jj  p Boidxdy  = JJ  aSp  dxdy  (11) 

s s 


Consequently,  after  Eqs.  (10)  and  (11)  are  combined,  we  obtain  the 
relationship 


Jj*  (a  — A/  ) Sp  dx  dy  = 0 


(12) 


which  involves  only  the  independent  variation  8p,  Because  of  this,  the 
Euler  equation  describing  the  extremal  solution  is  given  by 


^ = A/(^,y)  ^ (13) 

which  has  the  following  significance:  the  angle  of  attack  in  the  combined 
flow  field  must  be  proportional  to  the  weighing  function  imposed  on  the 
pressure  distribution, 

A modification  of  the  previous  problem  arises  when  several  isoperi- 
metric  constraints  of  the  form 


iJ  Pfiix,y)dxdy  = Kj  , j 


= 1, 


>m 


(14) 


are  imposed  on  the  wing.  Under  these  conditions,  the  Euler  equation 
becomes 

m 

(15) 

where  each  of  the  multipliers  Ay  is  an  undetermined  constant. 


3>  PARTICULAR  CASES 

The  previous  extremal  property  for  the  drag  is  remarkable  for  the 
economy  of  its  derivation.  It  holds  for  subsonic  as  well  as  supersonic 
flows  and  is  not  even  restricted  to  steady  motion.  Several  particular  cases 
are  now  considered. 

Given  Lift^  If  only  the  lift  is  prescribed,  Eq.  (13)  becomes 

a - A (16) 

meaning  that  the  angle  of  attack  of  the  combined  flow  field  is  constant 
over  the  entire  planform.  Hence,  the  downwash  angle,  which  is  pro- 
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portional  to  a,  is  constant.  Furthermore,  for  the  subsonic  flow  regime,  the 
spanwise  lift  distribution  is  elliptical,  as  shown  by  Munk  in  Ref.  4. 
Incidentally,  a change  in  the  chordwise  lift  distribution  does  not  cause  a 
modification  in  the  induced  drag  as  long  as  the  spanwise  lift  distribution 
is  the  same  (for  further  comments,  see  Section  3.2). 

It  should  be  noted  that  the  elliptic  loading  also  plays  an  important 
role  in  the  minimum  drag  of  supersonic  wings.  If,  following  an  analogy  to 
Whittaker’s  solution  of  Laplace’s  equation  (Ref.  5),  we  calculate  the 
disturbance  field  of  a supersonic  wing  by  the  superposition  of  two- 
dimensional  fields,  we  find  that  the  downwash  is  the  sum  of  the  contri- 
butions due  to  a series  of  two-dimensional  loadings  obtained  by  projecting 
the  lift  distribution  in  different  directions.  Thus,  a lower  bound  for  the 
drag  may  be  obtained  by  assuming  that  each  projected  or  integrated 
loading  is  elliptical.  If  the  planform  is  elliptic,  this  lower  bound  is  the 
actual  minimum  value,  providing  the  pressure  is  constant.  As  an  example, 
at  M"  ~ \/2,  the  minimum  drag  of  an  unyawed  wing  is  given  by  (Ref.  5) 

^ ^ 2pC/®5  ^ 


where  p is  the  free-stream  density,  U is  the  free-stream  velocity,  a and  b 
are  the  semiaxes  of  the  ellipse,  and  5 is  its  area.  If  the  wing  is  yawed,  the 
corresponding  minimum  drag  is  given  by  (Ref.  5) 


£2 


1 


( 


(18) 


where  i denotes  the  imaginary  unit,  M the  real  part  of  the  complex 
number  within  brackets,  and  where  the  quantities  a',  6',  and  m are  defined 
in  Fig.  3. 


Fig.  3.  Oblique  ellipse. 
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3*2*  Given  Lift  and  Bending  Momenta  In  steady  subsonic  flow, 
the  superposition  of  the  forward  and  reverse  disturbance  fields  results  in  a 
purely  two-dimensional  field  of  motion  identical  with  the  flow  produced 
by  the  vortex  wake  in  the  Trefftz  plane.  The  inclination  a in  the  combined 
flow  field  may  then  be  identified  with  the  induced  downwash  w\  of  Munk’s 
theory  (Ref.  4),  that  is, 

a = WilU  (19) 

In  such  a two-dimensional  field,  a is  independent  of  the  chordwise 
coordinate  x.  Therefore,  the  specification  of  a weighing  function  / which 
depends  on  x does  not  lead  to  a solution  of  the  problem.  However,  we 
may  impose  various  conditions  on  the  spanwise  distribution  of  the  lift. 
Thus,  following  Ref.  6,  we  may  specify  both  the  total  lift  and  the 
bending  moment.  In  this  case,  the  angle  of  attack  of  the  combined  flow 
field  is  given  by 

(20) 


In  Munk’s  original  problem  (Ref.  4),  the  span  b and  the  total  lift  were 
prescribed,  and  the  optimum  lift  distribution  was  found  to  be  elliptical. 
Now,  let  us  consider  a family  of  wings  having  the  same  lift  and  bending 
moment  as  Munk’s  optimum  wing,  and  let  us  study  the  effect  of  the  span 
on  the  optimum  lift  distribution  as  well  as  on  the  drag.  The  analysis, 
omitted  for  the  sake  of  brevity  (Ref.  6),  shows  that  increasing  values  of  the 
span  cause  the  lift  distribution  to  become  more  tapered  and  the  induced 
drag  to  become  smaller  (Fig.  4). 


Fig.  4.  Minimum  vortex  drag  for  wings  having  a fixed  lift  and  a fixed  bending 
moment. 
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33*  Given  Lift  and  Pitching  Moment*  If  an  elliptie  wing  is 
designed  for  a given  total  lift  in  supersonic  flow,  the  minimum  drag 
occurs  when  the  pressure  is  uniform.  In  other  words,  the  center  of 
pressure  is  identical  with  the  center  of  the  wing.  Now,  it  is  known  that  the 
centroid  of  the  lift  added  by  a change  in  the  angle  of  attack  is  ahead  of 
this  point,  especially  if  the  wing  has  a low  aspect  ratio.  Thus,  the  wing 
trimmed  for  flight  with  the  optimum  loading  is  unstable  in  pitch.  These 
ideas  lead  us  to  specify  the  position  of  the  center  of  pressure,  or  the 
pitching  moment,  as  well  as  the  total  lift. 

Now,  if  both  the  lift  and  the  pitching  moment  are  specified,  Eq.  (15) 
becomes 

a ==  (21) 

meaning  that  the  combined  angle  of  attack  is  a linear  function  of  the 
chordwise  coordinate.  By  the  method  of  Ref.  5,  it  can  be  shown  that  the 
associated  pressure  distribution  is  also  a linear  function  of  the  chordwise 
coordinate,  that  is, 

P Pi  + P%^  (22) 

Omitting  detailed  manipulations,  we  obtain  the  following  expression  for 
the  minimum  drag  of  an  unyawed  elliptical  wing  at  M — V2: 


^ ~ IpWS 


■ I a^+  b^ 
V 6* 


(23) 


where  x is  the  chordwise  displacement  of  the  center  of  pressure  with 
respect  to  the  centroid  of  the  ellipse. 


4*  NONPLANAR  WINGS 

The  foregoing  derivation  is  easily  extended  to  nonplanar  lifting  surfaces 
such  as  a wing  with  upturned  or  downturned  tips  (Fig.  5).  If  the  angle 
of  attack  is  defined  as  the  angle  between  the  free-stream  velocity  vector 


Fig.  5.  Wing  with  drooped  tips. 
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and  its  projection  on  the  wing  surface,  the  drag  is  still  given  by  Eq.  (7) 
with  the  understanding  that  x is  z rectilinear  chordwise  coordinate  andy 
is  a curvilinear  spanwise  coordinate  parallel  to  th«  #ing  surface.  Because 
of  the  inclination  of  the  pressure,  the  lift  is  given  by 

L = j j p cos  0{y)  dx'dy  (24) 

where  the  angle  0(y)  is  defined  in  Fig.  5.  Consequently,  if  the  lift  is  the 
only  quantity  prescribed,  the  condition  for  minimum  drag  becomes 

a ==  A cos  0{y)  (25) 

For  a wing  with  vertical  end  plates,  cos  0 — 0 over  the  end  plates;  hence, 
the  sidewash  of  the  combined  flow  field  must  vanish. 


5.  ALTERNATE  APPROACH 

In  Kogan’s  analysis  (Ref.  7),  the  minimum  drag  problem  is  approached 
from  a different  point  of  view.  Instead  of  superimposing  the  forward  and 
reverse  disturbance  fields,  he  utilizes  the  physically  real  flow  and 
expresses  the  drag  in  terms  of  quantities  integrated  over  the  enveloping 
characteristic  surface  of  the  wing.  Such  a characteristic  envelope  involves 
both  forward  and  reverse  Mach  waves  tangent  to  the  edges  of  the  wing 
(Fig.  6). 

With  the  forward-going  characteristic  surface  Z as  a reference,  one 
obtains  the  following  expression  for  the  drag: 

D=^jjj<pl+<pt)dydz  (26) 


Fig.  6.  Characteristic  envelope  of  a wing. 


8.  Three-Dimensional  Wings  of  Minimum  Pressure  Drag 
while  the  total  lift  is  given  by 

cp^dydz  (27) 

where  <p  is  the  velocity  potential  and  where  99^  and  9^  denote  the  y-com- 
ponent  and  the  jsr-eomponent  of  the  disturbance  velocity  after  projection 
on  the  surface  2,  Thus,  the  drag  is  proportional  to  the  kinetic  energy  of 
this  two-dimensional  flow,  while  the  lift  is  proportional  to  its  downward 
impulse.  Now,  among  all  the  flows  having  a given  impulse,  the  one  with 
the  smallest  kinetic  energy  satisfies  Laplace’s  equation  (Kelvin’s 
theorem),  that  is, 

9yy  + 9zz  = 0 (28) 

Hence,  minimum  drag  is  achieved  when  the  streamlines  of  this  lateral 
flow  on  the  rear  characteristic  surface  imitate  a two-dimensional  incom- 
pressible flow.  The  connection  between  Kogan’s  analysis  and  our 
previous  treatment  employing  the  combined  disturbance  field  has  been 
shown  by  Graham  in  Ref.  8. 

Following  Prandtl  and  Munk,  we  are  accustomed  to  thinking 
of  the  drag  of  a wing  in  terms  of  its  area  of  entrainment.  As  is 

well  known  in  subsonic  steady  flow,  the  equivalent  entrainment  with 

optimum  loading  is  represented  by  a circular  jet  having  a diameter  equal 
to  the  span  of  the  wing.  The  drag  of  the  wing  at  subsonic  speeds  is  small 
because  the  area  of  entrainment  is  large.  At  supersonic  speeds,  however, 
the  lateral  influence  of  the  wing  is  restricted  by  the  Mach  waves,  so  that 
the  downwash  associated  with  a given  lift  must  be  greater.  Kogan’s 
analysis  gives  a quantitative  value  to  these  intuitive  considerations. 
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Reduction  of  Wave  Drag  by  Antisymmetric  Arrangement  of 

Wings  and  Bodies 

R.  T.  Jones* 

NASA  Ames  Research  Center,  Moffett  Field,  Calif. 


In  thetHry,  antisymmetric  arrangements  of  win^  and  bodies  can  have  smaller  wave  drag  than  correspmiding 
mirror-symmetric  arrangem«ate.  Thus,  a long  narrow  oblique  wing  which  presents  the  same  aspect  for  two  opposite 
directions  of  flight  is  potentially  more  efficient  than  corresponding  (i.e.,  structurally  equivalent}  swept  wing.  The 
single  continuous  wing  panel  also  adapts  itself  more  readily  to  varying  an^es  of  obliquity,  and  h^e,  to  varying 
flight  speeds.  The  present  paper  reviews  previoiK  work  on  the  aerodynamics  and  fllj^t  stability  of  oblique  wing 
combinations  and  suggests  a possible  mode  of  application  to  transport  aircraft  operating  at  moderate  supersonic 
sp^s. 


Introduction 

ONE  of  the  unspoken  assumptions  in  aircraft  design  is  that  of 
bilateral  or  mirror  symmetry.  At  slow  flight  speeds,  this 
assumption  seems  on  rather  secure  ground,  partly  because  of  the 
indications  of  aerodynamic  theory,  but  also  because  it  agrees 
with  the  observed  evolutionary  forms  of  birds. 

Although  it  is  perhaps  natural  to  extrapolate  the  forms  of  birds 
and  animals  to  the  supersonic  flight  regime,  there  has  been  no 
rational  discussion  of  the  merits  of  bilateral  symmetry  for  super- 
sonic flight.  In  fact,  once  the  velocity  of  sound  is  exceeded,  the 
laws  of  aerodynamics  change  in  such  a way  as  to  make  it  seem 
inadvisable  to  arrange  the  components  of  an  airplane  side  by  side 
or  abreast  in  a supersonic  stream  unless  there  are  compelling 
reasons  for  such  an  arrangement. 

Both  the  transonic  area  rule  and  the  supersonic  small  distur- 
bance theory  show  large  adverse  interference  effects  for  bodies  or 
wings  in  a mirror-symmetric  arrangement.  Figure  I shows  the 
result  of  applying  supersonic  wave  drag  theory  to  two  airplanes 
flying  in  close  formation  at  a slightly  supersonic  Mach  number. 
In  the  mirror-symmetric  arrangement,  the  drag  of  each  aircraft 
is  doubled  by  the  interference  of  the  other,  making  a total  wave 
drag  of  four.  In  the  staggered  or  antisymmetric  arrangement, 
however,  the  wave  interference  is  favorable  so  that  the  drag  of 
the  two  airplanes  is  no  greater  than  that  of  a single  one.  Figure 
2 shows  the  same  effect  for  oblique  wing  panels.  The  arrow 
shape,  which  seems  intuitively  correct  for  supersonic  speed, 
nevertheless  has  a predicted  wave  drag  many  times  larger  than 
the  antisymmetric  arrangement. 

Elements  of  lift  or  volume  show  favorable  wave  interference  if 


Fig.  I Wave  drag  at  Mach  numbers  nears 

1.0. 
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Fig.  2 Calculated  wave 
drag  of  symmetric  and 
antj^ymmetric  wings. 


they  are  disposed  along  lines  whose  normal  component  of 
velocity  is  subsonic.  Thus,  the  wave  drag  of  a long  narrow  wing 
tends  toward  zero  if  the  wing  is  swept  behind  the  Mach  cone.^ 
The  reversibility  of  the  wave  drag,^’^  however,  indicates  that  a 
distribution  of  lift  or  volume  having  a minimum  drag  should 
show  the  same  aspect  for  two  opposite  directions  of  flight,  i.e., 
would  have  fore  and  aft  symmetry.  Consideration  of  the  vortex 
drag  indicates  further  that  the  projected  lift  distribution  should 
have  lateral  symmetry  (e.g.,  elliptic-span  loading). 

It  is  interesting  that  supersonic  theory  favors  symmetry  in  both 
longitudinal  and  lateral  distributions  of  volume  or  lift,  but 
evidently  not  mirror  symmetry.  Intuitively,  one  feels  that  a super- 
sonic airplane  should  take  account  of  the  direction  of  flight  in 
its  shape,  i.e.,  it  should  somehow  “point”  in  the  direction  it  is 
going.  However,  in  view  of  the  reversibility  of  the  wave  drag, 
current  computer  programs  must  give  the  same  value  of  the  drag 
with  the  direction  of  flight  reversed.  Figure  3 illustrates  this 
result,  t 

Review  of  Aerodynamic  Properties  of  Oblique 
Elliptic  Wings 

To  obtain  a configuration  having  a minimum  wave  drag,  we 
suppose  first  of  all  that  the  total  lift  and  volume  are  given  and 
second  a plane  area  within  which  the  dimensions  must  be  limited. 

tThe  reversibility  theorems  are,  of  course,  limited  to  the  pressure 
drag  and  the  lift  curve  slope  as  determined  by  linear  theory.  TTius,  the 
effect  of  viscosity  demands  locally  different  shapes  for  leading  and 
trailing  edges,  which  are  not  reversible  in  practice. 
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Fig.  3 Computer  shows  same 
wave  drag  for  opp<^ite  directions 
of  flight. 


As  a solution  of  this  problem,  we  find  that  for  any  area  bounded 
by  two  streamlines  and  two  characteristic  lines,  the  distribution 
of  lift  and  volume  yielding  the  minimum  pressure  drag  (i.e..  wave 
drag  + vortex  drag)  places  all  the  elements  of  lift  and  volume  near 
a diagonal  lifting  line.  Such  a diagonal  line  may  be  considered 
the  limiting  configuration  of  a narrow  elliptic  wing  as  illustrated 
in  Fig.  4.  Minimum  drag  occurs  when  the  surface  loading  of  the 
ellipse  is  constant  and  when  the  thickness  is  distributed  so  that 
the  projected  cross-sectional  areas  are  those  of  a Sears  Haack 
body.^“^ 

The  foregoing  result  is  of  interest  not  so  much  as  an  exact 
prescription  of  shape  but  because  it  indicates  that  lift  and  volume 
can  be  concentrated  within  a narrow  dimension  having  a small 
wetted  area,  and  hence,  small  friction  drag,  provided  the  “lifting 
line”  extends  in  a “subsonic”  direction.  (Linear  theory  shows  an 
infinite  drag  if  the  line  becomes  supersonic.) 

The  favorable  properties  of  the  oblique  wing  depend,  first  of 
all,  on  the  maintenance  of  a subsonic  type  of  section  flow  at 
supersonic  speeds,  and  this  requires  that  the  wing  be  placed  at  an 
angle  of  yaw  such  that  the  component  Mach  number  normal  to 
its  long  axis  be  subsonic.  If  one  assumes  that  the  critical  “drag 
divergence”  Mach  number  of  the  wing  sections  is  0.7,  then  the 
angle  of  yaw  must  be  such  as  to  reduce  the  component  Mach 
number  to  this  value.  At  M = 1.0  the  angle  of  yaw  required  is 
then  45  . 

The  advantage  of  the  yawed  wing  over  the  swept  wing  depends 
on  an  increased  extension  of  the  wing  in  the  flight  direction.  As  is 
well  known,  spreading  the  lift  over  a greater  length  diminishes 
both  the  sonic-boom  intensity  and  the  drag.  For  a given  structural 
slenderness,  the  single  yawed  wing  panel  may  have  nearly  twice 
the  projected  length  of  the  corresponding  swept  wing. 

The  foregoing  statements  may  be  made  more  quantitative  by 
referring  to  various  components  of  the  drag  as  given  by  linear 
theory,  viz.:|: 


l3  13 

Drag  = + 


mqVol/ 
+ — 


Here,  S is  the  wing  area,  Y is  the  span,  X 


0) 


^2 

and  X. 


Fig.  4 Optimum  distribution  of  lift  and 
volume  within  area  A BCD. 


$ The  distributions  of  lift  and  volume  assumed  in  Eq.  (1)  are  those 
giving  the  smallest  drag  consistent  with  the  geometric  constraints  X 
and  y. 


FLIGHT 

DIRECTION 


Fig.  5 Oblique  ellipse  notation. 


averaged  lengths  A^ft))  of  the  wing  as  projected  by  characteristic 
planes  (Mach  planes)  set  at  different  angles  6 around  the  X axis. 
The  lengths  X^  and  X2  are  defined  by 


«J„  X(0f 
1 1 P”  dO 

X7”  27rJo  X{df 


(2) 

(3) 


At  low-supersonic  Mach  numbers  and  large  angles  of  sweep  or 
yaw,  the  lengths  X^  and  X2  are  close  to  the  actual  A'-wise  exten- 
sion or  length  of  the  wing.  Hence,  the  wave  drag  due  to  the 
lift  diminishes  approximately  as  the  inverse  square  of  the  length 
while  the  wave  drag  due  to  volume  goes  down  with  the  inverse 
fourth  power. 

The  second  term  of  Eq.  (1)  is  the  well-known  linear  formula 
for  the  induced  drag  of  a wing  having  an  elliptic  span-load  distri- 
bution. The  rules  determining  the  form  of  large  birds,  sailplanes, 
and  other  subsonic  aircraft  are  evidient  from  the  first  two  terms 
of  Eq.  (1).  Here,  one  tries  to  maximize  the  span  Y and  to  mini- 
mize the  wetted  area  (2S,„)  by  reducing  the  width  of  the  wing  in 
the  flight  direction.  According  to  the  linear  theory  (induced  drag 
theory),  the  dragof  the  wing  at  subsonic  speeds  is  independent  of 
either  the  extension  or  the  distribution  of  lift  in  the  flight  direc- 
tion. Hence,the  long  narrow  straight  wing  or  “lifting  line”  is  ideal 
at  subsonic  speeds  since  it  minimizes  the  wetted  area.  The 
success  of  the  rule  for  increasing  L/D  by  increasing  the  aspect 
ratio  depends,  however,  on  the  maintenance  of  Kutta-Joukowsky 
flow.  If  one  tries  to  approach  the  “lifting  line”  too  closely,  the 
lifting  pressure  becomes  excessive,  and  nonlinear  effects  associ- 
ated with  flow  separation  or  shock  losses  will  intervene.  In  spite 
of  these  limiting  phenomena,  sailplanes  with  extreme  proportions 
have  achieved  LJD  ratios  as  high  as  40  or  50  to  1. 

The  counterpart  of  the  lifting  line  at  supersonic  sp^ds  is  the 
oblique  lifting  line  mentioned  earlier.  Here  the  appearance  of  the 
wave  drag  [third  and  fourth  terms  of  Eq.  (2)]  requires  that  the 
wing  have  as  great  a length  as  possible  in  addition  to  a wide 
span  and  a small  surface  area.  The  rules  determining  the  optimum 
wing  form  are  then  similar  to  those  determining  the  form  of  a 
sailplane,  except  that  at  supersonic  speeds  one  tries  to  maximize 


Fig.  6 Drag  due  to  lift; 
b/a  = 10. 
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Fig.  7 Upward  curvature  of  wing  to  maintain  uniform  lifting  {u-es^re 
C^-0.5. 


both  the  span  and  the  length  in  the  flight  direction  together  with 
a minimum  surface  area. 

Again,  if  one  tries  to  approach  the  idealized  lifting  line  too 
closely,  nonlinear  phenomena  will  intervene.  The  lifting  pressure 
may  exceed  the  maximum  lift  coefficient  of  the  sections,  or  if  the 
crosswise  component  Mach  number  is  too  high,  supercritical 
shock  losses  will  appear. 

For  the  wing  of  elliptic  planform,  the  pressure  drag  associated 
with  the  lift  (wave  drag  and  vortex  drag)  is  a minimum  when  the 
lift  is  distributed  uniformly  over  the  surface.  The  formula  given 
by  linear  theory  in  this  case  is^ 

ACo  = - (m  + iajbfV'^ 

where 

m = sin  if/  cos  if/fb'^ 

b'  = {a^  cos^  if/-{-b^  sin^  if/)^^^ 
a'b'  = ab 

a and  b are  the  major  and  minor  semiaxes  of  the  ellipse  and 
if/  is  the  complement  of  the  angle  of  yaw  (see  Fig.  5). 

Figure  6 shows  variations  of  drag  due  to  lift  with  angle  of  yaw 
for  an  elliptic  wing  with  an  axis  ratio  of  10  to  1.  At  M = 1.0  the 
value  shown  is  simply  the  induced  drag,  or  vortex  drag,  whidi 
is,  of  course,  large  at  large  angles  of  yaw  because  of  the  small 
span.  Also,  shown  on  the  graphs,  are  the  angles  of  yaw  at  which 
the  crosswise  Mach  number  exceeds  an  assumed  critical  value  of 
0.7, 

To  obtain  a reasonably  uniform  distribution  of  lifting  pressure 
at  large  angles  of  yav',  the  wing  must  be  constructed  with  a certain 
camber  and  twist.  Calculations  of  the  required  camber  and  twist 
have  been  made  by  R.  Carmichael  and  A.  D.  Levin  of  Ames 
Research  Center  utilizing  the  technique  of  Ref.  6.  TTie  amount 
of  twist  indicated  for  a yaw  angle  of  45^,  a lift  coefficient  of  0.5, 
and  a Mach  number  near  1.0  is  illustrated  in  Fig.  7.  It  is  seen 
that  the  forward  going  tip  must  have  a positive  angle  of  attack 
while  the  angles  of  the  rearmost  sections  are  negative.  A practical 


Fig.  8 Drag  due  to  voluine; 
oblique  elliptic  wm^;t/2u  = 0.1, 
b/a  = 10. 


Fig.  9 Estimated  lift/drag  ratios;  M = 1,4;  b/a  — 10(t/2a)  = 1/10. 

way  to  provide  an  effective  twist  that  automatically  increases 
with  yaw  angle  is  to  construct  the  wing  with  a certain  amount 
of  upward  curvature  in  its  unyawed  aspect,  as  shown  in  the  figure. 
Linear  theory  is  useful  for  determining  gross  shape  parameters, 
but  cannot,  of  course,  be  relied  on  for  critical  details.  Thus,  for 
the  sections  ofthe  wing  perpendicular  to  its  long  axis,  one  would 
select  airfoil  shapes  capable  of  sustaining  a high-lift  coefficient  at 
a high  value  ofthe  crosswise  component  Mach  number.  Increas- 
ing the  sweq)  angle  will  decrease  the  component  Mach  number— 
but  the  lift  coefficient  based  on  the  reduced  component  velocity 
will  then  increase.  These  considerations  involvd  the  critical  Mach 
number  and  the  lift  coefficient  in  combination  and  point  to  the 
choice  of  airfoil  sections  that  can  develop  a high  ratio  of  absolute 
lifting  pressure  to  ambient  pressure,  i.e., 

PJPa^iyim^CL 

without  drag  penalty. 

The  minimum  wave  drag  for  a given  internal  volume  of  the 
elliptic  wing  occurs  when  the  thickness  ratio  of  the  sections 
fails  off  elliptically  toward  the  tips.^  The  formula  for  the  drag 
due  to  thickness  or  volume  in  the  case  of  the  yawed  ellipse  is 
given  by  J.  H.  B.  Smith ^ and  the  results  are  plotted  in  Fig.  8 for 
an  axis  ratio  of  10  to  I and  a root  thickness/chord  ratio  of  0.1. 

The  wave  drag  associated  with  the  volume  of  the  wing  shows  a 
steep  rise  as  the  long  axis  of  the  wing  turns  into  the  wind,  the 
influence  of  the  inverse  fourth  power  of  the  projected  length.  Here, 
however,  the  drag  increase  associated  with  nonlinear  or  super- 
critical flow  over  the  wing  sections  may  dominate,  so  that  the 
prediction  of  linear  theory  will  not  be  adequate.  It  is  here  that 
the  newer  developments  in  supercritical  wing  sections  exemplified 
by  the  work  of  Piercey,  Niewland,  and  Whitcomb  may  be 
significant  for  the  antisymmetric  wing. 

The  drag  values,  given  by  linear  theory  together  with  a suitable 
estimate  of  the  skin  friction,  enable  the  prediction  to  be  made  of 
lift-drag  ratios  of  elliptic  wings  at  varous  Mach  numbers  and  yaw 
angles.  Such  predictions  will  be  valid  if  proper  account  is  taken 


O 5 10  15  20  25 

AXIS  RATIO  b/a 


Fig.  10  Variation  of  L/D  with  axis  ratio  lowing  effect  of  limitatioa 
of  the  normal  lift  coefficient  Cth^ 
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Fig.  II  Estimated  L/D 
ratios  for  M = (Refs.  3 
and5>. 


of  the  limitations  imposed  by  nonlinear  phenomena.  Figure  9 
taken  from  Ref.  8 shows  such  estimates  for  an  ellipse  of  10  to  1 
axis  ratio,  10%  thickness  and  a friction  drag  coefficient  of  0.005. 
The  dotted  curves  show  the  effect  of  limiting  the  section  lift  coeffi- 
cients to  values  of  l.O  and  0.5,  respectively.  Figure  10  shows  how 
the  increase  of  L/D  with  aspect  ratio  depends  on  the  possibility  of 
achieving  rather  high  section  lift  coefficients. 

Lift-drag  values  for  slanted  elliptic  wings  at  M = 2.0  have  been 
calculated  by  J.  H.  B.  Smith"^  and  are  quoted  by  D.  Kuchemann.^ 
Figure  1 1,  adapted  from  Ref.  7,  shows  results  of  this  calculation. 
At  M = 2.0  peak  lift  drag  ratios  occur  at  ij/  — 15^-20“  corres- 
ponding to  sweep  angles  of  70"’-75°.  The  optimum  crosswise 
Mach  number  indicated  by  linear  theory  is  approximately  0.7, 
close  to  one  limit  imposed  by  nonlinear  effects. 


Wind-Tunnel  Tests  of  Yawed  Wing  Combinations 

Few  wind-tunnel  experiments  have  been  made  to  test  the  pre- 
dictions for  oblique  wings  of  high-aspect  ratio.  One  set  of  experi- 
ments testing  yawed  and  swept  wings  in  conjunction  with  a 
fuselage  was  made  by  G.  H.  Holdaway  and  E.  W.  Hatfield^®  at 
Ames  Aeronautical  Laboratory  (now  Ames  Research  Center). 
The  angles  of  sweep  or  yaw  in  these  tests  was  40'’  and  the  wing 
thickness-chord  ratio,  approximately  11%.  Figure  12  shows  the 
drag  at  zero  lift  for  two  of  the  combinations  tested.  At  M - 1.0 
the  antisymmetric  configuration  has  much  smaller  drag,  as 
expected.  At  M = 1.15,  however,  the  normal  component  of  M is 
approximately  0.88,  exceeding  the  drag  rise  Mach  number  of  the 
sections.  Beyond  this  point,  the  drag  of  the  yawed  wing  is  higher 


Stability  and  Control  of  Yawed  Wing  Aircraft 

When  the  advantages  of  “subsonic”  sweep  first  became  evident, 
questions  were  raised  about  the  possibility  of  flying  an  airplane 
with  the  wing  set  at  a large  angle  of  yaw.  Perhaps  the  earliest 
experiments  to  test  the  flight  stability  of  such  an  arrangement 
were  made  in  1946  by  J.  P.  Campbell  and  H.  M.  Drake^*  in  the 
Free- Flight  Tunnel  at  Langley  Field,  Va. 

Campbell  and  Drake  found  that  the  yawed  wing  avoided  the 
large  rolling  moment  due  to  sideslip  and  the  consequent  short 
period  rolling  oscillations  of  the  swept  wing.  They  noted  that  the 
flight  characteristics  of  the  model  remained  essentially  unchanged 
up  to  angles  of  yaw  of  40^  and  were  still  satisfactory  at  50^^.  Of 
special  interest  is  the  observation  that  deflection  of  the  ailerons 
produced  no  observable  pitching  motion  in  free  flight.  Evidently, 
the  change  of  longitudinal  lift  distribution  produced  by  deflecting 
the  ailerons  is  almost  immediately  cancelled  by  roiling  motion  of 
the  model.  The  wing  in  effect  simply  follows  the  helix  angle 
defined  by  an  effective  twist  associated  with  the  aileron  deflection 
with  no  significant  change  in  lift  distribution.  The  longitudinal 
stability  and  the  trimmed  lift  are  then  governed  by  the  position  of 
the  aerodynamic  center  and  the  horizontal  tail  setting  referred  to 
the  oblique  axis  of  the  wing.  Some  years  later  the  present  writer 
demonstrated  the  rather  surprising  stability  of  the  slanted  wing 
by  flying  models  at  the  first  jCAS  meeting  in  Madrid. 


While  satisfactory  stability  can  probably  be  achieved  with  the 
yawed  wing  in  the  normal  flight  range,  some  unusual  effects  will 
certainly  be  apparent.  One  effect  that  can  be  anticipated  is  a 
coupling  between  yaw  angle  and  vertical  acceleration,  i.e.,  dL/diff. 
A simple  estimate  for  a wing  at  45°  yaw  shows  ( l/L^^L/f’i^)  = 1, 
i.e.,  Ig  per  radian  of  sideslip  angle  \j/.  This  value  may  be  com- 
pared to  the  sensitivity  of  vertical  act^leration  to  angle  of 
attack  changes.  Assuming  dCJda  = 5,  and  a ffight-lift  coefficient 
of  l.G  we  have  {i/L){dL/doi)  — 5;  hence,  the  sensitivity  to  yaw  is 
about  I the  sensitivity  to  pitch. 

Dynamic  coupling  between  different  degrees  of  freedom  is  not 
always  undesirable  since  excessive  damping  in  one  mode  may  be 
distributed  to  a mode  that  would  otherwise  be  deficient.  Of 
course,  conventional  treatments  of  stability,  which  assume  bi- 
lateral symmetry  with  the  resulting  division  into  “longitudinar 
and  “lateral”  motions,  are  inapplicable  in  this  case,  and  a full 
treatment  involving  six  degrees  of  freedom  as  well  as  aeroelastic 
deformations  will  be  required. 

As  is  well  known,  slanted  or  swept  wings  tend  to  stall  first  at 
the  downstream  tips.  With  the  swept  wing  the  loss  of  lift  at  the 
tips  leads  to  a nose-up  tendency  aggravating  the  stall.  In  the 
case  of  the  slanted  wing,  the  situation  would  seem  worse  since 
the  asymmetric  stall  would  lead  to  bank.  The  special  measures 
used  to  control  the  pitchup  tendency  of  swept  wings  may  quite 
possibly  not  be  adequate  for  a yawed  wing  of  high  aspect  ratio. 
At  best,  it  is  difficult  to  envision  regular  landings  with  the  wing 
in  the  oblique  position,  and  it  seems  desirable  to  incorporate 
variable  geometry  so  that  the  wing  may  be  straightened  out  for 
landing. 


Application  to  Transport  Aircraft 

Varying  the  angle  of  sweep  or  yaw  has,  of  course,  marked 
advantages  for  other  flight  conditions,  such  as  “holding”  at  sub- 
sonic speeds  or  adapting  the  airplane  to  cruise  efficiently  at 
different  Mach  numbers.  Thus,  overland  flights  of  a supersonic 
aircraft  will  probably  be  limited  to  Mach  numbers  low  enough 
to  avoid  the  sonic  boom.  The  same  aircraft  may  fly  much  faster 
over  water. 

G.  H.  Lee*  ^’^^  has  suggested  that  the  mechanical  problems  of 
variable  geometry  would  be  effectively  eliminated  by  making  an 
“alj-wing”  aircraft.  Such  a step  is  certainly  attractive,  but  with 
current  densities  and  loadings  seems  to  be  possible  only  for 
airplanes  of  very  great  size.  Lee  assumes  an  airplane  designed  to 
cruise  at  M = 2.0  and  compares  the  yawed- wing  aircraft  with  the 
more  conventional  delta  wing  type. 

The  yawed  wing  was  found  capable  of  carrying  twice  the  pay- 
load  on  the  Atlantic  flight  chiefly  because  of  its  better  off-design 
performance.  It  is  anticipated  that  current  supersonic  transports 
may  consume  as  much  as  40%  of  their  fuel  load  in  subsonic 
maneuvers.  The  ability  to  cruise  or  hold  efficiently  at  reduced 
speed  would  thus  be  important  for  the  utility  of  such  aircraft. 
Current  delta  wing  transports  require  large  amounts  of  power  for 
takeoff  primarily  because  of  large  values  of  weight  per  unit  span. 
Since  the  takeoff  power  diminishes  approximately  as  the  | power 
of  the  span  loading,  extending  t he  wing  span  can  be  very  effecti  ve 
in  reducing  takeoff  distance  and  noise. 


Fig.  12  Drag  at  zero  lift;  comparfeon  of  yawed  and  swept  win^.’ 
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REDUCTION  OF  WAVE  DRAG  BY  ANTISYMMETRIC  ARRANGEMENT 


a)  Trimmed  for  Af  = 1 


c)  Trimmed  for  M = 1.3  ~ 1.4 
Fig.  13  Antisymmetric  transport  aircraft. 


Arrangements  permitting  more  conventional  values  of  wing 
loading  and  size  are  shown  in  Figs.  13(a-c)  and  14.  The  use  of  two 
bodies  connected  across  by  the  wing  and  horizontal  tail  in  a paral- 
lelogram arrangement  has  certain  advantages  over  the  usual 
arrangement  for  variable  sweep.  Shearing  the  parallelogram  does 
not  displace  its  center  of  gravity  and  only  slightly  displaces  the 
center  of  lift.  The  first-order  variation  of  lateral  trim  with  yaw 
angle  can  be  compensated  by  constructing  the  wing  with  an 
appropriate  curvilinear  dihedral  as  indicated  earlier. 

As  is  well  known,  varying  the  geometry  of  the  swept  wing  has 
several  drawbacks.  First  of  all,  massive  bearings  which  can  carry 
the  wing  root  bending  moment  must  be  used.  Secondly,  move- 
ment of  the  lifting  surface  backward  at  supersonic  speeds  com- 
pounds the  normal  rearward  travel  of  lifting  pressure  at  these 
speeds.  With  the  single  slanted  wing,  however,  the  wing-beam 
structure  is  continuous  across  the  pivots  and  no  primary  bending 
loads  appear. 

Intuitively,  one  would  expect  the  forward  tip  of  the  slanted 
wing  to  show  a tendency  for  aeroelastic  divergence.  Both  slanted 
and  swept  wings  tend  to  become  concave  upward  when  deflected 
under  a gust  load,  leading  momentarily  to  a tendency  to  pitch  up 
and  increase  the  load.  However,  the  observation  made  in  the  free 
flight-tunneF  * is  relevant  here  for  the  case  of  the  slanted  wing. 
The  observation  was  that  increasing  the  effective  angle  of  attack 
of  the  forward  wing  tip  and  reducing  that  of  the  rearward  tip  by 
deflecting  the  ailerons  did  not  result  in  observable  pitching 
motion  but  only  in  roll. 

It  can  be  seen  that  the  elastic  deflection  of  the  oblique  wing 


by  upward  gust  is  aerodynamically  equivalent  to  a twist,  similar 
to  that  produced  by  deflecting  ailerons.  The  air  load  due  to  such 
a twist  is,  however,  almost  immediately  cancelled  by  a rolling 
motion  with  the  helix  angle  ofthe  roll  (p  y/2u)  equal  to  that  of  the 
twist.  Hence,  the  relief  provided  by  the  rolling  motion  should 
effectively  cancel  the  tendency  for  aeroelastic  divergence  in  the 
case  of  the  oblique  wing.  Stresses  that  arise  during  the  accelera- 
tion of  the  rolling  motion  would  be  proportonal  to  the  inertia 
in  roll  of  the  masses  attached  to  the  wing.  Since  the  single 
fuselage  at  the  center  of  the  wing  has  almost  negligible  inertia  in 
roil,  one  arrives  at  the  surprising  conclusion  that  the  one-body 
arrangement  has  greater  aeroelastic  stability  than  the  two-body 
arrangement.  In  either  case,  stability  must  be  assured  by  adequate 
wing  stiffness  and  adequate  longitudinal  stability.  Clearly  a more 
complete  analysis,  taking  account  of  the  free  motions  of  the 
aircraft  as  well  as  its  elastic  deflections  will  be  required. 

Table  I lists  estimated components  of  drag  for  the  arrangement 
shown  in  Fig.  13  at  M = 1.0-1. 1 with  the  wing  set  at  45"'. 


Table  1 Drag  estimate  for  antisymmetric-transport  airo-aft 


1)  Wave  drag  of  bodies  Co 

= 0.001 

2)  Wave  drag  of  wing  alone 

0.0004 

3)  Wing-body  interference  drag 

0.0006 

4)  Drag  + interference  of  tail  surfaces 

0.0005 

.5)  Friction  drag  of  wing 

0.004 

6)  Nonlinear  “form”  drag  of  wing 

0.004 

7)  Friction  drag  of  bodies- 

0.0034 

8)  Friction  drag  of  tail  surfaces 

0.h016 

9)  Friction  drag  of  engine  nacelles 

0.0007 

= 0.0162  , 

10)  Lift  induced  drag  at  Ct  = 0.575 

= 0.0162 

0,0324 

(L/Z>)„,„  = 17.7 

At  M = 1.2,  the  yaw  angle  required  is  about  50"'  and  the 
estimated  L/D  falls  to  approximately  15.  When  trimmed  for  sub- 
sonic flight  {Fig.  1 3b)  the  L/D  should  exceed  20  to  I. 

In  conclusion,  it  is  admittedly  surprising  that  aerodynamics 
and  simple  mechanics  would  lead  to  an  antisymmetric  form  for 
supersonic  flight.  The  difficulties  with  such  forms  may,  however, 
be  more  conceptual  than  real  and  it  is  hoped  that  our  analysis, 
though  incomplete,  will  show  that  such  configurations  deserve 
more  serious  study. 
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New  Design  Goals 

and  a New  Shape  for  the  SST 

By  ROBERT  T.  JONES 
NASA  Ames  Research  Center 

A wing  which  pivots  as  a whole  would  permit  supersonic 
aircraft  that  both  avoid  sonic  boom  and  reduce  noise 
around  airports 


New  demands  on  the  SST  for  better  economy  and 
less  noise  make  it  seem  appropriate  to  consider  a 
radically  different  concept  of  design.  The  shape 
suggested  here:  an  almost  perfectly  conventional 
subsonic  aircraft  equipped  with  a straight  wing  of 
high  aspect  ratio,  but  with  the  wing  arranged  so 
that  it  can  be  turned  to  different  oblique  angles  for 
flight  at  different  Mach  numbers. 

Not  a new  idea  at  all,  turning  the  wing  as  a whole 
instead  of  sweeping  it  back  from  the  middle  has 
been  proposed  several  times  in  the  past  by  the 
present  writer  and  others.’ ' ° J.  P.  Campbell 

and  H.  M.  Drake  studied  the  stability  and  control 
of  oblique- winged  aircraft  in  the  N AC  A Free  Flight 
Tunnel  more  than  25  years  ago.^  Early  in  the  1960s 
G.  H.  Lee  considered  the  advantages  of  an  “all- 
wing” aircraft  arranged  so  that  it  could  be  steered 
by  flying  at  varying  oblique  angles.^ In  addition 
to  American  work,  it  appears  that  German 
aerodynamicists  made  classified  studies  of  such 
configurations  during  WW  II.  Specifically, 
Richard  Vogt  of  the  Blohm  and  Voss  Company 
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proposed  designs  of  this  type,  but  the  projects  did 
not  reach  the  stage  of  flight  test. 

These  proposals  do  not  seem  to  have  been  taken 
very  seriously  by  aircraft  designers.  In  this  article, 
consequently,  I would  like  to  call  attention  to  some 
rather  remarkable  properties  of  the  oblique  wing, 
report  some  new  discoveries  concerning  the  shape 
of  such  wings,  and  discuss  their  adaptation  to  a 
practical  aircraft. 

To  determine  an  optimum  wing  shape,  or  a 
shape  having  a minimum  of  drag,  the  designer 
must  first  of  all  adopt  some  constraint  on  the 
dimensions  of  the  wing.  Thus  in  Munk’s  problem 
of  minimum  induced  drag  the  span  of  the  wing  is 
supposed  to be  limited.  With  the  total  lift  given,  the 
induced  drag  or  vortex  drag  is  then  found  to  be  a 
minimum  when  the  lift  is  distributed  elliptically 
over  the  span.  Furthermore,  the  vortex  drag  is 
independent  of  the  distribution  of  lift  in  the 
direction  of  flight.  If  a limifation  on  the  maximum 
lift  coefficient  is  recognized  and  if  the  skin  friction 
is  taken  into  account,  the  optimum  wing  planform 
turns  out  to  be  a narrow  ellipse  with  its  long  axis 
perpendicular  to  the  direction  of  flight. 

For  supersonic  speeds,  in  addition  to  the  vortex 
drag  and  the  friction,  the  designer  must  weigh  a 
wave  drag  associated  with  the  thickness  or  volume 
of  the  wing  as  well  as  with  the  lift  distribution. 
These  latter  components  are  not  independent  of 
the  distribution  in  the  flight  direction,  but  diminish 
rapidly  and  continuously  as  the  length  of  the  wing 
in  the  flight  direction  is  increased.  So  the  designer 
must  adopt  a limitation  on  the  length  of  the  wing  as 
well  as  the  span.  In  spite  of  the  additional  sources 
Astronautics  & Aeronautics 
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of  drag,  the  additional  constraint,  and  the  tact  thskt 
the  flow  equation  is  now  hyperbolic  instead  of 
elliptic,  the  subsonic  elliptic  wing  reappears  as  the 
optimum  for  supersonic  speeds.  The  wing  merely 
takes  up  the  greatest  ‘‘subsonic  sweep’*  angle 
permitted  by  the  constraints.  The  minimum  drag 
again  occurs  when  the  spanwise  loading  is  elliptical 
and  when  the  thickness-chord  ratio  of  the  wing 
sections  falls  off  elliptically  toward  the  tips.' 

The  optimum  supersonic  wing  planform  thus 
does  not  have  the  bilateral  (mirror)  symmetry  of  the 
subsonic  wing.  It  is  easy  to  show  that  the  optimum 
thin  planar  wing  cannot  have  the  usual  arrow  or 
delta  form.  According  to  the  reversibility  theorems 
of  Karman  and  Hayes  a given  distribution  of  lift  or 
volume  must  have  the  same  wave  drag  when  fl3ring 
in  the  opposite  direction.^ ' ® According  to  Munk’s 
theorem  the  vortex  drag  must  be  the  same  also. 
Hence,  if  the  arrow  wing  were  the  optimum,  the 
reversed  arrow  would  also  be  the  optimum. 

The  reversibility  theorems  thus  indicate  that  an 
optimum  shape  should  have  fore  and  aft  symmetry, 
i.e.,  should  look  the  same  for  either  direction  of 
flight.  The  oblique  ellipse  satisfies  this  criterion, 
having  both  longitudinal  and  lateral  symmetry  but 
not  bilateral  symmetry.  The  indication  of  fore  and 
aft  symmetry  is  certainly  remarkable  since  neither 
the  supersonic  flow  field  nor  the  local  distribution 
of  the  drag  shows  this  kind  of  symmetry.  Small- 
disturbance  theory  identifies  a limitation  here. 
Local  details  of  the  airfoil  section  shape  are 
strongly  influenced  by  nonlinear  effects,  and  are,  of 
course,  not  reversible. 

December  1972 
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Wind-tunnel  experiments  at  NASA  Ames 
Research  Center  have  specifically  tested  the 
foregoing  theoretical  predictions  (F-1).  The  wing 
has  a quasi-elliptic  planform  of  10-to-l  axis  ratio 
(aspect  ratio  12.7).  It  was  attached  in  the  high  wing 
position  to  a fuselage  of  12- to- 1 fineness  ratio.  The 
airfoil  sections,  10%  thick,  were  derived  by  the 
conventional  NACA  “4-digit”  formula.  To 
maintain  the  desired  symmetry  of  the  lift 
distribution  in  the  yawed  position,  the  wing  was 
constructed  without  twist  but  with  a calculated 
amount  of  upward  curvature,  i.e,,  a “curvilinear 
dihedral”  in  the  unyawed  position.  The  wing  thus 
has  bilateral  sy^imetry  in  the  unyawed  position. 
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With  the  wing  in  the  oblique  positions  the 
curvilinear  dihedral  has  an  aerodynamic  effect 
equivalent  to  that  of  twist. 

A photo  here  (F-2)  shows  the  elliptic  wing-body 
model  in  the  Ames  11 -ft  supersonic  tunnel.  The 
tests  confirmed  the  theoretical  predictions  in  a very 
satisfactory  way.  With  the  wing  straight  the 
maximum  lift-drag  ratio  L/Dmax  exceeded  30  to  1 
at  Mach  numbers  (M)  up  to  0.7,  but  fell  abruptly  to 
11  at  M = 0.8.  The  wing  was  then  turned  to  45  deg 
and  L/Dmax  increased  to  20  at  M = 0.98.  At  M = 
1J4  and  a wing  angle  of  60  deg,  L/D  was 
approximately  11.  In  every  case  these  values  run 
significantly  higher  than  those  previously  obtained 
with  arrow  wing  or  delta  wing-body  combinations. 

Since  the  oblique  wing  does  not  have  the 
customary  bilateral  symihetry,  questions  of 


F-3  RADIO-CONTROLLED  FLYING  MODEL 


F-4  OBLIQUE  WINGED  AIRCRAFT 


Stability  and  control  immediately  present 
themselves.  Perhaps  the  earliest  experiments  on  the 
controllability  of  such  a configuration  were  made 
by  H.  M.  Drake  and  J.  P.  Campbell  in  the  NACA*s 
Free  Flight  Tunnel  at  Langley  Field.^  They  found 
that  the  oblique-winged  model  did  not  have  the 
lateral  rolling  oscillations  characteristic  of  swept- 
wing  models  and  showed  satisfactory  stability  and 
control  up  to  wing  angles  of  50  deg.  At  60  deg 
however,  the  ailerons  become  ineffective  and 
lateral  control  could  not  be  maintained. 

With  the  wing  set  at  a large  angle,  the  ailerons 
are  in  a position  to  cause  a relatively  large  pitching 
moment  in  addition  to  their  normal  rolling  action. 
Campbell  and  Drake  found,  however,  that  aileron 
deflection  in  free  flight  did  not  produce  observable 
pitching  motions.  Evidently  the  rolling  motion 
quickly  cancels  the  unsymmetrical  lift  distribution 
produced  by  the  ailerons  and  the  resulting  pitching 
moment. 

To  gain  further  experience  in  the  control  and 
stability  of  oblique  winged  aircraft,  I have  made 
and  tested  radio-controlled  flying  models,  taking 
advantage  of  the  highly  sophisticated  techniques 
and  equipment  developed  in  recent  years  by  model- 
airplane  builders.  Photos  (F-3  and  F-4)  show  one  of 
the  models.  The  radio  control’  gives  linear, 
proportional  deflection  of  all  surfaces  and  in 
addition  permits  variation  of  the  wing  skew  angle 
in  flight.  Takeoffs  and  landings  were  made  with  the 
wing  straight.  An  enlarged  16-mm  movie  frame  (F- 


F-5  ENLARGED  16-MM  MOVIE  FRAME  OF  R.  C. 
MODEL  IN  FLIGHT 
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5)  shows  the  model  in  flight  with  the  wing  at  45  deg. 
Burnett  L.  Gadeberg  of  Ames  controlled  the 
model. 

Variations  of  wing  angle  up  to  and  beyond  45 
deg  produced  no  apparent  changes  in  stability  and 
only  a slight  change  in  lateral  trim-requiring  a 1- 
or  2-deg  offset  of  the  ailerons.  Elevator  and  aileron 
effectiveness  remained  normal  and  we  observed  no 
change  in  longitudinal  trim. 

Ordinary  maneuvers  such  as  loops  and  rolls  were 
performed  without  difficulty  at  wing  angles  of  45 
deg.  Coupling  between  longitudinal  and  lateral 
motions  did  not  appear  in  aileron  rolls,  but  was 
quite  apparent  in  the  response  to  elevator  control. 
Thus  loops  performed  with  the  wing  at  45  deg 
appeared  to  take  the  form  of  a 45-deg  helix, 
indicating  that  the  rotation  produced  by  the 
elevator  tends  to  align  with  the  long  axis  of  the 
wing.  With  the  left  tip  forward,  use  of  the  elevator 
in  a left  turn  tended  to  steepen  the  bank  angle. 
Analysis  shows  that  in  this  case  a certain  amount  of 
aileron  deflection  must  be  employed  with  the 
elevator  to  prevent  banking  toward  the  forward  tip. 

Varying  the  sweep  by  turning  the  wing  as  a whole 
has  several  practical  advantages  over  the  usual 
“swing  wing”  design.  It  keeps  the  wing  structure 
continuous  across  the  pivot  and  makes  the  primary 
load  on  the  pivot  tension.  With  separate  wing 
panels  pivoted  at  the  root,  however,  much  greater 
loads  develop  on  the  pivots  (F-6).  Also,  sweeping 
the  wing  panels  back  for  high-speed  flight 
displaces  the  center  of  lift  rearward,  compounding 
the  normal  rearward  center-of-pressure  shift  at 
these  speeds.  Turning  the  wing  as  a whole, 
however,  does  not  displace  the  centroid  of  area 
relative  to  the  center  of  gravity  (F-7).  Even  with 
fixed  geometry  the  structure  of  the  bilaterally 
symmetric  wing  is  less  favorable  because  of  the 
unbalanced  torsion  at  the  wing  root.  The 
unbalanced  torsion  may  be  equated  approximately 
to  increase  in  beam  length  for  the  swept  wing  (F-8). 
Finally,  conforming  to  the  “area  rule,*'  the  swept 
wing  requires  a rather  localized  and  d^p 
indentation  of  the  fuselage.  The  optimum  fuselage 
shape  for  the  oblique  wing,  however,  is  much  more 
nearly  cylindrical  (F-9). 

The  artist’s  rendering  on  the  last  page  of 
this  article  shows  a conceptual  version  of  a long- 
range  supersonic  transport  utilizing  the  oblique 
wing.  By  attaching  the  wing  to  the  ftiselage  so  that 
it  can  be  turned  to  different  angles,  flight  at 
different  Mach  numbers  can  be  made  with  the 
utmost  efficiency.  Thus,  for  overland  flights  at 
speeds  slow  enough  to  avoid  the  sonic  boom  (M  1.0- 
1.2)  the  wing  angle  must  be  45-55  deg.  For 
overwater  flights  at  M 1.4,  60-65  deg  would  be 
needed.  It  is  anticipated  that  landings  and  takeoffs 
would  be  made  with  the  wing  in  the  straight 
December  1972 


F-6  CONTINUOUS  WING  STRUCTURE;  NO 
BENDING  LOAD  ON  PIVOTS 


F-7  CENTROID  OF  LIFTING  AREA  NOT  DISPLACED 
BY  ROTATION 


F-8  STRAIGHT-BEAM  STRUCTURE. 


F-9  SMOOTH  AREA  DISTRIBUTION  FOR  FUSELAGE 


Concept  of  a pivoting>wing  SST  for  commercial  operations. 


position.  With  a straight  wing  of  high  aspect  ratio, 
the  energy  required  for  takeoff  should  be  less  than 
that  required  by  conventional  subsonic  jets  and 
about  one-fourth  that  required  by  current 
supersonic  transports.  And  limiting  the  maximum 
cruise  Mach  number  to  1.4  will  permit  the  use  of 
inherently  quiet  fan  jet  engines.  Thus  it  seems  that 
a design  of  the  type  considered  could  effectively 
meet  current  demands  for  voiding  sonic  boom  and 
reducing  noise  around  airports. 
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M EXPERIMENTAL  INVESTIGATION  OF  THREE  OBLIQUE-WING  AND  BODY 
COMBINATIONS  AT  MACH  NUMBERS  BETWEEN  0.60  AND  1.40 
By  Lawrence  A.  Graham,  Robert  T.  Jones  and  FSrederick  W.  Boltz 

Ames  Research  Center 


SUMMARY 


An  experimental  investigation  was  conducted  in  the  Ames  11-  by  11-Foot 
Transonic  Wind  Tunnel  to  determine  the  aerodynamic  characteristics  of 
three  oblique  high  aspect  ratio  wings  in  combination  with  a high  fineness- 
ratio  Sears-Haack  body.  The  three  wings  had  the  same  elliptical  planform 
and  base  line  cvirvature  but  had  different  airfoil  sections.  One  wing  had 
an  airfoil  section  designed  to  have  a lift  coefficient  of  1.0  at  a Mach 
number  of  0.7»  another  to  have  shock- free  supersonic  flow  over  the  upper 
surface,  and  the  other  to  have  a lift  coefficient  of  1.3  at  a Mach  number 
of  0.6. 


Longitudinal  and  lateral-directional  stability  data  were  obtained  at 
wing  yaw  angles  of  0° , k5° » 50® , and  60°  over  a test  Mach  maaber  range  from 
0.6  to  l.k  for  angles  of  attack  between  -7“and  9°  Reynolds  niambers  for 
the  study  were  k and  6 million  per  foot.  Flow-visualization  studies  were 
made  to  examine  the  nature  of  the  flow  on  the  wing  surfaces. 

Notable  differences  were  found  in  the  aerodynamic  characteristics  of 
the  three  wing-body  combinations,  partic\ilarly  in  the  lateral-directional 
characteristics.  The  aerodynamic  efficiency  of  the  three  wing-body  com- 
binations was  in  most  instances  about  the  same,  with  two  of  the  wings  gen- 
erally exhibiting  slightly  higher  maximum  values.  The  other  wing  was  slight- 
ly more  efficient  at  Mach  niambers  where  supercritical  ^low  existed  on  the 
wings . 


INTRODUCTION 


Theoretical  predictions  and  indications  related  to  the  oblique-wing 
concept  have  been  extensively  discussed  (as  in  references  1 and  2)  and 
recently  investigated  experimentally  in  the  NASA-Ames  11-  by  11-Foot  Tran- 
sonic Wind  Tunnel. 

Theory  indicates  that  in  order  to  achieve  maximum  efficiency  the  oblique 
angle  of  the  wing  must  be  varied  with  Mach  number  in  such  a way  that  the 
component  of  velocity  normal  to  the  long  axis  of  the  wing  remains  subsonic 
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and  below  the  "drag  rise"  Mach  mimber  of  the  wing  sections.  The  sections 
taken  in  the  planes  perpendicular  to  the  long  axis  then  have  a "subsonic" 
shape  with  a rounded  leading  edge  and  camber  to  produce  a hi^  lift 
coefficient  at  a high  critical  Mach  number.  Three  wings,  having  dif- 
ferent airfoil  sections  in,  the  planes  perpendicular  to  the  long  axis  of 
the  wing,  have  been  tested  in  the  Ames  11-  by  11-Foot  Transonic  Wind  Tunnel. 
All  wings  have  the  same  elliptical  planfoimi  with  an  elliptic  axis  ratio 
of  10  to  1,  an  unswept  aspect  ratio  of  12.7  and.  a thickness-chord  ratio 
of  0,1. 


One  wing  has  an  airfoil  section  derived  by  the  well  known  WACA  "It 
digit"  formula  (see  reference  (3))*  The  shape  parameters  for  the  airfoil 
were  selected  on  the  basis  of  previous  wind  tunnel  experience  with  the  in- 
tention of  achieving  as  high  a lift  coefficient  as  possible  at  a critical 
Mach  number  of  0.7*  The  section  has  a relatively  blmt  leading  edge  with 
a radius  of  2 percent  of  the  chord. 


Another  airfoil  tested  was  designed  by  Bauer,  Garabedian  and  Kom 
of  the  Courant  Institute,  New  York  University  using  a hodograph  method 
to  obtain  a shock-free  supersonic  zone  over  the  upper  surface.  Data  on 
this  airfoil  are  given  as  example  1 (figure  5 in  Reference  (k)). 

The  other  airfoil  was  designed  for  purely  subsonic  flow  at  a Mach 
number  Of  0.60.  This  airfoil  has  more  camber  and  a design  lift  coeffi- 
cient of  1,3  (based  on  the  normal  component  velocity). 


NOMENCLATURE 


The  axis  systems  and  sign  convention  are  shown  in  figure  1.  Lift 
and  drag  are  presented  in  the  stability- axis  coordinate  system  and  all 
other  forces  and  moments  are  presented  in  the  body-slxis  coordinate  system. 
Because  the  data  were  computer  plotted  the  corresponding  plot  symbol, 
where  used,  is  given  together  with  the  conventional  symbol. 


Plot 

Symbol  Symbol 
b 


c 

*^root 


CD 


Definition 

wing  span 

wing  chord 

wing  root  chord 

drag  coefficient,  drag/q.S 
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c 


L 


C 


m 


C 


n 


C 


Y 


H 


L 

(L/D) 

M 

<1 

Be 

S 

t 

W 

X 


Y-Up 


Y-Lo 


Z*«IjO 

2 

a 


CBL  rolling-moment  coefficient,  rolling  moment/qSb. 

CL  lift  coefficient,  lift/qS 

CIM  pitchir^-moment  coefficient,  pitching  mcanent/qSc^^^ 

CYK  yawlr^-moment  coefficient,  yawing  mcment/qSh 

CY  side-force  coefficient,  side  force/qp 

maximum  vertical  distance  from  wing  reference  plane 
to  wing  base  line  at  0.4c  for 

longitudinal  distance  along  the  body  from  body 
maximum  diameter 

L/d  lift-drag  ratio 

! 

MACH  free-stream  Mach  number 

free-stream  dynamic  pressure 
RN/L  unit  Reynolds  nuniber,  million  per  foot 

wing  area 
wing  thickness 
body  width 

Cartesian  coordinate  , 

naximun  distance  from  wing  base  line  to  wing  vqper 
surface  measured  perpendicular  to  the  wing  base  line 

maximum  distance  from  wing  base  line  to  wing  lower 
surface  measured  pOTpendicular  to  the  wing  base  line 

vertical  distance  from  wirg  chord  to  wing  tq^er  surface 

vertical  distance  from  wiig  chord  to  wing  lower  surface 

Cartesian  coordinate 

ALPHA  angle  of  attach 
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3 


BETA 


angle  of  sideslip 


A LAMBDA  angle  between  a peipendi eular  to  the  body  longitudinal 

axis  and  the  0.25  chord  line  of  the  wing  measured  in 
a horizontal  plane 

^ angle  between  vertical  plane  and  the  intersection  of 

the  circular  portion  of  the  body  with  the  rectangular 
portion  of  the  body 


Subscripts 


max  maximum  value 

0 zero  trailing  edge  deflection 

i 

1 denotes  original  wing 

2 denotes  wing  number  2,  wing  with  0.013c  leading 

edge  radius 

4 denotes  wing  number  4,  wing  with  0.005c  leading 

edge  radius 


Configuration  Code 


W ¥ wing 


F F 


trailing  edge  segment 


B B body 


TEST  FACILITY 


The  tests  were  conducted  in  the  Ames  11-  by  U-Foot  Transonic  Wind 
Tunnel,  which  is  a variable  density,  closed  return,  continuous  flow  type. 
This  tunnel  has  an  adjustable  nozzle  (two  flexible  walls)  and  a slotted 
test  section  to  permit  transonic  testing  over  a Mach  number  range  con- 
tinousiy  variable  from  0.4  to  1.4. 
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MODEL  DESCRIPTION 


The  model  consisted  of  an  elliptical  planfoxm  ving  mounted  on  top 
of  a Sears-Haack  hody  as  shown  in  figure  2(a).  Pertinent  dimensions  of 
the  wings  investigated  and  of  the  Sears-Haack  hody  , which  wan  common  to 
all  configurations,  are  given  in  tables  1 throu^  3 and  in  figures  2(a) 
through  (d).  A photograph  of  the  model  is  shown  in  fij^ure  2(e).  The 
wing  was  pivoted  in  the  horizontal  plane  about  the  O.U  root  chord  point 
to  obtain  oblique  angles  of  0°,  U5°,  50®,  and  60®as  shown  in  figure  2(a). 

All  wings  had  elliptical  planforms  with  a straight  25-percent  chord 
line  (fig.  2(a)).  Wing  mmiber  1,  W_  , (see  ref.  1)  had  an  NACA  3610-02, UO 
airfoil  section  (fig.  2(d))  perpendicular  to  the  unswept  chord  line.  The 
second  wing  tested  (wing  niaaber  2,  Wg)  had  an  airfoil  section  (fig.  3 (a)) 
designed  using  a hodograph  method  to^obtain  a shock-free  supersonic  zone 
over  the  upper  surface.  The  third  wing  tested  (wing  number  It,  Wi  ) had  a 
subteonic  airfoil  section  (fig.  3(b))  designed  for  a lift  coefficient  of 
1.3  at  a Mach  number  of  0.60.  Airfoil  coordinates  for  the  three  wings 
are  given  in  table  2. 


TESTING  AND  PROCEDURE 


The  models  were  sting  mounted  through  the  base  of  the  model  body  as 
shown  in  figures  2(a)  and  2(c),  and  force  and  moment  data  were  obtained  from 
an  internally  moiaited  six-con^jonent  strain-gage  balance.  The  moment  center 
was  on  the  body  center  line  and  longitudinally  at  the  wing  pivot  point 
(O.Uc  . ).  Tests  were  conducted  at  Reynolds  numbers  of  3+  and  6 million 
per  foot!  The  angle-of-attack  range,  selected  to  define  maximum  lift-to- 
drag  ratio  for  each  configuration,  was  nominally  ± 8 degrees.  Six  com- 
ponent force  and  moment  data  were  obtained  for  the  wing  at  oblique  angles 
of  0°,  1*5°,  50°,  and  60°. 

The  measured  balance  data  were  adjusted  to  a condition  corresponding 
to  free-stream  static  pressure  on  the  model  base.  The  Mach  nimiber  range 
for  each  oblique  angle  tested  is  shown  in  table  4. 


RESULTS  AND  DISCUSSION 


A complete  index  to  the  data  figures  is  given  in  table  5.  Among  the 
noteworthy  results  of  these  experiments  are  the  exceptionally  high  lift- 
drag  ratios  obtained  in  the  transonic  and  low  supersonic  speed  ranges. 
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Lift-to-drag  ratios  for  the  three  wings  are  shown  in  figures  U throu^  7 
for  the  test  Mach  numbers  and  wing-sweep  angles.  Wing  number  2 shows  a 
maximum  L/D  value  of  31  for  M = 0.80  and  zero  wing  sweep  (fig.  U,  pg.  21). 
Wing  numbers  1 and  U both  had  a maximum  L/D  value  of  11  at  M - 1.40  and 
60*^  of  wing  sweep  (fig.  7*  pg»  1^0  ) . 

Wing  nimiber  2,  which  was  designed  to  operate  with  shock-free  super- 
sonic flow  over  the  upper  surface  showed  the  expected  behavior . At  zero 
wing  sweep  this  airfoil  extended  the  useful  Mach  laumber  from  0.70  to  approxi- 
mately O.SO.  At  60°  sweep,  however,  the  crosswise  component  of  Mach  number 
at  M = l.kO  is  only  0.70,  not  sufficient  to  achieve  the  design  condition 
of  this  wing.  Further  refinement  Of  airfoil,  selection  for  such  oblique  * 
wings  will  depend  on  the  extension  of  three  dimensional  wing  theory  be- 
yond the  linearized  formulas  now  in  use  and  probably  also  on  more  detailed 
wind  tunnel  studies. 

Another  noteworthy  feature  of  the  test  results  is  the  ranarkably 
small  shift  of  center  of  pressure  for  wing  sweep  variations  from  0°  to 
60°.  Comparing  the  pitching  moment  of  the  strai^t  wing  at  M = 0.70  (fig. 

PS*  9)  with  that  of  the  same  wing  turned  60°  shows  only  moderate  changes 
in  spite  of  tlje  fact  that  the  fore  and  aft  dimension  (streamwise  chord) 
of  the  wing  increased  almost  ten- fold  when  the  wing  was  swept. 

A similar  resixlt  can  be  observed  in  the  rolling  moment  nffiasure- 
ments.  Figure  page  13  shows  rolling  moments  measured  on  the  wings  in 
the  unyawed  position.  Presumably  such  moments  arise  from  accidental 
manufacturing  irregularities  of  the  models.  Figure  7»  page  104  shows 
rolling  moments  of  the  same  wings  turned  60®.  In  the  normal  fli^t  range 
these  are  only  sli^tly  greater  than  those  developed  on  the  straight, 
supposedly  symmetrical  wings.  At  larger  angles  of  attank,  however, 
effects  of  premature  stalling  of  the  downstream  tip  are  observed  pn  the 
oblique  wings.  This  behavior  may  be  compared  with  the  premature  tip  stall- 
ing encountered  with  more  conventional  swept-back  wings.  With  conventional 
swept-back  wings  stalling  of  the  tips  causes  the  airplane  to  pitch  up. 

With  the  oblique  wing  only  one  tip  stalls  and  the  airplane  may  be  expected 
to  roll. 
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TABLE  1.  - MODEL  GEOMETRY 


Body  (Seaxs-Haack) 

Length 

Closed 

Cut-off 

Maximijm  Diameter 


Wing 


1^5.25  in 
36.00  in 
3.37  in 


Planform  10:1  ellipse  about  c/h 
Span  (reference) 

Area  (reference) 

Root  chord 
Aspect  ratio 
Maximum  f/c 
Incidence 
0.25c  sweep 

Maximiim  thickness  location,  percent  chord 


Section 


Garahedian, 

Garahedian, 


60.00  in 
278.00  in^ 
6.00  in 
12.7 
0.10 
0° 

0° 

ItO 

NACA  3610-02, 1|0 
0.0l3c  nope  radius 
0.005c  nose  radius 
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TABIE  2.  - WIHG  GEOMETRIC  MTA* 


Wing  1,  W^ 


Semi- 


Span 

Chord 

Y-Up/c 

Y-Lo/c 

H/g 

0.000 

6.000 

.0775 

.0298 

.0000 

1.000 

5.997 

.0775 

.0298 

-.0002 

2.000 

5.987 

.0775 

.0298 

-.0008 

3.000 

5.970 

.0775 

.0298 

-.0017 

4.000 

5.946 

.0775 

.0298 

-.0029 

5.000 

5.915 

.0775 

.0298 

-.0042 

6.000 

5.879 

.0775 

.0298 

-.0056 

7.000 

5.834 

.0775 

,0298 

-.0072 

8.000 

5.783 

.0775 

.0298 

-.0090 

9.000 

5.724 

.0775 

.0298 

-.0107 

10.000 

5.657 

.0775 

.0^98 

-.0124 

10.986 

5.583 

.0775 

.0298 

-.OllK) 

11.850 

5.512 

.0775 

.0298 

-.0154 

12.635 

5.4*j2 

.0775 

.0298 

-.0162 

13.356 

5.373 

.0775 

.0298 

-.0175 

14.024 

5.304 

.0775 

.0298 

-.0185 

14.645 

5.237 

.0775 

.0298 

-.0193 

15.226 

5.170 

.0775 

.0298 

-.0199 

15.772 

5.104 

.0775 

.0298 

-.0206 

16.286 

5.039 

.0775 

.0^98 

-.0210 

16.772 

4.975 

.0775 

.0298 

-.0213 

17.233 

4.911 

.0775 

.0298 

-.0218 

17.671 

4.849 

.0775 

.0298 

-.0221 

18.087 

4.787 

.0775 

.0298 

-.0221 

I8'.lj83 

4.726 

.0775- 

.0298 

-.0222 

18.862 

4.666 

.0775 

.0298 

-.0225 

19.224 

4.606 

.0775 

.0298 

-.0224 

19.570 

4.5^^ 

.0775 

.0298 

-.0224 

19.902 

4.490 

.0775 

.02^ 

-.0225 

20.220 

4.432 

.0775 

.0298 

-.0223 

20.977 

4.289 

.0775 

.0298 

-.0219 

21.533 

4.178 

.0775 

.0298 

-.0215 

22.046 

4.069 

.0775 

.0298 

-.0209 

22.523 

3.963 

.0775 

.0298 

-.0202 

22.966 

3.860 

.0775 

.0298 

-.0194 

23.379 

3.760 

.0775 

.0298 

-.0186 

23.763 

3.662 

.0775 

.0298 

-.0177 

* Semispan  and  chord  are  in  inches 
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TABLE  2.  - WUTG  GEOMETRIC  DATA  - Coiitinued 


Wing  1,  W^ 

Semi,- 


Span 

Chord 

Y-Up/c 

Y-Lo/c 

H/c 

24.123 

3.567 

.0775 

.0298 

-.0168 

24.459 

3.474 

.0775 

.0298 

-.0158 

24.773 

3.384 

.0775 

.0298 

-.OlljB 

25.068 

3.296 

.0775 

.0298 

-.0137 

25.344 

3.210 

.0775 

.0298 

-.0125 

25.604 

3.127 

.0775 

.0298 

-.0112 

25.81<6 

3.046 

.0775 

.0298 

-.0098 

26.077 

2.966 

.0775 

.0298 

-.0088 

26.293 

2.889 

.0775 

.0298 

-.0076 

26.495 

2.8i4 

.0775 

.0298 

-.0060 

26.686 

2.741 

.0775 

.0298 

-.0047 

26.866 

2.670 

.0775 

.0298 

-.0034 

27.036 

2.600 

.0758 

.0292 

-.0023' 

27.196 

2.533 

.0738 

.0284 

-.0008 

27.347 

2.467 

.0721 

.0276 

.0008 

27.489 

2.403 

.0703 

.0270 

.0022 

27.624 

2.340 

.0688 

.0265 

.0034 

27.751 

2.279 

.0671 

.0259 

.00ll8 

27.870 

2.220 

.0653 

.0252 

.0063 

27.984 

2.163 

.0643 

.0245 

.0079 

28.091 

2.106 

.0613 

.0237 

.0095 

28.345 

1.965 

.0590 

.0229 

.0137 

28.524 

1.859 

.0565 

.0221 

.0167 

28.684 

1.758 

.0546 

.0210 

.0205 

28.825 

1.662 

.0529 

.0205 

.0241 

28.952 

1.572 

.0515 

.0197  . 

.0274 

29.064 

1.487 

.0504 

.0195 

.0309 

29.164 

1.4o6 

.0491 

.0185 

.0349 

29.254 

1.330 

.0481 

.0180 

.0383 

29.333 

1.258 

.0469 

.0183 

.0429 

29.405 

1.190 

.0462 

.0176 

.0471 

29.468 

1.125 

.0453 

.0178 

.0516 

29.529 

1.064 

.041l2 

.0169 

.0555 

29.600 

.977 

.04to 

.0174 

.0624 

29.700 

.846 

.0449 

.0165 

.0757 

29.800 

.692 

.0448 

.0173 

.09^ 

29.900 

.489 

.0450 

.0163 

.1431 

30.000 

.000 

.0000 

.0000 

(D 

table  2.  - WING  GIWMETEIG  DATA  - Continued 


x/c  z/c 

-.000259  .002799 

-.000253  .003206 

-.000245  .003358 

-.000236  .003508 

-.000225  .003655 

-.000233  .003800 

-.000198  .0039^1 

-.000183  .oo4o8o 
-.000156  .004281 

-.000117  .004537 

-.000068  .004814 

-.000004  .005114 

.000077  .005437 

.oooi8;l  .005788 
.000313  .006172 

.000482  .006592 

.000690  .007047 

.000939  .007531 

.001226  .008037 

.001500  .008482 

.001816  .008963 

.002177  .009476 

.002581  .010017 

.003024  .010576 

.003584  .013242 

.003741  .03lil20 

.003823  .031512 

.004052  .031764 

.00lj286  .032016 

.004774  .032520 

.005286  .013023 

.005821  .013524 

.006380  .01^)024 

.006993  .0145^ 

.007703  .015127 

.008523  .015766 

.009472  .016473 

.010371  .017251 

.013837  .018106 

.033283  .019037 


Wing  2,  Wg 
x/c  z/c 

.014919  .020037 
.014942  .020032 
.016227  .020802 
.016719  .023282 
.017617  .020584 
.018626  .022130 
.019108  .022389 
.020538  .023127 
.000582  .023202 
.022320  .024010 

.023832  .024723 
.024277  .024927 
.025427  .025443 
.026636  .025968 
.027858  .0261|82 
.031474  .027994 
.031980  .028389 
.032497  .028386 

.032945  .028555 
.033498  .028761 
.034020  .028953 
.034543  .029143 
.035082  .029337 
.035537  .029499 
.036082  .029691 
.036601  .029872 
.037112  .030047 
.037619  .030220 
.038349  *030ll23 
.038942  .030619 
.039521  .030809 
.o1k)086  .030991 
,0k0636  .031166 
.041171  .031335 
.041689  .031496 
.042191  .031650 
.042677  .031798 
.0431^18  .031939 
.043605  .032074 
,o44o^  .032204 


x/c  z/c 

.044480  .032330 
.044901  .032450 
.045314  .032567 
.045720  .032681 
.046122  .032792 
.046523  .032902 
.046935  .033011 

.047351  .033125 
.047772  .033236 
.048201  .033349 
.0148640  .033462 

.049093  .033578 
.049562  .033696 
.050049  .033818 
.050556  .033943 
.051086  .03I4072 
.051640  .03I4205 
.052221  .034343 
.052829  .034485 
.053467  .014633 

.054135  .034785 
.05I1835  .034943 
.055566  .035106 
.056330  .035273 
.057127  .035445 
.057955  .035623 
.058816  .035803 
.059707  .035987 
.060629  .036175 
.061578  .036366 
.062555  .036559 
.063556  .036754 
.064581  .036954 
,065628  .037148 
.066694  .037346 
.067779  .037543 
.068883  .037743 
.070005  .0379^ 
.0711116  .0381110 
.072311  .038339 


TABLE  2.  - WIHG  GEOMETRIC  DATA  - Continued. 


x/c 

.073503 

.074730 

.076001 

.077328 

.078729 

.080223 

.081835 

.083594 

.085532 

.087689 

.090107 

.092832 

.095916 

.099411 

.103374 

.107860 

.112926 

.118625 

.125010 

.132127 

.140017 

.148713 

.158242 

.168619 

.179851 

.191936 

.204859 

.218596 

.233111 

.2118369 

.261499 

.275210 

.289481 

.304289 

.319605 

.335396 

.351625 

.368251 

.385233 

.402526 


Wing  2,  Wg 
x/e  z/c 


z/c 

.038540 

.038742 

.038949 

.039260 

.039379 

.039609 

.039851 

.040110 

.OlK)390 

.01K)654 

.040976 

.041331 

.041721 

.042151 

.042623 

.043139 

.043700 

.044307 

.044957 

.045650 

.046380 

.047144. 

.047936 

.048749 

.049576 

.050410 

.051244 

.052066 

.052876 

.053661 

.054286 

.054893 

.055476 

.056033 

.056559 

.057049 

.057512 

.057912 

.058278 

.058597 


,420081 

.437854 

.455795 

,473858 

.491996 

.510163 

.528315 

.546409 

.564404 

.582260 

.599941 

.617410 

.634633 

.651577 

.668211 

.684502 

.708417 

.715919 

.730965 

.745497 

.759430 

.772646 

.785031 

.796561 

.807278 

.817242 

.826502 

.835095 

.874772 

.881389 

.886521 

.893973 

.898775 

.905727 

.907539 

.917272 

.923762 

.932355 

.936350 

.946280 


.058866 

.059084 

.059249 

.059360 

.059416 

.059416 

.059362 

.059253 

.059088 

.058870 

.058599 

.058275 

.057900 

.057474 

.056998 

.056473 

.055897 

.055271 

.054590 

.053849 

.053036 

.052143 

.051216 

.050304 

.049408 

.048524 

.047657 

.046812 

,042382 

.041550 

.040890 

.039903 

.039245 

.038267 

.038022 

.036560 

.035541 

.034142 

.033414 

.031675 


x/c 

.950000 

.955000 

.960000 

.965000 

.970000 

.975000 

.980000 

.985000 

.990000 

.995000 

1.000000 

1.000000 

.996930 

.992183 

.984458 

.974208 

.969617 

.964869 

.959372 

.953100 

.946064 

.938325 

.935056 

.930826 

.918220 

.902981 

.892173 

.888918 

.880800 

.873936 

.867017 

.860072 

.853133 

.839225 

.829378 

.821363 

.816907 

.808726 

.804319 

.799694 


z/c 

.030800 

.029550 

.028400 

.027150 

.026000 

.024800 

.023150 

.021750 

.020000 

.018350 

.016250 

.011500 

.012309 

.013346 

.014902 

,016590 

.017227 

.017799 

.018372 

.018917 

.019625 

.020235 

.020502 

.020947 

.021598 

.021796 

.021526 

.021610 

.021338 

.021038 

,020651 

.020179 

.019744 

.OIS253 

.016944 

.015678 

.014932 

.013456 

.012614 

.011703 


TABLE  2.  - WIHG  GEOMETRIC  DATA  - Contimed, 


Wing  2,  Wg 

z/c 

■’.035139 


x/g 

.794844 

i 789767 

.784463 

.778938 

.773195 

.770172 

.767702 

.762277 

.760899 

.756939 

.751239 

.747425 

.746296 

.741604 

.736259 

.735732 

.729835 

.727639 

.722656 

.718286 

.716080 

.713785 

.707523 

.706231 

.698425 

.696716 

.687638 

.687600 

.679061 

.674766 

.658057 

.643396 

.627219 

.609744 

.591249 

.591100 

.575291 

.557428 

..537560 

.520372 


z/c 

.010726 

.009690 

.008599 

.007454 

.006281 

.005655 

.005121 

.004017 

.003714 

.002880 

.001707 

.000931 

.000679 

-.000291 

-.001371 

-.001500 

-.002691 

-.003147 

-.004155 

-.005028 

-.005470 

-.0059^ 

-.007170 

-.007440 

-.008951 

-.009296 

-.011037 

-.011037 

-.022627 

K. 013435 
-.016407 
-.018887 
-.021469 
-.024068 

-.026591 

-.026613 

-.028602 

-.030667 

-.032741 

-.034358 


x/c 

.511412 

.502244 

.492898 

.483403 

.473787 

.464063 

.454281 

.444445 

.434573 

.419722 

;4o4842 

.389941 

.375014 

.360044 

.342450 

.327538 

.326625 

.316O09 

.310610 

.307293 

.294383 

.291384 

.279420 

.277862 

.264209 

.248682 

.245962 

.233501 

.229561 

.217370 

.203264 

.194206 

.185170 

.176128 

.167067 

.157951 

.151106 

.143697 

.136226 

.128686 


-.035896 

-.036&6 

-.037324 

-.037990 

-.038623 

-.039217 

-.039774 

-.040292 

-.041001 

-.041625 

-.042168 

-;042632 

-.043017 

-.043369 

-.043585 

-.043595 

-.043698 

-.043734 

-.043753 

-.043786 

-.043785 

-.043752 

-.043743 

-.043634 

-.043426 

-.043375 

-.043129 

-.043038 

-.042719 

-.042270 

-.041935 

-.041562 

-.041149 

-.040695 

-.040190 

-.039779 

-.039302 

-.038784 

-.038222 


x/c 

.121072 

.116816 

.113390 

.105636 

.103263 

.098167 

.097820 

.093341 

.088930 

.982042 

.078825 

.071082 

.066312 

.064241 

.060793 

.058050 

.055317 

.053273 

.051242 

.049218 

.047205 

.045207 

.043227 

.041267 

.039329 

.037419 

.035541 

.033698 

.032960 

.032547 

.031022 

.029605 

.029466 

.027631 

.027484 

.027462 

.026683 

.025394 

.024693 

.024151 


z/c 

-.037610 

-.037243 

-.036946 

-.036223 

-.035985 

-.035466 

-.035434 

-.034950 

-.034484 

-.033633 

-.033212 

-.032134 

-.031417 

-.031090 

-.030528 

-.030061 

-.029577 

-.029201 

-.028817 

-.028421 

-.028014 

-.027596 

-.027167 

-.026727 

-.026276 

-.025814 

-.025341 

-.024858 

-.024651 

-.024546 

-.024119 

-.023700 

-.023667 

-.023102 

-.023056 

-.023057 

-.022817 

-.022392 

-.022149 

-.021972 


TABLE  2.  - WIISG  GEOMETRIC  DATA  - Continued. 


x/c  z/e 

.022570  -.021413 

.021473  -.021007 

.021444  -.020997 

.020750  -.020723 

.020l|83  -.020627 

.019814  -.020355 

.018965  -.020017 

.018883  -.019975 

.017959  -.019583 
.017228  -.019263 

.016508  -.018936 

.015799  -.018603 

.015105  -.018266 

.014428  -.017925 

.013772  -.017582 

.013138  -.017239 

.012530  -.016898 

.011950  -.016559 

.011401  -.016226 

.010882  -.015900 

.010397  -.015583 

.009945  -.015276 

.009526  -.014982 

.009liK)  -.014700 

.008787  -.014433 

.008465  -.014181 


Wing  2,  Wg 
x/c  z/c 

.008173  -.013944 
.008077  -.013865 
.007909  -.013723 
.007763  -.013599 
.007667  -.013515 
.007626  -.013479 
.007561  -.013422 
.007471  ^,0233h0 
.007085  -.012984 
.007007  -.012909 
.006963  -.012866 
.006744  -.012655 
.006485  -.012390 
.006207  -.012094 
.005911  -.011701 
.005596  -.011390 
.005266  -.010982 
.004928  -.0105it2 
.004591  -.010082 
.OOI4263  -.009613 
.003950  -.009146 
.003655  -.008688 
.003399  -.008278, 
.003141  -.007841 
.002886  -.007397 
.002636  -.006944 


x/g  z/c 

.002392  -.006487 
.002258  -.006226 
.002052  -.005812 
.001912  -.005522 
.001770  -.005221 
.001557  -.004748 
.001190  -.003936 
.000948  -.003315 
.000745  -.002757 
.000576  -.002257 
.000437  -.001812 
.000321  -.001417 
.000246  -.001147 
.000172  ..000871 
.000098  -.000589 
.000000  -.000000 
-.000009  .000317 
-.000081  .000604 
-.000131  .000896 
-.000170  .001188 
-.000201  .001475 
-.000225  .001757 
-.000243  .002032 
-.000254  .002297 
-.000260  .002553 
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TABIiE  2 . - mm  GEOMETRIC  DATA  - Concluded 


x/c  z/c 

.99596  -.02586 
.98615  -.02306 
.96854  -.01899 
.94348  -.01488 
.91595  -.01191 
.89717  -.01051 
.87054  -.00923 
.82243  -.00837 
.77611  -.00873 
.74682  -.00927 
.71655  -.01008 
.68122  -.01118 
.65330  -.01209 
.61351  -.0l3iK) 
.57465  -.01459 
.54359  -.01545 
,50010  -.01647 
.45495  -.01727 
.38597  -.01791 
.31761  -.01781 
.25034  -.01714 
.19880  -.01620 
.13965  -.01462 

.09339  -.01288 
.06022  -.01116 
.03967  -.00970 
.02583  -.00837 
.01539  -.00694 


Wing  4,  W^^ 
x/c  z/e 

.01149  -.00620 

.00943  -.00570 

.00774  -.00519 

.00674  -.00481 

.00592  -.00445 

.00467  -.00382 

.00343  -.00308 

.00257  -.00249 

.00165  -.00176 

.00104  -.00120 

.000ii8  -.00058 

0.00000  0.00000 

-.00045  .00079 

-.00073  .00146 

-.00086  .00191 

-.00097  .00244 

-.00103  .00290 

-.00106  .00345 

-.00104  .00lK)3 

-.00098  .00463 

-.00077  .00572 

-.00052  .00653 

-.00021  .00732 

-.00026  .00830 

-.00073  .00909 

.00163  .01033 

.00276  .01161 

.00464  .013^10 


x/c  z/c 

.00709  .01538 
.01197  .01878 
.02179  .02443 
.03187  .02928 
.04250  .03373 
.06373  .04113 
.09353  .04969 
.13389  .05882 
.17545  .06612 
.22415  .07277 
.28227  .07863 
.34741  .08291 
.4l444  .08502 
.1j8i68  .08,487 
.55738  .08191 
.62052  .07704 
.68276  .06982 
.72012  .06433 
.75413  .05845 
.82318  .04432 
.85663  .03610 
.89115  .02678 
.92448  .01698 
.95410  .00764 
.97175  .00178 
.99163  -.00516 
.99988  -.00810 
1.00000  -.01725 


TABLE  3.  - BODY  DBffiHSIOML  DATA 


L 

X 

Dia 

Area 

W 

z 

$ 

.00 

22.62 

3.036 

8.909 

3.036 

.000 

90.0 

.10 

22,53 

3.036 

8.909 

3.036 

.000 

90.0 

.20 

22.42 

3.035 

8.908 

3.035 

.000 

90.0 

.30 

22.32 

3.035 

8.907 

3.035 

.000 

90.0 

.40 

22.22 

3.035 

8.905 

3.035 

.000 

90.0 

.50 

22.12 

3.034 

8.903 

3.034 

.000 

90.0 

.60 

22.02 

3.033 

8.900 

3.033 

.000 

90.0 

.70 

21.92 

3.032 

8.896 

3.032 

.000 

90.0 

.80 

21.82 

3.032 

8.892 

3.032 

.000 

90.0 

.90 

21.72 

3.030 

8.888 

3.030 

.000 

90.0 

1.00 

21.62 

3.029 

8.883 

3.029 

.000 

90.0 

I.IO 

21.52 

3.028 

8.878 

3.028 

.000 

90.0 

1.20 

21.42 

3.026 

8.872 

3.026 

.000 

90.0 

1.30 

21.32 

3.025 

8.865 

3.025 

.000 

90.0 

1.40 

21.22 

3.023 

8.858 

3.023 

.000  ' 

90.0 

1»50 

21.12 

3.021 

8.850 

3.021 

.000 

90.0 

1.60 

21.02 

3.019 

8.842 

3.019 

.000 

90.0 

1.70 

20.92 

3.017 

8.834 

3.017 

.000 

90.0 

1.80 

20.82 

3.015 

8.825 

3.015 

.000 

90.0 

1.90 

20.72 

3.013 

8.815 

3.013 

.000 

90.0 

2.00 

20.62 

3.010 

8.805 

3.010 

.000 

90.0 

2.10 

20.52 

3.008 

8. 794 

3.008 

.000 

90.0 

2.20 

20.42 

3.005 

8.783 

3.005 

.000 

90.0 

2.30 

20.32 

3.002 

8.771 

3.002 

.000 

90.0 

2.40 

20.22 

2.999 

8.759 

2.999 

.000 

90.0 

2.50 

20.12 

2.996 

8.746 

2.996 

.000 

90.0 

2.60 

20.02 

2.993 

8.733 

2.993 

.000 

90.0 

2.70 

19.92 

2.989 

8.719 

2.989 

.000 

90.0 

2.80 

19.82 

2.986 

8.705 

2.986  ' 

.000 

90.0 

2.90 

19.72 

2.982 

8.690 

2.982 

.000 

90.0 

3.00 

19.62 

2.979 

8.675 

2.979 

.000 

90.0 

3.10 

19.52 

2.975 

8.659 

2.925 

.000 

90.0 

3.20 

19.42 

2.971 

8.643 

2.971 

.000 

90.0 

3.30 

1'9.32 

2.967 

8.626 

2.967 

.000 

90.0 

3.40 

19.22 

2.962 

8.  609 

2.962 

.000 

90.0 

3.50 

19.12 

2.958 

8.591 

2.958 

.000 

90.0 

3.60 

19.  ®2 

2.953 

8.573 

2.953 

.000 

90.0 

3.70 

18.92 

2.949 

8.554 

2.949 

.000 

90.0 

* All  dimensions  are  inches  except  Area, 


and  degrees 
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TABLE  3.  - BODY  DIMENSIONAL  DATA  - Continued 


L 

X 

Dla 

Area 

W 

z 

$ 

3.80 

18.82 

2.944 

8.535 

2.944 

.000 

90.0 

3.90 

18.72 

2.039 

8.515 

2.939 

.000 

90.0 

4.00 

18.62 

2.934 

8.495 

2.934 

.000 

90.0 

4.10 

18.52 

2.929 

8.474 

2.929 

.000 

90.0 

4.20 

18.42 

2.924 

8.452 

2.924 

.000 

90.0 

4.30 

18.32 

2.918 

8,431 

2.918 

.000 

90.0 

4.40 

18.22 

2.913 

8.400 

2.913 

.000 

90.0 

4,50 

18.12 

2.907 

8.386 

2.907 

.000 

90.0 

4.60 

18.02 

2.902 

8.362 

2.900 

.059 

87.  7 

4.70 

17.92 

2.899 

8.338 

2.889 

.119 

85.3 

4.80 

17.82 

2.896 

8.314 

2.878 

.160 

83.7 

4.90 

17.22 

2.894 

8.289 

2,867 

.199 

82.1 

5.00 

17.62 

2.891 

8.264 

2.854 

.230 

80.0 

5.10 

17.52 

2.889 

8.239 

2.841 

.262 

< 79.6 

5.20 

17.42 

2.886 

8.212 

2.828 

.289 

78.4 

5.30 

17.32 

2.884 

8.186 

2.813 

.318 

77.3 

5.40 

17.22 

2.882 

8.158 

2,798 

i346 

76.1 

5.50 

17.12 

2.880 

8.131 

2.782 

.372 

75.0 

5.60 

17.02 

2.877 

8.103 

2.766 

.397 

74.0 

5.70 

16.92 

2.875 

8.074 

2. 748 

.423 

72.9 

5.80 

16.82 

2.873 

8.045 

2.730 

.448 

71.8 

5.90 

16.  72 

2.872 

8.016 

2.711 

.474 

70.7 

6.00 

16.62 

2.870 

7.986 

2.691 

.499 

69.  7 

6.10 

16.52 

2.868 

7.955 

2,671 

.523 

68.6 

6.20 

16.42 

2.866 

7.924 

2,649 

.547 

67.6 

6.30 

16.32 

2.864 

7.893 

2.627 

.571 

66.5 

6.40 

16.22 

2.863 

7.861 

2.604 

;596 

65 . 4 

6.50 

16.12 

2.861 

7.829 

2.580 

' .619 

64.4 

6.60 

16.02 

2.8S9 

7.796 

2.554 

.642 

63.3 

6.70 

15.92 

2.857 

7.763 

2.528 

.665 

62.2 

6.80 

15.82 

2.856 

7.729 

2.501 

.689 

61.1 

6.90 

15.72 

2.854 

7,695 

2.473 

.712 

60.1 

7.00 

15.62 

2.853 

7.660 

2.444 

.736 

59.0 

7.10 

15.52 

2.851 

7.625 

2.414 

.758 

57.9 

7.20 

15.42 

2.849 

7.590 

2.383 

.781 

56.8 

7.30 

15.32 

2.848 

7.554 

2.350 

.804 

55.6 

7.40 

15.22 

2.846 

7.518 

2.317 

.827 

54.5 

7.50 

15.12 

2.854 

7.481 

2.282 

.857 

53.1 
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TABLE  3.  - BODY  DIMENSIOKAL  DATA  - Continued. 


L 

X 

Dia 

Area 

W 

z 

$ 

7.60 

15.02 

2.861 

7.444 

2.245 

.887 

51.7 

7.70 

14.92 

2.867 

7.406 

2.207 

.915 

50.3 

7.80 

14.82 

2.873 

7.368 

2.168 

.943 

49.0 

7.90 

14. 72 

2.878 

7.330 

2.127 

.969 

47.7 

8.00 

14.62 

2.883 

7.291 

2.085 

.996 

46.3 

8 ..10 

14.52 

2.888 

7.252 

2.040 

1.022 

44,9 

8.20 

14.42 

2.891 

7.212 

1.994 

1.047 

43.6 

8.30 

14.32 

2.895 

7.112 

1.946 

1.072 

42.2 

8.40 

14.22 

2.898 

7.131 

1.895 

1.096 

40.8 

8.50 

14.12 

2.900 

7.090 

1.843 

1.120 

39.4 

8.60 

14.02 

2.902 

7.049 

1.787 

1.143 

38.0 

8.70 

13.92 

2.903 

7.007 

1.729 

1.166 

36.6 

8.80 

13.82 

2.904 

6,965 

1.668 

1.189 

35.0 

8.90 

13.72 

2.905 

6.923 

1.603 

1.211 

33.5 

9.00 

13.62 

2.903 

6.880 

1.534 

1.232  , 

31.9 

9.10 

13.52 

2.902 

6.836 

1.461 

1.254 

30.2 

9.20 

13.42 

2.901 

6.793 

1.383 

1.275 

28.5 

9.30 

13.32 

2.899 

6.749 

1.298 

1.296 

26.6 

9.40 

13.22 

2.996 

6. 704 

1.207 

1.316 

24.6 

9.50 

13.12 

2.892 

6.659 

1.106 

1.336 

22.5 

9.60 

13.02 

2.888 

6.614 

.992 

1.356 

20.1 

9.70 

12.92 

2.883 

6.568 

.863 

1.376 

17.4 

9.80 

12.82 

2.877 

6.522 

.707 

1.394 

14.2 

9.90 

12. 72 

2.870 

6.476 

.502 

1.413 

10.1 

10.00 

12.62 

2.861 

6.429 

.000 

1.431 

.0 

10.10 

12.52 

2.851 

6.382 

10.20 

12.42 

2.840 

6.335 

10.30 

12.32 

2.829 

6.287 

10.40 

12.22 

2.819 

6.239 

' 

10.50 

12.12 

2.808 

6.191 

10.60 

12.02 

2.796 

6.142 

10.70 

11.92 

2.785 

6.093 

10.80 

11.82 

2.774 

6.044 

10.90 

11.72 

2.763 

5.994 

11.00 

11.62 

2.751 

5.944 

11.10 

11.52 

2.739 

5.893 

11.20 

11.42 

2.727 

5.843 

11.30 

11.32 

2.716 

5.793 
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TABLE  3»  ~ BODY  DIMENSIONAL  DATA  — Continuscl 


L 


11.40 

11.50 

11.60 

11.70 

11.80 

11.90 
12.00 
12.10 
12.20 

12.30 

12.40 

12.50 

12.60 

12.70 

12.80 

12.90 

13.00 

13.10 

13.20 

13.30 

13.40 

13.50 

13.60 

13.70 

13.80 

13.90 

14.00 

14.10 

14.20 

14.30 

14.40 

14.50 

14.60 

14.70 

14.80 

14.90 

15.00 

15.10 


X 


11.22 

11.12 

11.02 

10.92 

10.82 

10.72 

10.62 

10.52 

10.42 

10.32 

10.22 

10.12 

10.02 

9.92 

9.82 

9.72 

9.62 

9.52 

9.42 

9.32 

9.22 

9.12 

9.02 

8.92 

8.82 

8.72 

8.62 

8.52 

8.42 

8.32 

8.22 

8.12 

8.02 

7.92 

7.82 

7.72 

7,62 

7.52 


Dia 


2.704 

2.691 

2.679 

2.667 

2.654 

2.641 

2.629 

2.616 

2.«)3 

2.589 

2.576 

2.563 

2.549 

2.535 

2.521 

2.507 

2.493 

2.479 

2.465 

2.450 

2.436 

2.421 

2.406 

2.391 

2.375 

2.360 

2.345 

2.329 

2.313 

2.297 

2.281 

2.265 

2*248 

2.232 

2.215 

2.198 

2.181 

2.164 


Area 


5.740 

5.689 

5.637 

5.585 

5.532 

5.480 

5.427 

5.373 
5.320 
5.266 
5.212 
5.158 
5.103 
5.048 
4.993 
4.938 
4.883 
4.827 
4.771 
4.715 
4.659 
4.602 
4.546 
4.489 
4.432 

4.374 
4.317 
4.260 
4.202 
4.144' 
4.086 
4.028 

3.170 

3.912 

3.853 

3.795 

3.736 

3.677 
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TABLE  3.  - BODY  DIMENSIONAL  DATA  - Continued. 


L 

X 

Dia 

Area 

15.20 

7.42 

2.146 

3.619 

15.30 

7.32 

2.129 

3.560 

15.40 

7.22 

2.111 

3.501 

15.50 

7.12 

2.093 

3.442 

15.60 

7.02 

2.075 

3.383 

15.70 

6.92 

2.057 

3.324 

15.80 

6.82 

2.039 

3.265 

15.90 

6.72 

2.020 

3.206 

16.00 

6.62 

2.002 

3.147 

16.10 

6.52 

1.983 

3.088 

16.20 

6.42 

1.964 

3.029 

16.30 

6.32 

1.944 

2.970 

16.40 

6.22 

1.925 

2.911 

16.50 

6.12 

1.905 

2.852 

16.60 

6.02 

1.886 

2.793 

16.70 

5.92 

1.866 

2 . 734 

16.80 

5.82 

1.845 

2.675 

16.90 

5.72 

1.825 

2.616 

17.00 

5.62 

1.805 

2.558 

17.10 

5.52 

1.  784 

2.499 

17.20 

5.42 

1.763 

2.441 

17.30 

5.32 

1.742 

2.382 

17.40 

5.22 

1.720 

2.324 

17.50 

5.12 

1.699 

2.266 

17.60 

5.02 

1.677 

2.208 

17.70 

4.92 

1.655 

2.151 

17.80 

4.82 

1.633 

2.093 

17.90 

4.72 

1.610 

2.036 

18.00 

4.62 

1.587 

1.979 

18.10 

4.52 

1.564 

1.922 

18.20 

4.42 

1.541 

1,8661 

18.30 

4.32 

1.518 

1.809 

18.40 

4.22 

1.494 

1.753 

18.50 

4.12 

1.470 

1.697 

18.60 

4.02 

1.446 

1.642 

18.70 

3.92 

1.421 

1.587 

18.80 

3.82 

1.397 

1.532 

18.90 

3.72 

1.372 

1.478 
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TABLE  3.  - BODY  DIMENSIONAL  DATA  - Concluded 


L 

X 

Dla 

Area 

19.00 

3.62 

1.346 

1.424 

19.10 

3.52 

1.321 

1.370 

19.20 

3.42 

1.295 

1.317 

19.30 

3.32 

1.269 

1.264 

19.40 

3.22 

1.242 

1.212 

19.50 

3.12 

1.215 

1.160 

19.60 

3.02 

1.188 

1.108 

19.70 

2.92 

1.160 

1.057 

19.80 

2.82 

1.132 

l.a07 

19.90 

2.72 

1.104 

.957 

20.00 

2.62 

1.075 

.908 

20 . 10 

2.52 

1.046 

.860 

20.20 

2.42 

1.017 

.812 

20.30 

2.32 

.987 

.765 

20.40 

2.22 

.956 

.718 

20.50 

2.12 

.926 

.673 

20.60 

2.02 

.894 

.628 

20.70 

1.92 

.862 

.584 

20.80 

1.82 

.830 

.541 

20.90 

1.72 

.797 

.499 

21.00 

1.62 

. 763 

.457 

2^.10 

1.52 

.729 

.417 

21.20 

1.42 

.694 

.378 

21.30 

1.32 

.658 

.340 

21.40 

1.22 

.621 

.303 

21.50 

1.12 

.583 

.267 

21.60 

1.02 

.545 

.233 

21.70 

.92 

.505 

.200 

21.80 

.82 

.464 

.169 

21.90 

.72 

.422 

.140 

22.00 

.62 

.378 

.112 

22.10 

.52 

.332 

.086* 

22.20 

.42 

.283 

.063 

22.30 

.32 

.231 

.042 

22.40 

.22 

.175 

.024 

22.50 

. 12 

.111 

.010 

22.60 

.02 

.029 

.001 

22.62 

.00 

.000 

.000 
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TABLE  5.  - INDEX  OF  DATA  FIGURES 


Figxire  Title  Page 

k Effect  of  wing  airfoil  section  for  an  oblique  1 

wing  angle  of  0 degrees. 

5 Effect  of  wing  airfoil  section  for  an  oblique  22 

wing  angle  of  U5  degrees. 

6 Effect  of  wing  airfoil  section  for  an  oblique  57 

wing  angle  of  50  degrees. 

7 Effect  of  wing  airfoil  section  for  an  oblique  99 

wing  angle  of  60  degrees. 
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Wing  pivot  point 
(0.4  Croot) 


Note:  All  dimensions  are  in 
inches  except  as  noted 


(b)  Wing  planform  and  base  line  curvat\u:e 
Figure  2.-  Continued. 
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- w ^ 

f 



r 

z 

X 

Note : 


Section  A-A 

(c)  Body  dimensional  data 


See  table  3 for  body-section 
dimensional  details.  Section 
taken  at  L = 8.10 

All  dimensions  are  in  inches# 
angles  are  in  degrees 


Figure  2.-  Continued. 


X 

Camber 

Z-Up 

Z-Lo 

e 

c 

c 

c 

c 

.001 

.01203 

.00008 

.00609 

-.00594 

.010 

.03394 

.00078 

.61775 

-.01619 

.025 

.04849 

.00195 

.02619 

-.02230 

.050 

.06119 

.00389 

.03449 

-.02671 

.075 

.06891 

.00582 

.04027 

-.02864 

.100 

.07446 

.00772 

.04495 

-.02951 

.150 

.08250 

.01144 

,05269 

-.02981 

.200 

.08852 

.01498 

.05924 

-.02928 

.300 

.09689 

.02129 

.0697^ 

'-.02715 

.400 

.10000 

.02621 

.07621 

-.02379 

.500 

.09647 

.02925 

.07749 

-.01899 

.600 

.08560 

.02995 

.07275 

-.01285 

.700 

.06796 

.02785 

.06182 

-.00613 

.800 

.04568 

.02246 

.04531 

-.00038 

.900 

.02255 

.01334 

.02461 

.00207 

1.000 

.00400 

.00000 

.00200 

-.00200 

’ ing  section  drawing  and  tabulated  airfoil  section  data  for  wing 

nmber  1,  Wi 


Figure  2.-  Continued 


(e)  Photograph  of  the  model  in  the  Ames  11-  by  11-Foot  Wind  Tunnel,  A = 6o* 
^ Figure  2,  - Concluded, 

U1 


DATA 
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Page  intentionally  left  blank 


pitching  mohent  coefficient,  clm 
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angle  of  attack,  ALPHA.  DEGREES 


FIGURE  4 EFFECT  OF  WING  AIRFOIL  SECTION  FOR  AN  OBLIQUE  WING  ANGLE  OF  0 OEGREE 


CADHACH  = ,60 


PAGE  3 


SIDE  FORCE  COEFFICIENT.  CY 


DATA  SET  SYHBOl.  CONFIGURATION  DESCRIPTION 
( lAEOQS  ) O Wt  FO  B 
(1AE04Q)  WR  FO  B 

(lAEOGS  ) 0 W4  FO  B 


BETA 

0.000 

0.000 

0.000 


UANBOA 

0.000 

0.000 

O.ODO 


RN/L 

6.000 

6.000 

6.000 


FIGURE  4 EFFECT  OF  KING  AIRFOIL  SECTION  FOR  AN  OBLIQUE  WING  ANGLE  OF  0 DEGREE 

CA3MACH  = .GO  page  4 
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OATA  SET  SYMBOL  CONFICURATION  DESCRIPTION  BETA  LANBDA  RN/L 


-^2  ^ 7 "4  B B To  T2  Vi 

ANGLE  OF  ATTACK.  ALPHA.  DEGREES 


FIGURE  4 EFFECT  OF  KING  AIRFOIL  SECTION  FOR  AN  OBLIQUE  WING  ANGLE  OF  0 DEGREE 

CA3MACH  - .60  PAGE  5 


ROLLING  moment  COEFFICIENT.  C8L  CBODY  AXIST 


LIFT/DRA6  RATIO.  L/D 


DATA  SET  SYMBOL  CONFIGURATION  DESCRIPTION 
( lAEOOS)  O W1  FO  B 

(iAC04Q>  H we  FO  B 

(tAEOeS)  O W4  FO  B 


BETA 

0.000 

0,000 

0.000 


LAMBDA 

0.000 

0/000 

0.000 


RN/L 

e.ooo 

s.ooo 

6.000 


-n3 

h- » 

ui 


FIGURE  4 EFFECT  OF  WING  AIRFOIL  SECTION  FOR  AN  OBLIQUE  WING  ANGLE  OF  0 DEGREE 

CAJMACH  = .GO  PAGE  7 


LIFT  GOEFFICIENT,  CL 


PITCHING  MOMENT  COEFFICIENT,  CLM 


DATA  SET  SYMBOL  CONFICURATION  DESCRIPTION 
CBACOOS)  O Wi  PO  B 

iSAEOSS)  H W2  FO  B 

(SAEOS5  ) O W4  FO  B 


BETA 

0.000 

0.000 

0.000 
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Transonic  Transport  Wings— 

Oblique  or  Swept? 

By  ROBERT  T.  JONES  and  JAMK  W,  NISBET 

NASA  Ames  Research  Center  Boeing  Commercial  Airpfane  Co, 

In  terms  of  gross  weight,  fuel  Gonsumption,  and  aircraft 
noise,  an  oblique-wing  aircraft  looks  best,  and  It  shows 
acceptable  aeroeiastic  stability;  but  Its  design  charac- 
teristics and  economic  Implications  need  further  study 


In  transonic-aircraft  design,  one  naturally  thinks  of 
highly  swept  arrow  or  delta-wing  shapes.  An  article 
in  the  Etecember  1972  A/A^  however,  proposed  a 
radically  different  wing  form  for  suph  aircraft’  : a 
conventional  unswept  subsonic  wing  that  can  be 
turned  to  different  oblique  angles  for  different 
flight  speeds.  Tests  in  the  11 -ft  supersonic  wind 
tunnel  at  NASA  Ames  Research  Center  confirmed 
the  superior  aerodynamic  efficiency  of  the  oblique 
wing. 

While  it  seems  clear  that  the  oblique  wing  can 
generate  higher  lift-to-drag  ratios  in  the  transonic 
speed  range,  it  is  not  clear  that  such  an  unusual 
arrangement  could  be  successfully  adapted  to  a 
real  airplane.  Factors  such  as  increased  structure 
weight,  aeroeiastic  instability,  or  other  con- 
figurational considerations  might  nullify  a purely 
aerodynamic  advantage. 

To  answer  such  practical  questions,  a com- 
parative study  of  transonic  and  low-supersonic 
transport  aircraft  was  undertaken  by  the  Boeing 
Commercial  Airplane  Co.  under  NASA  contract. 
The  study  covered  five  different  wing  designs  (see 
the  sketches  in  F -1  at  right). 


1.  Swept  wing;  fixed  geometry. 

2.  Swept  wing;  variable  sweep. 

3.  Fixed  delta  wing. 

4.  Oblique  wing  with  two  bodies.® 

5.  Oblique  wing  with  single  body.  ' 

The  study  covered  aerodynamic  and  engine 
performance  analysis,  preliminary  structural 
calculations  and  weight  estimates,  and  dynamic- 
stability  and  aeroelastic-stability  analysis,  as  well 
as  configurational  work.  (Aerodynamic  and 
performance  considerations:  R.  M.  Kulfan,  E.  C. 
Noble,  J.  R.  Stalter,  and  J.  K.  Murakami. 
Propulsion  and  noise  characteristics:  defined  by  M. 
B.  Sussman.  Weight  and  balance  estimates:  J.  P. 
McBarron.  Flight  stability  of  the  unsymmetrical 
configurations:  A.  R.  Mullally.  Structural  and 
aeroelasticity  studies:  J.  W.  Nisbet  and  D.  W. 
Gimmestad.  The  general  arrangements  were 
worked  out  by  F.  D.  Neumann.) 

It  was  found  that  the  assigned  flight  mission 
could  be  performed  by  any  one  of  the  five  design 
concepts,  although  airplane  size  and  weight  varied 
considerably. 


ROBERT  T.  JONES  (F),  (far  left),  a senior  staff  scientist  at  NASA-Ames, 
played  a major  part  In  raising  the  speed  of  aircraft  through  developing 
theory  for  swept  and  slender  delta  wings.  In  1946  the  AIAA  gave  him  its 
Sylvanus  Albert  Reed  Award.  He  has  been  with  NACA  and  NASA  since 
1934,  except  for  seven  years  with  the  AVCO  Everett  Research  Laboratory, 
where  he  directed  work  on  cardiac-assist  devices.  Besides  aerodynamics, 
he  has  maintained  a professional  Interest  in  optics.  JAMES  W.  NISBET, 
during  13  years  at  Boeing,  has  worked  on  nearly  all  of  the  current  jet 
airplanes  as  well  as  in  preliminary  design  and  research.  Currently 
responsible  for  aeroeiastic  loads  in  airplane  exploratory  design,  he  has 
long  been  Involved  in  analysis,  wind-tunnel  testing,  and  aipplane  testing 
regarding  aeroeiasticity  and  structural  dynamics.  Before  Joining  Boeing, 
he  spent  four  yeais  with  Canadian  Westinghouse  on  the  design  of 
electrical  system  controls. 
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F-1  CONFIGURATION  CONCEPTS 


Complete  results  and  the  assumptions  employed 
in  the  study  are  contained  in  NASA  CR  114658.^ 
This  article  emphasizes  certain  results  charac- 
terizing oblique- wing  designs. 

Each  airplane  was  designed  to  carry  195 
passengers  3000  n.  mi.  at  a speed  near  the  sonic 
ground  speed.  Operation  just  below  sonic  ground 
speed  eliminates  the  sonic  boom  associated  with 
overland  supersonic  flight.  As  shown  in  F-2  (from 
Ref.  4)  the  shock  fronts  curve  slightly  as  they 
progress  to  lower  altitude.  This  curvature,  caused 
by  the  change  in  speed  of  sound  with  temperature, 
establishes  the  maximum  speed  at  which  a tran- 
sonic transport  can  fly  without  producing  a boom 
at  ground  level.  When  the  shock  front  becomes 
vertical  the  boom  does  not  extend  to  the  ground; 
this  would  permit  boom-free  flight  at  speeds  nearly 
50%  greater  than  subsonic  Jets  make  today— a 
saving  of  some  2 hr  on  east-to-west  and  1 hr  on 
west-to-east  transcontinental  U.S.  flights. 

The  aerodynamic  characteristics  of  all  five 
configurations  were  developed  using  similar 
procedures.  The  planform  parameters  were 
selected  to  exploit  the  aerodynamic  benefits  of  each 
concept.  The  wing  thickness  distributions  were 
derived  from  past  weight-drag  tradeoff  studies  on 
transonic  transports.  The  camber  and.  twist 
distributions  were  developed  by  linear  theory.  The 
body  designs  for  all  configurations  were  area-ruled 
to  yield  minimum  cruise  drag.  The  nacelle  shape 
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and  location  was  strongly  influenced  by  the  engine 
size  and  the  configurational  arrangement. 

Engine  performance,  size,  and  weight 
characteristics  were  consistent  with  the  results  of 
the  Advanced  Transport  Technology  (ATT)  study.^ 
Engine  selection  was  based  on  an  engine-bypass- 
ratio  tradeoff  study.  The  penalty  of  reducing  the  jet 
noise  by  increasing  bypass  ratio  was  compared  to 
the  penalty  associated  with  jet  suppression  of 
lower-bypass-ratio  installations.  A bypass-ratio-of- 
1 engine  with  jet  suppression  .was  selected  for  all 
configurations  as  the  most  efficient  means  of 
achieving  low  noise  levels. 

The  swept-wing,  variable-sweep  wing,  and  delta- 
wing configurations  had  the  advantage  of  con- 
siderable previous  study;  and  it  seems  probable 
that  the  arrangement  of  landing  gear,  engine,  etc. 
was  near  the  optimum  in  those  cases. 

The  oblique-winged  aircraft  introduced  some 
new  problems,  and  considerable  effort  was  devoted 
to  finding  a good  general  arrangement.  The  em- 
phasis was  on  the  engine  and  landing-gear 
placement.  There  was  considerable  flexibility  in 
locating  the  landing  gear  because  takeoff  rotation 
and  high-angle  landing  flare  were  not  required.  F-3 
shows  the  arrangement  adopted  in  the  final  stage 
of  the  study. 

A balance  and  loading  analysis  of  the  oblique- 
wing configuration  indicated  the  need  for  a center- 
of-gravity  range  of  25%  MAC  (mean  aerodynamic 
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F-2  AVOIDING  SONIC  BOOM 

CRUISE  MACH  NUMBER 


CRUISE  MACH  NUMBER 


CONSTANT  AIRPLANE  GROUND  SPEED 


NO  SONIC  BOOM-SHOCK  WAVES  DO  NOT  REACH  GROUND 

chord).  Forward  body  ballast  was  required  for  low 
payloads.  Selective  fuel  management  with  an  aft 
body  fiiel  tank  allowed  minimizing  cruise  trim- 
drag. 

Control,  trim,  and  aerodynamic  stability 
characteristics  were  evaluated  with  the  wing  in  the 
oblique  position.  Aerodynamic  coupling  between 
the  longitudinal  and  lateral  motions  does  exist  and 
was  considered.  The  effect  of  wing  flexibility  on 
this  coupling  is  currently  being  evaluated.  It  ap- 
pears that  the  flight  characteristics  do  not  present 
any  insurmountable  problems,  although  modified 
control  techniques  will  be  required. 

Structural  weight  of  the  oblique  wing  received 
considerable  attention  because  of  the  concern  over 
aeroelastic  stability.  This  phase  of  the  study  will  be 
presented  in  some  detail  because  of  its  potential 
impact  on  oblique-wing  performance  and  because 
of  the  unique  oblique-wing  aeroelastics. 

Wind-tunnel  results  given  last  January  in  A/A 
represented  an  elliptic  wing  having  an  aspect  ratio 
of  12.7  (10:1  ellipse)  with  airfoil  sections  of  10% 
thickness/chord  ratio.*  The  beam  slenderness  ratio 
(length/max  thickness)  in  that  case  ran  50  to  1, 
whereas  17  to  1 might  typify  current  transport 
aircraft.  It  was  discovered  rather  early  in  the 
studies  reported  here  that  such  proportions  would 
lead  to  excessive  structural  weight.  Reducing  the 
aspect  ratio  to  10.2  (8:1  ellipse)  and  increasing  the 
wing  root  thickness  to  12%  improved  the  situation 
considerably,  and  for  the  remainder  of  the  studies 
these  proportions  characterized  the  oblique  wing. 

Structural  materials  were  selected  for  all  con- 
figurations based  on  the  Advanced  Transport 
Technology  (ATT)  study  results. ^ F-4  identifies  the 
materials  selected  for  the  single-fuselage  oblique- 


wing configuration  and  gives  an  estimate  of  the 
percent  weight  savings  of  the  advanced  materials 
relative  to  conventional  aluminum  skin-stringer 
construction. 

Graphite-epoxy  honeycomb  was  selected  for  the 
wing,  fuselage,  and  vertical-tail  primary  structure. 
Titanium  was  selected  for  the  wing  pivots  and 
pivot-support  structure.  For  configurations  other 
than  the  oblique  wing,  the  primary  wing-structure 
weightsaving  was  estimated  to  be  25%.  Primary- 
structure  weight  savings  for  the  oblique  wing  was 
determined  by  analysis  of  both  an  aluminum  and  a 
graphite-epoxy  structure.  The  aluminum  oblique 
wing  was  stiffness-  rather  than  strength-critical; 
the  graphite-epoxy  oblique  wing  was  strength- 
critical.  This  resulted  in  a weightsaving  of  35%  for 
the  advanced  material  as  compared  to  aluminum. 

Structural  analysis  of  the  graphite-epoxy  oblique 
wing  involved  these  conditions: 

A ply  arrangement— considering  external  load 
distributions  and  the  bending  stiffness  required  for 
aeroelastic  stability. 

Isotropic  structural  parameters  (such  as 
ultimate  strength  and  stiffness  modulus) 
simulating  the  anisotropic  ply  arrangement. 

An  estimated  compression-buckling  curve  for 
built  up  panels. 

Allowables  and  stiffness  moduli  were  determined 
from  material  data  in  the  Air  Force  Advanced 
Composites  Design  Guide.*  High -mod ulus 
graphite  was  used.  Fiber  orientations  were  selected 
to  enhance  wing-bending  strength  and  stiffness, 
while  retaining  adequate  strength  in  the  other 
directions.  Ply  orientation  in  the  graphite-epoxy 
face  sheets  was  60%  (Qo),  30%  (±45o)  and  10% 
(900).  An  allowance  of  15%  for  aluminum  and  25% 
for  graphite-epoxy  was  added  to  the  wing’s  primary 
structural  weight  to  account  for  fittings,  fasteners, 
and  joints. 

In  F-5  you  see  a conceptual  design  (cross  section) 
for  the  oblique-wing  pivot.  It  differs  significantly 
from  a variable-sweep  wing  pivot.  A variable-sweep 
wing  pivot  must  transfer  wing-bending  moments 
through  the  pivot  bearings.  This  was  avoided  on 
the  oblique- wing  pivot  by  placing  the  bearings 
below  the  wing  and  maintaining  continuous  upper 
and  lower  wing-surfaces  to  transfer  the  bending 
moments.  In  addition,  the  pivot  diameter  was 
made  as  large  as  possible  to  keep  the  bearing  loads 
low.  Vertical  loads,  rolling  moments,  and  pitching 
moments  were  transferred  through  the  bearings  on 
the  circumference  of  the  pivot.  Drag  loads  and  side 
loads  were  transferred  through  bearings  on  the  pin 
in  the  middle  of  the  pivot.  Systems  going  from  the 
body  to  the  wing  were  routed  through  the  center  of 
the  pivot. 

As  is  well  known,  swept-forward  wings  show  a 
Astronautics  & Aeronautics 
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tendency  for  aeroelastic  divergence.  Bending  of  a 
swept-forward  wing  panel  creates  an  aerodynamic 
force  which  acts  to  increase  the  deflection  in  op- 
position to  the  structural  stiffness.  At  a sufficiently 
high  flight  speed  or  dynamic  pressure  the 
aerodynamic  destabilizing  force  can  overpower  the 
structural  stiffness,  leading  to  aeroelastic 
divergence. 

The  behavior  of  the  oblique  wing  differs  from  the 
bilaterally  symmetric  swept-forward  wing*s:  the 
coupled  rolling  motion  exerts  a stabilizing  in- 
fluence. Aeroelastic  instability  of  the  oblique  wing 
occurs  as  an  oscillatory  instability;  there  is  a 
progressive  lengthening  of  the  period  and  loss  of 
damping  of  the  elastic  bending  oscillations  of  the 


for  strength  alone.  For  comparison,  it  also  shows 
stability  with  the  fiiselage  clamped  to  prevent 
rolling  <as  in  a wind-tunnel  test).  At  zero  flight 
speed  (or,  equivalently,  zero  dynamic  pressure)  the 
frequency  of  the  unrestrained  airplane  as  well  as 
both  wings  of  the  restrained  airplane  was  0.93 
Hertz.  As  the  speed  was  increased,  the  damping 
ratio  initially  increased. 

With  the  fuselage  clamped,  the  frequency  of  the 
forward  wing  decreased  while  the  frequency  of  the 
aft  wing  increa^d.  The  damping  ratio  of  the 
forward  wing  decreased  rapidly  at  higher  speeds. 
(The  «o-called  “static'*  divergence  speed  is  the 
speed  at  which  both  the  frequency  and  damping 
ratio  become  zero.) 


F-3  QBLIQUE-WINQ  AIRPLAME 


SEGtridN?ft  JA  (NO  SCALE) 


wing  combined  with  rolling  motion, 

F-6  illustrates  the  dynamic  model  used  to  study 
the  aeroelastic  stability  of  the  oblique  wing.  The 
wing  mass  was  represented  by  a series  of  point 
masses.  The  aerodynamic  lift  distribution  was 
represented  by  a section  lift  coefficient  for  each  of 
the  wing  panels.  Wing  flexibility  was  represented 
by  beam  bending  and  beam  torsion,  although  it 
was  found  in  the  analysis  that  torsional  stiffness 
had  little  effect  on  the  stability  of  a wing  with  an 
oblique  angle  of  45  deg.  Airplane  roll  was  treated 
as  a separate  degree  of  freedom  in  the  analysis. 

F-7  shows  the  results  of  the  analysis  of  a wing 
with  an  aspect  ratio  of  12.7  (10:1  ellipse)  designed 
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F-4  MATERIALS  SELECTION  FOR  AN  AbyANCED- 
TECHNOLOGY  OBLIQUE-WING  AIRCRAFT 


mr/  A GRAPHITE.EPOXY  HONEYCOMB 

mmm  graphite-epoxy  integrated  acoustic  ctructure 

HIGH  TEMPERATURE  MATRIX  COMPOSITE  HONEYCOMB 
cr  I DUPONT  PRD-49  HONEYCOMB 
CONVENTIONAL  DESIGN 


F-5  STRUCTURAL 
ARRANGEMENT  OF 
OBLIQUE-WING  PIVOT 


OBLIQUE  WING  PIVOT  CONCEPT 


The  unrestrained  airplane  did  not  exhibit  this 
static  instability.  As  speed  was  increased,  the 
frequency  decreased  and  the  bending  deflection  of 
the  forward  wing  increased  relative  to  the  aft  wing. 
The  wing-bending  deflections  introduced  roll 
participation  into  the  oscillation.  The  oscillatory 
aeroelastic  instability  occurred  at  a higher  speed 
than  the  speed  at  which  the  clamped  fuselage  static 
instability  occurred. 

Analyses  of  aeroelastic  behavior  which  assume 
that  the  fiiselage  is  clamped  at  the  wing  root  ap- 
pear to  be  conservative  for  most  oblique-wing 


F-6  STABI LITY  - AN ALYSIS  M ODEL 


VARIABLE  SWEEP  WING 
PIVOT  CONCEPT 


configurations.  The  aspect-ratio- 12.7  oblique, wing 
designed  for  strength  alone  became  unstable  at 
about  90%  of  the  airplane’s  speed.  FAA  criteria 
require  stability  up  to  120%  of  the  design  speed.  It 
is  evident  that  a wing  of  this  high  an  aspect  ratio 
would  require  considerable  additional  structure  for 
stiffness. 

Reducing  the  aspect  ratio  to  10.2  (8:1  ellipse) 
improved  this  situation  considerably.  F-8  compares 
the  stability  of  5tre«gt/i-designed  aluminum  and 
graphite-epoxy  wings  of  aspect  ratio  10.2.  The 
aluminum  wing  designed^  for  strength  alone  still 
did  not  satisfy  the  requirement  for  aeroelastic 
stability;  it  would  have  to  be  stiffened  with  more 
material  to  improve  the  stability.  On  the  other 
hand,  the  graphite-epoxy  wing  designed  for 
strength  alone  h^  adequate  stability. 

The  advantage  of  using  graphite-epoxy  rather 
than  aluminum  for  construction  of  an  oblique 
wing,  and  the  importance  of  aspect  ratio,  can  be 
seen  in  F-9.  A graphite-epoxy  wing  satisfying  only 
the  strength  requirements  offers  about  20%  weight 
advantage.  Considering  the  aeroelastic  stability 
indicated,  the  graphite-epoxy  should  have  an  even 
greater  advantage  over  aluminum.  Reducing  the 
aspect  ratio  of  the  wing  gave  lower  weight  and 
improved  stability.  These  results,  however,  should 
not  be  considered  as  the  last  word  since  only  an 
elliptic  planform  was  included  in  this  study. 
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Further  planform  studies  considering  the 
distribution  of  mass  and  stiffness  as  well  as  the 
aerodynamic  characteristics  of  the  wing  would 
seem  to  be  most  important. 

Minimum  gross  weight  (F-IO)  required  to 
perform  the  3000-n.  mi.  mission  was  determined 
for  airplanes  based  on  the  five  configurational 
concepts  in  this  study.  Additional  work  established 
the  gross  weight  penalty  for  noise  reduction. 

Substantially  lower  gross  weights  were  required 
for  the  delta-wing  and  single-body,  oblique-wing 
configurations  than  for  any  of  ^e  others.  The 
delta-wing  configuration  had  the  advantage  of  a 
low  structural  weight  and  thus  a low  operating 
empty  weight,  as  shown  in  F-11.  The  single-body, 
oblique-wing  airplane  (F-10)  had  a smaller  gross 
weight  because  of  its  lesser  fuel  requirements.  It  is 
interesting  to  note  that  the  structural  weight 
penalty  of  the  oblique  wing  was  not  primarily 
associated  with  the  peculiar  features  of  the  design 
nor  the  variable  geometry,  but  rather  it  was  the 
result  of  the  basic  strength  requirements  of  a high- 
aspect-ratio  wing. 

The  single-body  oblique  wing  has  the  advantage 
in  aerodynamic  efficiency,  as  shown  by  the  cruise- 
drag  comparison  in  F-12.  The  effect  of  the  higher 
aspect  ratio  in  reducing  ^rag  due  to  lift  is  quite 
evident  for  the  oblique-wing  configurations. 
Another  major  difference  in  drag  of  the  con- 
figurations was  found  to  be  the  wave  drag  due  to 
volume.  The  double-pod  installation  was  primarily 
responsible  for  the  high  wave  drag  on  the  fixed- 
and  variable-sweep-wing  configurations.  The  low 
wave  drag  of  the  single-body  oblique  wing  reflects 
the  integrated  body-nacelle  arrangement  and  the 
inherent  characteristics  of  the  oblique  wing.* 

F-13  describes  the  impact  on  takeoff  gross 
weight  of  achieving  lower  noise  levels  by  engine- 
nacelle  treatment.  The  takeoff-gross-weight  in- 
crease reflects  weight  added  for  acoustical 
treatment  and  the  associated  engine-performance 
losses.  Only  the  oblique-wing  configurations  could 
achieve  a noise  level  of  FAR  36  minus  15  EPNdB. 

This  technically  orientated  study  has  yielded,  we 
believe,  a realistic  performance  comparison  of  the 
five  wing-planform  concepts  and  gives  insight  into 
areas  unique  to  the  oblique-wing  configuration. 
The  oblique  wing  offers  desirable  performance,  but 
further  analysis  and  • wind-tunnel  work  will  be 
needed  to  develop  a rounded  picture  of  its 
potential.  In  particular,  future  work  should  include 
an  economic  evaluation  of  the  consequences  of 
oblique  wing’s  ability  to  increase  today’s  cruise 
speeds  50%. 

In  terms  of  the  transonic  concepts  it  covers,  the 
most  significant  conclusions  of  this  study  might  be 
summarized  as  follows: 
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1.  The  oblique-wing  airplane  had  the  smallest 
gross  weight  and  the  lowest  fiiel  consumption. 

2.  Only  the  oblique-wing  airplane  could  achieve 
a noise  level  of  FAR  36  minus  15  EPNdB. 

3.  The  oblique  wing  is  aeroelastically  less  stable 
than  a sweptback  wing  but  more  stable  than  a 
swept-forward  wing.  For  the  designs  considered,  an 
aluminum  oblique  wing  would  require  a moderate 
amount  of  additional  stiffness  to  meet  stability 
requirements.  For  graphite-epoxy  no  additional 
stiffness  would  be  required. 

4.  Further  development  studies  supported  by 
wind-tunnel  tests  will  be  needed  to  develop  the  full 
potential  of  the  oblique-wing  concept.  This  should 
be  followed  by  an  economic  evaluation  treating 
productivity. 
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AIRCRAFT  DESIGN  FOR  FLIGHT  BELOW  THE  SONIC  BOOM  SPEED  LIMITt 


by  Dr.  R.T.  Jones* 

NASA  Ames  Research  Center 


SUMMARY 

The  avoidance  of  sonic  booms  places  a con- 
straint on  aircraf  t design  and  can  lead  to  unusual 
new  configurations.  From  a comparison  among 
several  candidate  designs^  it  is  shown  that  an 
oblique  winged  aircraft  offers  many  advantages 
when  structure,  stability,  flight  efficiency,  and 
airport  noise  are  considered  jointly. 


To  avoid  the  sonic  boom,  overland  flights 
must  be  limited  to  a subsonic  ground  speed,  i.e. 
approximately  1200  km  per  hour.  Since  the 
speed  of  sound  at  low  levels  is  normally  160 
km/hr  faster  than  it  is  at  flight  altitudes  the  air- 
plane must  fly  supersonically  in  its  own  medium 
in  order  to  reach  this  overland  speed  limit. 
Under  standard  conditions  the  flight  Mach  num- 
ber is  about  1.15.  However,  the  flight  speed  for 
constant  ground  speed  varies  considerably  with 
meteorological  conditions. 

With  a strong  headwind  aloft  and  a high 
temperature  at  ground  level  the  aircraft  Mach 
number  may  be  as  high  as  1.3.  Under  these  con- 
ditions the  wav^s  made  by  the  airplane  are  re- 
fracted by  wind  and  temperature  gradients,  be- 
come vertical  and  disappear  before  reaching  the 
ground  (Figure  1).  Under  other  (exceptional) 
conditions  even  a subsonic  airplane  might  pro- 
duce a sonic  boom.  Flying  down  wind  in  a fast 
jet  stream  the  lifting  pressure  may  be  transmit- 
ted to  a region  where  the  relative  velocity  is 
supersonic. 

More  complete  analyses  of  flight  conditions 
and  schedules  at  the  sonic  boom  speed  limit  will 
be  found  in  References  (1)  and  (2).  It  appears 
that  east  to  west  flights  across  the  US  could  be 
shortened  by  two  hours  and  west  to  east  flights 
by  about  one  hour.  Flight  at  constant  ground 
speed,  of  course,  tends  to  equalize  schedules  in 
all  directions. 


fPresented  at  the  Quarter  Century  Symposium,  University  of 
Toronto,  on  the  1st  April,  1974. 

♦Senior  Scientist 


An  airplane  designed  for  such  service 
should  be  capable  of  efficient  flight  at  various 
speeds  from  subsonic  to  supersonic.  Unfortun- 
ately, flight  at  supersonic  speed  entails  some  loss 
of  aerodynamic  efficiency.  However,  the  loss  at 
transonic  and  low  supersonic  speeds  need  not  be 
as  great  as  the  loss  at  higher  supersonic,  speeds. 
It  seems  possible  that  the  increased  utilization  of 
the  aircraft  and  the  time  saving  for  the  passen- 
gers could  make  up  for  a moderate  increase  of 
energy  consumption  per  mile  of  flight. 

The  specific  range  R^p  of  an  airplane  in  pay- 
load  pound-miles  per  pound  of  fuel  (or  kilogram- 
kilometers  per  kilogram)  is  given  by 

W 

payload 

^sv  = Rq  X ^ X — 

w.  , 

airplane 

Here  R^  is  the  specific  range  corresponding  to 
the  thermal  energy  content  of  the  fuel  — about 
2700  miles  or  4400  kilometers  for  kerosene  (i.e. 
one  kilogram  of  kerosene  contains  enough  ener- 
gy to  exert  a force  of  one  kilogram  for  a distance 
of  4400  kilometers).  L/D  is  the  aerodynamic  lift 
to  drag  ratio  of  the  airplane,  typically  15  to  20 
or  higher  in  the  subsonic  range  (below  M = 0.8) 
and  7 to  10  in  the  supersonic  range,  t?  is  the  con- 
version efficiency  of  thermal  energy  to  thrust. 
With  the  development  of  the  fan  jet  engine  it  has 
become  possible  to  obtain  a conversion  efficien- 
cy 7j  of  40  percent  or  more  over  a wide  range  of 
speeds  — subsonic  or  supersonic. 

The  quantities  displayed  in  the  formula  are 
not,  of  course,  independent.  Thus,  a loss  in  aero- 
dynamic L/D  such  as  occurs  at  supersonic  speed 
will  call  for  a greater  fuel  load  and  hence  a small- 
er ratio  of  payload  to  gross  weight.  Similarly, 
measures  taken  to  increase  the  aerodynamic 
efficiency  usually  result  in  increased  structure 
weight. 

It  is  important  to  note  that  the  basic  equa- 
tion for  energy  economy  does  not  contain  the 
flight  speed  directly  but  only  indirectly  as  it 
may  affect  the  L/D  or  other  factors.  By  adjust- 


VoL  20,  No.  5,  May  1974 


861 


GROUND  SPEED  GROUND  SPEED 

iZOOkm/hr  1260  km/hr 


Figure  1 

Fli^t  below  sonic  boom  speed  limits 


EFFECTIVE  MACH  NUMBER 
Mcos0<  1.0 


Figure  2 

Reduction  of  effective  mach  number  by  oblique  motion 


Figures 

Oidique  wing  model  in  Ames  li-ft.  tunnel 


ment  of  altitude  and  wing  loading  the  subsonic 
airplane  can  maintain  its  high  lift  to  drag  ratio 
at  any  speed  up  to  about  M = 0.8.  Hence,  con- 
trary to  a popular  opinion,  the  subsonic  airplane 
does  not  have  to  pay  for  its  speed  in  terms  of 
miles  per  gallon.  Following  the  above  relations, 
current  subsonic  jets  could  get  60  or  more  pas- 
senger miles  per  gallon,  though  they  have  often 
operated  profitably  in  the  range  20  to  30  PMPG. 
At  transonic  and  low  supersonic  speeds  it  ap- 
pears that  with  suitable  design  one  could  at  least 
equal  or  exceed  the  latter  figure. 

The  loss  of  Uft/drag  ratio  begins  at  M = 0.7 
or  0.8.  To  minimize  the  loss  at  higher  speeds  we 
must  ask  what  wing  shape  can  give  the  highest 
lift  to  dr^  ratio  at  transonic  and  supersonic 
speeds?  The  surprising  answer  given  by  aero- 
dynamic theory  is  that  the  narrow  straight  wing 
of  high  aspect  ratio,  ideal  for  low  speed  flight, 
already  has  the  ri^t  shape  for  supersonic  speeds 
provided  it  can  be  turned  so  as  to  move  through 
the  air  obliquely. 

With  such  a long  narrow  wing  moving  at  an 
oblique  angle  it  is  permissible  to  divide  the  flight 
velocity  into  two  components,  one  showing  the 
air  movement  across  the  wing  and  the  other 
along  the  length  of  the  wii^  (Figure  2).  The 
component  of  motion  along  the  length  of  the 
wing  has  little  effect  and  so  the  winfg  behaves  as 
though  it  were  flying  at  reduced  speed,  corres- 
ponding to  the  reduced  component  of  the  flight 
velocity  in  the  direction  perpendicular  to  the 
leading  edge.  By  increasing  the  angle  as  the  speed 
is  increased  the  effective  component  velocity 
can  be  kept  subsonic,  even  though  the  flight 
velocity  is  supersonic. 

While  the  theoretical  properties  of  the  ob- 
lique wing  have  been  known  for  many  years 
References  (3),  (4),  (5),  it  is  only  recently  that 
we  have  obtained  experimental  verification  of 
the  theory  in  the  11-ft.  supersonic  wind  tunnel 
at  NASA  Ames  Research  Center^.  In  these  tests 
we  employed  rather  conventional  subsonic  wings 
of  quasi-elliptic  planform,  mounted  on  a slender 
body  (Figure  3).  By  pivoting  the  wing  bn  the 
body  and  setting  it  at  different  angles  of  yaw  so 
that  the  component  Mach  number  remained  be- 
low 0.7  we  were  able  to  demonstrate  lift-drag 
ratios  higher  than  either  the  delta  wing  or  the 
bilaterally  symihetric  swept  back  wing  at  all 
speeds  between  M = 0.6  and  1.4.  Thus,  at  M = 
.98  and  45°  yaw  we  obtained  an  L/D  of  20  to  1. 
At  M — 1.4,  60°  of  yaw  was  required  and  the 
L/D  had  fallen  to  11  — about  10%  greater  than 
that  of  a comparable  swept  wing  model.  At  still 
higher  Mach  numbers,  the  relative  superiority  of 
the  oblique  wing  over  more  familiar  shapes  is  ex- 
pected to  diminish  further. 

Figure  3 a shows  the  maximum  lift/drag 
ratios  obtained  in  these  tests.  The  wings  were  of 
quasi-elliptic  planform  having  an  aspect  ratio  of 
12.7.  The  results  for  three  different  airfoil  sec- 
tions of  10  percent  thickness  are  shown.  Airfoil 
1 is  a conventional  NACA  “4-digit’ ' shape  having 
a critical  Mach  number  of  .7.  Airfoil  2 is  a newer 
type  designed  by  Bauer  Garabedian  and  Korn,'^ 
following  the  suggestion  of  R.T.  Whitcomb.  Air- 
foil 2 was  designed  for  a Mach  number  of  0.8  and 
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maintained  a lift/drag  ratio  of  31  at  this  Mach 
number  with  the  wing  unyawed.  At  60°  yaw  and 
M = 1.2  to  1.4  the  highly  cambered  section  No. 
3 was  superior,  however. 

Subsequent  studies  have  shown  that  the 
wings  employed  in  these  tests  are  somewhat  too 
slender  to  satisfy  the  requirements  of  strength 
and  aeroelastic  stability.  By  reducing  the  aspect 
ratio  to  10  and  increasing  the  root  thickness  to 
12%  it  appears  that  the  requirements  of  strength 
and  stability  can  be  satisfied  with  a small  loss  of 
L/D. 

The  elliptic  planfoitn  satisfies  the  condition 
for  minimum  drag  (i.e.  wave  drag  + vortex  drag) 
when  the  overall  dimensions  of  the  wing  are 
limited.  A more  appropriate  auxiliary  condition 
would  be  a limitation  on  the  wing  root  bending 
moment®.  The  resulting  planform  and  span  load- 
ing is  then  somewhat  more  tapered  than  the 
elliptical.  The  potential  gains  in  this  direction 
are  now  being  investigated. 


OBLIQUE  ELLIPTIC  WINGS 
DIFFERENT  AIRFOIL  SECTIONS 


The  really  significant  advants^e  of  the  ob- 
lique wing  lies  in  the  ease  with  which  the  sweep 
angle  can  be  varied  to  suit  flight  conditions. 
Thus,  during  landing,  take-off  or  holding  the 
wing  should  be  straight  and  in  this  configuration 
the  L/D  ratio  was  approximately  30  to  1 — a 
value  which  could  lead  to  a very  low  power  re- 
quirement and  thus  minimize  the  unwanted  dis- 
play of  energy  in  the  airport  environment. 

Can  an  airplane  with  its  wing  at  such  an 
angle  be  stable  or  controllable  in  flight?  A pre- 
liminary answer  to  this  question  was  given  many 
years  ago  by  J.P.  Campbell  and  Hubert  M. 
Drake,  who  tested  an  oblique  winged  model  in 
the  NACA  Langley  Free  Flight  Tunnel  in  1946^. 
Campbell  and  Drake  found  their  model  to  be 
more  stable  against  lateral  oscillations  than  high- 
ly swept  bilaterally  symmetric  models.  Even 
though  the  ailerons  on  the  oblique  wing  are  in  a 
position  to  produce  large  pitching  moments,  no 
pitching  motion  was  observed  in  flight  — the 
ailerons  producing  essentially  pure  roll.  Stability 
and  control  were  satisfactory  up  to  wing  angles 
of  50°.  At  60°,  however,  ailerons  became  too 
weak  for  adequate  control. 

More  recently  the  present  writer  with  the 
assistance  of  Mr.  Burnett  L.  Gadeburg  of  Ames 
Research  Center  has  made  experiments  with 
larger  (6  ft.  span)  radio-controlled  models  in  free 
flight.  In  addition  to  the  normal  control  chan- 
nels the  radio  was  equipped  with  an  extra  chan- 
nel to  permit  variations  of  wing  and  horizontal 
tail  angle  in  flight.  Figure  4 shows  one  of  the 
models  in  flight  with  the  wing  and  tail  at  45°. 
Yaw  angles  greater  than  45°  were  not  attempted 
because  of  the  speed  of  the  model  (50  to  100 
mph)  and  the  difficulty  of  visual  orientation. 
The  results  of  the  free  flight  tests  may  be  sum- 
marized as  follows: 

® Changing  the  wing  and  horizontal  tail 
angle  from  0 to  45  in  level  flight  resulted  in  no 
perceptible  change  in  longitudinal  trim  and  a 
barely  perceptible  change  in  lateral  trim.  The 
model  nosed  down  and  gained  speed  to  com- 
pensate for  the  loss  of  lift  due  to  yaw. 


F^ure  3a 

Oblique  elliptic  wings  — different  airfoil  sections 


B%iire4 

Radio  controlled  model 


® Aileron  rolls  were  performed  with  nor- 
mal control  movements  and  without  appreciable 
coupled  pitching  motion  — as  observed  by 
Campbell  and  Drake. 

® Elevator  control  was  accompanied  by 
strongly  coupled  rolling  motion.  Use  of  the  ele- 
vator tends  to  produce  a rotation  about  the  long 
axis  of  the  wing  — which  is  oblique  — instead  of 
about  the  normal  pitch  axis.  Loops  performed 
by  pulling  back  the  elevator  took  the  form  of  a 
helix. 

® The  coupled  rolling  motion  produced  by 
the  elevator  results  in  differing  behavior  in  right 
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MACH  1.2 

PAYLOAD-  18  143  KC  140  000  LBl 
RANCii  « S560  Km  (3000  NMl) 
INITIAL  CRUISL  ALTITUDt  = 

1 1.887  m(  39. 000  IT) 

TAKHOI  I I ILLD  LLNCTH 
3S05m(tl.500»T) 

PIRIPHLRAL  NOlSt  TREATMENT 


I 


AIRPLANE  CONFIGURATION 

i-2a 

2-2a 

3-Za 

■l-2a 

5-3* 

TAKLOM  GROSS  WEIGHT  KC  ILBS) 

275283  (607000) 

3B8283 (857000) 

226796  (500000) 

280726  (6)9000) 

21)828  (467{K)0) 

OPERATING  1 MPTY  WEIGHT  KG  (LBS) 

1>2626  (2705(») 

180726  ( 398500) 

103855 (229000) 

146804  (322600) 

113832(251000) 

WING  AREA  m2  (ET2) 

433.8  (4670) 

612.2  (6590) 

436.6  (4700) 

442.2  14760) 

319.6  (3440) 

ENGINE  THRUST  rating 
SLA  LEVEL  STATIC  N(LBS) 

284241  (63900) 

406123  (91300) 

216184  (48600) 

226859(51000) 

156113  (35100) 

NUMBER  OI  ENGINES/BYPASS  RATIO 

4/1 

4/1 

4/1 

4/1 

4/1 

THRUST  LOADING  ( T/W) 

0.42 

0.43 

0.39 

0.33 

0.30 

WING  LOADING  (W/S)  N/m2  (LB/ET2) 

6224(130) 

6224  030) 

5075  006) 

6224  030) 

65)2  0 36) 

L/DCRUISE 

8.1 

8.1 

8.9 

10.6 

12.3 

TAKl  Ol  1 HELD  LENGTH;  MAX  I LAPS  m (I  T) 

2438  ( 8000) 

1554 (5100) 

3505  01500) 

3225 (7300) 

2179  (7150) 

REDUCED  1 LAPS  m ll  T) 

3353  0)000) 

2286  (75l») 

3505  01500) 

3078  00100) 

2947 (9670) 

L/D  COMM  UNITY : REDUCED  1 LAPS 

8.8 

9-2 

6.3 

22 

6.9 

APPROACH  SPEED;  REDUCED  1 LAPS  Km/HR  (KT) 

333  0 80) 

296  060) 

317  0711 

261  (141) 

254.5  (137.4) 

COMMUNITY  NOISE:  A EPNdB 
1 ROM  EAR  PART  36 

• TAKEOl  E WITH  THRUSf 

CUTBACK  AT  NOISE  STATION 

-6.0 

- 10.2 

+1.8 

- 15.0 

-0.4 

• SIDELINE 

+3.0 

+ 3.5 

+3.4 

+ 3.1 

+2.0 

• APPROACH 

■0.7 

- 1-9 

-0.5 

- 2.8 
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and  left  turns.  Thus,  in  turning  toward  the  for- 
ward wing  tip,  use  of  the  elevator  tends  to  steep- 
en the  bank;  for  turns  in  the  opposite  direction 
the  elevator  has  the  opposite  effect. 

• While  unusual  control  effects  were  prom- 
inent in  rapid  manoeuvres  they  were  not  notice- 
able in  the  use  of  controls  to  maintain  steady 
level  flight.  Hence,  the  lack  of  bilateral  sym- 
metry though  interesting  theoretically,  may  not 
be  important  for  high  altitude  cruising  flight 
where  oblique  wing  angles  would  be  used. 

Following  our  experiments  at  Ames  Re- 
search Center  the  Boeing  Commercial  Aircraft 
Company  has  made,  under  NASA  contract,  a 
comparative  design  study  of  transonic  transport 
aircraft  intended  to  operate  at  speeds  below  the 
sonic  boom  cut-off  speed.  One  of  the  objectives 
of  the  study  was  to  determine  whether  the  ap- 
parent advantages  of  the  pivoted  wing  might  be 
realized  in  a practical  airplane. 

The  study  included  consideration  of  four 
different  wing  designs  (Figure  5);  (1)  sweptback 
wing  with  fixed  geometry,  (2)  sweptback  wing 
with  variable  geometry,  (3)  fixed  delta  wing  and 
(4)  pivoted  oblique  wings.  Details  land  results  of 
the  Boeing  study  will  be  found  in  Reference  (8). 

Prominent  in  the  Boeing  analysis  were  con- 
siderations of  structural  design  and  weight,  in- 
cluding the  use  of  newer  composite  materials. 
The  oblique  wing  designs  required  a new  analysis 
of  aeroelastic  stability  as  well  as  the  design  of  a 
suitable  pivoting  structure. 

Each  airplane  was  sized  to  carry  195  pas- 
sengers for  3000  nautical  miles  at  a flight  Mach 
number  of  1.2.  It  was  found  that  this  mission 
could  be  performed  by  any  one  of  the  five  de* 
signs  but  the  gross  weight  and  size  of  the  air- 
plane needed  varied  considerably.  A fuel  volume 
comparison  for  these  configurations  is  made  in 


Figure  5a.  Figure  6 shows  the  B.oeing  estirhate  of 
gross  weights  for  the  five  designs.  It  is  seen  that 
the  swept  back  wing  with  variable  sweep  re- 
quired the  highest  gross  weight  for  the  mission, 
while  the  oblique  winged  design  had  the  lowest. 
Varying' the  sweep  in  bilaterally  symmetric  fash- 
ion imposes  severe  requirements  of  mechanical 
streqgth,  leading  to  excessive  weight  of  the  wing 
pivot  structure.  In  the  oblique  design  the  wing 
structure  is  continuous  across  the  pivot  and  very 
little  additional  weight  is  introduced  by  the 
pivot  structure.  The  analysis  did  show,  however, 
that  the  oblique  wing  would  be  rather  heavy, 
primarily  because  of  its  high  aspect  ratio.  Of  all 
the  designs  the  delta  wing  configuration  gave 
the  smallest  empty  weight.  The  oblique-winged 
airplane  had  a smaller  take-off  weight,  however, 
because  of  its  lower  fuel  consumption.  Figure  7 
shows  the  configuration  suggested  by  the  Boeing 
study  for  an  oblique-winged  transport. 


Figure  7 

Configuration  suggested  by  the  Boeing  study  for  an 
obtique-winged  transport 
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TRADED  NOISE,  AEPNdB 

Figure  8 

Estimated  increases  in  gross  we^t  required  to  meet 
increasingly  stringent  noise  requirements 


It  seems  possible  that  future  restrictions  on 
the  noise  made  by  airplanes  may  become  more 
stringent.  Figure  8 shows  the  estimated  increases 
in  gross  weight  that  would  be  required  to  meet 
such  increasingly  stringent  noise  requirements. 
It  appears  from  this  study  that  the  oblique  wing, 
which  can  straighten  itself  out  for  landing  or 
takeoff  could  achieve  the  lowest  noise  levels. 

In  summary,  the  investigations  made  thus 
far,  which  have  included  considerations  of  struc- 
ture, stability,  and  flight  efficiency  as  well  as 
noise  in  the  airport  environment,  point  to  the 
oblique  winged  aircraft  as  the  optimum  design 
for  flight  approaching  the  sonic  boom  speed 
limit. 
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AEROELASTIC  CHARACTERISTICS 


O F AN 

OBLIQUE  WING 
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In  theory,  the  most  efficient  wing  shape  for  transonic  and  low 
supersonic  speeds  is  simply  a long  narrow  straight  "subsonie"  wing 
turned  at  an  oblique  angle  to  the  flight  direction.  This  theory  has 
recently  been  verified  by  tests  at  Mach  numbers  from  .6  to  1.4  in  the 
NASA-Ames  11’  Supersonic  Wind  Tunnel  (see  reference  1)  and  by  compara- 
tive studies  of  transonic  transport  designs  made  by  the  Boeing 
Commercial  Airplane  Company  (see  Fig.  1)  (see  ref.  2). 

In  considering  the  oblique  wing,  it  is  perhaps  natural  to  try  to 
relate  its  behavior  to  well  known  phenomena  associated  with  swept  for- 
ward and  swept  aft  wings.  This  approach  would  lead  one  to  expect 
severe  static  divergence  and  roll  trim  requirements.  Figure  2 shows 
the  effect  of  bending  an  oblique  wing  with  the  fuselage  clamped  as  in 
a wind  tunnel  model.  When  the  wing  tips  bend  up  as  a result  of  an 
aerodynamic  lift  increment,  the  structural  sections  AB  and  A'B'  tend 
to  move  together.  Since  the  point  C’  does  not  move  up  as  much  as  B', 
there  is  a reduction  in  the  angle  of  attack  of  the  section  C’B'.  This 
reduction  in  section  angle  of  attack  on  the  aft  wing  leads  to  a loss  of 
lift.  For  the  forward  wing,  the  point  C moves  up  more  than  the  point 
B,  causing  an  increase  in  angle  of  attack  of  the  section  CB.  This 
leads  to  an  increase  in  lift,  more  bending  and  a further  increase  in 
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the  section  angle  of  attack.  Aeroelastic  divergence  results  when  the 
increase  in  lift  overcomes  the  restoring  moment  due  to  wing  stiffness. 

After  further  consideration  of  the  oblique  wing  configuration, 
one  wonders  if  divergence  of  the  free  flying  airplane  can  actually 
occur.  The  effect  of  aeroelasticity  is  to  increase  the  lift  on  the 
forward  wing  and  decrease  the  lift  on  the  aft  wing.  This  antisymmetri- 
cal  lift  distribution  causes  the  airplane  to  roll.  The  lift  caused  by 
the  roll  rate  tends  to  cancel  the  aeroelastic  lift.  (See  Fig.  3) 

Alternatively,  if  aileron  control  is  applied  to  prevent  roll  the 
lift  distribution  produced  by  the  ailerons  also  tends  to  cancel  the 
aeroelastic  lift  increment.  ‘ 

With  bilaterally  symmetric  swept  forward  wings,  the  free  motions 
of  the  airplane  show  no  such  relieving  or  stabilizing  Influence,  but 
rather  aggravate  the  unstable  tendency  of  the  wing.  Thus,  bending 
swept-forward  tips  upward  increases  the  lift  on  both  tips  S3mmietrically 
causing  a pitching  moment  which  tends  to  increase  the  angle  of  attack 
of  the  whole  airplane,  adding  to  the  aeroelastic  increment. 

Clearly,  the  behavior  of  the  oblique  wing  in  free  flight,  will  be 
different  from  that  of  the  swept-forward  wing  because  of  its  different 
symmetry.  Analyses  of  the  oblique  wing  which  assume  that  the  wing  is 
clamped  at  the  root  section  or  that  the  fuselage  is  restrained  in  roll, 
turn  out  to  be  misleading  for  this  reason. 

The  foregoing  discussion  leads  to  three  questions: 

(1)  Does  a free-flying  oblique  winged  airplane  exhibit  the 
divergent  instability  characteristic  of  a swept-forward  wing 
configuration? 
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(2)  Does  the  elasticity  of  the  wing  affect  the  aileron  control 
adversely? 

(3)  How  much  aileron  deflection  will  be  required  to  maintain 
trim  at  different  speeds? 

By  exploring  a simple  dynamic  model  we  hope  to  provide  insight  into 
these  questions. 

Figure  4 shows  the  simplified  model  assumed  in  our  calculations. 
The  model  consists  of  two  rigid  wing  panels  hinged  near  the  center  of 
the  wing  with  elastic  restraining  springs.  Assuming  the  hinge  axes 
perpendicular  to  the  long  axis  of  the  wing,  the  stiffness  of  the  springs 
will  represent  the  stiffness  of  the  wing  in  pure  bending,  withcAit 
torsion.  Since  the  rolling  motion  has  an  Important  influence  on  the 
behavior,  the  airplane  is  assumed  free  to  roll.  There  are  then  three 
degrees  of  freedom  corresponding  to  deflections  and  of  the 
upstream  and  downstream  wing  panels  and  the  bank  angle  ^ (see  figure 
4).  The  equations  of  motion  of  the  system  are: 

1,5  + K m + (K  - K ) (^  - ^ cos  a)  = 0 
tp’^u  a a^u  e e ’^u 

I,$  + K m I + (K  -I-  K ) (4»  - 4 cos  a)  = 0 
^^o  a a o ' e a ’^o 

+ 2K  cos^  A(j)  - K cos  a(iJ;  + ij)  ) = 0 

e e u o 

where 

= Moment  of  inertia  of  wing  panel  about  hinge  axis 
= Moment  of  inertia  of  fuselage  and  center  wing  portion  about 
roll  axis 

Kg  = Elastic  spring  stiffness  about  hinge  (bending  moment  per 
unit  deflection  angle) 
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Ka  = Aerodynamic  bending  moment  per  unit  deflection  angle 

™a^a  “ Aerodynamic  damping  moment  due  to  angular  velocity,  assumed 

proportional  to  Kg 

Both  Kg  and  Kg  are  taken  as  positive.  The  first  of  the  three  equations 
refers  to  the  upstream  wing  panel  and  it  will  be  noted  that  the  aero- 
dynamic moment  represented  by  K^  diminishes  the  apparent  stiffness  of 
the  upstream  wing  panel  but  increases  the  apparent  stiffness  of  the 
downstream  panel. 

Subjecting  any  of  the  three  degrees  of  freedom  to  an  initial 
disturbance  and  solving  the  equations  by  standard  methods  we  will  find 

ip  $ or  (j)  = Z An  e^*^^ 

where  the  Xg  are  the  complex  "eigenvalues"  or  roots  of  the 
characteristic  determinant  of  the  equations.  There  are  6 such 
eigenvalues  and  if  the  real  part  of  any  one  of  them  is  positive  the 
motion  following  an  initial  disturbance  will  grow  in  unstable  fashion. 
Since  the  system  has  neutral  stability  in  bank  angle  ^ one  of  the 
eigenvalues  will  be  zero. 

Values  of  the  quantities  appearing  in  equations  (1)  have  been 
estimated  for  a 200  passenger  transport  airplane  designed  to  fly  at 
Mach  number  1.2  with  a wing  yaw  angle  of  55°  (see  ref.  2).  Figure  5 
shows  how  the  damping  of  the  least  stable  mode  varies  with  flight 
d3mamic  pressure  for  several  assumed  values  of  fuselage  roll  inertia. 
The  case  " corresponds  to  a lack  of  roll  freedom  (fuselage 

fixed,  as  in  a wind  tunnel  test)  and  in  this  case  the  instability 
occurs  as  a straight  non-oscillatory  divergence  (so  called  "static" 
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divergence)  at  about  1.6  times  the  cruising  dynamic  pressure 
2 

(=  0/2  V ) . With  a finite  value  of  roll  inertia  ( ) direct 

divergence  does  not  occur  and  instability  takes  the  form  of  increasing 
oscillations,  beginning  at  two  to  three  times  cruise  dynamic  pressure. 

The  aeroelastic  stability  boundary,  or  boundary  for  neutrally 
damped  oscillations  may  be  obtained  from  equations  (1)  by  setting  the 
real  part  of  a complex  eigenvalue  equal  to  zero.  If  the  imaginary  part 
of  the  eigenvalue  is  also  zero  then  the  instability  will  be  non-oscillatory. 
More  generally,  the  value  of  the  imaginary  part  determines  the  frequency 
of  marginally  stable  oscillations.  Setting  the  eigenvalue  equal  to 
iu2.,  we  obtain  ' 


^uil^  + iuiluil^Km  +uJl^(l-K) 
o a o 


0 


-uJl^Cl  - K)  cos  A 
0 


0 


-mu£^ 
o 

2 cos  A 


— uA^  + iuS.u£'^Km  + u5,^  (1  + K) 
o a 0 


-uil^  (1  + K)  cos  A = 0 


- m \iZ^ 
o 

2 cos  A 


+ muil^  - uZ^ 
o 


where 


6 

tp-  = natural  bending  frequency  of  wing  panel 


2 

cos"^ 


A 


m 
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Setting  both  real  and  Imaginary  parts  of  the  determinant  equal 


to  zero  results  in  expressions  for  the  stiffness  ratio  K and  the 

■Q 

frequency  ratio  at  the  stability  boundary, 

o 


1 4-  /l  ^ 

2 + u£^m^  (1  “ m ~ /TTm^) 
o c 


SH-i 


Figures  6 (a  and  b)  show  stability  boundaries  for  various  values 

I. 

of  the  inertia  ratio  m = 2 — ^ cos^  a 

h 

I 

K 

a 

and  the  stiffness  ratio  K = — , 

K. 

e 

The  value  K = 1 corresponds  to  the  so-called  "static  divergence" 

case  and  to  the  actual  stability  boundary  when  the  roll  inertia  of  the 

fuselage  approaches  infinity  (m  = 0) . Normally,  the  roll  inertia 

of  the  fuselage  is  small  compared  with  that  of  the  wing  panels  . 

Since  K is  proportional  to  the  dynamic  pressure,  q = p/2  and  K 
a.  a 

is  constant  it  may  be  shown  that 

% 

where  q is  the  dynamic  pressure  for  divergence  with  the  fuselage 
s 

clamped . 


AILERON  CONTROL  AND  TRIM  OF  OBLIQUE  WING 
Assuming  the  wing  is  aeroelastically  stable  we  have  still  to 
investigate  the  effect  of  bending  flexibility  on  aileron  control  and  trim. 
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Figure  (7)  shows  measured  rolling  moments  produced  by  an  oblique 
elliptic  wing  model  in  the  NASA-Ames  14  foot  transonic  tunnel  at  a Mach 
number  of  1.2.  The  wing  has  an  aspect  ratio  of  10,  an  airfoil  section 
12%  thick  and  is  equipped  with  conventional  ailerons.  The  results 
shown  were  obtained  with  the  wing  at  60^  yaw. 

The  model  was  constructed  with  an  upwardly  curved  chord  plane, 
resulting  in  a dihedral  angle  at  the  tips  of  approximately  6®.  The 
intention  here  was  to  provide  roll  trim  at  a cruising  lift  coefficient 
of  .3  to  .35.  At  zero  lift,  the  rolling  moment  is  in  the  direction  to 
raise  the  forward  tip  and  may  be  attributed  to  the  built  in  dihedral 
of  the  wing.  The  downward  slope  of  rolling  moment  curve  with  increasing 
lift  coefficient  shows  that  the  lift  curve  slope  of  downstream  sections 
is  greater  than  that  of  upstream  sections.  This  effect  arises  from  an 
upwash  induced  by  the  upstream  portions  of  the  wing  and  is  predicted  by 
linear  lifting  surface  theory.  Extrapolation  of  the  linear  portion  of 
the  curve  would  show  trim  with  ailerons  neutral  at  the  intended  lift 
coefficients  .3.  Evidently  viscous  effects  intervened,  causing  a 

loss  of  lift  on  the  downstream  sections  so  that  roll  trim  was  not 
attained  at  6^  - 0 with  this  amount  of  dihedral.  Aileron  deflections 
within  the  range  ± 10^  could,  however,  provide  trim  over  a wide  range 
of  lift  coefficients.  Deflections  within  this  range  produced  no  signi- 
ficant increments  of  drag,  as  might  be  expected  because  of  the  oblique 
angle  (60^)  of  the  hinge  lines.  Presumably,  a smaller  dihedral  angle 
(i.e.  , smaller  upward  tip  angle)  would  have  lowered  the  curve  for 

6^  = 0 so  that  even  smaller  aileron  angles  would  suffice  for  trim, 
a 
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The  model  used  in  the  14  foot  tunnel  tests  was  of  solid  steel  and 
was,  of  course,  relatively  much  stiffer  than  a full-sized  wing.  There 
remains  the  problem  of  the  influence  of  bending  flexibility  of  a full- 
sized  wing  on  the  roll  and  trim  effectiveness. 

The  simplified  aeroelastic  model  (fig.  4)  used  in  the  study  of 
stability  boundaries  can  provide  some  insight  into  the  effect  of  wing 
bending  on  roll  control  and  trim.  Assuming  that  the  stiffness  of  the 
wing  is  sufficient  to  provide  dynamic  stability  (1. e.,  is  within  the 
stable  range  of  figure  6)  transient  oscillations  will  die  out  and  the 
ability  of  the  ailerons  to  provide  a steady  roll  rate  or  trim  can  be 
studied  by  omitting  the  inertia  terms  from  the  equations  of*  motion  (1) . 

To  determine  the  roll  effectiveness  of  the  ailerons,  we  rewrite 
the  equations  of  motion  omitting  the  inertia  terms  and  introduce  moments 
proportional  to  the  aileron  deflections  6^  and  6^  applied  at 
t = 0. 

“^^u  ^^e  ■ ^a^  % ■ ^ “ ^u^6 

^.{,’J'd  (Ke  + \)(t|»o-  <l>  cosA)  ^ 

2K  cos^  Ad)  — K cos  A(d)  -hp,)  = 0 
e e '’^u  ^d 

where  = K^m^  is  the  damping  coefficient  for  angular  motions  ip, 
analogous  to  the  damping  in  roll.  Assuming  step  input  aileron  deflections 
and  solving  for  the  roll  rate  <p,  we  obtain 


M, 


2 cos  AM; 
'I' 


e 


where  X = 


K 

e 

Mr 
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Evidently,  if  the  ailerons  are  used  together  with  6^  = 6^  (equal  up 
and  down  deflections)  bending  elasticity  of  the  wing  has  no  effect  on 
the  roll  rate.  In  this  situation,  the  spanwise  loading  produced  by  the 
ailerons  is  effectively  cancelled  by  the  rolling  motion  as  illustrated 
in  figure  (3) . ‘ 

A different  picture  emerges,  however,  if  we  attempt  to  control 
roll  by  using  a single  aileron  alone  on  either  tip.  In  these  cases, 
wing  distortions  appear,  and  it  is  found  that  an  aileron  on  the 
downstream  tip  alone  ceases  to  be  effective  at  the  speed  for  static 
divergence  = 0,  or  K = 1.  Figure  (8)  summarizes  the  behavior 

at  K = 1. 

In  the  foregoing,  we  have  considered  bending  distortions  only. 

In  practice,  the  elasticity  of  the  wing  in  torsion  must  be  considered 
also,  and  it  is  to  be  expected  that  torsion  will  reduce  the  aileron 
effectiveness  at  high  values  of  the  dynamic  pressure.  It  should  be 
borne  in  mind,  however,  that  the  d3mamic  pressure  effective  in  pro- 
ducing torsion  is  greatly  reduced  by  the  sweep. 

In  conclusion,  these  results  show  that  aeroelastic  divergence, 
which  is  characteristic  of  swept  forward  wings,  does  not  occur  in  the 
case  of  the  oblique  wing.  Aeroelastic  instability  of  the  oblique  wing 
evidently  appears  in  the  form  of  undamped  oscillations  at  a dynamic 
pressure  which  may  be  considerably  greater  than  that  for  "static" 
divergence  of  a swept  forward  wing. 

The  stability  of  the  oblique  wing  shows  an  important  dependence 
on  the  moment  of  inertia  of  the  fuselage  in  roll.  In  a more  realistic 
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model,  a similar  influence  of  the  distribution  of  mass  along  the  wing 
span  may  be  expected. 


SUMMARY 

The  aeroelastic  stability  of  an  oblique  wing  is  studied  by  means 
of  a simple  model  having  three  degrees  of  freedom.  It  is  found  that 
freedom  in  roll  exerts  a stabilizing  influence  on  the  behavior  of  the 
oblique  wing  so  that  aeroelastic  bending  divergence  which  is  typical 
of  swept  forward  wings  does  not  occur  in  the  case  of  the  oblique  wing. 
Instability  of  the  oblique  wing  appears  in  the  form  of  undamped  oscil- 
lations at  a flight  speed  which  may  be  considerably  greater  than  that  for 
static  divergence  of  a swept  forward  wing.  Stability  is  dependent  on 
the  roll  inertia  of  the  fuselage  and  on  the  distribution  of  mass  along 
the  wing.  Bending  elasticity  of  the  wing  has  little  effect  on  aileron 
control  and  trim  of  the  oblique  wing  provided  equal  opposite  aileron 
deflections  are  employed. 
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OBLIQUE  WING  AEROELASTICS 


Figure  2 


AT  DESIGN  CRUISE  CONDITION.  WING 
CURVE  GIVES  BALANCED  LOAD  DISTRIBUTION 


LEADING  TIP 
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Figure  3 
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EFFECT  OF  FUSELAGE  INERTIA  ON  AEROELASTIC 
STABILITY  OF  OBLIQUE  WING 
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Figure  5 


STABILITY  BOUNDARIES  FOR  SIMPLIFIED  AEROELASTIC 

MODEL 


INERTIA  FACTOR,  m = 2 COS^A 

Figure  6a 


FREQUENCY  OF  NEUTRALLY  STABLE  OSCILLATIONS 
COMPARED  WITH  NATURAL  BENDING  FREQUENCY 


Figure  6b 
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EFFECT  OF  AILERONS  ON  ROLLING  MOMENTS  OF 
OBLIQUE  WINGED  MODEL 
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Figure  7 


AILERON  CONTROL  BEHAVIOR  AT  SPEED 
FOR  STATIC  DIVERGENCE 
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AILERON  ON  DOWNSTREAM  TIP  ONLY 
ZERO  ROLL  RATE 
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WING  DISTORTION 

AILERON  ON  UPSTREAM  TIP  ONLY 
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DISTORTED  WING  SHAPE 


EQUAL  AILERONS  ON  BOTH  TIPS 
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Figure  8 


Page  intentionally  left  blank 


COMA  OF  MODIFIED  GREGORIAN  AND  CASSEGRAINIAN  MIRROR  SYSTEMS 


Robert  T.  Jones 


August  1954 


885 


Jones,  R.  T. , "Coma  of  Modified  Gregorian  and  Cassegrainian  Mirror  Systems," 
Optical  Society  of  America,  vol,  44,  no.  8,  Aug.  1954,  pp.  630-633. 
Reprinted  by  permission  of  the  Optical  Society  of  America,  Washington,  D.C. 


886 


Reprinted  from  Journal  of  the  Optical  Society  of  America,  VoL  44,  No.  8,  630-633,  August,  1954 

Printed  in  U.  S.  A. 


Coma  of  Modified  Gregorian  and  Cassegramian  Mirror  Systems 

Robert  T.  Jones 

Ames  Aeronautical  Laboratory,  National  Advisory  Committee  for  Aeronautics,  Mojfett  Field,  California 

(Recdved  February  8, 1954) 

The  equivalence  of  the  classical  Newtonian,  Cassegrainian,  and  Gregorian  anirror  S3^tems  with  respect 
to  the  firet  two  Seidel  aberrations  is  rederived  by  means  of  a simple  congruence.  The  effects  of  arbitrary 
small  modifications  of  the  two>mirror  s3rstems  are  then  studied  and  general  formulas  are  derived  for  the 
effects  of  such  modifications  on  the  spherical  aberration  and  coma.  Spherical  aberration  is  corrected  to  the 
third  order  if  the  amount  of  glass  removed  from  one  surface  is  replaced  at  the  corresponding  zone  of  the 
other  surface  (approximate  expression  of  Fermat's  principle).  Mo^fications  in  which  one  surface  is  made 
spherical  while  the  other  is  adjusted  to  eliminate  spherical  aberration  r^ult  in  large  increases  of  coma  for 
systems  having  the  usual  amplifying  ratios. 


IN  the  standard  forms  of  the  Cassegrainian  and 
Gregorian  telescopes  the  curves  of  the  primary  and 
secondary  mirrors  are  confocal  conic  sections,  so  that, 
insofar  as  geometrical  optics  is  concerned,  rays  parallel 
to  the  ^is  of  the  system  will  be  brought  to  a perfect 
focus  at  the  axial  image  point.  There  remains,  however, 
a slight  variation  in  the  equivalent  focal  length  of  the 
various  rays  throughout  the  aperture  of  the  instrument, 
so  that  the  magnification  is  greater  for  the  outer  zones 
of  the  aperture  than  for  the  central  part.  Such  a varia- 
tion also  appears  in  the  Newtonian  telescope,  with  a 
single  parabolic  reflector,  and  produces  the  aberration 
known  as  “coma.’^ 

It  was  shown  by  A.  C.  Lunn^  that  in  any  combination 
of  mirrors  having  confocal  conic  sections,  the  zonal 
magnification  error  will  be  exactly  the  same  as  that  of 
a single  parabolic  reflector  having  the  equivalent  focal 
length  of  the  compound  system.  Since  the  magnification 
error  of  a long-focus  paraboloid  is  slight,  and  further- 
more diminishes  with  the  inverse  square  of  the  focal 
ratio,  it  follows  that  the  comatic  aberration  in  the  con- 
ventional Cassegrainian  or  Gregorian  forms  is  ordinarily 
extremely  smafl. 

Practical  experience  has  shown,  however,  that  the 
excellence  of  the  calculated  properties  of  these  com- 
pound-mirror systems  is  difficult  to  achieve  in  actual 
construction.  To  overcome  these  difficulties  several 
modifications  of  the  standard  Cassegrainian  and  Gre- 
gorian forms  have  been  proposed.  Perhaps  the  best 
known  of  these  is  the  construction  employed  by  Dali 
and  Kirkham.2  Here  the  secondary  is  made  spherical 
and  the  spherical  aberration  is  corrected  by  modifying 
the  primary.  Descriptions  of  this  and  otier  possible 
modifications  have  been  given  by  AUyn  J.  Thompson® 
and  quoted  by  Albert  G.  Ingalls.^  Recently  Yoder, 
Patri(i,  and  Gee®  have  presented  calculations  of  all  the 
third-order  aberrations  for  an  example  of  the  Dall- 
Kirkham  type. 

The  present  paper  extends  the  previous  discussions 

» A.  C.  Ltmn,  Astrophys.  J.  27,  2^285  (1908). 

® Alan  R.  Kirkham,  Sci.  Anierican  158,  No.  6,  374  (1938). 

* AUyn  J.  Thompson,  Sky  and  Telescope  (May,  1948,  el  seq,). 
* Albert  G.  Ingalls,  Sci.  American  Gune,  1933,  d seq  ) . 

® Yoder,  Patrick,  and  Gee,  J.  Opt.  Soc.  Am.  43, 12CK)  (1953). 


by  givmg  general  formulas  for  the  effects  of  various 
modifications  on  the  coma  of  two-mirror  systems.  The 
formulas  are  based,  of  course,  on  geometrical  optics  and 
are  limited  to  small  apertures  such  that  the  fifth  and 
higher  powers  of  the  aperture  ratio  are  negligible. 
Within  this  limitation  they  agree  with  the  formulas 
given  by  Schwarzschild  for  the  aplanatic  case  (zero 
coma),  but  show  in  addition  the  effects  of  departures 
from  aplanat^m  while  maintaining  'zero  spherical 
aberration. 

Consider  first  the  unmodified  Cassegrainian  with  a 
parabolic  primary  mirror  p and  a hyperbolic  secondary 
mirror  ^ (see  Fig.  1).  Denoting  the  paraxial  equivalent 
focal  length  by  Fo,  the  “oblique  focal  lengths”  Fy=^fp^  oi 
the  zones  y may  be  found  by  extending  the  rays  from 
the  focal  point / straight  through  the  secondary  mirror 
and  noting  the  intersections  of  these  rays  with  the 
incoming  parallel  rays.  The  Abb4  sine  condition  will  be 
satisfied  if  the  intersection  points  lie  on  a sphere  centered 
at/.  In  this  case  the  oblique  focal  lengths  Py,  and  hence 
the  magnification,  would  be  constant  for  all  zones. 
However,  it  is  easily  verified  that  in  the  case  of  the 
Cassegrainian  this  intersection  surface  is  not  a sphere, 
but  is  a paraboloid  having  a focal  length  equal  to  Fo. 
Referring  again  to  Fig.  1,  consider  the  conjugate  re- 
flecting system  formed  on  the  reversed  side  of  the 
secondary  by  the  extended. rays  together  with  the  rays 
extended  from  the  primary  toward  its  focal  point  /'. 
Denoting  by  A the  amplification  of  the  original  system, 
it  is  seen  that  the  concave  side  of  the  hyperboloid  forms 
the  secondary  of  a conjugate  Cassegramian  system 
having  the  amplification  1/ A,  and  having  its  focal  point 


Fig.  1.' Congruence  of  rays  in  the  Cassegrainian  and  the 
rays  from  a reversed  parabolic  reflector. 
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at/'.  The  surface  p'  may  be  considered  the  primary  of 
this  system  if  the  incoming  parallel  rays  are  reversed. 
However,  the  only  primary  surface  that  will  produce  a 
focus  at  /'  after  reflection  at  the  hyperboloid  / is  a 
paraboloid.  It  follows  that  the  Abbe  surface  is  a 
paraboloid  having  its  focus  at  /.  A similar  construction 
(Fig.  2),  but  with  the  paraboloidal  surface  located 
behind  the  primary,  is  available  in  the  case  of  the 
Gregorian  form.  Thus  in  each  of  these  cases  the  rays  in 
the  vicinity  of  the  focal  point  may  be  brought  into 
congruence  with  the  rays  from  a simple  parabolic  re- 
flector having  the  same  equivalent  focal  length.  The 
Newtonian,  the  Gregorian,  and  the  Cassegrainian  are 
thus  all  equivalent  as  far  as  coma  is  concerned. 

As  was  shown  by  A.  C.  Lunn^  this  equivalence  holds 
for  compound  systems  comprising  any  number  of 
mirrors,  provided  all  the  mirrors  have  such  curves 
(conic  sections)  that  the  spherical  aberration  is  per- 
fectly corrected  at  each  focus  (or  virtual  focus)  within 
the  system. 

In  the  case  of  the  single  parabolic  reflector  a well- 
known  derivation®  yields  for  the  departure  from  the 


sine  condition 

(1) 

The  quantity  (Fy/Fo)— 1 may  be  thought  of  as  the 
percent  error  in  magnification  at  the  zone  y.  In  the  case 
of  the  Gregorian  or  Cassegrainian  the  same  formula 
applies,  but  since  the  equivalent  focal  length  is  A times 
the  focal  length  of  the  primary,  the  coma  is  reduced  by 
the  factor  1/A^  relative  to  that  of  the  primary  mirror 
alone. 

To  study  the  effects  of  various  modifications  of  the 
Cassegrainian  we  write  for  the  equation  of  the  primary : 


yi^ 


and  for  the  secondary: 

xt= (-5— — — I— — . 

2Ri  L (A-iyl(2Riy‘ 


(2) 


(3) 


Here  Ri  and  R2  are  the  radii  of  the  respective  surfaces 


AX,  - AXg, 

Fig.  3.  Relation  between  fourth-degree  deformations 
for  zero  spherical  aberration. 

at  y=0,  and  the  coordinates  of  each  surface  are  meas- 
ured from  its  intersection  with  the  x axis.  The  quantities 

A^t:i-P[yiy(2Fi)®],  (4) 

and 

A^2=5|>2V(2F2)®],  (5) 

represent  deviations  of  the  primary  and  secondary 
mirrors  from  their  original  parabolic  and  hyperbolic 
forms.  Thus,  setting  F=p=  1 makes  the  primary  spherical 
instead  of  parabolic.  If  S is  set  equal  to  1+4A/(A  — i)\ 
the  secondary  will  be  spherical. 

Analysis  of  paraxial  rays  shows  that  the  spherical 
aberration  will  be  corrected  if  a simple  relation  is  main- 
tained between  the  deformations  of  the  primary  and 
secondary  mirrors.  This  relation  is  (see  Fig.  3) 

Axi—Axi,  (6) 

where  the  increments  in  x are  measured  at  the  corre- 
sponding zones  yi  and  y2— i-e.,  zones  touched  by  the 
same  ray  in  the  undistorted  Cassegrainian.  This  relation 
obviously  amounts  to  an  approximate  expression  of 

Fermat’s  principle.  If  the  primaiy  is  bent  slightly 

toward  the  object  point,  the  shortening  of  the  light 
time  between  the  primary  and  secondary  must  be  com- 
pensated by  bending  the  secondary  away  from  the 
primary  an  equal  distance  where  the  ray  touches. 
Within  the  fixed  approximate  form  of  Eqs.  (2)  and 
(3),  the  focusing  of  a time  signal  is  not  merely  necessary, 
but  is  also  sufficient  for  the  focusing  of  all  four  coordi- 
nates of  a point  event.  The  approximation  here  obvi- 
ously involves  a small  shift  of  the  rays  from  those  of  the 
undeformed  Cassegrainian. 

When  the  equations  given  by  Schwarzschild  for  the 
surfaces  of  an  aplanatic  telescope^  are  converted  to  the 
form  of  deviations  from  the  standard  Cassegrainian,  it 
is  found  that  they  agree  with  the  foregoing  rule. 

A similar  comparison  is  found  to  hold  in  the  case  of 
the  formulas  given  by  Kirkham.^ 


• L.  C.  Hartm,  Technical  Optics  (Pitman  and  Sons,  Ltd.,  Lon- 
don, 1948),  Vol.  H. 


^K.  Schwarzschild,  Abhandl.  Ges.  Wiss.  Gottingen  Math, 
physik.  Kl.  2 (1905). 
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K D2  is  the  nominal  diameter  of  the  secondary*  we 
have  for  the  undeformed  Cassegrainian  the  simple 
proportion 

D2/Di=y2/yi.  (7) 

From  Eqs.  (4),  (5),  (6),  and  (7)  we  obtain 

P=S(Ri/R2Y(D2/Dt)\  (8) 

as  the  relation  between  P and  S for  zero  spherical 
aberration. 

To  study  the  effect  of  the  deformations  P and  S on 
the  coma  we  have  to  consider  the  changes  in  inclination 
and  intersection  points  of  the  rays.  Referring  to  Fig.  1, 
the  law  of  sines  yields 

F,-(V?2)/3,  (9) 

where  h—pf,  h-s'f,  h=sf.  Carrying  through  the 
analysis  for  paraxial  rays,  we  find 


where 

C=1 

or,  in  terms  of  P, 


Fo 


2A 


w 

(10) 

)V  Di\ 

-(1^ )5, 

(It) 

V dJ 

Di  \ 
1 

(12) 

Di  } 

P and  S being,  of  course,  related  through  Eq,  (8) 

As  shown  by  Schwarzschild,  both  spherical  aberration 
and  coma  may  be  eliminated  by  a special  shaping  of 
the  two  mirror  surfaces.  To  obtain  Schwarzschild's 
formulas  we  set  C=0  and  solve  Eqs.  (11)  and  (8)  for 
the  shape  parameters  S and  P.  The  result  is 


2A 


^ (.4-1)“C1~(Z)2/Z?,)]’ 

(13) 

2 

A^{Dr/Di)-n 

(14) 

When  these  values  are  introduced  into  Eqs.  (2)  and 
(3)  it  is  found  tfiat  they  require,  for  amplifying  ratios 
greater  than  1.0,  a slight  overcorrection  of  the  primary 
(hyperbolic  primary)  and  an  increase  in  the  eccentricity 
of  the  hyperbolic  secondary.  For  values  of  A less  than 
1.0  the  secondary  is  concave  and  with  certain  propor- 
tions approaches  a spherical  shape. 

In  the  construction  employed  by  Dali  and  Kirkham^ 
the  amplifying  ratio  is  greater  than  one  (convex 
secondary)  and  the  secondary  is  made  spherical  for  ease 
of  construction  and  adjustment.  For  this  case  we  find 

5=l+[4^/(^-l)“l  (15) 

* Here  D2  is  the  diameter  of  the  secondary  illuminated  by  the 
full  aperture  of  the  primary  from  an  axial  object  point.  The 
actual  diameter  of  the  secondary  should  of  course  be  slightly 
greater  than  this  to  allow  for  a finite  image  dimension. 


and  for  the  departure  from  the  sine  condition, 


Fo 


l=[l+ 


(4-l)(A+l)V^  Z?2\1  f 


2A  \ 


(16) 


For  A/Di=i  and  .4=4,  the  quantity  in  the  brackets 
(C)  is  8.  Thus  with  these  proportions  the  coma  is  in- 
creased by  a factor  of  8 when  compared  with  the 
standard  Cassegrainian  having  a hyperbolic  secondary  . 
In  spite  of  this,  the  coma  is  only  half  as  great  as  that  for 
the  primary  mirror  alone.  Figure  4 shows  values  of  C 
for  various  values  of  D2ID1  and  A.  Since  the  factor  C 
diminishes  rapidly  with  amplifying  ratio,  it  seems  ad- 
visable to  use  somewhat  smaller  values  of  ^ in  this 
type  if  a large  field  of  view  is  required.  The  tolerance 
to  misalignment  is  also  enhanced  if  the  focal  length  of 
the  primary  is  made  longer  (and  A smaller),  since  the 
effect  of  misalignment  must  be  related  to  the  coma  of 
the  individual  mirrors. 

Turning  now  to  the  case  in  which  the  primary  is  made 
spherical,  we  set  1 and  obtain 


/ A > 

(17) 

( 

)-, 

' Di 

r 

f Di  \ ] / 

(18) 

i+H 

^-1  ) — . 

L 2 ' 

/J4F0* 

For  Di/Dz—A  and  .4=4,  C=24.  The  coma  is  thus  1| 
times  that  of  the  primary  alone.  The  excessive  coma 
of  a telescope  of  this  type  has  been  noted  by  Thompson.* 
To  treat  modifications  of  the  Gregorian  we  write  for 
the  equation  of  the  secondaiy  : 


ys®  r 

44  * 
^ 1 

22?j  1 

(A-hir. 

(22?2)> 

The  condition  for  zero  spherical  aberration  becomes 

S=-P{R2/RiYWD2)\  (20) 


to 


Fig.  4.  Coma  of  two-mirror  systems  with  spherical 
secondary  mir;*ors. 
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while  the  factor  of  increase  C in  the  zonal  magnification 
error  reads 

)P.  (21) 

2 \ Dz' 

In  these  equations  the  amplifying  ratio  A is  considered 
positive.  However,  in  Figs.  4 and  5 the  values  of  C for 
the  Gregorian  have  been  plotted  on  the  negative  side 
of  the  axis  to  distinguish  them  from  the  values  for  the 
Cassegrainian.  The  partial  obstruction  of  the  aperture 
by  the  secondary  mirror  has  not  been  taken  into  ac- 
count in  these  calculations. 

To  obtain  a quantitative  idea  of  the  effect  of  the 
zonal  magnification  error  we  may  compute  the  elonga- 
tion of  an  off-axis  star  image.  The  result  is 


Here  is  the  angle  of  the  star  away  from  the  axis  of  the 
telescope  and  5 is  the  extreme  an^ar  elongation  (tan- 
gential coma)  of  the  image  in  the  same  units.  Setting 
ymax=  -C^/2  and  making  use  of  Eq.  (10)  we  obtain 

8^^C{D/Fo)%  (23) 

Formulas  (22)  and  (23)  are,  of  course,  based  on  geo- 
metrical optics.  Studies  of  the  wave-diffraction  pattern 
associated  with  the  coma  image®  show  that  little  effect 
is  apparent  until  the  elongation  given  by  Eq.  (22)  is 
about  three  tunes  the  radius  of  the  normal  Airy  diffrac- 
tion disk,  or 

5/3^1.22(X/Z>), 

where  X is  the  wavelength.  With  a radio  telescope  the 
comatic  elongation  might  be  allowed  to  reach  several 
inches,  since  the  normal  diffraction  disk  will  be  of  that 

* R.  Kingslake,  Proc.  Phys.  Soc.  (London)  61,  pt.  2,  No.  344 
(1948). 
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Fig.  5.  Coma  of  two-mirror  systems  having 
spherical  primary  mirrors. 


diameter.  For  ordinary  light  we  have 
5/3^S.5/P, 

where  8 is  now  in  seconds  of  arc  and  Z>  is  in  inches. 
Using  this  value  of  3,  we  may  solve  Eq.  (23)  for  /3  and 
obtain  an  expression  for  the  angular  radius  of  the  field 
of  view  unaffected  by  coma : 

16/Fo\25.5 

in  seconds. 

The  foregoing  criterion  corresponds  approximately  to 
the  Rayleigh  limit.  In  many  applications  a considerably 
wider  tolerance  is  permissible.  Regardless  of  the  toler- 
ance adopted,  however,  the  radius  of  the  field  of  good 
definition  will  be  inversely  proportional  to  the  co- 
efficient C. 
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A PORTABLE  12-INCH 


Relatively  light  weight  and  easy  portability  are  features  of  my  12- 
inch  Newtonian*  As  the  picture  shows,  it  is  mounted  on  a system  of  large- 
diameter  aluminiim  alloy  tubes.  The  small  wheels  permit  raising  one  end  to 
push  the  instrument  under  shelter  in  my  garage,  as  well  as  to  nearby  star 
parties  of  the  Peninsula  Astronomical  Society. 

Gusset  plates  and  5/16"  bolts  hold  the  mounting  parts  together. 

Extremely  strong  connections  are  not  required  to  develop  the  full  rigidity 
of  the  members, ♦ The  polar  axle  is  5"  in  diameter,  but  is  of  thin  (0.040") 
tubing,  and  hence  is  extremely  light  _^d  more  rigid  than  the  customary  solid 
steel  axle.  The  declination  axle  turns  on  ball  bearings  inside  a 4" 
diameter  tube  which  pierces  the  upper  end  of  the  polar  axis  at  right  angles. 

A tight  press  fit  was  achieved  there  with  the  aid  of  a paper  template,  a 
hacksaw  blade,  and  a round  file.  The  rectangular  gusset  plates  on  opposite 
sides  of  the  polar  axis  tube  restored  some  of  its  strength  after  this  opera- 
tion. Aluminum  alloy  is  ideal  for  this  type  of  construction  because  it  is 
easily  worked  with  simple  tools. 

i 

The  slow-motion  control  consists  of  a hand  crank  adapted  from  a pilot’s 
radio  tuner  and  a speedometer  cable  which  drives  a tangent  screw  through  a 
worm*“gear  reduction.  The  latter  is  of  the  type  commonly  found  in  war- 
surplus  radio  tuners.  The  tangent  screw,  which  incorporates  a spring- 
loaded  half -nut  for  resetting,  was  made  by  sawing  up  an  ordinary  C-clamp. 

This  arrangement  has  proved  adequate  for  visual  use. 

The  main  tube  is  14"  in  diameter  and  was  made  from  18-gauge  24ST  aluminum 
alloy  sheet.  The  three  stiffening  rings  were  cast  by  the  local  foundry, 
using  a rather  simple  pattern  made  from  1/8"  thick  Masonite.  The  tube  can 
be  rotated  to  bring  the  eyepiece  into  a convenient  position  for  young 
observers . 

The  mirror  has  a focal  length  of  78",  and  is  used  With  an  aperture  of 
12".  The  diagonal  flat  was  cut  from  a 4"  diameter  pyrex  blank  3/4"  thick. 

I first  attempted  to  make  this  mirror  from  a crown  glass  blank  1/2"  thick,  but 
this  suffered  from  thermal  distortion  and  flexure.  ¥ith  the  thick  pyrex  blank, 
production  of  the  flat  was  a straightforward  matter. 

Especially  long  eyepiece  tubes  have  been  made  to  darry  Barlow  lenses. 

These  are  1.6"  in  diameter,  and  are  placed  4"  inside  of  focus;  one  amplifies 
the  image  2x,  the  other  3x.  The  last  provides  an  effective  focal  length 
for  the  telescope  of  nearly  20  feet.  With  the  types  of  glass  chosen,  it  was 
found  that  both  spherical  aberration  and  coma  could  be  canceled  almost 
exactly,  even  though  the  lenses  are  cemented.  When  used  with  a large-diameter 
Erfle  eyepiece,  this  design  provides  an  exceptionally  wide  field  of  view  at 
high  power. 
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The  Jones  portable  12-inch  reflector. 


When  the  telescope  was  first  tried,  rather  pronotmced  thermal  effects 
were  noticed.  Out-of-focus  star  images  had  a downward  elongation  that  was 
not  altered  by  rotating  the  optical  system.  Tests  with  smoke  showed  a slow 
current  of  air,  inward  along  the  bottom  of  the  tube  and  out  along  the  top. 
Subsequently,  six  2"  diameter  openings  were  made  in  the  tube  directly  in  front 
of  the  mirror.  Although  the  effects  are  perhaps  not  completely  eliminated,  it 
is  interesting  to  watch  the  star  images  become  approximately  round  when  these 
ventilators  are  opened.  In  the  photograph,  the  vents  are  covered  by  thin 
plates. 


ROBERT  T.  JONES 
840  Lincoln  Ave. 
Palo  Alto,  Calif. 
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GLEANINGS  FOR  ATM’s 


CONDUCTED  BY  ROBERT  E.  COX 
A WIDE-FIELD  TELESCOPE  WITH  SPHERICAL  OPTICS 


Utilizing  a doublet  lens  to  correct  the  aberrations  of  a spherical  mirror, 
the  writer  has  designed  and  constructed  a small  f/8  telescope  for  visual  use. 
The  lens  has  considerable  negative  power , so  that  it  serves  as  a Barlow  lens 
as  well  as  a corrector. 

The  lens  is  2"  in  diameter,  placed  6"  inside  the  mirror’s  normal  focal 
point.  Extremely  small  star  images  are  produced,  and  difficult  double  stars 
can  be  separated  at  surprisingly  low  power.  With  an  Erfle  eyepiece,  images  are 
sharp  and  colorless  over  a wide  field. 


Usually,  the  construction  of  an  optically  corrected,  compact  telescope 
presents  some  difficult  problems  for  the  amateur.  Short-focus  paraboloidal 
mirrors  require  increased  accuracy  of  zonal  measurements,  as  shown  by  this 
table  for  the  conventional  Foucault  test:  ' 


Focal  patio 
of  mlppoPf 
F/D 
f/3 
f/4 
£/6 
f/8 


Tolerable  error 
of  knife-edge 
reading^  in  inches 
0.006 
0.010 
0.023 
0.041 


For  example,  to  verify  the  figure  accuracy  of  an  f/4  paraboloidal  mirror  of 
any  diameter,  the  knife-edge  setting  must  be  read  to  1/100  of  an  inch. 


Even  assuming  that  the  spherical  aberration  of  a short-focus  mirror  can 
be  perfectly  corrected,  there  is  always  the  matter  of  off-axis  aberrations, 
which  increase  rapidly  as  the  focal  length  is  reduced.  An  excellent  discussion 
of  these  aberrations  is  contained  in  the  article  by  James  G.  Baker  in 
Amateiw  Telescope  Making-Book  III,  The  following  table,  adapted  in  part  from 
Dr.  Baker’s  article,  gives  the  size  of  the  field  outside  of  which  "the 
comatic  flare  becomes  of  such  a size  as  to  be  apparent  over  the  graininess  of 
the  [photographic]  emulsion  or  larger  than  the  seeing  disk," 


Focal  ratio 
of  mirror  i 
F/D 
f/3 
f/4 
f/6 
f/8 


Diameter  of 
good  fields 
in  inches 
0.36 
0.64 
1.44 
2.56 


Again,  the  dimension  listed  in  independent  of  the  absolute  size  of  the 
instrument. 
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A well-known  expedient  for  increasing  the  angular  field  of  a Newtonian 
reflector  is  a neutral  doublet  correcting  lens  near  the  focus.  Lenses  of  this 
type  are  used  with  the  Mount  Wilson  and  Palomar  telescopes  and  other  large 
reflectors.  It  has  been  pointed  out  by  Baker  and  by  G.  G.  Wynne,  however, 
that  such  a doublet  cannot  correct  spherical  aberration,  coma,  and  astigmatism 
simultaneously  t-f  the  spherical  aberration  is  already  corrected  at  the 
primary . 

Therefore,  in  the  reflector-corrector  designed  by  Baker,  spherical 
aberration  is  Introduced  into  the  system  by  a f igured  plate,  permitting 
subsequent  complete  correction  by  the  lens.  This  arrangement  has  been  used 
to  adapt  a conventional  paraboloid  to  wide-angle  photography  (see  SJq^  and 
Tetesoope,  January,  1954,  page  73),  but  it  does  not  lend  itself  easily  to 
amateur  use. 

In  the  design  presented  here,  ordinary  achromatism  is  achieved  by  the 
use  of  closely  spaced  elements  of  crown  and  flint  glass,  while  the  radii  of 
the  four  surfaces  have  been  adjusted  to  cancel  the  spherical  aberration  and 
coma  of  the  primary  mirror.  The  secondary  spectrum  (expressed  as  a fraction 
of  the  over-all  focal  length  of  the  system)  introduced  by  the  power  of  the  lens 
is  less  than  half  that  of  a comparable  refractor,  that  is,  an  aohromat  having 
an  aperture  and  focal  length  equal  to  the  equivalent  focal  length  of  the 
new  system. 

The  diagram  shows  the  optical  arrangment,  which  in  my  case  incorporates 
a 6-inch  spherical  primary  with  a focal  length  of  24".  The  correcting  lens 
is  mounted  in  a tube  that  also  contains  the  diagonal  mirror.  The  first  element 
(nearest  the  primary)  is  made  of  ordinary  crown  glass,  517645,  while  the 
second  element  is  flint,  649338.  (It  should  be  noted  that  this  arrangement  is 
the  reverse  of  that  in  the  conventional  Barlow  lens.) 

Radii  of  the  four  surfaces  have  been  computed  for  positions  of  the  lens 
5"  and  6"  inside  the  focus  of  the  primary  and  for  a fixed  amplifying  ratio 
of  1.92  to  1; 


Indhea  Radii  of  ow?vatw?e 

inside  in  inches 


focus 

^1 

R2 

^3 

i?4 

5 

-8.33 

3.74 

2.98 

5.73 

6 

-12.69 

4.11 

3.54 

6.76 

Although  the  radii  in  the  table  were  worked  out  for  a primary  focal 
length  of  24"  (equivalent  focal  length  46") , they  may  be  adapted  to  larger  or 
smaller  instruments  by  a proportionate  scaling  factor.  For  the  particular 
amplifying  ratio  chosen,  the  (Gaussian)  rays  emerging  from  the  crown  lens  into 
the  space  between  the  elements  are  parallel  to  the  optical  axis,  so  the 
correction  is  not  extremely  sensitive  to  the  spacing  of  the  components. 
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Only  spherical  optical  surfaces  are  used  in  this 
compact  reflector  constructed  hy  Robert  T.  Jones. 


Tube  Focus 


The  optical  system  of  Mr.  Jones'  telescope 


The  calculations  were  made  first  by  thin- lens  theory  and  then  verified 
in  several  instances  by  Seidel  sums  for  the  individual  surfaces,  allowing  a 
thickness  of  0.33"  for  each  element.  The  reader  interested  in  the  methods 
employed  in  such  calculations  should  consult  the  article  by  C.  G.  Wynne  in 
the  PToaeedings  of  the  Physical  Society  (London) . 62^  360B , December  1949 . 
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In  my  first  experiments  with  this  design,  a 1.4"  lens  was  placed  only  4" 
inside  the  focus  (20"  ahead  of  the  primary) . The  lens  was  made  from  standard 
blanks,  using  a small  lathe  and  a miniature  Draper- type  polishing  machine. 
Careful  fine  grinding  and  polishing  resulted  in  spherical  curves  that  required 
hardly  any  corrective  figuring.  The  f/4  spherical  primary  is,  I believe, 
easier  to  make  than  the  conventional  f/8  paraboloid. 


The  necessity  of  precise  collimation  in  any  compact  optical  system  was 
forcibly  demonstrated  by  the  first  observations  with  the  newly  assembled 
instrument.  In  my  later  experiments,  the  optical  axis  of  the  mirror  has  been 
permanently  set  by  an  aluminum  ring  machined  so  as  to  make  a narrow  contact 
with  the  optical  surface  just  inside  the  mirror's  edge.  This  ring,  together 
with  the  spider  supporting  the  secondary- lens  tube,  was  then  assembled  per- 
manently in  the  main  tube  with  the  aid  of  a machined  jig. 


The  latter  consists  essentially  of  a steel  tube  threaded  at  one  end  to 
screw  into  the  lens  cell,  and  having  a disk  at  the  other  end  to  hold  the 
mirror  ring  in  position.  The  ring  and  the  spider  are  bolted  in  the  main  tube 
while  still  attached  to  the  jig.  Since  the  jig  is  made  to  run 'true  on  the 
lathe,  it  insures  alignment. 


This  first  telescope,  however,  was  not  definitely  superior  to  a well- 
corrected  Newtonian  of  the  same  equivalent  focal  length,  since  the  angular 
field  was  not  noticeably  wider  and  some  color  and  de-focusing  were  apparent 
at  the  edges  of  the  field. 


When  a larger  corrector,  2"  in  diameter,  was  installed  6"  inside  the 
primary  focus,  these  defects  Were  removed  the  field  curvature  was  reduced 
and  the  correction  of  the  remaining  aberrations  was  extended  over  a wider 
field.  It  was  found  that  a 1.6"  aperature  stop  in  front  of  the  2-lnch 
lens  caused  no  obvious  loss  of  performance,  so  that  the  corrector  could 
probably  be  made  that  size  advantageously,  for  there  would  be  less  dif- 
fraction and  loss  of  light. 


Since  completion  of  this  second  modification,  further  studies  of  the 
design  have  indicated  that,  for  particular  amplifying  ratios,  a cemented 
doublet  would  reduce  coma  over  a wide  field  to  values  below  Baker's  limit. 
The  cemented  design  requires  that  the  flint  element  be  placed  nearest  the 
primary,  so  its  surfaces  are  Ri  and  R2.  Using  the  same  types  of  optical 
glass  as  in  the  previous  lens,  and  with  the  elements  finished  to  a thickness 
of  0.33",  the  cemented  design  requires  the  following  radii;  Rj^  -7.58", 

R2  -3.32",  R3  -3.32",  R4  +10.50".  This  corrector  is  to  be  placed  6" 
inside  the  focus  of  a spherical  mirror  having  a 24"  focal  length,  and  gives 
an  amplifying  ratio  of  2,5  to  1, 
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As  many  readers  know,  results  similar  to  mine  may  be  achieved, 
theoretically  at  least,  with  a Cassegrainian  type  of  reflector.  The 
present  design,  however,  with  only  spherical  surfaces,  permits  this  theoretic- 
al performance  to  be  approached  more  closely  in  an  instrument  that  can  be 
easily  made  by  the  amateur,  (Commercial  rights  are  reserved  by  me,) 

ROBERT  T,  JONES 
840  Lincoln  Ave, 
Palo  Alto,  Calif, 
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Abstract  of  paper  to  be  presented  at  Foothill  College, 
Space  Lecture  Series,  May  16,  1960 


SPACE  SCIENCE  - SOME  SELECTED  PROBLEMS 
AND  ACCOMPLISHMENTS 
By  Robert  T.  Jones* 


National  Aeronautics  and  Space  Administration 
Ames  Research  Center 
Moffett  Field,  Calif. 


In  this  last  lecture  of  our  Foothill  series  we  shall  try  to  extend 
our  viewpoint  in  two  directions,  looking  forward  and  also  backward  in 
time  for  the  scientific  origins  of  some  of  our  present  day  exploits. 

It  is  interesting  that  the  possibility  of  creating  an  artificial 
earth  satellite  is  discussed  rather  extensively  in  Newton's  Principia 
Mathematica.  Modem  space  scientists  do  not  often  delve  into  such  old 
textbooks,  but  if  they  were  to  do  so  they  would  find  many  interesting 
theorems  - concerning,  for  example,  the  effect  of  air  resistance  on  the 
spiraling  "re-entry"  of  a satellite. 

Newton's  artificial  satellite  was  launched  by  a cannon.  The  rocket 
is  of  course  better  for  this  purpose.  By  starting  with  a sufficiently 
large  rocket  and  ending  up  with  a sufficiently  small  pay  load  an  almost 
unlimited  speed  can  be  acquired.  Having  a thorough  understanding  of 
*Aeronautical  Research  Scientist 

National  Aeronautics  and  Space  Administration 
Ames  Research  Center 
Moffett  Field,  Calif. 
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these  principles  the  Russian  scientists  have  evidently  developed  the 
largest  rocket  boosters.  Military  pressures  from  the  sides  have  undoubtedly 
provided  some  inspiration  to  them  in  this  task. 

Looking  toward  improvement  of  the  rocket,  we  seek  means  for 
increasing  the  velocity  of  the  exhaust.  At  the  present  time  acceleration 
of  the  exhaust  by  electromagnetic  forces  is  being  studied  extensively. 

The  ion  rocket  and  the  plasraa  rocket  utilize  such  forces.  The  photon 
rocket,  which  propels  itself  simply  by  expelling  electromagnetic  field 
energy  has  been  the  subject  of  much  speculation.  Here  the  exhaust 
velocity  is  equal  to  the  velocity  of  light.  It  is  a well  founded 
tradition  of  physicists  that  a body  alone  in  empty  space  cannot  change 
the  position  of  its  center  of  gravity.  With  the  photon  rocket  this 
tradition  is  preserved  in  an  unusual  way  through  the  equivalent  weight 
of  the  expelled  energy.  The  thrust  developed  by  the  photon  rocket  is 
however  disappointingly  small. 

Present  day  technology  contains  many  hints  and  clues  regarding 
propulsive  devices  beyond  the  rocket.  To  go  into  the  possibilities 
here  would  be,  for  me  at  least,  a reckless  venture.  We  may  however 
arrive  at  some  interesting  conclusions  if  we  suppose  that  the  invention 
of  such  devices  succeeds  absolutely  - so  that  we  have  available  a thrust 
of  comfortable  magnitude  for  as  long  a period  as  required.  Several  years 
ago,  following  this  thought,  I published  calculations  of  the  times 
required  to  travel  to  various  planets  of  the  solar  system  at  an  acceleration 
of  1 g.  The  human  organism  is  known  to  survive  upwards  of  70  years  under 
this  acceleration,  but  only  36  hours  are  required  to  get  to  Venus.  A 
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rectilinear  acceleration  of  1 g in  free  space  produces  a velocity  of 
the  order  of  the  velocity  of  light  in  one  year  (32  ft/sec  ^ 1 light 

o 

year/year  ) . Survival  at  such  cosmic  ray  velocities  does  indeed  raise 
questions  far  beyond  our  present  experience . 

Finally  I would  like  to  mention  one  experiment  which  seems  to  me 
the  most  exciting  and  perhaps  the  most  portentous  experiment  our  scientists 
have  performed  to  date.  To  understand  this  experiment  we  must  go  back  to 
the  development  of  the  theory  of  earth's  aurora  by  Stormer,  Alfven  and 
Poincare'  in  the  early  1900 's.  In  one  experiment,  performed  in  1896, 
Birkeland  made  a small  magnetized  iron  model  of  the  earth.  Suspending 
this  magnetic  "earth"  in  a primitive  cathode  ray  tube  and  exposing  it  to 
a stream  of  electrons,  supposed  similar  to  those  emanating  from  the  sun, 
he  observed  bands  of  radiation  which,  as  you  will  see  from  his  illustration, 
are  strikingly  similar  to  those  discovered  around  the  real  earth  recently 
by  James  A.  Van  Allen.  About  the  time  of  Van  Allen's  discovery  a number 
of  our  local  scientists  were  engaged  in  carrying  out  an  experiment 
similar  to,  but  much  bolder  than  Birkeland's  ^ suggested  by  N.  C. 
Christofolos . In  Christofolos'  experiment  a shell  of  relativistic 
electrons  was  created  enclosing  the  earth  along  a surface  defined  by  its 
magnetic  field.  It  was  found  necessary  to  impose  a limitation  on  the 
nximber  of  electrons  injected  into  the  magnetic  shell  to  ensure  that  no 
radiation  hazard  would  be  produced.  The  experiment  did  however  produce 
artificial  auroras  at  points  separated  by  thousands  of  miles  over  the 
earth. 

This  ability  on  the  part  of  the  scientists  to  create  conditions 
which  involve  an  interaction  with  the  whole  earth  as  a planet  will  clearly 
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call  for  increasing  attention  on  the  part  of  national  leaders.  We  can 
hardly  suppose  that  our  past  disputes  will  be  resolved  by  these  new 
things,  but  it  may  become  necessary  to  neglect  some  of  them  - particularly 
those  that  have  already  begun  to  appear  somewhat  conventional.  Thus 
progress  is  accompanied  not  so  often  by  the  solution  of  old  problems  as 
by  their  replacement  with  new  ones. 
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Wide  Angle  Lenses  with  Aspheric  Correcting  Surfaces 


Robert  T.  Jones 


Refracting  elements  having  aspheric  cxirrecting  surfaces  near  the  center  of  curvature  are  analyzed.  As  in 
the  case  of  the  Schmidt  reflector,  such  systems  can  have  a wide  aperture  and  a wide  field  of  view;  in 
addition,  they  are  free  from  obstructing  surfaces.  Being  uncorrected  for  dispersion,  however,  the  refracts 
ing  systems  are  restricted  to  nearly  monochromatic  radiation.  Typical  forms  of  the  correcting  surface 
have  been  determined,  both  by  third-order  theory  and  by  numerical  integration  of  exact  equations. 


I.  Introduction 

In  La  Georrtetrie^j  Descartes  shows  how  lens  surfaces 
may  be  shaped  to  achieve  axial  stigmatism.  The  curves 
devised  by  Descartes  for  this  purpose  have  since  be- 
come known  as  Cartesian  Ovals.  Later,  Huygens^ 
showed  how  the  rear  surface  of  a lens  could  be  shaped 
to  correct  the  spherical  aberration  of  preceding  surfaces. 

These  measures,  of  course,  leave  uncorrected  oblique 
aberrations  such  as  coma  and  astigmatism.  In  1930, 
Bernhard  Schmidt  pointed  out  that  the  oblique  aberra- 
tions of  a spherical  mirror  could  be  eliminated  by  placing 
a stop  at  the  center  of  curvature  of  the  mirror.  Since 
the  central  ray  of  a pencil  always  meets  the  mirror  at 
perpendicular  incidence,  there  are,  in  effect,  no  oblique 
rays  in  such  an  arrangement.  Spherical  aberration  is 
then  corrected  by  placing  a thin  aspheric  lens  at  the 
stop.  The  correcting  lens,  of  course,  introduces  oblique 
aberrations  of  its  own,  but  since  it  has  only  enough 
power  to  correct  the  spherical  aberration  of  the  mirror, 
these  are  reduced  to  small  values. 

Such  a principle,  utilizing  the  symmetry  of  the  sphere 
and  with  correction  at  the  center  of  curvature,  may  be 
adapted  to  refracting  elements  as  well  as  to  the  re- 
flector. Though  restricted  to  monochromatic  radia- 
tion, such  refracting  systems  have  advantages  in  cer- 
tain applications. 

Figure  1 shows  two  dioptric  systems  of  this  nature. 
In  Fig.  1(a),  the  thickness  of  the  lens  is  equal  to  the 
radius  of  the  rear  surface,  and  the  aspheric  correction 
together  with  the  stop  are  placed  at  the  front  surface. 
The  image  is  formed  in  air  on  a surface  whose  radius 
is  equal  to  the  distance  between  an  axial  image  point 
and  the  stop. 


The  author  is  with  Avco  Everett  Research  Laboratoiy,  Ever- 
ett, Massachusetts  02149. 

Received  8 June  1966. 

This  work  was  supported  by  U.S;  Air  Force  under  a contract. 


II,  Type  A Lens 

An  approximate  form  for  the  correcting  surface  in 
Fig.  1(a)*  may  be  obtained  by  computing  the  optical 
path  difference  between  the  spherical  rear  surface  and 
an  appropriate  Cartesian  oval.  The  Cartesian  oval 
for  stigmatic  refraction  of  parallel  rays  at  the  rear  sur- 
face is  an  hyperboloid  of  eccentricity' n(n  = index  of 
refraction).  Expanding  the  equation  of  this  surface  in 
terms  of  the  vertex  radius  r,  one  obtains 

X - a + (yV2r)  - [yV(2rmn^  - 1)  + . . (D- 
while  for  the  sphere 

a;  = a + (2^V2r)  + [yy{2ryh  (2) 

The  diff  erence  in  optical  path  is  then 

Ax  = -7iV[2/V(2r)q,  (3) 

and  this  is  the  equation  of  the  front  suiiace,  to  the 
accuracy  of  third-order  theory.  Somewhat  better  cor- 
rection can  be  obtained  if  this  fourth  degree  curve  is 
combined  with  a second  degree  curve  in  order  to  bring 
the  slope  of  the  correcting  surface  to  zero  at  some 
specified  zone  ym  of  the  lens.  In  this  case,  we  would 
have 

Ax  - [{2n^m^^)/{2rn  - «%V(2r)«]  (4) 

The  foregoing  relations,  determined  by  third-order 
theory,  will  not  be  sufficiently  accurate  foT  lenses  of 
wide  aperture.  Therefore,  we  have  programmed  the 
exact  determination  of  the  shape  of  the  correcting  sur-, 
face  on  the  Avco  Everett  Research  Laboratory  IBM 


* The  lens  design  shown  in  Fig.  l{a)  has  been  suggested  inde- 
pendently by  R.  Gelles  in  a paper  printed  at  the  1966  Spring 
meeting  of  the  Optical  Society  of  America  (papqr  WH 17). 
report  (as  yet  unpublished)  gives  field  aberiratibn  euives  deter- 
mined by  geometric  ray  traces  and  sugg;este  an  intbrestihg  applica- 
tion of  the  Schmidt  principle  in  a spectroscope. 
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Fig.  2.  Type  A lens,  showing  departure  from  sine  condition: 
n - 1.62,  R = 1.0, /(O)  1.606  (see  Table  1). 


7040  computer.  Figure  2 and  Table  I give  a typical 
result  of  tb^e  calculations. 

With  wide  apertures  and  small  field  angles,  the  most 
serious  oblique  aberration  will  be  coma.  In  the  absence 
of  spherical  aberration,  the  extr^e  mdth  of  the  coma 
patch  for  a field  angle  is  given  by  5 = 3i8  \f(y)  —/(O)  ]. 
Here  y is  the  semi-aperture,  /(O)  is  the  paraxial  focal 
length,  and  f(y)  is  the  focal  length  of  the  zone  y ob- 
tained by  producing  the  incoming  parallel  ray  to  its 
intersection  with  the  conver^ng  ray  (see  Fig.  2).  The 
difference/(i/)  — /(O)  is  a measure  of  the  departure  from 
the  sine  condition. 

Figure  2 shows  the  calculated  departures  from  the 
sine  condition  for  the  lens  shape  of  Fig.  1(a).  It  is  noted 
that  the  sine  condition  holds  to  a high  degree  of  accuracy 
for  apertures  considerably  greater  than  those  accessible 
to  third-order  theory.  Appreciable  departures  do  not 
occur  imtil  value  of  y >0.6. 

With  coma  elinunated,  there  remains  an  aberration 
proportional  to  the  square  of  the  field  angle  /?.  Follow- 
ing an  anal3rsis  by  Caratheodory^,  it  is  found  that  this 
aberration  depends  on  the  slope  and  curvature  of  the 
correcting  surface  and,  at  a given  zone  y,  is  identical 
with  the  ordinary  astigmatism  of  an  equivalent  simple 
lens. 

In  the  case  of  the  Schmidt  reflector,  the  local  power 
of  the  correcting  surface  is  ordinarily  quite  small,  and 
the  higher  order  astigmatism  is  usually  negligible. 


However,  the  spherical  aberration  of  the  refractor  is 
much  greater  than  that  of  the  reflector,  so  the  power  of 
the  correcting  surface  required  may  no  longer  be 
n^ligible.  Thus,  in  Fig.  2,  the  curvature  of  the  cor- 
recting surface  exceeds  that  of  the  main  refracting  sur- 
face for  values  of  y > 0,47.  If  the  aperture  is  allowed 
to  exceed  this  value,  one  would  expect  the  astigmatism 
associated  with  th^e  zones  to  be  as  great  as  that  of  a 
simple  uncorrected  lens. 

III.  Type  A Lens  Reversed 

In  addition  to  the  shapes  illustrated  in  the  first 
figure,  one  might  also  consider  a lens  in  which  the  main 
refraction  occurs  at  the  front  surface  and  with  the  rear 
surface  figured,  but  nearly  flat.  Such  a surface,  how- 
ever, lacks  the  essential  properties  of  the  correcting 
lens  since  rather  large  oblique  aberrations  arise  in  the 
converging  rays.  Figure  3 shows  the  third-order 
astigmatism  for  several  arrangements.  In  Fig.  3(a), 
the  rear  lens  surface  is  flat;  it  is  to  be  noted  that  the 
sagittal  and  tangential  focal  surfaces  curve  rather 
sharply  toward  the  lens.  Such  curvature  cannot  be 
avoided  by  aspheric  figuring. 

Coma  and  astigmatism  can  be  avoided  by  a suitable 
curvature  of  the  rear  lens  surface,  however.  The 
theory  gives  f2  = ri\n/{n^  1)].  For  the  usual  values 
of  »,  the  second  surface  has  considerable  negative 
power,  so  the  resultant  power  of  the  lens  is  rather  small. 
Figure  3(c)  corresponds  to  Fig.  1(a)  ; in  this  case,  both 
third-order  astigmatism  and  coma  vanish. 

As  is  well  known®*  ^ aspheric  shapes  can  be  found 
for  two  refracting  surfaces  that  will  efiminate  both 
spherical  aberration  and  coma.  A free  parameter  in 
such  shapes  is  the  thickness  of  the  lens.  By  selecting 
thicknesses  approximately  equal  to  the  radius  of  one  of 
the  surfaces,  we  obtain  forms  for  these  apJmMic  lenses 
approximating  the  forms  illustrated  in  Fig.  3.  Figure  4 


Table  I.  Coordinates  of  Surfaces  and  Rays;  Lens  f ig.  ]<a) 


Xi 

, 02 

m 

yi 

0.0 

1.0 

1.606086 

0.0 

0.0 

0.001799 

0.994987 

1.605898 

0.110773 

0.100000 

0.005914 

0.981784 

1.605527 

0.207266 

0.190000 

0.010954 

0.960000 

1.605252 

0.298160 

0.280000 

0.015826 

0.916515 

1.605626 

0.407434 

0.400000 

0.014472 

0.854166 

1.607595 

0.500538 

0.520000 

0.008904 

0.803725 

1.610152 

0.549880 

O.595OO0 

-0.003427 

0.728543 

1.615800 

0.600030 

0.685000 

-0.018830 

0.649923 

1.625010 

0.634677 

0.769999 

n « 1.52,  R = 1.0, /(O)  = 1.606. 
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Fig.  3.  Astigmatism  of  lenses  with  stop  at  center  of  curvature. 


shows  several  aplanatic  lenses  having  the  required  thick- 
ness. 

The  shapes  illustrated  in  Fig.  4 were  calculated  with 
the  aid  of  the  Avco  Everett  Research  Laboratory's  IBM 
7040  computer,  utilizing  equations  given  by  A.  K. 
Head.®  Such  lenses,  having  two  aspheric  surfaces,  can 
achieve  rather  wide  apertures  with  correction  of  third- 
order  coma.  Astigmatism  will  not  be  corrected,  how- 
ever, unless  the  rear  surface  has  considerable  negative 
power,  as  in  Fig.  3(b). 

Since  the  main  refracting  surfaces  in  Fig.  4 are  ap- 
proximately spherical,  it  is  of  interest  to  determine  the 
magnitude  of  the  error  in  the  sine  condition  that  would 
be  introduced  by  making  the  first  surface  exactly 
spherical.  Figure  5 shows  such  a Huygens  lens  com- 
pared with  a neighboring,  perfectly  aplanatic  lens. 
The  small  change  in  shape  results  in  a surprisingly  large 
departure  from  the  sine  condition.  Aspheric  figuring 
does  not  affect  the  coma  of  a single  surface,  but  the 
transfer  of  distortions  between  two  surfaces  separated 
by  a large  distance  can  evidently  produce  quite  a large 
effect. 

IV.  Type  B Lens 

The  arrangement  of  Fig.  1(b)  seems  to  afford  the 


widest  apertures  and  field  angles.  Here,  by  third- 
order  theory,  we  obtain 

Aa:  ^ <?(n)[2y«V/(2r)»  - vV(2r)»],  (5) 

where  Ac  is  the  thickne^  of  the  air  lens  and  G{n)  « 
n [»  — (2  — n)  (2«  — 1)].  Th^^e  equations  refer  to  the 
case  in  which  the  front  and  rear  sirfaces  are  portions 
of  the  same  sphere.  Since  the  air  lens  lies  in  the  path 
of  convei^g  rays,  it  seems  preferable  to  curve  its  mean 
fine  about  their  center  of  convergence. 

In  order  to  determine  the  shape  of  the  correctii^  sur- 
faces for  wider  apertures  than  permitted  by  third-order 
theory,  we  have  used  the  method  of  Waterman  and 
Wolf^,  programming  the  calculation  for  the  IBM  7040 
computer.  Th^e  calculations  yield  two  surfaces, 
2 and  S',  which,  together  with  the  two  spherical  sur- 
faces, m^e  the  system  aplanatic.  Figure  6 shows  a 
typical  result  of  these  calculations.  As  might  be  ex- 
pected, the  aspheric  surfaces  S and  S'  curve  backward, 


Fig.  6.  Spherical  l«3s  with  aplanatic  correcting  surfaces. 


F^.  7.  Spherical  lens  with  approximately  aplanatic  correcting 
surfaces:  n ==  1.62  = 10/9,  /(O)  = 1.2  (see  Table  II). 


1848  APPUEO  OPTICS  / Vol.  5.  No.  11  / November  1966 


Table  il.  Coerdinates  of  Surfaces  and  Rays;  Lens  Fig.  ]<b) 


Xi 

Xi 

Xi 

Xa 

/(») 

yi 

yt 

y% 

y* 

-1.000000 

-0.025000 

-0.011^2 

i.oooobo 

1.200000 

0.0 

0.0 

0.0 

0.0 

-0.988771 

-0.020536 

-0.004185 

0.999683 

1,198802 

0.149438 

0,099504 

0.098986 

0.025167 

-0.955337 

-0.007527 

0.017720 

0.998681 

1.195?09 

0.295520 

0.196272 

0.194601 

0.051349 

-0.900447 

0.012913 

0:050774 

0.996825 

1.192091 

0.434966 

0.287773 

0.283734 

0.079623 

-0.837345 

0.035035 

0.084161 

0.994325 

1.189906 

0.546675 

0.360286 

0.352980 

0.106385 

-0.780506 

0.053742 

0.109972 

0.991682 

1.789347 

0.625148 

0.410830 

0.400332 

0,128711 

-0.370000 

0.069436 

0.129694 

0.988967 

1.189568 

0.683447 

0.448263 

0.434922 

0.148135 

-0.^5327 

0.082624 

0.144462 

0.986224 

1.189998 

0.728236 

0.477055 

0.461329 

0.165413 

0.61(^23 

0.103425 

0.164562 

0.980690 

1.190335 

0.792230 

0.518552 

0.499402 

0.195567 

-0.521892 

0.125925 

0.181135 

0.971954 

1.188204 

0.853012 

0.559115 

0.537521 

0.235173 

-0.450757 

0.142743 

0.189489 

0,961641 

1.182566 

0.892647 

0,587048 

0.565432 

0.274310 

-0.389937 

0.156396 

0.193113 

0.947501 

' 1 173333 

0.920842 

0.608438 

0.588941 

0.319753 

-0.309448 

0.173742 

0.190704 

0.896886 

1.152821 

0.950917 

0.634153 

0.623372 

0.442262 

n =*  1,52,  R ^ h Uz  = 10/9, /(O)  - 1.2. 


making  the  air  lens  more  or  less  normal  to  the  con- 
verging rays. 

The  S and  S'  curves  detennined  in  this  way  provide 
exact  correction  of  third-order  coma.  Furthermore, 
if  the  S and  S'  surfaces  are  nearly  parallel,  the  higher 
order  aberrations  introduced  by  them  will  be  quite 
small.  If  the  S and  S'  curves  actually  do  satisfy  this 
latter  condition,  it  will  not  be  essential  to  make  both 
curves  aspheric.  One  curve  (S,  for  instance)  can  be 
made  spherical,  and  the  small  difference  in  optical  path 
length  can  be  transferred  to  the  other  surface. 

Following  this  latter  thought,  we  have  made  cal- 
culations for  the  shape  of  the  S'  surface  on  the  assump- 
tion that  S has  a spherical  shape  generally  similar  to 
that  of  the  aplanatic  curve.  Figure  7 and  Table  II 
show  one  of  the  shapes  determined  in  such  a way  for  a 
focal  length  of  1.2  times  the  radius  of  the  sphere.  Also 
shown  are  the  slight  departures  from  the  sine  condition 
/(y)  ~ /(O)-  Here  the  transfer  of  elements  of  the 
optical  path  has  occurred  over  a small  distance  sep- 
arating the  S and  S'  surfaces,  with  the  result  that  the 


sine  condition  is  hardly  disturbed.  It  is  noted  that  the 
example  provides  a high  degree  of  correction  up  to  an 
aperture  of  //0.66. 

The  author  would  like  to  acknowl^ge  the  assistance 
of  J.  D.  Teare  of  Avco  Flverett  Research  Laboratory  in 
formulating  the  problem  of  aspheric  lens  shap^,  and  of 

H.  Kachadorian,  Paul  Kasperovics,  and  R.  Johnson  for 
helping  in  the  programming  of  the  calculations. 
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Times  for  Interplanetary  Trips 

ROBERT  T.  JONES* 

Ames  Laboratory,  NACA,  Palo  Alto,  Calif. 

The  writer  found  it  interesting  to  calculate  the  times  re- 
quired to  travel  to  the  various  planets  at  an  acceleration 
of  one  “g,”  or  8 X 10^  mph/h: 

Of  course,  with  a thrust  of  such  comfortable  magnitude  one 
can  neglect  surrounding  gravitational' fields  except  for  a 
relatively  short  distance  near  take-off  or  landing.  The 
“orbit”  consists  of  an  essentially  straight  line  with  the  thrust 
directed  toward  the  destiaation  up  to  the  halfway  point,  but 
in  the  opposite  direction  for  the  remainder  so  that  the  velocity 
is  zero  on  arrival. 

The  following  table  lists  the  approximate  times  required, 
and  also  the  maximum  velocities  acquired  in  light  units  z?/c. 


in  days 

v/c 

Mercury 

2.25 

0.0032 

Venus 

1.51 

0.0021 

Mars 

2.08 

0.0029 

Jupiter 

5.88 

0.0083 

Saturn 

8,37 

0.0118 

Uranus 

12.07 

0.017 

Neptune 

16M 

0.022 

Pluto 

17.80 

0.025 

In  spite  of  the  small  values  of  v/c  the  energy  expended  is 
certainly  lai^e  by  present  standards.  Nevertheless,  it  is 
interesting  to  see  how  quickly  even  ^'astronomical”  distances 
succumb  to  the  application  of  a thrust  force  of  such  a reasona-  , 
ble  magnitude. 

Received  Nov.  14,  1955. 
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The  problem  considered  is  that  of  rectilinear  motion  witii  variable  velocity.  The  paper  gives, 
by  an  elementary  construction,  a system  of  coordinates  which  is  conformal  in  a restricted 
region  near  the  asds  of  the  motion.  In  such  coordinates  the  velocity  of  light  remains  invariant 
even  for  observers  moving  with  variable  velocity.  By  a particular  choice  of  the  scale  relation 
the  restricted  conformal  transformations  can  be  made  to  reduce  to  the  Lorentz  transformation 
everywhere  in  the  case  of  constant  velocity  and  locally  in  the  case  of  variable  velocity. 


IN  the  American  Journal  of  Physics,  November, 
1958,  Leffert  and  Donahue  call  attention  to 
irregularities  that  appear  when  the  Lorentz 
transformation  is  extended  to  problems  of 
variable  motion.  Figure  1 illustrates  the  difficulty 
alluded  to.  Here  the  moving  origin  of  a system 
jB  is  plotted  as  a curvilinear  world  line  on  a 
rectangular  system  which  is  not  shown,  but 
which  we  may  designate  as  A,  In  such  a diagram 
the  lines  i'=^constant  associated  with  B are 
oblique  and  if  they  are  continued  as  straight 
lines  they  will  cross,  leading  to  a nonuniform 
correspondence  of  events  between  the  A and  B 
systems.  This  lack  of  uniformity  appears  in  the 
conventional  treatments  of  the  problem,  as,  for 
example,  in  the  analysis  given  by  M^ller.^ 

A uniform  correspondence  can  be  achieved, 
however,  if  the  Lorentz  transformation  is  ex- 
tended by  means  of  characteristic  lines,  rather 

* Aeronautical  Research  Scientist. 

^ C.  M0lier,  The  Theory  of  Relativity  (Clarendon  Press, 
Oxford,  1952),  pp.  258-263. 


than  along  straight  lines.  An  extension  along 
straight  if  lines  amounts  to  the  assumption  that 
the  Lorentz  transformation  propagates  instan- 
taneously in  the  B system  and  at  the  electron 
magnetic  phase  velocity  cyv  in  the  A system. 
The  characteristic  lines,  however,  have  the  same 
slope  in  either  system,  and  of  course  propagate 
at  the  velocity  of  light.  The  use  of  the  charac- 
teristie  lines  establishes  a conformal  corre- 
spondence between  the  two  systems  x,  it  and 
x\  it\  As  is  well  known,  such  transformations 
preserve  a constant  velocity  of  light  during 
accelerated  motions,  even  in  three-dimensional 
space,  if  they  can  be  established.^*^  This  note 
shows  how  such  coordinates  can  be  established 
in  the  vicinity  of  the  line  of  motion  for  a system 
with  variable  rectilinear  velocity. 

Figure  2 shows  the  curvilinear  coordinates 
obtained  in  the  oci  plane  when  the  Lorentz 

®H.  Bateman,  Electrical  and  Optical  Wave  Motion 
(Dover  Publications,  New  York,  1955),  S14. 

« L.  Infeld  and  A.  Schild,  Pfays.  Rev.  26.  250-272  (1945). 
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Fig.  1.  Continuation  of  the  Lorentz  transformation  along 
straight  time  lines,  =const. 

transformation  is  extended  by  means  of  the 
characteristic  lines.  For  convenience  the  velocity 
of  light  is  chosen  so  that  these  lines  are  at  45^. 
The  spacing  of  the  lines  (Doppler  frequencies), 
and  the  extended  i*  coordinates  may  be 
obtained  from  time  signals  originated  in  the 
moving  system.  Thus  we  may  suppose  that  a 
clock  at  the  origin  of  B(x'  = 0)  emits  signals  at 
equal  intervals  of  its  proper  time.  Each  pulse  is 
marked  by  two  characteristic  lines,  const 

and  = const.  By  extending  the  pulses  in  the 

negative  time  direction,  we  represent  also  the 
signals  arriving  at  the  origin  from  the  other 
clocks  of  the  system.  Such  waves,  identified  with 
length  and  time  signals,  are  stationary  or 
‘‘standing”  relative  to  the  moving  clock  as  far 
as  length  and  time  measurements  are  concerned. 
The  surfaces  of  constant  phase  and  constant 
amplitude  in  such  a wave  pattern  form  the  level 
surfaces  of  a conformal  coordinate  system,  valid 
at  least  in  a small  region  of  space  around  the 
X axis.  The  construction  thus  provides  a particu- 
lar example  of  the  group  of  conformal  trans- 
formations introduced  by  Bateman  and  discussed 
by  Milne  and  others.  The  particular  trans- 
formation obtained  by  our  construction  differs 
from  those  previously  given  in  that  it  reduces 
to  the  Lorentz  transformation  locally  in  the 
case  of  variable  velocity  and  everywhere  in  the 
case  of  uniform  velocity. 


Omitting  y and  z for  the  moment,  we  may 
write  the  Lorentz  transformation  in  the  form 

= C(H-ti)/(l -»)]*(»-/), 

x'+f'=C(i-»)/(n-»)]K*+0. 

The  extended  transformation  is 

Here  F and  G are  functions  partly  determined 
by  the  variable  motion  of  B.  Setting 

dF  dG 

d{x+i)  * d{x—i) 

we  obtain  for  the  velocity 

dil  x'sconst 

For  the  composition  of  two  velocities  Vi  and  »2 
we  write 

gi-fi 

vx= 

gt+fi 

1:2 -^/2 

V2^—y 

g2+/2 

and  from  the  composition  of  two  transformations 


Fig.  2.  Continuation  of  the  Lorentz  transformation 
along  conformal  coordinates. 
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EXTENDING  THE  LORENTZ  TRANSFORMATION 


there  results 

Elg2-‘flf2 

Vz=- , 

flg2  + /l/2‘ 

a form  which  illustrates  the  group  property  by 
its  symmetry.  In  the  more  usual  form, 

Vt+V2 
Vz  = . 

To  calculate  the  deficit  in  elapsed  time  for 
system  we  need  the  formula 

(dO»'«const=  (/g)Kl 

The  result  is  the  same  as  that  given  by  the 
restricted  relativity  theory  since  our  construction 
makes  the  factor  fg  equal  to  unity  along  the  line 
yj  ^ Q Pqj.  Qther  clocks  of  the  B system  the  time 
discrepancy  is  a function  of  position.  However, 
these  displacements  ultimately  adjust  themselves 
to  the  same  value  if  the  system  comes  to  rest. 
There  is  also  a discrepancy  in  elapsed  distances, 
obtained  by  integrating  the  formula 

The  foregoing  one-dimensional  analysis  may  be 
extended  to  three-dimensional  space  at  least 
over  a small  region  in  the  vicinity  of  the  axis 
of  motion.  If  we  write 

y=(/g)*y. 

2'  - 

then 

as  ^4.22^0. 

Such  restricted  conformal  transformations  permit 
arbitrary  motions.  Unrestricted  transformations, 


which  preserve  a constant  velocity  of  light 
throughout  space,  seem  to  admit  only  special 
types  of  accelerated  motion. 

To  preserve  the  condition  of  complete  equiv- 
alence demanded  by  E.  A.  Milne, ^ we  should 
require  that  the  scale  factor  fg  reduce  to  unity 
along  the  line  3c=0  and  also  along  the  line  2c'  = 0. 
It  does  not  seem  possible  to  meet  this  require- 
ment by  conformal  transformations  except  in  the 
case  of  uniform  velocity  (Lorentz  transforma- 
tion). The  construction  given  above  makes  the 
scale  factor  equal  to  one  in  the  vicinity  of  the 
origin  of  J3(;r'==0)  ; A and  B are  hence  not 
equivalent  in  Milne’s  sense,  but  A is  here 
distinguished  as  an  inertial  system. 

In  the  analysis  of  Donahue  and  Leffert  the 
gravitational  waves  associated  with  the  ac- 
celeration of  B travel  instantaneously  in  the  B 
system  and  at  the  electromagnet^ic  phase  velocity 
c^/v  in  the  A system.  As  Fig.  2 shows  such 
waves  travel  at  the  velocity  of  light  in  the 
conformal  coordinate  system.  However,  a phys- 
ical interpretation  of  these  distortions  seems 
difficult,  since  both  incoming  and  outgoing  waves 
are  present.  Such  questions  could  hardly  be 
answered  by  the  elementary  considerations  we 
have  employed. 

Additional  details  of  this  analysis  will  appear 
in  a forthcoming  NASA  Memorandum.® 

In  conclusion,  the  writer  wishes  to  acknowledge 
helpful  discussions  with  Professor  Paul  R. 
Garabedian  of  Stanford  University  and  Barrett 
S.  Baldwin  of  Ames  Research  Center. 

< E.  A.  Milne,  Relativity ^ Gravitation^  and  World  Structure 
(Clarendon  Press,  Oxford,  1935), 

® Robert  T.  Jones,  “Extending  the  Lorentz  Trans- 
formation to  Motion  with  Variable  Velocity,”  NASA 
MEMO  7-9-59A  (1959), 
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ANALYSIS  OF  ACCELERATED  MOTION  IN  THE 


THEORY  OF  RELATIVITY 


Conventional  treatments  of  accelerated  motion  in  the  theory  of  rela- 
tivity have  led  to  certain  difficulties  of  interpretation.  Thus,  Crampin, 
McCrea  and  McNally^  mention  the  lack  of  uniformity  in  the  correspondence 
of  events  as  depicted  by  the  transformation  of  Born  and  Biem.  Again, 

Donahue  and  Leffert^  and  Holier^  discuss  certain  reversals  in  the  apparent 
gravitational  field  of  an  accelerated  body.  I have  found^  that  these  diffi- 
culties may  be  avoided  by  simpler  analysis  based  on  the  use  of  restricted 
conformal  transformations.  In  the  conformal  theory  the  velocity  of  light 
remains  constant  even  for  experimenters  in  accelerated  motion. 

The  problem  considered  is  that  of  rectilinear  motion  with  a variable 
velocity  V.  I introduce  two  coordinate  systems.  Ay  {x^t)  and  B, 

The  motion  takes  place  along  the  x or  x^  axis. 

The  correspondence  between  the  xt  and  systems  may  be  expressed 

quite  simply  by  the  transformation: 


x^  + + t) 

x^  - t'  = G(x  - t) 


(1) 


The  velocity  is  given  by  : 


V 


9 + 


i 

f 


(2) 


Here  f and  g are  the  derivatives  of  F and  G with  respect  to  their  arguments 
X ± t.  I now  suppose  that  A,  {x^t)  is  an  inertial  system,  and  in  order  to 
satisfy  the  relation  of  equivalent  scale  in  the  vicinity  of  S,  I apply  the 
boundary  condition; 


fg  = 1 along  x’  = 0 (3) 

If  the  motion  of  B is  given  then  this  relation,  together  with  equation  (2) , 
is  sufficient  to  determine  the  functions  F and  G,  As  determined  in  this  way, 
this  transformation  becomes  tangent  to  instantaneous  Lorentz  transformations 
all  along  the  path  of  B and  in  the  case  of  uniform  velocity  reduces  to  the 
Lorentz  transformation  everywhere. 


935 


Fig.  1 shows  how  such  x’t'  co-ordinates  may  be  constructed  graphically 
with  the  aid  of  periodic  time  signals  originating  in  the  B system.  Such 


Figure  1.  A system  of  conformal  co-ordinates  associated  with 

non-uni fom  motion 


signals  generate  a family  of  outgoing  waves,  represented  by  the  character- 
istic lines  t ± X = constant.  If  these  lines  are  now  extended  backward,  a 
corresponding  family  of  incoming  signals  will  be  represented.  Intersections 
of  the  characteristic  lines  may  then  be  identified  with  the  events  of 
synchronization  of  the  various  clocks  of  the  B system. 

Extension  of  the  theory  of  relativity  by  conformal  transformations  in 
four  dimensions  was  considered  many  years  ago  by  Bateman®.  It  seems  that 
the  group  C4  admits  only  restricted  motions,  and  of  these  the  Lorentz  trans- 
formation alone  maintains  equality  in  the  scale  relation.  Therefore,  we 
do  not  speak  of  a conformal  transformation  of  the  whole  space.  However,  by 
restricting  attention  to  a narrow  cylindrical  region  around  the  ar-axis, 


y2  + 
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Figure  2®  Example  showing  application  of  restricted  conformal 

transformations 


conformal  mappings  can  be  employed  locally,  so  that; 


ds'2  = fg(dt^  — dic^  — dy^  — ds^) 
for  -\r  ^ 0, 


(4) 


Fig.  2 illustrates  a simple  example  of  the  type  discussed  in  connexion 
with  the  clock  paradox.  At  't  = 0,  B starts  away  from  A at  the  velocity  3/5, 
At  t ~ 5 f B reverses  its  motion  and  returns , Values  of  f and  g in  various 
regions  are  indicated  between  characteristic  signal  lines.  The  condition  of 
local  scale  equivalence,  fg  = 1,  results  in  a 20  per  dent  reduction  of  the 
elapsed  time  along  the  path  of  B,  In  addition  to  the  time  discrepancy, 
there  appears  also  a discrepancy  in  the  relative  spatial  displacements. 

ROBERT  T.  JONES 


National  Aeronautics  and  Space  Administration, 
Ames  Research  Center, 

Moffett  Field,  California. 

Jan.  20, 
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Conform^  Coordinates  Associated  with 
Uniformly  Accelerated  Motion 

Robert  T.  Jones 
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Research  Center,  Mofiett  Field,  California 


T^ISCUSSION  of  specific  problems  in  the  theory  of 
relativity  is  often  simplified  by  an  appropriate  choice 
of  the  coordinate  system.  Thus  the  restricted  conformal 
coordinates  described  in  a previous  communication^  provide 
an  especially  simple  analysis  of  motion  with  uniform  ac- 
celeration, known  as  “hyperbolic  motion”.* 

Conformal  coordinates  x',  t'  may  be  obtained  from 
Cartesian  coordinates  x,  t by  the  transformation 

x'  -\~cf  = F{x-\-ct) 

X* — ct* — G (x — ct),  (1) 

where  c is  the  velocity  of  light.  A variable  motion  of  the  x' 
system  will  be  determined  by  the  choice  of  the  functions 
Fand  G.  However,  since  a function  remains  constant  when- 
ever its  argument  is  constant,  light  signals  have  the  same 
velocity  c in  both  x and  x^  systems. 

The  scale  factor  of  the  transformation  is  given  by  the 
product  /g,  where  / and  g are  the  ordinary  derivatives  of 
F and  G.  The  line  x'  — O may  be  taken  as  the  world  line  of 
a particle.  To  satisfy  the  principle  of  relativity  in  the 
vicinity  of  this  particle,  we  impose  the  boundary  condition, 

/g  = l along  a:'=G.  (2) 

With  this  boundary  condition,  the  functions  F and  G are 
determined  so  that  both  the  transformation  and  its  inverse 
have  the  same  scale  along  x^  —0. 

As  an  example,  try 

X*  -^ct’ = log  (ac  -^ct) 

X*  — ct* — log  {x — ct),  (3) 

By  addition, 

2jc'  = log(3c*-c*i*). 

The  world  line  G is  then  given  by  the  hyperbola 
After  differentiating  Eqs.  (3),  we  obtain 


which  has  the  value  1 along  ic'=G.  Equations  (3)  thus 
yields  the  conformal  coordinates  associated  with  uniformly 
accelerated  motion.  The  acceleration  here  has  the  value 
one  light-year/year,*  or  approximately  one  “g”;  however, 
the  formula  is  easily  generalized. 

It  is  interesting  to  note  that  the  gravitational  field  in  the 
x't'  system  is  singular  at  the  origin  of  the  xt  system.  Such 
singularities  ^arise  when  simple  analytic  formulas  are 
employed.  In  the  present  case,  the  singularity  disappears 
if  the  acceleration  is  not  continued  for  an  infinite  time. 

As  is  well  known,  conformal  transformations  in  Euclidean 
space  are  carried  out  with  the  aid  of  functions  of  a single 
complex  variable.  Such  a conformal  map  may  represent  the 
streamlines  and  equipotential  lines  of  a fluid  motion.  On 
using  the  customary  (p  and  ^ for  the  potential  function 
and  the  stream  function,  we  may  write 

The  complex  potential  for  a vortex  is  given  by 
= i log  {x -^iy) . 

This  formula  is  clearly  analogous  to  our  Eq.  (3)  for  hyper- 
bolic motion.  Thus  the  conformal  coordinates  associated 
with  hyperbolic  motion  in  Minkowski  space  become  the 
circular  paths  of  a vortex  motion  in  Euclidean  space. 

Now  the  vortex  motion  is  merely  the  simplest  example 
of  a wider  class  of  fluid  motions  known  as  “free  streamline 
flows”.  The  boundary  condition  of  such  flows  is  that  the 
scale  factor  of  the  mapping  reduce  to  unity  along  a (free) 
streamline  ^=G.  This  condition  is  clearly  analogous  to  our 
condition  /g  — 1,  along  x* — Q.  Thus,  every  free  streamline 
may  be  transformed  into  an  analytic  world  line  with  its 
associated  conformal  coordinates.  The  converse  is  not  true, 
however,  since  the  possibilities  in  Euclidean  space  are 
limited  to  analytic  functions  of  a single  (complex)  variable. 

1 Robert  T.  Jones,  Am.  J.  Phys.  28,  109  (1960). 

2 W.  Pauli,  Theory  of  Relativity  (Pergamon  Pr^s,  New  York,  1958) 


941 


Page  intentionally  left  blank 


CONFORMAL  COORDINATES  ASSOCIATED  WITH  SPACE-LKE  MOTIONS 


Robert  T.  Jones 


Ames  Research  Center 


January  1963 


943 


Jones,  R.  T. , "Conformal  Coordinates  Associated  with  Space-Like  Motions," 
Franklin  Institute.  Journal,  vol.  275,  no.  1,  Jan.  1963,  pp.  1-12. 
© 1963. 

Reprinted  by  permission  of  the  Franklin  Institute,  Philadelphia,  Pa. 


Journal 

of 

The  Franklin  Institute 

Devoted  to  Science  and  the  Mechanic  Arts 


Vol.  275  JANUARY,  1963  No  t 
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BY 

ROBERT  T.  JONES* 

ABSTRACT 

Conformal  transformations  in  two  dimensions  provide  a simple  extension  of  the  Lbrentz 
transformation.  The  velocity  of  light  appears  in  such  transformations  as  a singular  velocity 
rather  than  as  an  upper  limit  fo|-  the  velocity.  A well-ordered  branch  of  the  theory  exists 
for  velocities  in  excess  of  the  velocity  of  light. 

If  the  velocity  of  a point  exceeds  the  singular  velocity  in  an  inertial  system,  then  the 
conformal  representation  of  the  motion  is  no  longer  uniform,  but  contains  a folded  region* 
However,  the  branching  of  the  transformation  may  be  determined  so  that  the  elapsed  time 
along  the  path  of  such  a motion  remains  positive. 

Kinematic  relations  on  the  other  side  of  the  singular  velocity  seem  to  complement  the 
usual  results  of  relativity  theory  in  an  interesting  way.  Thus  it  is  known  that  motion  at 
the  speed  of  light  occurs  along  a null  geodesic,  and' hence  eorresponds  in  a certain  sense 
to  motion  at  infinite  velocity  (that  is,  in  the  sense  of  proper  time  elapsed).  The  comple- 
mentary relation  is  that  a motion  of  infinite  velocity  corresponds  in  the  same  sense  to  motion 
at  the  speed  of  light. 

INTRODUCTION 

In  the  world  of  the  physicist  everything  moves,  but  always  at  speeds 
less  than  the  speed  of  light.  The  astronomer’s  world,  too,  is  filled  with 
moving  objects,  moving  at  z;  < c.  In  the  world  of  the  mathematician,  how- 
ever, anything  is  possible,  provided  only  that  it  is  a consequence  of  some- 
thing else. 

Strangely  enough,  writers  on  physics  would  like  to  refer  the  nonexistence 
of  velocities  greater  than  light  to  a mathematical  demonstration — con- 
necting it  with  the  transition  of  the  Lorentz  factor  1 / VI  — to  imagi- 
nary values,  or  to  a supposed  continuity  of  the  conformal  scale  factor.  It  is 

^ Research  Scientist,  National  Aeronautics  and  Space  Administration,  Ames  Research  Center, 
Moffett  Field,  Calif. 
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known,  however,  in  the  theory  of  Cerenkov  radiation  and  also  in  supersonic 
aerodynamics  that  the  wav^  equation  remains  invariant  under  transforma- 
tions having  the  factor  — 1 for  velocities  v in  excess  of  the  charac- 

teristic velocity  c. 

Several  years  ago  N.  Rosen  (1)^  pointed  out  that  different  theories  of 
relativity  could  be  formulated  for  media  having  different  dielectric  proper- 
ties. For  an  observer  whose  experience  is  confined  to  such  a medium,  the 
retarded  velocity  of  light  c'  i cjn  appears  again  as  a limit  for  the  velocity 
to  which  a body  can  be  accelerated  by  electrodynamic  action.  As  Rosen 
pointed  out,  a particle  might,  however,  enter  such  4 region  with  a velocity 
in  excess  of  c'  (as  in  the  phenomenon  of  Cerenkov  radiation)  and  its  be- 
havior could  not  be  accounted  for  by  such  a theory. 

A theory  for  particles  travelling  faster  than  light  may  thus  be  viewed 
simply  as  a mathematical  formality,  or  it  might  be  considered  a physical 
theory  for  the  inhabitants  of  Rosen’s  c'  land.  There  is  one  additional  point, 
however,  and  this  refers  to  the  elements  of  idealization  in  the  classical 
theory.  As  is  well  known,  relativistic  dynamics  depends  on  the  linearity  of 
the  wave  equation  and  on  the  assumption  of  point  particles.  These  as- 
sumptions are  enough  to  lead  to  infinite  field  energy,  and  in  the  aerody- 
namic analogue  they  are  just  sufficient  to  give  the  sonic  barrier  an  infinite 
rigidity. 

If  one  of  the  foregoing  points  of  view  is  adopted,  then  it  becomes  of 
interest  to  investigate  kinematic  relations  on  the  other  side  of  the  singular 
velocity  v = c.  Following  a conventional  terminology,  such  motions,  with 
velocity  v > c,  may  be  termed  “space-like.  ” 

For  the  investigation  of  space-like  motions  we  restrict  ourselves  first  of 
all  to  purely  kinematic  relations,  and  we  adopt  the  simplest  possible  math- 
ematical model,  namely,  conformal  coordinates  and  their  transformations 
in  two  dimensions  x,  t. 

CONFORMAL  TRANSFORMATIONS  IN  TWO  DIMENSIONS 

In  conformal  coordinates  the  velocity  of  light  remains  constant  for  all 
experimenters,  whether  moving  or  fixed.  The  invariance  here  is  not  merely 
a local  relation,  but  holds  also  for  finite  displacements.  Thus  it  has  been 
shown  (2)  that  an  expanding  light  pulse  continues  to  maintain  spherical 
symmetry  about  its  point  of  origin. 

Figure  1 shows  how  this  invariant  property  of  electromagnetic  signals 
may  be  used  by  two  experimenters,  A and  B,  to  establish  identical  Car- 
tesian coordinate  systems  x,  t and  x',  t' . In  our  units  the  velocity  of  light  is 
taken  as  unity  and  a signal  pulse  is  thus  represented  by  lines  expanding 
at  45  “i  Though  A and  B may  be  in  relative  motion,  each  assumes  that 
there  is  no  “upstream”  or  “downstream”  influence  on  his  signals  and  sets 
every  distant  clock  at  a time  halfway  between  the  times  of  departure  and 
return  of  an  electromagnetic  signal  from  the  origin— in  accordance  with 

^ The  boldface  numbers  in  parentheses  refer  to  the  references  appended  to  this  paper 
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Einstein’s  well-known  rules.  We  have  no  need  here  for  t4e  iissurjapt^^^  that 
the  electromagnetic  velocity  is  the  maximum  possible.  If  a f^ter  mot^e  of 
transmission  existed,  we  might  still  prefer  to  use  electromagnedc  signals 
because  of  their  supposed  invariant  property. 

If  4 and  B are  in  uniform  relative  motion,  we  may  establish  a conformal 
correspondence  between  their  coordinate  systems  by  means  of  the  Lorentz 
transformation.  In  Fig.  2 this  correspondence  is  illustrated  graphically  by 
an  artificial  distortion  of  the  j?  coordinate  system  so  that  its  corresponding 
points  coincide  with  those  of  an  undistorted  (that  is,  rectangular  Car- 
tesian) A system.  In  such  a diagram  the  lines  / = const  are  inclined  so  4s 
to  represent  B’s  position  at  the  center  of  an  expanding  signal  pulse. 


f t? 


Fig,  t.  Coordinates  established  by  light  signals. 


The  Lorentz  transformation  h of  course  limited  to  motion  at  constant 
velocity.  A transformation  which  maintains  the  conformal  property  for 
variable  motions  in  two  dimensions  is  given  by  (3 ) 


x'  + i'  = F(x  + <)1  (1) 

x'  -t'  = G(x  - Oj 


The  lines  x'  ± = constant  may  be  identified  with  signal  pulses  emitted 

by  a periodic  oscillator  or  a clock  in  the  S system.  The  transformation  ^hus 
amounts  to  a specified  variation  of  the  Doppler  frequency  of  time  signals 
emitted  by  B as  they  might  be  received  in  the  A system.  The  Doppler  fre- 
quencies am  in  fact  the  derivatives: 


d(x  + t).  t 

= f 

^ d(x  — t)  > 


(2) 
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Such  variable  Doppler  frequencies  will  correspond  to  a certain  varia- 
tion of  the  velocity  of  the  R coordinate  system.  The  velocity  is  giveil  by 


/M  ^ g -f 

g+f 


(3) 


The  velocity  of  the  ‘‘world  line”  0 may  be  taken  as  the  velocity  of  the 

oscillator  J?  in  the  system;  The  other  coordinate  points  x'  = const, 
though  at  rest  relative  to  5,  move  with  varying  velocities  in  the  ^ system. 

Figure  3 shows  a correspondence  of  the  type  given  by  Eqs.  1 for  an 
example  in  which  B moves  to  the  right  of  A at  a velocity  3/5  the  velocity  of 
light  and  comes  to  rest  at  the  time  t = 5,  = 4.  It  is  seen  that  in  spite  of 

the  motion,  B remains  at  the  center  of  the  signal  pulse  emitted  at  the  be- 
ginning of  the  t rip . 


If  we  invert  the  transformation  (Eqs.  1),  we  find  that  the  velocity  is 
reversed  at  every  point.  Thus,  as  would  be  expected,  the  velocity  of  B rela- 
tive to  A is  the  reverse  of  the  velocity  of  A relative  to  B.  This  relativity  of 
velocities  is,  however,  merely  a local  relation.  Reversal  of  a field  of  variable 
velocities  does  not  in  general  reverse  the  displacements.  Thus  if  B moves 
three  units  to  the  right  of  A,  it  does  not  follow  that  A has  moved  three  units 
to  the  left  of  B.  Similarly,  finite  time  displacements  of  the  two  systems  are 
not  equal  and  there  arises  a time  discrepancy,  as  is  well  known. 
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COMPOSITION  OF  TRANSFORMATIONS 

To  explore  the  group  properties  of  the  transformation  (1)  we  consider 
three  systems  A,  B,  and  C,  and  apply  two  such  transformations  in  succes- 
sion. For  the  velocity  between  A and  B there  is  obtained 

,,  = (3fl) 

S\  f\ 

and  a similar  expression  for  B and  C.  For  the  resultant  velocity 

of  C relative  to  A the  composition  of  two  transformations  yields 

^ Sigi  -/1/2  + ^2  (4) 

grgz  1 + ^1^2* 


The  latter  formula  is,  of  course,  the  well-known  law  for  the  ‘^addition”  of 
velocities.  Evidently  this  law  does  not  depend  on  the  principle  of  relativity, 
but  only  on  the  constancy  of  the  speed  of  light  . 

Figure  4 illustrates  graphically  the  law  of  composition  given  by  Eq.  4. 
In  its  usual  context  the  formula  is  of  course  limited  to  the  range  v <\. 
However,  our  extended  diagram  seems  to  show  more  clearly  the  singular 
nature  ofthe  velocity  of  light.  It  is  evident  here  that  the  value  v = 1 is  not 
altered  by  composition  with  any  other  velocity.  If  Eq.  4 is  interpreted  as  a 
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formula  for  ‘^addition,  ” it  is  seen  that  the  value  1 has  the  property  ordinar- 
ily associated  with  an  infinite  value.  On  the  other  hand,  the  value  v = <» 
does  not  have  its  usual  property  as  an.  infinite  magnitude  but  is  reduced  to 
finite  value  by  addition  of  (that  is,  composition  with)  any  finite  value.  In 
spite  of  these  unusual  relations,  it  will  be  observed  that  the  composition  of 
two  transformations  corresponding  to  yields  the  identical  trans- 

formation (that  is,  ^3  = 0)  except  for  the  singular  value  = 1-  There  is 
thus  no  rest  system  associated  with  the  velocity  1 . 

The  law  of  composition  of  velocities  has  been  cited  to  show  the  non- 
existence of  velocities  greater  than  light.  However,  we  find  in  this  law 
merely  an  expression  of  the  invariance  of  the  velocity  of  light,  valid  for  any 
velocity  of  the  coordinate  system. 

SiNGUUR  BEHAVIOR  OF  THE  DOPPLER  FREQUENCY 

Conformal  transformations  do  not,  in  general,  satisfy  the  principle  of 
relativity  because  of  an  unsymmetrical  scale  relation.  Thus  it  is  found  that 

dx^'^  - = fg{dx^  — df).  '(S) 

To  make  the  scale  change  symmetrical  we  should  have 

fg  = i (6) 

fi 

or 

(7) 

There  are  thus  two  values  of  the  scale  factor  ^ which  lead  to  symmetry  in 
the  relations  A to  B and  B to  A.  The  negative  value  corresponds  to  veloc- 
ities greater  than  light. 

Of  course,  if  the  motion  occurs  with  variable  velocity,  one  cannot  spec- 
ify a fixed  value  of  the  scale  factor  for  the  whole  coordinate  transformation. 
However,  if  we  identify  A as  an  inertial  system  then  the  relation  of  equiv- 
alent scale  may  be  satisfied  locally  all  along  the  path  of  B in  the  A system. 
Hence,  we  impose  the  following  boundary  condition  along  the  line  ^ 0: 

1 where  v < 1 

1 V,  1 

— 1 where  v > 1, 

As  Eq.  3 shows,  if  the  velocity  of  a motion  is  to  exceed  1 then  one  of  the 
Doppler  frequencies  f or  g must  become  negative.  The  transition  to  a nega- 
tive frequency  may  be  readily  understood  with  the  aid  of  a simple  wave 
diagram  as  shown  in  Fig.  5.  As  the  velocity  increases  toward  1 the  signals 
from  an  approaching  oscillator  shift  to  higher  and  higher  frequencies  while 
those  on  the  receding  side  become  slower,  approaching  zero  at  a rate  deter- 
mined by  the  relation  / = 1/g,  The  high  frequency  received  from  the  ap- 
proaching oscillator  persists  on  transition  through  v = 1,  but  the  signals 
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now  arrive  at  the  stationary  oscillator  suddenly  and  in  reversed  order.  The 
transition  of  g from  positive  to  negative  values  thus  takes  place  by  way  of 
infinity  (see  Fig.  6).  The  frequency  / shows  no  such  singular  behavior  but 
retains  positive  values  on  each  side  of  the  value  zero  at  v — 1 . The  discon- 
tinuous change  of  the  scale  factor  ^ from  +1  to  —1  on  transition  through 
the  critical  velocity  may  thus  be  explained  simply  in  terms  of  the  expected 
behavior  of  the  Doppler  signals.  The  possibility  of  such  a discontinuous 
change  seems  to  have  been  overlooked  in  the  literature.  Thus  in  (3)  and 
(4)  the  negative  value  is  omitted  in  the  derivation.  In  (5)  the  negative  value 
is  discarded  by  an  argument  based  on  the  supposed  continuity  of  the  scale 
factor  as  a function  of  velocity. 


Fig.  6.  Behavipr  of  the  Doppler  frequencies  /and  g on  transition  through  v = 1. 

If  we  suppose  that  the  path  of  B involves  a transition  through  the  speed 
of  light,  then  several  sets  of  time  signals  will  appear  simultaneously  in  A. 
Since  the  transformation  (1)  is  expressed  in  terms  of  the  Doppler  shift  of 
time  signals,  it  is  evident  that  the  correspondence  between  x,t  and  x\t'  will 
become  multiple-valued.  This  multiple  correspondence  may  be  seen  in 
another  way  from  a simple  plot  of  the  function  For  G.  If  the  derivative  of  a 
function  changes  sign,  then  either  the  function  itself  or  its  inverse  must 
become  multiple-valued. 

Figure  7 shows  the  conformal  correspondence  for  a space-like  motion  of 
B in  the  inertial  system  A.  It  has  been  assumed  that  B remains  at  rest  until 
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; = = 0 and  then  moves  to  the  right  of  A with  the  velocity  v = 5/3, 

coming  to  rest  at  = 5,  ^ = 3.  This  particular  example  may  be  obtained 
from  the  previous  one  for  which  v = 3/5  by  a folding  of  the  diagram  (Fig. 
3)  along  lines  X — J = const. 

Though  B moves  faster  than  light  in  the  A system,  we  have  nevertheless 
supposed  that  the  propagation  of  electromagnetic  signals  takes  place  in  the 
B system  exactly  as  in  Fig.  1.  The  “upstream”  propagation  of  signals  in 
such  a system  is,  of  course,  an  intuitively  difficult  concept— but  not  essen- 
tially different  from  that  employed  in  the  usual  range  of  the  theory. 

Since  we  have  supposed  that  the  conformal  property  is  retained  for 
such  motions,  the  point  B must  at  every  instant  lie  at  the  center  of  light 
pulses  emitted  along  its  path.  In  Fig.  7 the  marked  x'  coordinates  illustrate 


Fig.  7.  Conformal  transformation,  v = 5/3. 

this  property  for  the  instant  / = 4.  The  function  g is  of  course  multi- 
valued in  this  region,  but  according  to  our  convention  the  values  0 < x'  < 4, 
0 < ^'  < 4 are  assigned  to  the  branch  g = —2.  This  convention,  which 
maintains  the  conformal  property,  is  evidently  also  sufficient  to  avoid  the 
occurrence  of  negative  time  intervals  along  the  path  of  B in  the  A system. 
Such  negative  intervals,  or  time  reversals,  do  occur,  however,  along  the 
path  of  A in  the  noninertial  system  5. 

Recently  R.  Penrose  (6)  and  J.  Terrell  (7)  have  shown  that  the  contrac- 
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tion  of  length  indicated  by  the  Lorentz  transformation  is  not  a visually 
observed  phenomenon.  It  is  interesting  also  to  speculate  on  the  visual 
appearance  of  a superlight  particle.  As  Heaviside  (8)  has  shown,  such  a 
particle  would  appear  suddenly  at  a point  and  then  split  into  two 
particles  which  appear  to  recede  from  each  other.  This  double  appear- 
ance is  illustrated  in  Fig.  8.  In  three  dimensions  the  boundary  of  sensible 
disturbance  expands  along  a cone  behind  the  body.  Such  a cone  may  be 
thought  of  as  an  envelope  of  spherical  waves  emitted  by  the  body.  It  is 
readily  seen  that  any  point  within  the  cone  lies  on  the  intersection  of  two 
such  spheres  and  is  thus  affected  by  two  apparent  sources  of  disturbance. 


Fig,  8.  Double  appearance  of  particle  travelling  at  » > 1. 


RELATIONS  OF  EUPSED  TIME 

Equation  5 may  be  used  to  obtain  an  analytic  expression  for  the  elapsed 
time  along  a space-like  world  line.  Since  dx'  = 0 we  have 

-dt'^  = fg{dx'^  - dP).  (9) 

After  introducing  dx  = v dt,  there  is  obtained 

df  = Vfg(l  - v%  (10) 

The  boundary  condition  (8)  then  yields  for  v > I 

(dt'h  .0  = - I dt.  (11) 
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The  discontinuous  change  in  sign  of  the  Doppler  frequency  g thus  prevents 
the  radical  from  becoming  imaginary  . 

The  range  of  values  y > 1 provides  relations  which  seem  to  complement 
those  of  the  usual  range  of  the  theory.  These  relations  are  illustrated  in 
Fig.  9,  which  shows  the  times  elapsed  in  both  A{x,t)  and  systems 


Fig.  9.  Elapsed  times  at  various  velocities. 

for  a trip  covering  one  light  year  in  the  A system.  For  velocities  less  than  1 
the  elapsed  time  along  an  accelerated  path  {B)  is  always  less  than  that  in 
the  inertial  system  and  reaches  a minimum  value  of  zero  at  y = 1.  Travel 
at  the  velocity  of  light  is  thus  equivalent  to  infinite  velocity.  In  our  theory 
superlight  velocities  offer  no  advantage  to  the  traveller.  At  velocities 
greater  than  v = the  travelling  twin  of  the  well-known  paradox  comes 
hack  older  instead  of  younger.  At  higher  velocities  the  elapsed  time  in- 
creases and  becomes  equal  to  the  light  time  at  v ^ op . Thus  infinite  velocity 
in  the  inertial  system  is  equivalent  to  the  velocity  of  light  for  the  traveller. 
These  dual  relations  do  not  make  the  world  of  electromagnetic  signals  any 
less  strange,  but  they  seem  to  make  it  more  symmetrical. 
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MOTIONS  OF  A LIQUID  IN  A PULSATING  BULB 
WITH  APPLICATION  TO  PROBLEMS  OF  BLOOD  FLOW* 

ROBERT  T.  JONES 

Avco  Everett  Research  Laboratory,  Everett,  Mass.,  U.S.A. 


Abstract — ^Potential  flows  of  the  form  4-  by^  + cz^)  f{t)  may  be  utilized  to  represent 

motions  produced  in  pulsating  bulbs.  While  the  initial  bulb  simpe  may  be  arbitraiy,  sequential 
shapes  are  related  by  aflSne  transformations.  Two  components  appear  in  the  distribution  of  pres- 
sure, one  dependent  on  the  ii^tantaneous  velocity  and  the  other  on  the  acceleration.  For  flows 
with  stationary  streamlines  the  inertial  impedance  is  that  of  a simple  mass,  and  is  proportional  to 
the  first  moment  of  the  actual  mass  of  fluid  contained  within  the  bulb.  Examples  treated  are: 
(1)  expanding  and  collapsing  circular  cylinders  and  (2)  elliptical  cylinders  in  which  the  peri- 
meter is  held  constant. 

The  thickness  of  the  pulsatile  laminar  boundary  layer  is  found  to  be  approximately  one  milli- 
meter for  conditions  in  the  vicinity  of  the  heart.  Conditions  for  separation  and  turbulence 
differ  from  those  in  steady  flow.  ^ 


Flows  in  pulsating  or  squeezing  bulbs  are  of 
very  common  occurrence,  and  yet  they  seem  to 
have  received  but  little  attention  from  fluid 
dynamicists.  As  an  example  we  may  mention 
the  heart,  which  receives  and  expels  blood  nearly 
forty  million  times  a year. 

If  the  shape  of  the  heart  or  bulb  were  given 
precisely,  or  if  the  course  of  its  motion  could  be 
prescribed  exactly,  then  one  might  attempt  an 
accurate  mathematical  analysis  of  the  flow, 
treating  the  phenomenon  conventionally  as  a 
boundary  value  problem  of  a well-known  type. 
However,  the  accuracy  with  which  such  bio- 
logical phenomena  reproduce  themselves  can 
hardly  justify  great  pretension  to  accuracy  in 
their  mathematical  treatment.  It  seems  that  in 
these  cases  one  should  use  the  analysis  rather 
more  as  a guide  to  the  intuition  than  as  a means 
for  producing  quantitative  results  in  specific 
cases. 

Considerable  insight  into  the  squeezing  bulb 
problem  may  be  gained  by  considering  flows  of  a 
very  simple  type.  Using  Cartesian  coordinates 


X,  and  denoting  component  velocities  of  the 
fluid  at  a point  w,  p,  w,  we  write: 

« = 2 X 

p = y 

w = — z 

Such  a velocity  distribution  represents  the 
irrotational  flow  of  an  incompressible  liquid, 
and  is  of  course  a trivial  solution  of  the  Navier- 
Stokes  equations  as  well  as  of  Laplace’s  equa- 
tion. Figure  1 shows  the  streamlines  associated 
with  this  velocity  distribution,  which  will  be 
recognized  as  an  axially  symmetric  flow  with  a 
stagnation  point  at  the  origin,  Tietjens  (1957). 

Figure  2 shows  how  this  velocity  distribution 
may  be  adapted  to  give  the  streamlines  inside 
the  bulb.  To  make  the  equations  dimensionally 
correct  the  velocities  given  by  (1)  are  multiplied 
by  the  ratio  of  a characteristic  velocity  Wo  to  a 
characteristic  length  L.  Uq  may  be  the  velocity 
at  the  exit  of  the  bulb  and  L may  be  the  distance 
of  the  mouth  of  the  bulb  from  the  origin. 


(1) 
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Fig.  1,  Axially  symmetric  flow  with  stagnation  point  at 
origin. 

Furthermore,  in  order  to  represent  the  un- 
steady or  pulsatile  character  of  the  flow  we  have 
introduced  a function  of  the  time,/i[0  a factor 

in  (1).  The  potential  of  the  flow  is  then 

- MO  - (**  - (2) 

The  velocity  profiles  given  by  (1)  are  flat  in 
all  three  directions.  Thus  the  flow  contains  no 


Y 


Fig.  2.  Streamlines  associated  with  collapsing  bulb. 


shearing  motion  and  imaginary  plane  surfaces 
convected  with  the  fluid  remain  plane  and 
parallel.  Thus  the  flow  satisfies  the  boundary 
condition  of  a rectangular  box  whose  sides  are 
collapsing  toward  the  x-axis  and  whose  ends  are 
moving  outward  along  the  x-axis  in  such  a way 
as  to  maintain  a constant  volume.  Similarly  the 
flow  satisfies  the  boimdary  condition  of  a 
circular  cylinder  collapsing  toward  the  axis  or 
expanding  away  from  it,  and  the  cylinder  may 
have  plane  ends. 

The  fact  that  plane  surfaces  convected  with 
the  fluid  remain  plane  and  parallel  means  of 


Successive  shapes  of  bulb 
Fig.  3.  Successive  shapes  of  bulb. 
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Rg.  4.  Examples  of  bulb  shape  obtained  by  affine  transformation. 


course  that  a set  of  coordinate  planes  will  be 
transformed  to  a new  set  related  to  the  first  by  an 
“aflfine”  transformation.  Thus,  starting  with  a 
bulb  of  arbitrary  shape,  one  may  represent 
motions  in  which  the  successive  shapes  are 
related  by  a simple  stretching  transformation. 
Figure  3 illustrates  this  process.  In  order  to 
approximate  the  condition  of  a fixed  outlet  or 
mouth  of  the  bulb  the  shape  must  be  drawn  so 
that  it  becomes  tangential  to  the  streamlines  in 
the  neighborhood  of  the  exit.  It  is  surprising  how 
well  a fixed  exit  can  be  represented  without 
mathematical  complication.  Figure  4 shows  one 
example. 

Omitting  the  effect  of  viscosity,  the  pressure  at 
points  within  the  bulb  will  be  given  by 

p=Po  (0  ^ p/2  («*  + - p4>f'  (0- 

(3) 


Fio.  6.  Pistribation  of  pressure  on  surface  of  collapsing 
cylinder, 


The  first  term  />o(0  is  the  pressure  imposed  by 
the  environment  into  which  the  bulb  works.  The 
second  term  is  of  course  the  “Bernoulli”  pressure, 
proportionsil  to  the  square  of  the  instantaneous 
velocity.  The  last  term  is  proportional  to  the 
instantaneous  acceleration  of  the  flow  and  is 
responsible  for  its  inertial  impedance. 

For  the  velocity  term  we  have 


M*  + r®  4-  w*  ===!  (4  jc*  4-  y*  4-  z 


■'(I)’ 


X[/(0f.  (4) 

This  component  of  the  pressure  is  constant  on 
ellipsoidal  surfaces  having  a 2 to  1 axis  ratio. 
For  the  last  term  we  have 


Fig,  5,  Components  of  the  pressure  in  bulb  flow. 


and  the  surfaces  are  hyperboloids.  Figure  5 
shows  these  isobaric  surfaces. 

Figure  6 shows  the  distribution  of  surface 
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pressure  over  ao  expanding  and  collapsing 
circular  tube  having  one  closed  end.  The  distri- 
bution along  the  tube  is  parabolic  and  in  the 
limit  approaches  the  value  given  by  one- 
dimensional flow  theory.  If  the  tube  pulses  in  a 
cyclic  fashion  the  pressure  associated  with  the 
velocity  will  oscillate  at  twice  the  frequency  of 
that  associated  with  the  acceleration. 

The  dynamics  of  flow  within  the  bxilb  deter- 
mine only  the  gradients  of  pressure  and  not  the 
pressure  itself.  Hence  we  may  introduce  an 
arbitrary  variation  of  pressure  at  the  mouth  of 
the  bulb  and  the  pressure  inside  will  rise  and  fall 
accordingly,  and  will  be  felt  uniformly  over  the 
surface  of  the  bulb.  The  most  interesting  case  is 
that  in  which  the  bulb  expels  its  fluid  into  a long 
elastic  tube  such  as  an  artery.  According  to  a 
well-known  theory  the  pressure  at  the  end  of  the 
tube  will  be  given  by 

P^  Po-\r  puo  c,  (6) 

where  c is  the  pulse  wave  velocity  in  the  tube, 
YotFNG  (1808,  1809).  Here  the  pressure  at  the 
bulb  exit  will  vary  with  the  outflow  velocity  u 
and  the  pressures  given  by  (3)  are  simply  to  be 
added  to  this  pressure.  In  the  case  of  the  left 
heart  the  component  given  by  (6)  is  much  larger 
than  the  variations  of  pressure  developed  by 
dynamic  motions  within  the  heart. 

The  horizontal  or  x-component  of  momen- 
tum of  the  flow  is  easily  computed  since  the 
horizontal  component  of  velocity  of  each  fluid 
element  is  simply  proportional  to  x.  Thus  the 
virtual  inertia  or  virtual  mass  of  the  flow  is 
proportional  to  the  first  moment  of  the  volume 
of  the  fluid  within  the  bulb.  More  specifically  the 
virtual  mass  is  equal  to  the  actual  mass  times 
the  ratio  of  the  centroid  of  mass  x to  the  length 
L,  i.e. 

m'  = m-.  (7) 

The  virtual  inertia  is  referred  to  the  acceleration 
at  the  exit  plane  L. 

By  placing  the  bulb  at  a large  distance  from 
the  origin,  so  that  x^L,  we  approach  the 
situation  of  a sac  of  fluid  accelerating  back  and 


forth  along  the  x-axis  without  sensible  change  of 
shape.  The  virtual  mass  here  is  simply  the  actual 
mass  of  the  fluid  within  the  sac. 

It  should  be  noted  that  while  the  forms  of  the 
streamlines  and  the  isobaric  surfaces  are  sta- 
tionary, the  fluid  itself  may  oscillate  back  and 
forth  along  the  streamlines  and  the  magnitude 
of  the  pressures  will  vary  in  accordance  with  the 
function  /(/). 

It  will  have  been  noted  also  that  while  the 
initial  shape  of  the  bulb  is  arbitrary,  the  sequen- 
tial shape  changes  are  restricted  to  those  obtain- 
able by  affine  transformations.  However,  the 
variation  in  time  of  these  changes  is  arbitrary. 
The  axially  symmetric  flow  does  not  exhaust  the 
possibilities  for  affinely  related  shape  changes. 
Thus  if  we  wish  to  represent  the  flow  in  a bulb 
which  flattens  its  shape  as  it  contracts  we  may 
utilize  a flow  of  the  type 

0 = ox* -f- -1- yz*,  (8) 

where  a,  j8,  y are  any  constants  such  that 

« + ^ + y = 0.  (9) 

The  successive  shapes  of  the  bulb,  related  by 
affine  transformations  may  be  conveniently 
expressed  by  the  Lagrangian  coordinates 

^ = XQ^^ 

7]  — y (10) 

f = ze^ 

where  idrjdt)  = fit). 

For  continuity  the  stretched  coordinate  planes 
must  contain  the  same  volume  as  the  initial  co- 
ordinates planes,  that  is 

(11) 

and  we  have  from  (10) 

= + (12) 

so  that  a + + y = 0. 

As  an  example  we  may  mention  the  flow  in  an 
initially  circular  tube  which  flattens  into  an 
elliptical  shape.  Supposing  at  first  that  the  major 
diameter  remains  unchanged ; we  would  set  y = 
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0 SO  that  i ==  z.  Then  a = I and  — 1 and 
the  potential  function  is 

(13) 


An  interesting  example  is  one  in  which  the 
perimeter  of  the  tube  remains  constant  during 
the  flattening  process.  In  this  case,  the  quantities 
a,  y are  functions  of  the  time  and  the  flow 
does  not  have  stationary  streamlines. 

In  certain  cases  it  is  desirable  to  represent  the 
flow  produced  by  inflating  one  bulb  inside 
another.  Moulopoulos,  et  aL  (1962)  proposed  a 
method  for  assisting  the  circulation  by  inserting 
a long  narrow  rubber  balloon  into  the  abdominal 
aorta.  The  balloon  is  inflated  and  deflated 
through  an  external  air  pipe  and  expels  blood 
from  the  aorta  in  such  a way  as  to  assist  the 
pumping  action  of  the  heart.  To  represent  this 
situation  crudely  we  may  consider  the  flow  in 
the  space  between  two  circular  cylinders,  pro- 
duced by  expansion  and  contraction  of  the  inner 
cylinder. 

Retunung  to  our  first  example 


+ z^\  Uo 

2 ) 2L" 


(14) 


we  have  already  noted  that  it  satisfies  the  boun- 
dary condition  appropriate  to  a circular 
cylinder  collapsing  toward  the  axis,  i.e. 

f — where  r = (15) 

2L 

Since  there  is  no  liquid  within  the  inner  tube,  we 
are  at  liberty  to  introduce  singularities  there  and 
by  so  doing  we  can  obtain  a second  flow  which 
satisfies  the  boundary  condition  of  a cylinder 
expanding  radially.  Superpositions  of  the  two 
flows,  one  expanding  and  one  collapsing,  will 
result  in  zero  radial  velocity  at  a certain  fixed 
radius.  For  the  expanding  flow  we  may  utilize 
the  potential  log  r of  a line  source  along  the 
x-axis.  For  the  two  flows  we  then  have 


— ^ = A (x^  — + j5  log  r, 

Uq  \ 2/ 

(16) 

so  that  ' 

— ==  - — Ar. 

«o  r 

(17) 

The  radial  velocity  is  zero  when 

— = ^ ro, 

ro 

(18) 

or  where  = {^/BjA). 

(19) 

&2.BJ3.  8/1—5 


Fig.  7.  Streamlines  of  flow  between  concentric  circular  cylinders. 
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Cylindrical  surfaces  convected  with  the  fluid 
approach  the  fixed  cylinder  from  both  sides. 
Figure  7 shows  the  streamlines  of  this  flow. 

In  the  affinely  related  shapes  we  have  con- 
sidered that  the  surface  of  the  bulb  moves  with 
the  fluid  at  every  point.  Thus  the  flow  satisfies 
not  only  the  boundary  condition  of  normal 
velocity,  but  also  the  condition  of  no  slip  at  the 
surface.  If  the  surface  of  the  bulb  actually  moves 
in  this  fashion  then  the  flows  discussed  above 
will  apply  to  viscous  as  well  as  non-viscous  fluids, 
since  the  potential  flows  are  in  this  case  exact 
solutions  of  the  Navier-Stokes  equations.  The 
addition  of  viscosity  to  the  fluid  will  require 
additional  normal  and  tangential  pressures  at 
the  surface  of  the  bulb. 

It  is  of  interest  to  estimate  the  magnitude  of 
the  additional  stresses  introduced  by  viscosity. 
Since  the  shearing  strains  (dufdy),  (dvldx),  etc. 
vanish,  the  only  surviving  terms  in  the  viscous 
stress  tensor  are 


8u  dv  8u 
'"Tx  ^ 


The  latter  two  terms  require  an  additional 
compression  from  the  surface  of  the  bulb  acting 
toward  the  x-axis  while  the  term 
requires  a tension  along  the  x-axis.  Comparing 
this  term  with  the  Bernoulli  pressure  at  the  exit 
of  the  bulb  we  have 

pjlu^  ^ p/2 


2ft 


du 

dx 


2ft 


«o 


and  their  ratio  is  1/4  (pUoLlfi) 

or  1/4  the  Reynolds  number  based  on  the  length 
of  the  bulb.  Since  the  Reynolds  numbers  in  the 
vicinity  of  the  heart  are  between  1000  and  10,000, 
we  see  that  the  additional  stresses  introduced 
within  the  fluid  by  viscosity  are  very  small  when 
compared  with  the  dynamic  pressures. 

While  the  aflhie  transformations  can  yield 
realistic  bulb  shapes,  the  requirement  that  the 
surface  of  the  bulb  move  with  the  fluid  both  in 
tangential  and  normal  directions  is  unrealistic. 
In  practice  we  may  suppose  that  the  boundary 


condition  of  normal  velocities  is  satisfied  and 
that  shearing  motions  arise  in  a thin  boundary 
layer  at  the  surface. 

Since  the  boundary  layer  is  thin  we  may  con- 
sider a portion  of  the  inner  surface  of  the  bulb 
to  be  locally  flat.  In  this  way  the  boundary  layer 
development  in  a pulsatile  flow  within  the  bulb 
can  be  reduced  to  the  problem  of  shearing  mo- 
tions produced  by  tangential  oscillations  of  a 
flat  plate.  The  solution  of  this  latter  problem  is 
given  in  Tbetjens  (1957)  and  shows  that  the 
oscillatory  shearing  motions  diminish  exponen- 
tially with  distance  from  the  surface.  The  decay 
is  given  by 

Taking  ft/p  — 0-04  for  blood  and  0*8  sec  for 
the  period  (=  2-n'/co),  then 

ji/e  =0-l  cm.  ' 

Hence  shearing  motions  decay  by  the  factor  1/e 
within  a distance  of  one  millimeter  from  the 
wall.  In  other  words,  the  boundary  layer  has 
time  to  grow  to  a thickness  of  one  miUimeter 
during  the  period  of  one  heart  beat.  The  stresses 
developed  by  viscosity  within  this  thin  layer  will 
of  course  be  much  greater  than  those  calculated 
earlier  for  the  body  of  fluid  within  the  bulb. 

More  difficult  questions  are  those  of  the  tran- 
sition to  turbulence  and  flow  separation.  Reynolds 
numbers  in  the  vicinity  of  the  heart  regularly 
exceed  those  found  by  Reynolds  for  transition 
in  a straight  smooth  pipe.  However,  comparisons 
of  the  flow  in  the  heart  and  aorta  with  standard 
hydraulic  experiments  should  be  made  with 
caution  because  of  the  imsteady  nature  of  the 
flow.  It  seems  doubtful  that  anything  resembling 
fully  developed  turbulent  pipe  flow  will  appear 
in  the  larger  arteries.  Transitory  separation 
accompanied  by  the  formation  of  jets  and  vorti- 
ces may  appear,  however,  but  their  prediction 
will  require  a deeper  study  than  we  have  under- 
taken here. 
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ELEMENTARY  THEORY  OF  SYNCHRONOUS 
ARTERIO-ARTERIAL  BLOOD  PUMPS* 

ROBERT  T.  JONES,  HARRY  E.  PEISCHEK  and  ARTHUR  R.  KANTROWITZ 
Avco  Everett  Research  Laboratory,  Everett,  Mass. 

Abstmct—In  the  technique  of  arterio-arterial  pumping,  a volume  of  fluid  is  withdrawn  from 
the  aorta  during  systole  and  reinjecl^ed  during  diastole,  thereby  reducing  the  systolic  pressure 
of  the  heart  and  adding  energy  to  the  systemic  circulation.  It  is  found  that  an  upper  bound  for 
the  effectiveness  of  siKh  devices  is  given  by  the  formula 

^Qh  ^ ^Pi  ^ Qb  Piu 
Qhu  Put  Qhu  P\u 

where  Qhu  is  the  stroke  output  of  the  unaided  heart  and  is  the  increment  caused  by  the 
pump  with  a stroke  Qb-  P%u  and  P^u  are  the  systolic  and  diastolic  pressures  (unaided).  is 
normally  negative  and  represents  the  reduction  in  ventricular  pressure.  The  division  of  effort 
of  the  pump  between  the  reduction  of  pressure  and  the  increase  of  flow  depends  on  the  physio- 
logical-mechanical impedance  of  the  heart.  The  total  effect  is,  however,  independent  of  the 
impedance. 


Arterio-arterial  pumping  provides  artificial 
assistance  to  the  circulation  by  withdrawing 
fluid  from  the  aorta  during  systole  and  re- 
injecting it  during  diastole. 

The  arterio-arterial  pump  may  take  the  form 
of  a simple  pulsating  bulb  attached  to  the  aorta 
and  may  operate  without  valves  of  its  own  pro- 
vided the  natural  aortic  valve  is  competent  and 
provided  the  pump  is  synchronized  with  the 
natural  heart.  During  systolic  ejection  from  the 
heart  the  bulb  is  expanded,  deflating  the  aorta 
so  that  the  outflow  from  the  heart  is  received  at 
a reduced  pressure.  During  diastole,  when  the 
aortic  valve  is  closed,  the  bulb  is  compressed 
inflating  the  aorta  and  providing  increased 
pressure  for  the  systemic  circulation.  Conven- 
tionally, these  events  are  timed  by  using  the 
i^-wave  of  the  ECG  complex  as  a signal.  This 
principle  of  synchronous  pumping  is  utilized  in 
the  Kantrowitz-Avco  auxiliary  ventricle  (Fig. 
1 A)  and  in  the  technique  of  intra-aortic  balloon 
pumping  proposed  by  KolfiT,  Moulopoulis  and 
Topaz  (see  Fig.  1C). 


The  action  of  such  devices  is  obviously  com- 
plicated by  their  dependence  on  the  natural 
heart.  Thus,  the  auxiliary  ventricle  (or  balloon) 
may  both  reduce  the  pressure  in  the  left  ventricle 
and  may  permit  the  natural  ventricle  to  eject  a 
greater  volume.  The  particular  division  be- 
tween these  two  effects  will  depend  on  the 
mechanical  impedance  of  the  heart  as  a genera- 
tor, a quantity  which,  in  turn,  depends  on  the 
padiologic  physiology  of  the  heart.  The  purpose 
of  the  present  paper  is  to  indicate  that  a simple 
relation  for  the  sum  of  these  effects  can  be 
derived  independently  of  the  mechanical  imped- 
ance of  the  natural  ventricle. 

Without  trying  to  settle  any  physiological 
questions,  it  is  of  interest  to  attempt  to  under- 
stand the  mechanical  action  of  the  synchronous 
arterio-arterial  pump  on  as  simple  a basis  as 
possible.  For  this  purpose  we  shall  employ  a 
simple  “windkesser’  model  of  the  aortic  system 
and  assume  linear  peripheral  resistances.  In 
this  model  the  incremental  pressure  in  the  aorta 
is  simply  proportional  to  the  volume  of  blood 


* First  received  25  September  1967  cmd  in  revised  form  20  Decendfer  1967. 
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Fio.  1.  Arterio-aiterial  pumps.  A,  Thoracic  auxiliary  ventricle;  B, 
Auxiliary  ventricle  in  descending  aorta;  C,  Intra-amtic  ballocm  pump. 


injected  into  it.*  The  pressure  and  volume  decay 
exponentially  with  flow  through  the  peripheral 
resistances.  Typical  physiological  values  of  the 
resistance  R and  the  capacitance  C give  values 
of  RC  between  0*7  and  1*5  sec. 

Consider  first  the  effect  of  an  arterio-arterial 
pump  with  the  natural  heart  completely  inactive. 
We  assume  here  that  the  left  ventricle  and  the 
atrimn  present  no  impedance  to  flow  and  pro- 
vide a reservoir  of  blood  at  a low  but  constant 
(atrial)  pressure  and  that  both  the  aortic  and 
mitral  valves  open  when  the  pressure  in  the 
aorta  falls  below  this  value  (see  Fig.  2).  During 
the  intake  stroke  the  pump  must  first  withdraw 
enough  blood  from  the  aorta  to  reduce  the 
pressure  to  the  atrial  level  and  thus  to  open  the 
valves.  The  remainder  of  the  stroke  is  then 
effective  in  withdrawing  blood  from  the  reser- 
voir. Following  completion  of  the  intake  stroke 
we  assume  that  the  pump  quickly  ejects  its 
contents  gj  into  the  aorta,  closing  the  aortic 
valve  and  raising  the  pressure  by  an  amount 


where  C is  the  capacitance  of  the  aorta,  i.e. 


(dP/dfi) 

During  the  interval  following  ej«;tion  the 
pressure  in  the  aorta  will  give  rise  to  flow 


©—AORTIC  VALVE  OPENS 
©-AORTIC  VALVE  CLOSES 


Flo.  2.  Stroke  Qrcle  of  arterio-arterial  pump.  Aortic  valve 
opens  at  A,  closes  at  B.  (1)  is  the  pomp  stroke,  (2)  is  the 
volume  ejected  from  the  heart  into  the  aorta,  (3)  is  the 
instantaneous  volume  in  the  aorta  whidi  is  proportional 
to  the  aortic  pressure. 


* As  an  approximate  correction  fdr  the  position  of  the  pump  along  the  aorta  one  should  make  allowance  for  the 
elay  in  wave  propagation  by  altering  the  phase  of  the  pump  ^de. 
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through  the  peripheral  resistances  and  the 
pressure  will  fall  to  the  value  P,  such  that 

Px-P.  = ^®(l - (2) 

where  X=  ^ and  P is  the  peripheral  resistance. 

Clearly,  if  the  interval  t,  were  sufficiently  long 
the  aorta  would  deflate  completely  and  the 
whole  stroke  volume  Qb  of  the  pump  would  find 
its  way  into  the  systematic  circulation.  How- 
ever, if  the  diastolic  interval  t,  are  short,  the 
valveless  pump  will  expend  most  of  its  effort 
simply  inflating  and  deflating  the  aorta.  The 
outflow  during  a cycle  will  be 

Qh  = C{Pr'  - P.O  ==  Qb  (1  - e-^^»)  (3) 

The  qxiantity  1 — e”^"'*  is  thus  a measure  of  the 
stroke  effectiveness  of  the  pump*  assuming  that 
the  pump  is  operated  in  the  manner  specified. 
For  X = 1-0  and  Tj  = 0-5  we  have  Qh  = 04  Qb 
so  that  the  effectiveness  in  this  case  is  40  per  cent. 
It  is  clear  that  the  value  given  by  equation  (3)  is 
an  upper  bound  for  the  effectiveness  since  we 
have  assumed  that  no  time  is  wasted  in  expelling 
the  pump  volume  Qb  into  the  aorta. 

It  is  interesting  that  in  the  case  of  the  active 
heart  the  flow  contributed  by  the  pump  is  still 
given  by  equation  (3)  provided  the  flow  imped- 
ance of  the  heart  is  negligible. 

Figure  3 compares  the  pressture  pulse  for  the 


unaided  and  aided  heart.  Pi  is  defined  here  as 
the  pressure  just  following  closure  of  the  aortic 
valve.  At  the  instant  of  closure  we  assmne  that 
the  auxiliary  pump  ejects  its  contents  Qb  into 
the  aorta.  This  ejection  raises  the  aortic  pres- 
sure from  Pi  to  Pi' 

Pi'  = Px  + ^'  (4) 

(This  equation  is  a modification  of  equation  (1) 
taking  into  acx:otmt  that  the  pressure  at  the 
initiation  of  pump  ejection  is  Pi  rather  than 
zero.)  During  the  diastolic  interval  t,  an  out- 
flow through  the  peripheral  resistances  takes 
place  reducing  the  pressure  in  the  aorta  from 
Pi'  to  P/. 

p/  _ p/  = p/  (1  _ (5) 

The  total  outflow  Qu  during  a cycle  virill  be 
Qn  ^Q,  + iPx’  -P^)C  (6) 

where  Qs  is  the  outflow  to  the  peripheral 
resistance  during  the  systolic  interval.  Substi- 
tuting from  (1)  and  (2)  we  obtain 

<2ft  = + PiC  (1  -e-’^^*)  -1-  Qb  (1  - e-^^«)  (7) 

In  case  the  heart  is  presswe-limted  but  offers 
no  impedance  to  additional  flow  Pi  will  not  be 
affected  by  the  auxiliary  pmnp  (Pi  = Pi»)  and 
the  contribution  to  the  flow  will  be  given  by  the 
term 

(8) 


AORTIC.  PRESSURE 
VENTRICULAR  PRESSURE 


Fig.  3.  EfiFect  of  arterio-arterial  pumping  on  ventricular  and  aortic  pressures. 


* In  spite  of  a decrease  of  stroke  effectiveness  the  total  flow  volume  increases  when  the  pump  is  operated  at  a 
faster  rate,  however. 
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as  before.  The  quantity  1 — may  be  con- 
veniently expressed  as  the  ratio  of  the  natural 
ptilse  pressure  to  the  systolic  pressure  of  the 
unaided  heart.  Relations  for  the  unaided  heart 
can  be  obtained  by  taking  = 0,  i.e.  no  pump 
stroke,  in  the  above  equations.  In  this  case 
Px  = Pi  = Pitt  and  Pa'  = Pa  = Patt  and  equa- 
tion (5)  can  be  rewritten  as 


so  that 


^Qh  Pitt  ^ Pm 

Qb  Pitt 


(9) 


or  expressed  as  a fractional  change  in  stroke 
output 


^Qh  _ Qb  Pitt  — p2tt 
Qhu  Qhu  Pitt 


(10) 


The  concept  of  a “source  impedance”  of  the 
heart  as  it  is  to  be  understood  in  our  analysis 
is  perhaps  not  a conventional  physiological 
concept  and  deserves  some  elaboration.  A 
heart  supposed  to  have  a very  high,  or  infinite, 
impedance  will  eject  a fixed  volume  with  each 
stroke  and  this  volume  will  not  be  affected  by 
the  pressure  in  the  aorta.  Thus,  in  this  extreme 
the  excursion  of  the  heart  muscle  is  supposed  to 
be  unaffected  by  the  tension  developed  in  the 
muscle.  In  this  case  the  artificial  reduction  of 
pressure  in  the  aorta  by  the  auxiliary  pump  will 
not  lead  to  any  increase  of  flow  but  will  result 
solely  in  a reduction  of  ventricular  pressure. 

At  the  other  extreme  one  can  envision  a heart 
muscle  which  develops  its  maximum  possible 
tension  on  each  stimulus,  but  which  is  capable 
of  greater  or  smaller  excursion. 

In  the  more  general  ease  the  heart  will  present 
a finite  impedance  to  flow  and  the  eff“ort  of  the 
pump  will  be  divided  between  a reduction  of 
pressure  in  the  left  ventricle  and  an  increase  of 
flow.  It  is  interesting,  however,  that  a relation 
combining  the  two  effects  is  independent  of  the 
impedance.  For  the  unaided  heart  equation  (7) 
reduces  to 

Qhu  = Qsu  + Pru  C (1  - (1 1) 


We  now  assume  that  the  flow  into  the  peripheral 
resistances  during  systole  is  proportional  to  the 
systolic  pressure  Pi,  and  that  the  intervals  xt,  t, 
are  unchanged  by  the  pump.  Thus, 

Qs  = P.jXk  (12) 


where  xj,  is  the  systolic  interval  and  k is  a con- 
stant of  proportionality.  We  then  have 


Qh  = PiC 

f + 1 

IRC^ 

- 

+ Qbil 

-e'^‘^0 

(13) 

and 

Qhu 

= PiuC 

pi  + 1- 

Uc 

(14) 

Subtracting 

(14)  from  (13)  and  substituting 

+ 0 
RC  ^ 

Qhu 

Piu 

we  obtain 

Qh  — Qhi 

Pi  PlU  ^ 1 ^ rx 

u,  p Qhu  + Qb  (1  e 

and  finally 

1 

Pi-p 

Pm 

IK  Qb  .. 

Qhu^ 

- e"^^>) 

(15) 

or 

^Qh  APi  ^ Qb  Piu  ~ Piu  (16) 
Qhu  Piu  Qhu  Piu 

Thus  the  total  effect  of  the  auxiliary  pump  is 
proportional  to  its  stroke  volume  ratio  and  to 
the  pulse  pressure  ratio  of  the  unaided  heart. 

The  determination  of  either  Ag*  or  APi 
alone  requires,  of  course,  a second  relation  for 
the  source  impedance  of  the  heart  which  is  at 
present  unknown. 

Equation  (16)  may  be  considered  an  upper 
bound  for  the  effectiveness  since  we  have 
assumed  instantaneous  withdrawal  and  ejection 
from  the  pump.  If  the  pump  stroke  occupies  a 
finite  time  interval,  then  the  effectiveness  will 
fall  below  that  given  by  (16).  Since  our  relations 
are  linear  it  is  not  difficult  to  extend  this  result 
to  cases  of  prescribed  injection  or  withdrawal. 
An  interesting  example  which  illustrates  the 
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effect  of  finite  ejection  time  is  provided  by  the 
case  in  which  withdrawal  and  ejection  by  the 
pump  imitate  those  of  the  natural  imaided 
heart  exactly.  Assuming  the  heart  to  have 
infinite  impedance,  the  aortic  pressure  variation 
wOl  then  be  left  unchanged  in  form  but  will  be 
shifted  in  phase  by  the  systolic  interval  ti.  The 
ventricular  pressure  vdll  follow  the  variation  of 
diastolic  pressure  over  an  interval  ti  near  the 


Fig,  4.  Idealized  operation  of  pump  to  shift  aortic  pres- 
sure curve 
Px=Pxu 

Pi  = P^u- 

end  of  diastole.  Figure  4 shows  the  construc- 
tion of  this  pressure  curve.  The  result  is 

= l (17) 

Piu  P tu  Qh 

and  is  precisely  equal  to  our  upper  bound  for 
the  effectiveness.  However,  it  should  be  noted 
that  the  form  of  the  ventricular  pressure  curve 
has  been  changed  by  the  pump  (i.e.  the  propor- 
tionality factor  k has  been  changed)  so  that  its 
typical  magnitude  is  no  longer  proportional  to 
Pi,  but  is  somewhat  higher,  showing  the  effect 
of  finite  ejection  time. 


Limited  experience  acquired  thus  far  suggests 
that  the  undamaged  or  healthy  heart  acts  as  a 
constant  flow  generator  so  that  the  effect  of 
artificial  pumping  is  chiefly  to  reduce  the  left 
ventricular  pressure  (A  There  are 

indications,  however,  that  the  failing  heart  may 
be  pressure-Kmitcd  and  not  flow-limited  so  that 
the  flow  can  be  increased  by  the  artificial  pump. 
In  this  case  the  reduction  of  left  ventricular 
pressure  will  not  be  so  great  but  the  beneficial 
effect  on  the  patient  may  be  greater. 

In  our  analysis  we  have  emphasi^d  the 
simplest  possible  relations  and  have  obtained  a 
result  which  is  obviously  capable  of  refinement 
in  several  respects.  Thus  in  equation  (12)  the 
outflow  during  systole  could  be  represented 
more  accurately  by  an  integral  involving  the 
average  pressure  during  systole.  Various  pro- 
grams for  the  rate  of  vrithdrawal  or  ejection  by 
the  pump  might  also  be  incorporated  by  means 
of  a convolution  integral.  Perhaps  more  serious 
is  our  assumption  that  the  ventricular  pressure 
curves  remain  similar,  and  similarly  related  to 
the  pressures  at  which  the  aortic  valve  closes 
(equations  13  and  14).  It  appears,  however, 
that  a further  refinement  of  this  hypothesis  will 
require  a deeper  study  of  the  physiological 
response  of  the  heart  to  the  artificial  assist 
device. 
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BLOOD  FLOW 

By  Robert  T.  Jones 

AvcO‘Everett  Research  Laboratory t Everett,  Massachus^ 

For  our  purposes  the  blood  may  be  treated  as  a liquid  having  about  the 
density  of  water  in  which  is  suspended  a remarkably  high  concentration 
(40  per  cent  to  50  per  cent)  of  red  cells,  together  with  a smaller  volume  of 
other  so-called  ‘‘formed  elements”  such  as  platelets  and  white  blood  cells. 
The  liquid  component,  or  plasma,  has  a viscosity  coefficient  about  times 
that  of  water  (/*  = .015).  On  the  scale  of  most  arteries  the  whole  blood  may  be 
treated  as  a Newtonian  fluid  with  3 to  5 times  that  of  water,  depending  on 
the  hematocrit.  Evidently  the  concentration  of  red  cells  contributes  greatly 
to  the  viscosity.  It  is  not  surprising,  therefore,  that  in  smaller  vessels  whose 
diameter  is  comparable  with  that  of  the  cells  the  behavior  is  not  well  de- 
scribed by  simple  rheological  coefficients. 

If  the  flow  region  is  large  compared  with  the  dimensions  of  the  cells, 
theories  of  the  viscosity  of  suspensions  are  applicable  and  serve  to  explain 
the  increase  of  viscosity  with  increased  concentration  of  suspended  particles. 
An  excellent  and  comprehensive  review  is  that  by  Goldsmith  & Mason  (1). 

Such  theories  follow  the  original  treatment  of  Einstein  in  1905  (2). 
Einstein  considered  a dilute  suspension  of  spherical  particles  which,  though 
rigid,  were  free  to  move  with  the  fluid  and  to  rotate  under  the  influence  of 
shearing  motions.  After  the  appropriate  translation  and  rotation  have  been 
subtracted  out,  the  local  fluid  distortion  reduces  to  a flow  in  which  the  undis- 
turbed streamlines  are  hyperbolic.  Einstein  calculated  the  Stokes  flow  about 
a sphere  in  such  a velocity  field  and  related  the  increased  dissipation  due  to 
the  presence  of  the  sphere  to  an  effective  increase  of  viscosity  of  the  medium. 
His  result  is 

, 1. 

where  c is  the  volume  concentration  of  spherical  particles. 

The  surprising  thing  about  Einstein’s  result  is  the  large  effect  of  the  sus- 
pended particles  on  the  viscosity.  A simple  division  of  the  medium  into  rigid 
and  fluid  portions,  assuming  that  the  shearing  deformation  is  limited  to  the 
fluid  component,  would  produce  the  result 

m'-m(1+c)  2. 

for  small  concentrations.  Evidently  the  spheres,  though  they  accommodate 
partly  to  the  shearing  motion,  produce  a greater  effect  than  would  be  ex- 
pected from  elementary  considerations.  The  result  given  by  Equation  2 is 
actually  obtained  by  G.  I.  Taylor  for  gas  bubbles  (3). 

Einstein’s  theory  has  been  extended  by  Simha  and  others  (4,  5)  to  ellip- 
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soidal  particles.  The  values  obtained  for  nonspherical  particles  are  larger 
than  those  for  spheres,  becoming  logarithmically  infinite  for  extreme  propor- 
tions. For  flattened  ellipsoids  of  6 to  1 axis  ratio  (about  the  proportions  of  a 
red  blood  cell)  (4)  gives 

= /*(!  -h  5c)  3. 

For  a concentration  of  40  per  cent  we  obtain  — 3/i.  Taking  the  viscosity  of 
plasma  as  /i— .015,  the  result  is  >t'=.045.  Though  the  concentration  is  by  no 
means  small,  it  can  be  seen  that  there  is  rough  agreement  with  measured 
values. 

Theoriesof  suspensions  lead  to  a linear,  Newtonian,  viscosity.  Experiments 
with  whole  blood  (6)  show,  however,  an  increasing  value  of  at  small  rates 
of  deformation.  Thus,  at  shear  rates  of  1 per  sec,  the  viscosity  is  about 
doubled.  The  stress  level  at  which  the  non-Newtonian  component  begins  to 
be  evident  is  thus  about  1/10  dyne/cm*.  On  the  other  hand,  the  normal 
stress  corresponding  to  a pressure  of  1 mm  Hg  is  about  1000  dynes/cm®. 

The  relative  stiffening  of  the  fluid  at  low  rates  of  strain  will  lead  to  ^ 
modiflcation  of  the  parabolic  velocity  profile  in  Poiseuille  flow,  and  in  the 
extreme  case  (Bingham  fluid)  to  a blunt-nosed  profile  or  "plug  flow.”  It  is 
of  interest  to  estimate  the  size  of  this  plug  in  the  case  of  a typical  small  blood 
vessel.  For  Poiseuille  flow  we  have 

du  r 

“7"  “ ' * i^mean”  4. 

dr  fir 

Assuming  a vessel  of  radius  ro”l  mm  with  Umean  equal  to  10  cm/sec,  we 
obtmn  r = .001  cm,  or  100ft.  The  effect  of  non-Newtonian  viscosity  is  evi- 
dently quite  negligible  in  vessels  of  1 mm  or  larger.  The  effect  on  wall  fric- 
tion in  oscillatory  or  pulsatile  flow  has  been  studied  by  M.  G.  Taylor  (7). 

The  anomalous  viscosity  of  blood  becomes  more  prominent  in  the  smaller 
vessels  and  capillaries,  and  it  is  in  these  vessels  that  the  primary  dissipation 
of  energy  in  the  circulatory  system  occurs.  According  to  Zweifach  (8)  the 
collective  length  of  capillaries  in  the  human  body  amounts  to  about  60,000 
miles.  The  chief  pressure  drop  evidently  occurs,  however,  in  somewhat  larger 
vessels,  arterioles,  which  control  the  peripheral  flow  by  means  of  precapillary 
sphincters  [see  (9)].  A preliminary  study  of  the  mechanical  properties  of  these 
small  vessels  has  been  reported  by  Y.  G.  Fung  (10). 

In  such  small  vessels  the  flow  is  greatly  complicated  by  the  relatively 
large  size  of  the  suspended  particles,  which  may  occupy  the  whole  cross 
section  of  the  vessel.  In  this  regime,  rheological  concepts  become  inappropri- 
ate and  one  must  analyze  the  phenomena  in  detail.  An  analysis  of  viscous 
flow  in  a tube  with  large  spherical  particles  has  been  given  by  Wang  & 
Skalak  (11)  . 

Flow  AND  Pressure  in  the  Heart  and  Large  Arteries 

In  the  heart  and  the  larger  arteries  the  flow  is  dominated  by  normal  pres- 
sures and  by  the  elasticity  of  the  vessels. 
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Fxg.  1.  Left  heart,  aorta,  and  mam  branches. 

Figure  i shows  a greatly  simpMed  sketch  of  the  heart  and  the  aorta 
together  with  some  of  the  main  branches.  Also  shown  are  typical  percentages 
of  flow  to  various  organs.  The  total  outflow  from  the  heart,  as  w^  as  its 
distribution,  vary  widely  under  diflerent  physiological  drcumstances. 

Figure  2 shows  some  features  of  a typical  pulse  of  the  left  heart.  Ejection 
from  the  heart  into  the  aorta  is  remarkably  rapid,  occurring  with  an  ac<^era- 
tion  of  1000  to  5(KK)  cm/se<^  (i.e.,  1 to  5 “g’s”)  and  with  a peak  velocity  if  as 
high  as  100  cm/sec  [see  (12, 13)].  In  spite  of  this,  the  kinetic  energy  of  flow  is 
but  a small  fraction  of  the  enei^  of  the  heart  beat.  Thus  p/2if*  may  have  a 
peak  value  of  3 to  4 mm  Hg,  while  the  aortic  pressure  varies  from  70  to  120 
mm.  The  major  fraction  of  the  pulse  energy  appears  as  elastic  inflation  of 
the  aorta. 

Pressure  developed  in  the  right  heart  and  the  pulmonary  artery  is  con- 
siderably smaller  than  the  pressures  in  S3^temic  arteries.  The  flow  ^ei^ 
is  thus  a larger  fraction  of  the  total  on  the  right  side,  but  in  nmther  case 
does  it  dominate.  The  dominant  role  of  the  pressure  may  be  seen  in  the  archi- 
tecture of  the  arterial  system.  Branching  arteries  show  no  o)nristent  ten- 
dency to  come  off  in  the  direction  of  flow,  90®  bring  a common  branchii^ 
angle. 

Since  the  flow  in  the  upper  part  of  the  aorta  occuis  in  short  spurts  fol- 
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lowed  by  longer  periods  of  near  zero  velocity,  it  is  of  interest  to  ^timate  the 
unsteady  growth  of  the  viscous  boundary  layer  during  this  period.  Such  an 
estimate  shows  that  the  boundary  layer  can  grow  to  a thickness  of  approxi- 
mately 1 mm  during  the  ejection  period.  Since  the  aorta  is  two  or  more  centi- 
meters in  diameter  in  this  region,  the  flow  is  evidently  far  from  that  de- 
scribed by  Poiseuille’s  law. 

The  Reynolds  number  corresponding  to  an  ejection  velocity  of  100  cm/ 
sec  and  a diameter  of  2 cm  is  approximately  5000,  higher  than  the  Reynolds 
number  for  transition  to  turbulence  in  steady  pipe  flow.  However,  since  the 
wall  vorticity  has  diffused  inward  only  one  tenth  of  the  arterial  radius,  transi- 
tion in  the  usual  sense  can  hardly  occur. 

Flow  near  the  heart  and  in  the  larger  arteries  is  thus  dominated  by  iner- 
tial stresses  and  is  not  turbulent  in  the  usual  statistical  sense.  Flows  in  this 
regime  are  nevertheless  greatly  modified  by  the  action  of  viscosity  (separa- 
tion, vortical  flow),  though  they  are  typically  insensitive  to  the  magnitude 
of  the  viscosity  . 

Figure  3 shows  the  resistance  of  a sphere,  approximately  the  size  of  an 
artificial  heart  valve,  plotted  against  the  relative  viscosity.  Without  viscosity 
the  sphere  would  have  no  drag,  yet  a 100-fold  variation  in  /*  hardly  affects 
the  magnitude. 

Although  the  flow  in  the  heart  is  probably  quite  irregular,  it  is  neverthe- 
less instructive  to  examine  some  simplified  mathematical  models  of  fl.ow  in 
a pulsating  bulb  [see  (14)].  For  this  purpose  we  consider  flows  ;with  a potential 
0 given  by 


<f>  = -f"  /Sy*  “b  7^* 
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where  a,  y are  functions  of  the  time  with 

+ t(0  6. 

and  Xt  jy  z are  Cartesian  coordinates.  Such  flows  have  the  property  that  ini- 
tially plane  surfaces  convected  with  the  fluid  remain  plane.  Successive 
changes  in  the  shape  of  a bulb  are  thus  related  to  an  (arbitrary)  initial  shape 
by  affine  transformations. 

If  the  time  dependence  in  Equation  5 is  represented  by  a single  function, 
as  in 

<i>  = /(O  4*  y,  z)  7. 

where  a,  c are  constants  with 

a & "h  “ 0 8. 

then  the  streamlines  will  be  stationary  though  the  flow  is  time  dependent. 
Figure  4 shows  streamlines  for  a flow  of  this  type.  Here  a= 2,  6 — — 1,  c = — 1, 
and  the  flow  is  axially  symmetric  with  a stagnation  point  at  the  prigin.  Start- 
ing with  a bulb  of  arbitrary  shape,  successive  shapes  are  obtained  by  a simple 
stretching  transformation.  Figure  4 illustrates  this  process.  In  order  to  ap- 
proximate the  condition  of  a fixed  outlet  or  mouth  of  the  bulb,  the  shape 
should  be  drawn  so  that  it  becomes  a tangent  to  the  streamlines  in  the  neigh- 
borhood of  the  exit. 

With  the  effect  of  viscosity  omitted,  the  pressure  at  points  within  the 
bulb  will  be  given  by 

P = - 0>/2)(«*  + 1>*  + «>*)[/«)]*  - p/'«)  9. 

where  0a:,  The  expression  for  the  pressure  contains  an  arbi- 


Fig.  4.  Streamlines  for  collapsing  bulb. 


trary  function  of  the  time,  Po(Oi  which  must  be  determined  by  the  impedance 
into  which  the  bulb  works. 

For  flows  with  stationary  streamlines  the  isobaric  surfaces  given  by 
and  <f>  in  Equation  7 are  also  stationary.  Figure  5 shows  these 


Fig.  5.  Isobaric  surfaces. 


BLOOD  FLOW 


isobaric  surfaces  for  flows  with  axial  syittmetry.  The  component  associated 
with  0 may  be  termed  the  ‘‘acceleration  pressure**  while  (p/2)(u^+v^+w^) 
\f{t)Y  is  the  “Bernoulli  pressure/*  In  an  oscillatory  flow  the  latter  component 
will  oscillate  at  twice  the  frequency  of  the  former. 

Figure  6 shows  pressures  computed  by  the  above  formulae  for  the  initial 
instant  of  collapse  of  the  bulb  shown.  Here  and  the  pressures 

are  entirely  due  to  acceleration  of  the  flow  [P  = P© For  an  ejection 
curve  of  the  type  shown  on  Figure  2,  the  pressure  changes  within  the  bulb 


X 


Fig.  6.  Initial  distribution  of  pressure  within  collapsing  bulb. 


amount  to  4 or  5 mm  Hg,  while  the  outlet  pressure  may  be  70  mm.  Pressures 
due  to  the  acceleration  of  flow  within  the  heart  are  thus  of  the  same  order  as 
the  “Bernoulli**  pressures. 

If  the  aorta  behaved  as  a rigid  pipe,  the  inertial  reaction  would  lead  to 
excessive  outlet  pressures.  The  elastic  compliance  of  the  aorta  serves  an  im- 
portant function  in  smoothing  out  pressure  fluctuations  from  the  heart. 
Thus  the  simplest  theory  of  the  action  of  the  aorta  is  known  as  the 
kessel  theory**  (15),  relating  its  action  to  that  of  the  pneumatic  chamber 
formerly  used  to  smooth  the  impulses  from  fire  engine  pumps. 

According  to  the  windkessel  theory,  the  aorta  acts  simply  as  an  elastic 
bag  or,  in  electrical  terms,  as  a capacitor.  The  incremental  pressure  developed 
in  the  aorta  is  then  proportional  to  the  volume  ejected  into  it.  Typically, 
the  ejection  of  50  cc  of  blood  into  the  aorta  will  raise  the  pressure  from  70 
mm  to  120  mm,  or  by  62X10*  dynes/cm^  so  that  dP/dQ=  (62  Xl0*)/50. 
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Considered  together  with  a “lumped”  peripheral  resistance,  the  wind- 
kessel  theory  leads  to  a simple  exponential  decay  of  pressure  in  the  aorta 
during  diastole  according  to  the  formula 

Pd^P,(T^  10. 

where  X-(l/i?)(dP/d0. 

Values  for  R may  be  estimated  from  data  given  in  textbooks  on  physiol- 
ogy. For  a mean  aortic  pressure  of  100  X 10^  dynes/cm®  and  a cardiac  output 
of  70  cc/sec,  the  value  of  R works  out  to  1400.  The  time  constant  1/X  is  then 
approximately  0.9  sec. 

The  windkessd  theory  gives  remarkably  good  predictions  of  pressure  in 
the  larger  arteries  during  diastole.  The  inflation  of  the  arterial  system  is, 
however,  complicated  by  the  phenomenon  of  wave  propagation  and  reflec- 
tion, which  involves  the  lengths  of  the  arteries.  The  propagation  of  pulse 
waves  was  first  investigated  mathematically  in  1808  by  T.  Young  (16)  who 
gave  the  basic  formulation. 

Pulse  Wave  Phenomena 

Perhaps  the  most  comprehensive  recent  analysis  of  pulse  wave  phenom- 
ena is  that  by  Womersley  (17).  An  excellent  review  of  modern  work  is  given 
by  Skalak  (18). 

An  instructive  derivation  of  Young’s  formula  results  if  one  chooses  axes 
in  which  the  pulse  waves  are  stationary  and  the  flow  steady.  Consider  a long 
elastic  tube  filled  with  incompressible  liquid  flowing  at  a velocity  c.  Small 
wavelike  changes  in  diameter  of  the  tube  will  be  opposed  by  changes  in  the 
elastic  tension  of  the  wall.  In  addition  to  the  pressure  developed  by  elastic 
stress,  bulges  in  the  tube  will  also  cause  changes  in  the  flow  velocity  and, 
hence,  the  pressure  developed  in  the  fluid.  For  small  flow  velocities  the  elastic 
pressure  will  dominate,  restoring  the  tube  to  its  initial  straight  form.  How- 
ever, for  a sufficiently  high  velocity  c,  the  changes  in  fluid  pressure  can  over- 
come the  elastic  restoring  tension.  At  this  speed  the  tube  is  neutrally  stable 
and  variations  in  cross-sectional  area  will  retain  whatever  form  is  given  them. 
The  internal  pressure  associated  with  circumferential  tension  T in  the  tube 
wall  is 


and 


or 


dP  1 „ 
— — = — jEt 

m 


11. 


dP  Er 
dA  ~ 2AR 


where 


A 


Here  E is  the  elastic  modulus,  and  r is  the  thickness  of  the  wall. 
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Turning  to  the  pressure  developed  by  the  motion  of  the  fluid  we  can  write 
P = Po  - {p/2){c  + «)*  12. 


so  that 


Ap  ^ — puc  13. 

Here  u is  the  perturbation  (assumed  small)  produced  by  the  change  in  cross- 
sectional  area.  From  continuity  we  may  write 

cdA  = — uA 

so  t)i3,tdp=pc\dA/A),  or 

dp  pc^ 

Equating  this  ‘‘Bernoulli  pressure”  to  the  pressure  developed  elastically 
(Equation  11)  we  obtain 


If  the  flow  velocity  exceeds  c,  then  the  Bernoulli  pressures  will  dominate  the  ^ 
elastic  restoring  pressures  and  stationary  waves  will  grow  in  amplitude.  It 
may  be  expected  that  attempts  to  force  fluid  through  an  elastic  tube  (with 
fixed  ends)  at  a velocity  greater  than  c will  result  in  unstable  distortions. 

Transforming  to  axes  moving  at  the  velocity  we  obtain  Young's 
formula  for  the  wave  speed,  Equation  14,  in  a tube  with  zero  mean  velocity. 
More  generally,  if  the  mean  velocity  is  I7o  we  find  that  the  waves  travel  at 
the  velocity  c in  either  direction  relative  to  axes  moving  at  the  velocity 
t/o,  i«e,,  the  waves  are  convected  with  the  fluid.  The  pressure  is  now  ^ven 
by  Equation  13  with  the  sign  reversed  if  we  adopt  the  convention  that  u is 
positive  in  the  direction  of  the  wave. 

The  foregoing  analysis  presents  the  problem  in  its  simplest  terms. 
Olsen  & Shapiro  (19)  have  investigated  several  of  the  nonlinear  effects  asso- 
ciated with  waves  of  larger  amplitude.  One  interesting  result  of  their  analysis 
is  that  the  nonlinear  elasticity  of  a material  like  rubber  cancels  the  nonlinear 
component  of  the  hydrodynamic  pressure,  producing  a “linear”  behavior  for 
large-amplitude  waves. 

Our  analysis  has  assumed  one-dimensional  flow.  However,  solutions  that 
show  the  effect  of  radial  motions  of  the  liquid  are  available  in  the  hydrody- 
namic literature  [e.g.,  Lamb  (20a)  p.  472].  Figure  7 shows  the  effect  of  radial 
motions  in  reducing  the  speed  of  shorter  waves.  A more  complete  treatment, 
including  unsymmetrical  modes,  will  be  found  in  the  paper  by  Anliker  & 
Maxwell  (20). 

Since  the  arteries  are  imbedded  in  tissue,  an  estimate  of  the  effect  of  a 
surrounding  medium  on  the  pulse  is  of  interest.  Figure  8 shows  the  influence 
of  a surrounding  liquid  on  the  wave  velocity  of  tubes  filled  with  the  same 
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liquid.  Such  an  eflfect  simidates  the  inertial  imp^ance  of  the  surrounding 
tissue,  but  does  not  Emulate  viso>us  or  elastic  effects. 

A treatment  of  the  tapered  artery  based  on  the  assumption  of  constant 
wave  speed  c leads  to  the  well-known  differential  equation  used  in  the  study 
of  acoustic  horns.  An  analysis  of  an  ^ponentiialiy  tapered  artery,  on  this 
bads,  has  been  given  by  R.  L.  Evans  (21).  A somewhat  ampler  analysis, 
adaptable  to  a conical  taper,  utilizes  the  spherical  wave  equation;  i.e., 


In  this  ease,  pressure  pulses  retain  thdr  shape  but  vary  in  amplitude  in- 
versely as  the  vessel  diameter.  The  velocity,  given  by  d^/dR,  shows  a more 
complicated  dependence. 

Branching  Arteries:  Peripheral  Impedance 

Proceeding  from  the  large  arteries  to  smaller  branching  vessels,  viscosity 
begins  to  play  an  increasingly  important  role.  A very  complete  treatment  of 
the  effects  of  viscosity  in  pulsatile  flow  has  been  given  by  Womersley.  In  the 
larger  arteries  vortidty  can  diffuse  only  a short  distance  into  the  flow  during 
a pulse.  In  smaller  arteries,  however,  the  unsteady  boundary  layer  begins  to 

2/»r  rrt  lo 
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Fig.  8.  Effect  of  ^rrounding  liquid  on  pulse  wave  velocity. 
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occupy  the  total  cross  section  of  the  artery.  As  an  introduction  to  Womers- 
ley’s  results,  it  is  instructive  to  consider  the  oscillatory  shearing  motion  of  a 
viscous  liquid  produmi  by  a flat  surface  osdllatiag  in  its  own  plane.  In  this 
case  a well-known  solution  gives 

u = cos  {«#  — ky)  15. 

where  k = (n/2vy^\  Here  u is  the  velocity  (parallel  to  the  plate) , y is  the  dis- 
tance normal  to  the  surface,  and  y is  the  kinematic  viscosity.  For  a normal 
heart  rate  n is  about  10.  Taking  p as  0,05  we  obtain  k — 10  ; hende,  the  oscilla- 
tory shearing  motions  diminish  to  1/e  of  the  surface  value  at  y =0.1, or  1 mm. 

For  a vessel  2 cm  in  diameter  the  viscosity  hardly  modifies  the  velocity 
profile.  Such  a thin  boundary  layer,  however,  leads  to  values  of  wall-shearing 
str^  considerably  higher  than  those  for  steady  Poiseuille  flow.  The  shearing 
stress  on  the  osdllating  plate  is  given  by 

T = pV^«»C08  (-^t)  16. 

and  is  thus  45®  out  of  phase  with  the  velocity.  For  a peak  velodty  Un  of 
100  cm/sec,  y=0.05,  i^  = iO  as  above,  we  obtain 

Tnifia  = 140  dynes/cm 
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For  an  artery  50  cm  long,  this  value  corresponds  to  a pressure  drop  of  ap- 
proximately 11  mm  Hg  at  peak  flow^ — about  7 times  that  associated  with 
steady  Poiseuille  flow. 

Our  rough  calculation  is  intended  only  to  give  an  intuitive  picture  of  the 
problem.  For  rigorous  theory  and  results  one  should  refer  to  Womersley’s 
paper.  Oscillatory  shearing  motion  adjacent  to  a flat  surface  is  simply  a 
damped  sinusoid  with  surface  traction  45°  out  of  phase  with  the  velocity  for 
all  frequencies.  In  a circular  tube  the  oscillations  are  described  by  Bessel 
functions  and  the  phase  shift  is  a function  of  the  frequency. 

For  blood  vessels  below  a certain  diameter,  the  diffusion  of  vorticity  is 
essentially  complete  at  every  stage  of  an  oscillatory  flow.  Since  the  Reynolds 
number  is  quite  small,  the  flow  is  dominated  by  viscosity.  In  this  limiting 
case  the  equation  of  motion  is  simply  Poiseuille's  formula 


dx 


17. 


The  continuity  relation  is,  however,  modified  by  the  elasticity  of  the  vessel ; 
i.e., 


dA 


18. 


Introducing  the  relation  between  the  pressure  and  the  elastic  distension  of 
the  cross  section  by  means  of  the  pulse  wave  velocity  c,  we  write 


dP  “ c* 


U 


19. 


so  that  Equation  18  becomes 
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0 


20. 


Eliminating  between  Equations  17  and  20  we  obtain  for  the  pressure 


d^P  dP 


0 


21. 


which  is  the  well-known  diffusion  equation.  Evidently  in  vessels  of  this  size 
the  pulse  no  longer  travels  as  a wave,  but  is  reduced  to  a diffusion  of  pressure 
by  the  action  of  viscosity.  Equation  21  has  a one- parameter  family  of  solu- 
tions corresponding  to  a step  input  of  pressure,  viz., 


AP 

AP« 


2r  ^ pcH  . 


22. 


The  phenomenon  of  diffusion  of  pressure  is  evidently  restricted  to  vessels 
smaller  than  1 mm  in  diameter.  To  determine  the  critical  size,  we  may  com- 
pare the  pressure  at  a point  along  the  artery  with  the  pressure  that  would 
arrive  at  that  point  if  the  pulse  wave  were  unimpeded.  Hence,  we  set  t in 


BLOOD  FLOW 


Equation  22  equal  to  x/c.  For  c=  1000,  r ~0.05  we  find  that  the  pulse  is  re- 
duced to  one  half  in  a distance  of  6 cm. 

Perhaps  the  most  doubtful  quantity  in  the  foregoing  estimate  is  the 
magnitude  of  c in  such  small  vessels.  A constant  value  of  c would  correspond 
to  a constant  ratio  of  wall  stress  to  pressure  and,  hence,  would  give  large  and 
small  vessels  the  same  margin  of  safety.  Measurements  show,  however,  that 
the  wave  speed  is  higher  in  branching  arteries  than  in  the  aorta.  Whether 
this  tendency  persists  to  very  small  vessels  in  not  known. 

Aortic  Pressure  Pulse 

Since  the  collective  area  of  the  arterial  branches  increases  with  distance 
from  the  heart,  the  average  flow  velocity  must  decrease.  Thomas  Young 
supposed  that  the  pulse  pressure  would  decrease  also.  However,  D.  McDon- 
ald (22,  23)  and  others  have  shown  that  pulsatile  components  of  the  pressure 
actually  increase  for  a certain  distance  in  going  toward  the  periphery.  The 
increase  of  harmonic  components  with  distance  from  the  heart  corresponds 
to  the  well-known  sharpening  of  the  pulse  in  the  distal  radial  and  femoral 
arteries. 

The  phenomenon  of  pulse  sharpening  can  be  demonstrated  quite  well 
with  a simple  physical  model  of  the  aortic  system.  Figure  9 shows  such  a 
model  in  use  at  Avco  Everett  Research  Laboratory  (see  24).  This  model 
consists  of  an  untapered  rubber  tube  having  geometric  and  elastic  properties 


Fig.  9.  Simplified  physical  model  of  aorta. 
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Fig.  10.  Proximal  and  distal  pulse  shapes  produced  by  simplified  model. 


Fig.  11.  Later  version  of  aortic  modeL 
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similar  to  those  of  the  aorta.  Pulsatile  flow  is  produced  by  an  electric  motor 
and  a mechanical  linkage  that  imitates  the  ejection  curve  of  the  heart.  Atite 
lower  end  the  rubber  “aorta*’  enters  a box  filled  with  plastic  sponge,  intended 
to  simulate  the  peripheral  resistance.  Aortic  and  mitral  valves  are  plastic 
flaps.  Figure  10  shows  the  forms  of  the  pressure  curves  in  the  aorta  for  posi- 
tions  near  the  (rubber)  “heart”  and  near  the  peripheral  resistance.  These 
curves  show  a striking  similarity  to  physiological  pressure  pulses. 

A direct  physical  model  such  as  described  above  has  been  found  useful  in 
isolating  and  studying  purely  mechanical  phenomena  connected  with  the 
circulation.  Figure  11  shows  a later  version  in  which  the  aorta  (silicone  rub- 
ber) is  tapered  and  is  equipped  with  rudimentary  carotid  and  renal-celiac 
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Fig.  12.  Transient  pulses  produced  by  model. 


branches.  The  rectangular  reservoirs  that  supply  the  ventricle  are  separated 
by  an  orifice  plate  so  that  the  difference  in  level  is  an  indication  of  riiean  flow. 
This  model  has  been  used  at  Avco  Everett  Research  Laboratory  for  the  in- 
vestigation of  various  “circulatory  assist”  devices. 

Figure  12  shows  transient  pulses  in  the  left  ventricle  and  the  aorta,  ob- 
tained by  starting  and  stopping  the  drive  motor.  About  four  strokes  are 
required  to  build  the  aortic  pressure  up  to  its  steady  value.  When  the  motor 
is  stopped  the  pressure  decays  exponentially,  accompanied  by  outflow 
through  the  peripheral  resistances.  Evidently  the  windkessel  theory  gives  a 
good  representation  of  the  phenomenon  except  during  the  early  part  of  the 
pulse,  where  the  pressures  are  complicated  by  wave  reflections  and  vary 
with  position. 

Before  proceeding  to  the  discussion  of  reflections,  it  is  useful  to  consider 
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the  effect  of  a stepwise  input  of  flow  (assumed  frictionless)  into  an  elastic 
tube.  Figure  13  illustrates  this  phenomenon.  The  injection  of  “new”  fluid 
into  the  tube  sets  into  motion  a part  of  the  fluid  already  there,  creating  a 
bulge  which  travels  at  the  velocity  c,  greater  than  u.  The  new  fluid  is  sepa- 
rated from  the  old  by  a “contact  surface.”  The  change  in  momentum  at  the 
wave  front  is  pu  and  occurs  at  the  velocity  c,  so  that  the  pressure  is 

£ip  = puc  23. 

Since  {p/2)u^  is  usually  small  compared  with  puCj  the  pulse  is  not  very  sensi- 
tive to  variations  in  the  velocity  profile  of  the  injection,  depending  primarily 
on  the  volume  influx. 

If  A is  the  cross-sectional  area  of  the  tube,  the  volume  flow  will  be  Q — uA, 


WAVE  SPEED 
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Fig.  13.  Injection  of  fluid  into  an  elastic  tube. 


The  pressure  required  is  in  phase  with  the  flow  rate  and,  hence,  the  elastic 
tube  without  reflections  and  with  frictionless  flow  presents  a simple  resistive 
impedance 


In  the  electrical  analogue,  Zc  is  termed  the  “characteristic”  or  “surge”  im- 
pedance. 

Typical  values  of  mean  flow  to  various  organs,  together  with  the  mean 
aortic  pressure,  may  be  used  to  estimate  the  resistive  impedance  associated 
with  various  branching  arteries.  Values  corresponding  to  Figure  1 are  shown 
on  Figure  14.  It  will  be  seen  that  the  resistance  associated  with  the  capillary 
beds  is  an  order  of  magnitude  greater  than  the  pulse  impedance  of  the  aorta. 

Figure  IS  shows  by  means  of  a characteristics  diagram  how  the  aortic 
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pressure  appears  as  the  superposition  of  a ^ries  of  partially  reflected  pulse 
waves  of  the  form 

puc^M  24, 

where  «—«(/)  is  the  original  ejection  curve.  A^uming,  for  the  moment,  per- 
fect reflections  (i.e.,  no  outflow),  the  pressure  at  a position  x along  the  aorta 
will  be 
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The  superposition  of  functions  repeated  with  a small  shift  is  equivalent, 
in  the  limit,  to  the  process  of  integration.  Thus,  the  Euler-Maclaurin  sum- 
mation formula  gives 

m +/(/  - At)  +f(t  -2A0  + f /(t)  ^ + i/(0  + • • • ,26. 

«/  Q At  L 


This  equivalence  may  be  used  to  show  the  relation  between  the  pulse  wave 
theory  and  the  windkessel  theory  of  the  aorta.  The  Euler-Maclaurin  series 
will  further  provide  a first-order  correction  of  the  windkessd  theory  for  the 
effect  of  finite  length  of  the  aorta.  As  Equation  26  implies,  the  correction 
amounts  simply  to  the  addition  of  the  term  !/(/)=  to  the  pressures 
computed  from  the  windkessel  theory. 

The  integral  on  the  right-hand  side  of  Equation  26  may  be  rewritten  as 
(since  ^t=2L/c) 


r*  dr  1 r * 
I pUC  ^ = “TT  VT  I 
Jo  2 LA  Jo 


27. 


where  A is  the  cross-sectional  area  of  the  aorta.  The  term  uA  is  then  the 
volume  flow  and  pcyLA  is  the  reciprocal  of  the  volume  compliance  or  “capac- 
itance” of  the  aorta: 


pc*  pc^  ^ dP 


The  integral,  Equation  27,  is  thus  seen  to  be  simply  the  pressure  developed 
by  static  inflation  of  the  tube  as  a windkessd. 

When  the  origin  is  shifted  to  take  account  of  the  delay  in  onset  of  the 
pressure  [/— (ac/c)— 0 or  i+(3cA)^(2Ir/c)=0]  and  when  Equation  26  is 
applied  to  the  downgoing  and  upgoing  waves  independently,  the  formula 


P ~ PwindtetMl  + ipUC 


29. 


will  show  the  steepening  of  the  pulse  along  the  length.  Figure  16  illustrates 
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INFLATION  OF  AN  ELASTIC  TUBE 


Fig.  16.  First-order  correction  of  windkessel  theory  for  tube  of  finite  length. 

an  application  of  the  corrected  windkessel  theory  to  the  inflation  of  an  elastic 
tube  of  finite  length  with  no  outflow. 

To  take  account  of  outflow  at  the  proximal  and  distal  ends,  reflection 
coefficients  k*  and  k may  be  introduced  into  Equation  25.  Thus 


— Zc 
Z2^Z 


where  Z2  is  the  distal  terminating  impedance  and  Zc  is  the  characteristic  im- 
pedance of  the  aorta.  Equation  25  now  becomes 

. - ..  -<.-f ) ^ ) + • •• 

Equations  25  and  31  are  analogous  to  equations  for  electromagnetic 
waves  in  transmission  lines  and  are  most  conveniently  treated  by  Heaviside’s 
method  (25),  Using  Heaviside’s  method  we  may  write 

/(/  - AO  « 32. 

where  D is  the  differential  operator  d/dt  The  right-hand  side  of  Equation  32 
is  termed  the  ‘’shift  operator.’*  The  “repeat  operator”  is 
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V ^ =/«)  +/«  - A<)  +/«  - 2At)  + . • . 
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while 
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With  these  rules  Equation  31  becomes 
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A similar  analysis  yields  for  the  velocity  u 
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33. 


34. 


35. 


36. 


where  « = t)  amd  f ^ =pcu(0y  t).  The  flow  and  pressure  in  arteries  are 
often  analyzed  by  Fourier^s  series.  In  this  case  the  terms  of  the  series  will  in- 
volve 


Mt)  = 37. 

The  substitution  of  in  for  D in  Equation  35  will  then  yield  the  **con|plex 
impedance”  as  a function  of  frequency  [see  (25)]. 

Expansion  of  Equation  36  for  small  values  of  L/c  yields  again  the  wind- 
kessel  theory  with  a correction  for  transient  wave  reflections.  In  this  case  the 
formula  incorporates  the  effect  of  an  exponentially-decaying  outflow  through 
the  peripheral  resistances  by  virtue  of  the  reflection  coefficients  k and 

The  above  treatment  is  frankly  heuristic  and  by  no  means  complete. 
Thus  we  have  assumed  that  the  impedance  of  the  aortic  branches  is  purely 
resistive.  A more  precise  treatment  would  incorporate  reactive  components 
in  the  reflection  coefficients  k and  and,  of  course,  more  branching  arteries. 
A considerable  improvement  in  accuracy  might  be  achieved  by  treating  the 
main  branching  arteries  as  small  interposed  between  the  aorta 

and  the  terminal  capillary  resistances.  Taking,  for  example,  a carotid  artery 
(26)  gives  as  the  wave  velocity  1800  cm/sec,  or  about  3 times  that  in  the 
aorta.  Assuming  a length  of  20  cm  and  a heart  rate  of  80/min,  we  find  the 
carotid  artery  is  about  1/70  of  a wave  in  length.  Evidently,  even  the  larger 
branching  arteries  may  be  treated  approximately  as  lumped  capacitors.  The 
capacitance  will  be  given  by 

/ap\-i  /pc^Y^  _ ^ 

\^/  " \La)  ““  216  000 

or  about  0.6  cc  change  in  volume  for  100  mm  change  in  pressure.  Such  a 
branching  artery  may  terminate  in  a resistance  of  8000  (cgs)  and  the  ^VRG” 
time  constant  will  then  be  approximately  0.04  sec.  Evidently  the  capacitance 
of  the  branching  arteries,  though  small,  is  great  enough  to  modify  the  shapes 
of  the  reflected  pulses  significantly. 
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More  detailed  treatment  of  arterial  flow  leads  rapidly  to  a great  increase 
in  analytical  complexity.  Thus,  Womersley  (17)  has  calculated  the  im- 
pedance and  reflection  at  a branching  artery  on  the  basis  of  time-dependent 
viscous  flow.  The  actual  impedance  at  a branch  of  the  larger  arteries  will  be 
determined  primarily,  however,  by  smaller  branching  arteries  farther  down. 
Hence,  Womersley^s  analysis  must  be  continued  for  several  stages  to  obtain 
the  true  impedance  at  a branch.  For  such  detailed  calculations,  the  electrical 
analogue  [see  (27)]  becomes  useful.  In  this  connection  Jager,  Wester hof  Sc 
Noordergraaf  (28)  have  succeeded  in  devising  an  electrical  circuit  to  ap- 
proximate Womersley’ s formula. 
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Fluid  Dynamics 
of  Heart  Assist  Devices 


ROBERT  T.  JONES 


i 


In  this  article  certain  hemodynamic  phenomena  that  arise  in  connection 
with  the  use  of  artificial  blood  pumping  devices  will  be  reviewed.  Among  these 
are:  1)  flows  produced  by  collapsing  bulbs,  2)  the  impedance  presented  by 
the  aorta,  3)  limiting  velocities  and  instability  of  flow  in  elastic  vessels,  4) 
effectiveness  of  valveless  arterio-arterial  pumps,  and  5)  wave  reflection 
phenomena  and  instabilities  associated  with  the  intra-aortic  balloon  pump. 

« s(;  4: 

Maintenance  of  life  by  an  artificial  blood  pump  is  an  everyday  occurrence 
in  most  large  hospitals.  The  pump-oxygenator  which  takes  over  the  function 
of  both  the  heart  and  the  lungs  during  surgery  seems,  however,  to  be  limited 
in  use  to  a maximum  of  several  hours.  Beyond  this  time  one  looks  for  certain 
symptoms  which  are  taken  as  evidence  of  changes  in  the  physiological 
constituents  of  the  blood,  that  is,  loss  of  red  blood  cells  (hemolysis)  and 
platelets  as  well  as  denaturation  of  protein  components.  In  spite  of  this 
deficiency  the  pump-oxygenator  is  considered  adequate  for  most  surgical 
procedures,  though  not  suited  in  its  present  form  to  chronic  support  of  a 
weakened  or  failing  heart. 

Pending  the  development  of  an  ideal  total  heart  replacement,  there  have 
been  numerous  attempts  to  provide  partial  assistance  to  the  heart  (see  re- 
ferences) for  periods  longer  than  the  few  hours  available  with  the  pump 
oxygenator.  These  have  generally  taken  the  form  of  pumps  to  assist  the  left 
ventricle,  since  left  ventricular  function  is  most  critical  and  evidently  most 
often  deficient. 
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Several  types  of  left  ventricular  assist  pumps  are  illustrated  in  Fig.  1. 
In  Fig.  la  the  pump  is  equipped  with  inflow  and  outflow  valves  and  is  placed 
in  parallel  with  the  ventricle  (atrio-arterial  pump)  where  it  may  divert  all  or 
part  of  the  flow  around  the  left  heart.  By  contrast,  pumps  placed  in  series 
with  the  ventricle  may  not  significantly  alter  the  flow  but  may  be  expected  to 
relieve  all  or  part  of  the  systemic  pressure  from  the  heart.  It  is  interesting  that 
the  series  pmnp  may  accomplish  this  function  even  without  valves  if  it  is 
properly  phased  with  the  pulsatile  outflow  from  the  ventricle.  The  centrifugal 
pump  described  by  Dorman  et  al  (1969)  operates  by  magnetic  coupling 
through  the  intact  skin  and,  of  course,  requires  no  valves. 


(A)  THORACIC  AUXILIARY  VENTRICLE 

(8)  AUXILIARY  VENTRICLE  IN  DESCENDING  AORTA 

(C)  INTRA-AORTIG  BALLOON  PUMP 

Fig.l:  Heart  assist  devices 


In  order  to  understand  the  operation  of  such  devices,  it  is  first  of  all  neces- 
sary to  gain  at  least  a crude  understanding  of  the  function  of  the  left  ventricle 
and  the  aorta  in  mechanical  terms. 

Our  first  curiosity  here  is  in  the  flow  produced  by  a collapsing  or  squeezing 
bulb  since  both  the  natural  and  the  artificial  ventricles  operate  in  this  fashion. 
As  has  been  shown  (Jones,  1969)  potential  flows  of  the  type 

(1)  ^(x,  y,  z,  t)  = + yz^ 

provide  perhaps  the  simplest  starting  point  for  mathematical  modeling  of  the 
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bulb  flows.  Here  ® is  the  velocity  potential,  x,  7,  z are  cartesian  coordinates 
and  a,  j?,  y are  constants  or  functions  of  the  time  such  that 

(2)  a + jS  + 7 = 0 

Such  flows  are  trivial  solutions  of  the  Navier-Stokes  equations  and,  of 
course,  of  Laplace’s  equation.  If  x,  7 and  z are  taken  as  the  initial  coordinates 
of  a particle  of  fluid  (or  of  the  boundary)  we  have 


(3) 

C — xei*  * 

(4) 

(5) 

f 

for  the  Lagrangian  coordinates.  The  Lagrangian  coordinates  are  thus  related 
to  the  initial  coordinates  by  simple  affine  transformations.  Plane  surfaces 
remain  plane  and  a bulb  of  initially  arbitrary  shape  undergoes  distortions  thaj: 
can  be  represented  by  stretching  its  coordinates  in  different  directions  while 
preserving  a constant  volume. 

Figure  2 shows  streamlines  emanating  from  a collapsing  bulb  together^ 
with  pressures  calculated  by  the  foregoing  method  on  the  assumption  of 
frictionless  flow.  The  motion  of  the  liquid  in  a bulb  does  not  completely 
determine  the  pressures,  but  there  remains  an  arbitrary  function  of  the  time  to 
be  determined  by  the  impedance  into  which  the  bulb  works,  that  is,  the 
relation  between  pressure  and  flow  in  the  aorta. 

In  a typical  case  the  diastolic  pressure  in  the  aorta  will  be  70-80  mm  Hg 
and  the  ejection  of  blood  from  the  ventricle  will  raise  this  pressure  by  60-70 
mm.  Pressures  arising  from  dynamic  motions  within  the  bulb,  however,  are 
of  the  order  of  3^  mm  only.  Thus  it  seems  that  very  little  of  the  effort  of  the 
heart  is  directed  against  the  inertia  of  the  blood  but  appears  initially  in  elastic 
distension  of  the  arteries ; later  to  be  dissipated  in  frictional  resistance  through 
the  capillaries. 

Examination  of  the  heart  cavity  shows  a surface  far  from  streamlined 
form,  with  deep  furrows  (trabeculae)  and  tendons  to  support  the  mitral  valve. 
Similarly,  the  architecture  of  the  aortic  system  shows  little  disposition  toward 
flow  dynamics  as  ordinarily  understood.  Branching  arteries  often  show  no 
preference  for  the  flow  direction.  Here  again  we  find  but  a small  fraction  of 
the  pressure  in  kinetic  form ; pu^jl  is  of  the  order  of  a few  millimeters. 

In  prosthetic  heart  pumps  streamlining  does  not  play  an  important  role  in 
the  purely  mechanical  function,  though  the  flow  does  seem  most  important 
in  relation  to  clotting.  The  clotting  phenomenon  is  at  present  a dominant 
factor  in  the  success  or  failure  of  artificial  heart  devices  including  prosthetic 
valves  and  assist  pumps.  Though  beyond  the  scope  of  the  present  discussion. 


ROBERT  T.  JONES 


the  relation  between  clotting  and  flow  has  become  a major  item  of  research 
at  our  laboratory  and  elsewhere. 

Nearly  all  current  heart  assist  pumps  operate  by  pneumatically  driven 
plastic  bulbs.  In  our  experience  we  have  found  it  essential  that  the  bulb  not 
change  its  volume  by  stretching  biit  rather  by  folding.  The  bulb  must  undergo 
a change  of  extrinsic  geometry  without  altering  the  intrinsic  geonietry  of  the 
surface.  The  solution  appears  by  reflection  of  the  convex  surface  in  a plane  so 
that  progressively  larger  areas  of  the  surface  change  from  convex  to  concave, 
along  a singular  curve  determined  by  the  intersection  of  the  plane.  In  practice 
the  bulb  has  finite  thickness  and  the  surface  bends  to  a finite  radius  along  this 
curve.  In  spite  of  the  concentration  of  bending  strain,  bulbs  of  silicone  rubber 
have  very  satisfactory  fatigue  life  in  this  mode  of  deformation. 

Such  bulbs  are  occasionally  made  by  fitting  initially  flat  sheets  of  fabric 
and  silicone  rubber  over  a convex  form.  Here  one  encounters  a problem  well 
known  to  tailors  and  known  to  mathematicians  from  the  properties  of  the 
Tschebyschev  net.  It  seems  that  such  a net  (as  a handkerchief)  can  be  fitted 
over  a convex  surface  whose  integrated  solid  angle  does  not  exceed  2n. 

The  function  of  the  aorta  and  the  major  vessels  as  an  elastic  compliance  is 
well  characterized  by  the  simplest  theory  of  aortic  impedance  known  as  the 
“windkessel”  theory  (Taylor,  1965).  Here  the  aorta  acts  simply  as  a lumped 
capacitance,  and  if  the  peripheral  resistance  is  linear,  one  obtains  an  ex- 
ponential decay  of  pressure  following  ejection  of  a volume  of  blood  from  the 
heart. 

Figure  3 illustrates  our  attempt  to  make  a direct  physical  model  of  the  aor- 
tic system.  In  medical  circles  such  devices  are  known  by  the  term  “mock 
circulation.”  We  have  found  such  a model  useful  in  studying  and  isolating 
the  purely  mechanical  effects  of  cardiac  assist  devices.  The  model  aorta 
is  made  of  silicone  elastomer  with  compliance  determined  so  as  to  lie  within 
the  physiological  range.  The  substitute  ventricle  is  made  of  the  same  material 
and  is  placed  in  an  air  tight  box  so  that  it  can  be  actuated  pneumatically 
by  a linkage  and  piston  drive  as  shown.  Figure  4 shows  the  type  of  pressure 
pulse  produced  by  our  model  compared  with  natural  pulses  taken  from  a 
textbook  on  physiology. 

With  such  a model  one  has  control  of  various  parameters  such  as  source 
impedance  of  the  heart,  cardiac  output,  wave  speed  and  diameter  of  the  aorta, 
and  peripheral  resistance.  In  addition,  since  the  aorta  is  transparent,  we  have 
been  able  to  observe  visually  the  action  of  the  intra-aortic  balloon  pump. 

Fortunately,  because  of  the  high  Reynolds  number  of  the  flow  in  the  larger 
arteries,  one  is  not  required  to  duplicate  the  detailed  rheological  properties 
of  the  blood  in  such  experiments.  A rough  calculation  will  show  that  the 
unsteady  laminar  boundary  layer  on  the  inner  wall  of  the  aorta  has  time 
to  grow  to  a thickness  of  only  about  one  millimeter  during  the  heart  beat. 
Separation  vortices  of  the  order  of  a centimeter  in  diameter  may  be  expected 
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Fig.  3:  Aortic  circulation  model. 

to  persist  for  two  or  more  heart  beats.  It  should  be  borne  in  mind,  however, 
that  the  dynamic  pressure  associated  with  the  flow  is  small  compared  with 
the  actual  pressure.  Hence,  flow  irregularities  do  not  normally  have  a great 
influence  on  the  mechanical  performance  of  heart  assist  pumps.  They  may, 
however,  influence  the  behavior  of  artificial  valves  and,  of  course,  the 
formation  of  thrombi. 

In  our  early  effort  at  Avco  Everett  Research  Laboratory,  we  sought  to 
develop  and  perfect  the  Kantrowitz  auxiliary  ventricle,  illustrated  in  Fig.  \b. 
This  device  comprises  a simple  compliant  pumping  chamber  which  is  fitted 
inside  a more  rigid  plastic  case.  The  space  between  the  bulb  and  the  case  com- 
municates by  a small  gas  tube  through  a percutaneous  connector  to  the  con- 
trol system  outside  the  body.  The  bulb  can  then  be  alternately  compressed  and 
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MECHANICAL  PULSE  NATURAL  PULSE  < 

(Adaped  from  “A  ft-imer  of  Cardiac 
Catheterization”  1965) 

Fig.  4:  Comparison  of  pulses  produced  by  model  with  physiologic  pulse. 

expanded  by  pneumatic  pressure  from  an  external  power  source.  Since  the 
blood  pumping  chamber  has  no  valves,  it  is  necessary  that  its  stroke  be  syn- 
chronized and  properly  phased  with  the  action  of  the  heart.  This  synchroni- 
zation was  accomplished  with  the  aid  of  electrocardiac  signals  Obtained  from 
electrodes  attached  to  the  heart  muscle.  By  withdrawing  blood  from  the  aorta 
prior  to  systole  the  pressure  required  for  ejection  by  the  heart  can  be  reduced, 
thus  lessening  the  effort  of  the  heart.  After  the  ejection  from  the  natural 
heart  is  complete  and  the  aortic  valve  is  closed,  the  blood  withdrawn  into  the 
auxiliary  ventricle  can  be  pumped  back  into  the  aorta,  raising  the  pressure 
and  supplying  energy  for  the  systemic  circulation.  This  technique  has  the  ad- 
vantage of  creating  higher  pressures  in  the  aorta  during  diastole  and  hence 
the  possibility  of  increased  coronary  perfusion  (in  practice  the  coronary  flow 
has  in  some  cases  been  observed  to  diminish,  perhaps  because  the  assisted 
heart  requires  less).  If  we  suppose,  for  example,  that  the  stroke  volume  of  the 
artificial  ventricle  is  as  great  as  the  output  stroke  of  the  natural  ventricle 
g*  then  it  is  clear  that  the  pressure  rise  during  systole  may  be  suppressed  and 
the  pressures  in  the  natural  ventricle  need  hardly  exceed  diastolic  pressure. 
This  special  situation  requires  that  the  withdrawal  stroke  of  the  AV  imitate 
the  ejection  stroke  of  the  natural  ventricle  in  reverse.  In  practice  somewhat 
better  results  are  obtained  by  reducing  the  pressure  in  the  aorta  prior  to 
systole,  permitting  the  aortic  valve  to  open  at  a lower  pressure  and  reducing 
the  pressure  during  isometric  contraction. 
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The  intra-aortic  balloon  pump  (Fig.  Ic),  functions  by  a similar  principle 
(Moulopoulos  et  al,  1962)  since  inflation  and  deflation  of  the  balloon  aflFects 
aortic  pressures  in  much  the  same  way  as  injection  and  withdrawal  of  a cor- 
responding quantity  of  blood.  The  balloon  pump  has  the  advantage  that  it 
can  be  inserted  through  a femoral  artery  under  local  anesthesia.  In  this  case 
electric  signals  for  timing  are  obtained  from  skin  electrodes. 

The  reduction  of  outflow  pressure  during  systole  may,  of  course,  permit 
the  heart  to  eject  a greater  flow  quantity.  Hence,  the  auxiliary  ventricle  (or 
the  balloon  pump)  may  increase  the  cardiac  output  as  well  as  eflect  a reduc- 
tion in  left  ventricular  pressure.  The  precise  division  of  effort  between  flow 
and  pressure  will  depend  on  what  may  be  termed  the  ‘‘source-impedance” 
of  the  heart.  Animal  experiments  with  such  pumps  indicate  that  a healthy 
heart  has  a very  high  source  impedance  (is  flow-limited).  The  primary  effect 
of  the  auxiliary  pump  then  appears  as  a reduction  of  pressure  in  the  left 
ventricle.  However,  experience  with  human  patients  in  cardiac  distress  in- 
dicates that  the  weakened  heart  may  be  pressure  limited.  In  such  cases  the 
arterio-arterial  pump  will  act  primarily  to  increase  the  cardiac  output. 

Because  of  its  dependence  on  pathology,  it  seems  unlikely  that  any 
universal  relation  for  cardiac  impedance  can  be  found.  However,  the  reduc- 
tion of  ventricular  pressure  and  the  increase  of  flow  can  be  combined  linearly 
into  a quantity  which  may  be  thought  of  as  total  effectiveness  and  which  can 
be  simply  related  to  the  stroke  volume  of  the  pump  and  to  the  unassisted 
aortic  pulse  (Jones  et  al,  1 968).  This  cycle  analysis  of  the  arterio-arterial  pump 
is  based  on  the  windkessel  theory  of  aortic  impedance.  Figure  5 illustrates 
the  essential  idea  of  the  cycle  analysis.  Here  the  pump  injects  its  stroke 


Fig.  5;  Analysis  of  arterio-arterial  pump. 
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volume  into  the  aorta  which  distends  as  a windkessel.  The  pressure  increment 
so  produced  then  decays  exponentially  as  the  volume  flows  out  through  the 
peripheral  resistances.  All  of  the  added  volume  would  ultimately  find  its  way 
into  the  periphery  if  enough  time  were  available.  However,  the  pump  must 
withdraw  volume  and  lower  the  pressure  in  the  aorta  prior  to  the  next  heart 
beat.  It  must  therefore  withdraw  a portion  of  the  blood  previously  injected, 
namely  the  fraction 

(6)  X Qj, 

where  A = l/RC.  R is  the  peripheral  resistance  and  C the  aortic  compliance 
or  capacitance.  Q^,  is  the  stroke  volume  of  the  pump  and  is  the  diastolic 
interval.  The  complete  analysis,  which  entails  the  assumption  that  operation 
of  the  pump  does  not  change  systolic  or  diastolic  intervals,  leads  to  the  for- 
mula 

Q p e/  ’ 

The  quantity  (1  — may  be  conveniently  replaced  by  the  quantity 
(Pi  — P2)/Pi  where  Pj  and  P^  are  systolic  and  diastolic  pressures  with  the 
unaided  heart.  In  this  form  it  is  evident  that  the  operation  of  such  valveless 
pumps  depends  on  the  pulsatile  character  of  the  aortic  pressure.  In  order 
to  obtain  an  upper  bound  for  the  effectiveness,  it  has  been  assumed  that 
the  pump  displaces  its  volume  instantaneously.  Other  variations  of  the 
stroke  Q^,  as  a function  of  the  time  will  require  a convolution  of  Qf,  with 
the  decay  factor 

The  use  of  the  windkessel  theory  for  aortic  impedance  corresponds  to  an 
assumption  that  the  arterio-arterial  pump  will  be  equally  effective  at  any 
position  along  the  aorta.  Experiments  with  animals  and  with  our  artificial 
circulation  model  tend  to  support  this  assumption  provided  the  timing  of  the 
pump  cycle  is  adjusted  to  account  for  the  delay  in  wave  propagation. 

Figure  6 shows  the  result  of  an  experiment  made  in  the  circulation  model 
to  check  this  assumption.  Here  the  pumping  effect  of  an  intra-aortic  balloon 
placed  in  the  descending  thoracic  aorta  is  compared  with  the  effect  of  an 
auxiliary  ventricle  placed  near  the  heart.  In  each  case  the  same  stroke  volume 
was  used,  but  the  timing  of  the  balloon  was  advanced  slightly.  The  curves  on 
the  left  of  the  chart  recordings  show  the  rather  large  aortic  pressure  produced 
by  the  pump  during  diastole.  Near  the  center  of  each  diagram  the  chart  speed 
was  reduced,  compressing  the  pulses.  The  rise  in  left  ventricular  pressure  when 
the  pumps  were  turned  off  is  clearly  evident  here  and  is  approximately  the 
same  for  the  balloon  and  the  AV.  During  the  compressed  portions  of  the  re- 
cords an  integrating  circuit  was  switched  on  to  record  mean  aortic  pressures. 
The  mean  pressures  are  an  indication  of  the  flow,  and  it  will  be  noted  that  each 
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Fig.  6 ; Comparative  eifects  of  balloon  pump  and  auxiliary  ventricle. 

pump  increased  the  cardiac  output  by  the  same  amount.  In  spite  of  the  ob- 
struction presented  by  the  balloon  in  the  aorta,  the  distal  mean  pressure  is 
very  effectively  increased. 

The  action  of  the  arterio-arterial  pump  will  evidently  depend  not  only 
on  the  source  impedance  of  the  heart,  but  also  on  the  complex  impedance 
presented  by  the  aortic  system.  The  impedance  of  the  aorta  is,  of  course, 
complicated  by  the  phenomenon  of  pulse  wave  propagation.  (McDonald, 
1960;  Young,  1808,  1809;  Womersley;  1956  Anliker  and  Maxwell,  1966). 
The  elastic  tube,  except  for  reflections,  presents  a characteristic  resistive 
impedance.  With  an  injection  velocity  u the  pressure  developed  is 

Ap  ==  puc 
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where  c is  the  wave  propagation  velocity  of  the  order  of  500~I(X)0  cm/sec. 
The  flow  quantity  will  be  uA  where  A is  the  cross-sectional  area  of  the  artery. 
The  characteristic  impedance  is  then 

(9)  = f 

For  a wave  speed  of  6(K)  cm/sec  and  an  area  ^ of  4 sq  cm,  we  obtain 

(10)  Z,  = 150  (cgs) 

Estimates  of  the  capillary  resistance  associated  with  the  various  outlets  may 
be  made  from  data  on  mean  pressures  and  flow  to  various  organs  given  in 
physiology  textbooks.  Values  of  peripheral  resistance  vary  over  a wide  range, 
especially  in  pathologic  conditions  such  as  shock.  However,  it  is  significant 
that  the  values  are  an  order  of  magnitude  greater  than  either  the  pulse 
impedance  or  the  frictional  resistance  of  the  aorta.  Hence,  we  may  suppose 
that  the  pulse  wave  will  be  strongly  reflected  by  large  resistances  which  are  , 
rather  closely  coupled  through  the  main  branching  arteries.  Furthermore, 
since  the  time  for  a pulse  wave  to  traverse  the  length  of  the  aorta  is  short 
compared  with  the  duration  of  the  heart  beat  one  can  expect  the  pressure  and 
flow  to  be  dominated  by  multiple  reflections  from  the  periphery  during  a 
single  heart  beat. 

The  foregoing  characteristics  of  the  aortic  system  lead  us  to  what  might  be 
termed  a “slender  windkessel”  theory  of  aortic  impedance.  Clearly,  if  an 
elastic  tube  of  finite  length  is  inflated  sufficiently  slowly  it  will  behave  simply 
as  a compliance.  With  more  rapid  inflation  waves  and  their  reflections  from 
the  ends  will  become  prominent  (Fig.  7).  The  important  parameter  here  is 
the  characteristic  time  for  reflection  along  the  length  of  the  tube,  IJc,  compared 
with  the  time  scale  of  the  inflation  process.  By  expanding  the  wave  reflection 
formulas  in  ascending  powers  of  i/c,  one  obtains,  first  of  all,  the  result  of  the 
windkessel  theory  followed  by  a succession  of  terms  which  correct  the  wind- 
kessel theory  for  the  finite  length  of  the  aorta  (Jones,  1969).  Curiously,  the 
first  correction  does  not  involve  the  length  of  the  windkessel  at  all  but  merely 
takes  account  of  the  fact  that  the  windkessel  is  an  elastic  tube.  By  considering 
one  of  the  two  families  of  characteristics,  there  is  obtained 

(11)  ^ F^indkesscls  "h  PUC  -]-••• 

Thus  the  first  correcting  term  is  simply  1/2  the  characteristic  pressure,  puc. 
Figure  7 illustrates  the  process  of  inflation  of  an  elastic  tube  for  the  case  of  a 
stepwise  inflow  velocity  u{t)  and  shows  the  nature  of  the  correction.  Applying 
this  calculation  to  the  aorta,  one  should  take  account  of  outflow  at  the  re- 
flection sites.  Such  outflow  leads  to  progressive  diminution  of  the  reflected 
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Fig,  7:  Inflation  of  an  elongated  wlndkessel. 

pulses  by  a fixed  fraction  (reflection  coefficient  K)  and  thence  to  an  exponential 
decay  of  aortic  pressure.  The  windkessel  theory  shows  this  behavior 
by  a convolution  of  the  inflow  pulse  with  the  factor  However,  since  it 
depends  on  the  integral  curve  of  the  inflow  pulse,  shows  too  slow  an 
initial  rise  of  pressure.  This  behavior  is  illustrated  in  Fig.  8. 

A method  of  arterio-arterial  pumping  not  illustrated  in  Fig.  1 consists 
of  withdrawing  blood  directly  through  cannulae  inserted  in  the  femoral 
arteries  and  reinjecting  the  same  blood  during  diastole.  While  the  effect  of 
distance  from  the  heart  is  rather  small  in  the  case  of  the  balloon  or  the 
abdominal  ventricle,  such  effects  will  certainly  be  larger  here.  In  particular, 
the  taper  of  the  artery  will  be  significant  since  the  femoral  vessels  may  be  only 
6 mm  in  diameter  while  the  aorta  near  the  heart  is  approximately  20-25  mm. 

The  pulse  wave  phenomenon  in  a tapered  elastic  tube  leads,  in  the  case  of 
constant  wave  speed,  to  an  equation  similar  in  form  to  that  employed  in  the 
analysis  of  acoustic  horns.  A treatment  of  the  exponentially  tapered  tube  has 
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Fig.  8:  Superposition  of  reflected  waves  in  proximal  and  distal  aorta. 

been  given  (Evans,  1960).  A transformation  which  yields  a one-parameter 
family  of  solutions  in  which  the  wave  speed  and  the  tube  diameter  vary 
together  is  described  by  McMahon  et  al  (1969). 

Perhaps  the  simplest  treatment  is  that  employing  the  spherical  wave 
equation  as  suggested  by  Thomas  Young  (1808,  1809)  for  a straight  conical 
taper.  Here  the  velocity  potential  will  have  the  well-known  form 

(12) 

where  R is  the  distance  from  the  virtual  apex  of  the  aorta.  Figure  9 shows  a 
calculation  on  this  basis  which  illustrates  the  transformation  between  pressure 
and  flow  effected  by  a conically  tapered  elastic  tube.  Here  we  have  assumed 
that  a quantity  AQ  = 10  ec  is  withdrawn  from  the  narrow  (6  mm)  end  of  the 
conical  tube,  following  the  pressure  and  velocity  variations  shown.  At  the 
upper,  wider  end  of  the  tube  the  pressure  pulse  is  much  reduced,  although 
the  flow  quantity  temporarily  withdrawn  has  increased  to  40  ec. 

Pulsatile  pumping  by  direct  withdrawal  and  injection  through  a small 
artery  must  evidently  be  restricted  to  certain  levels  of  pressure  and  velocity 
in  order  to  avoid  blood  damage.  The  flow  velocity  is  in  any  case  limited  to 
values  less  than  the  pulse  wave  velocity.  In  the  balloon  pump  the  fluid  with- 
drawn can  be  a light  gas  such  as  helium,  enabling  greater  volumes  to  be 
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Fig.  9:  Transmission  of  pulse  in  tapered  arteiy. 

pumped.  The  balloon,  however,  has  its  own  peculiar  instability  which  we 
have  termed  “bubble  trapping.”  The  origin  of  this  phenomenon  becomes 
evident  when  we  attempt  to  calculate  the  flow  and  pressure  produced  by  an 
expanding  cylindrical  balloon  in  a circular  tube.  For  this  purpose  we  use  the 
potential 

(13)  0 = ^(x*-^r*)  + 51og/- 

which  satisfies  the  boundary  condition  for  a cylinder  expanding  within  a fixed 
cylinder  of  radius  = y^B/A.  Calculation  shows  a parabolic  pressure  dis- 
tribution along  the  length  of  the  expanding  cylinder  with  pressures  at  the 
center  as  much  as  100  mm  higher  than  the  pressures  at  the  ends.  An  ordinary 
limp  balloon  cannot,  of  course,  support  such  pressure  gradients,  and  the 
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inflating  gas  simply  rushes  toward  the  ends  of  the  balloon  inflating  them  first 
and  sealing  off  the  aorta.  As  Professor  Shapiro  of  M.  I.  T.  has  pointed 
out,  any  manner  of  expelling  blood  from  the  space  around  the  balloon  must 
involve  such  a falling  pressure  gradient  and  will  lead  to  bubble  trapping  unless 
corrective  measures  are  taken. 

Figure  10  shows  the  bubble  trapping  phenomenon  as  it  appears  in  our 
Avco  circulation  model.  The  blood  trapped  between  the  ends  of  the  balloon 
is,  of  course,  not  effective  in  the  pumping  cycle,  and  the  aorta  in  this  region 
may  be  subjected  to  high  pressures  of  the  order  of  the  drive  pressure. 

One  method  we  have  found  successful  in  limiting  this  phenomenon  is  to 
divide  the  balloon  along  its  length  into  a number  of  compartments,  inflating 
the  compartments  selectively  through  orifices  of  different  size.  Figure  11 
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Fig.  10:  Bubble  trapping  phenomenon. 
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Windke^l 


Fig.  1 1 : Calculated  pressures  with  controlled  balloon  inflation. 

shows  pressures  calculated  for  such  a controlled  balloon  in  an  elastic  artery. 
Here  it  has  been  assumed  that  the  pulse  wave  velocity  is  not  modified  by  the 
presence  of  the  balloon,  an  assumption  permissable  only  if  uncontrolled 
movements  of  the  gas  along  the  length  of  the  balloon  are  eflfectively  impeded. 
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For  acoustic  tests  the  violin  may  be  driven  laterally  at  the  bridge  by  a 
small  speaker  of  the  type  commonly  found  in  pocket  transistor  radios.  To 
reduce  the  radiation  from  the  speaker  itself  I remove  the  cone,  leaving  the 
small  voice  coil  supported  by  the  corrugated  diaphragm  under  the  cone.  A 
narrow  (half  inch  diameter)  stiff  paper  (IBM  card  paper)  cone  is  then  made 
and  cemented  to  the  voice  coil  projecting  forward.  At  the  tip  of  this  cone 
a narrow  Strip  of  fiber  is  cemented.  The  fiber  strip  extends  forward  an 
additional  half  inch  or  so  and  can  be  Inserted  under  one  of  the  strings  (A  or  D) 
at  the  top  of  the  bridge.  All  of  this  is  made  possible  by  a marvelous 
substance  known  as  "five  minute  epoxy."  The  flat  base  of  the  speaker  is 
secured  to  its  mount  by  a type  of  "double-sticky"  tape  known  in  model  airplane 
shops  as  "servo-mounting"  tape.  With  the  fiber  strip  clamped  between  the 
string  and  the  bridge  and  the  driving  current  from  the  oscillator  turned  on 
it  will  normally  be  found  that  the  voice  coil  is  off  center.  This  is  easily 
corrected  by  small  adjustments  of  position,  but  it  is  essential  that  such 
adjustments  be  permitted  by  the  mounting.  I use  the  type  of  mounting  used 
by  machinists  in  setting  up  a dial  gauge  (see  photograph)  though  phere  are 
other  possibilities.  In  order  to  record  the  driving  force  I place  a four 

ohm  resistor  in  series  with  the  voice 


coil  and  measure  the  voltage  drop. 
Though  these  speakers  cost  only  a 
dollar  or  two,  it  seems  safe  to  assume 
that  Faraday's  laws  still  apply,  and 
that  the  magnetism  is  of  the  same 
quality  as  would  be  obtained  in  a 
more  expensive  arrangement. 

For  saw  tooth  excitation  I use  the 
sweep  voltage  of  an  oscilloscope.  By 
turning  the  frequency  down  to  one  or 
two  cycles  per  second  one  can  obtain 
an  impulsive  or  "delta  function" 
input.  For  pure  tone  excitation,  a 
Hewlett-Packard  audio  oscillator  is 
employed  and  the  sound  is  picked  up 
by  a G.R.  sound  level  meter. 

Figures  1 and  2 show  sound  level 
peaks  in  the  range  above  74  db  from 
two  violins,  one  I made  in  1956  and 
the  other  more  recently.  The  tests 
were  made  in  a rather  reverberant 
room,  making  it  necessary  to  Interpret 
the  higher  frequencies  more  or  less 
statistically.  These  violins  were 
made  following  early  recommendations 
of  Prof.  Saunders  and  Mrs.  Hutchins, 
and  they  have  large  amplitudes  in 


the  low  frequency  range. 
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Response  to  pure  tone  excitation 
G.R.  Sound  Level  Meter 


Although  both  violins  have  a powerful  tone  and  easy  response,  the  first 
one  is  judged  not  acceptable  because  of  too  much  emphasis  in  the  bass  region 
and  because  of  a "nasal"  quality.  It  will  be  noted  that  in  this  case  the 
overtone  peaks  are  highest  in  the  1500  cylce  region,  corresponding  to  the 
observation  by  Meinel  (J.  Acous.  Soc.  Amer. , vol.  29,  July  1957)  that  overtones 
in  this  range  produce  a nasal  quality. 

In  order  to  test  Meinel ’s  statement  more  specifically,  I arranged  to  mix 
the  tones  from  two  audio  oscillators  and  played  them  through  an  ordinary 
loudspeaker.  My  son  and  daughter,  who  have  considerable  musical  experience 
and  who  did  not  know  the  expected  outcome  of  the  experiment,  definitely 
preferred  500  plus  2000  Hz  to  the  combination  500  plus  1500. 

Actually  (as  mentioned  for  example  by  Mdckel  in  Die  Kunst  des  Gelgenbaues) 
the  nasal  range  is  probably  between  1350  and  1700  Hz.  My  tests  in  which 
various  distorted  wave  shapes  were  played  through  a loudspeaker  both  with 
and  without  an  LC  filter  centered  in  this  range  tend  to  confirm  this  im- 
pression. 

It  will  be  noted  that  the  second  violin  has  accentuated  overtones  in  the 
2000  to  3000  Hz  range,  the  main  body  resonance  is  at  450  Hz,  and  the  air 
resonance  peak  is  somewhat  lower  in  amplitude.  This  violin  is  preferred 
by  musicians  who  have  tried  both. 
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Production  and  Interpretation  of  Chladni  patterns  - To  calculate  the  sound 
radiation  from  a violin  one  would  like  to  know  the  vibration  amplitude  as 
a function  of  position  over  the  top  and  bottom  surfaces.  The  holographic 
technique  permits  this,  but  not  everyone  has  access  to  such  equipment. 

Gross  patterns  of  the  vibration  modes  can  be  obtained  very  simply  however 
by  the  old-fashioned  Chladni  method.  The  fact  that  the  violin  plates  are 
curved  Introduces  some  difficulty  and  most  powders  will  be  Influenced  too 
much  by  gravity.  The  pictures  shown  were  taken  with  the  aid  of  pumice  powder 
which  seems  to  have  just  the  rl;;ht  amount  of  "stickiness”  and  will  flow 
uphill  away  from  a vibrating  area. 


At  390  Hz,  It  will  be 
noted  that  a portion  of 
the  back  plate  opposite 
the  bass  bar  Is  vibrating. 
This  vibration  Is  evident- 
ly being  communicated 
through  the  ribs  and  Is 
doubtless  just  In  phase 
with  the  vibration  of 
the  top.*  Following  John 
SchellengVs 'analysis 
(Newsletter  No.  16,  Nov. 
1971)  It  can  be  seen  that 
this  motion  of  the  back 
plate,  far  from  adding  to 
the  sound,  will  actually 
subtract  from  It,  since 
It  subtracts  from  the 
volume  changes  of  the 
vloHn.  The  pattern  at 
1300  Hz  Is  remarkably 
symmetrical.  It  Is  tempt- 
ing to  associate  the  per- 
feptlon  of  visual  symmetry 
In  these  vibration  pat- 
terns with  acoustic  per- 
fection of  the  violin. 

A little  thought  will  show  however  that  the  sound  radiation  might  well  be  en- 
hanced If  the  Chladni  pattern  were  not  so  symmetrical. 


*Thls  statement  turns  out  to  be  Incorrect.  The  vibration  of  the  back  at 
390  Hz  Is  In  opposite  phase  to  that  of  the  top.  The  vibration  of  the  area 
appearing  In  the  photo  does  contribute  volume  changes  and  Is  responsible  for 
a significant  portion  of  the  output  at  390  Hz. 
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CATGUT  ACOUSTICAL  SOCIETY,  INC. 

FOUNDED  BY  FREDERICK  A.  SAUNDERS 


112  Essex  Aveoae 
Montclair,  New  Jersey  07042 
Jtine  28,  1975 


Dr.  Robert  T.  Jones 
25005  la  loma  Drive 
los  Altos  Hills,  Calif ornia94022 

Dear  Dr.  Jones: 

Many  thaaaks  for  the  cleirification  of  your  testing 
method,  John  3ehelleng  and  I discussed  it  the  other 
day  when  he  was  here. 

Would  you  he  interested  in  sending  your  article 
and  the  photo  to  Dr.  Pryxell  as  a possible  publicatica) 
in  our  next  Newsletter,  I think  our  members  would  be 
interested. 

Just  one  question.  Do  you  have  any  information 
on  the  amount  of  power  it  takes  to  get  Chladni  figi^ea 
as  you  illustrate  with  pumice  powder.  Also,  how  fine 
is  the  powder? 

With  all  good  wishes,  and  do  keep  in  touch. 
Sincerely, 

Carleen  M.  Hutchins 

GMH:EM 


President,  A,  Stewart  Hegeman 
Vice-Presidents,  Virginia  Apgar 
Lothar  Cremer 


Trea^rer,  Dugald  McGiivray 
Editor,  Robert  E,  Fryxell 
Music  Director,  Frank  Lewin 


Permanent  Secretary, 
Carleen  M.  Hutchins 


